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ASYMPTOTIC BEHAVIOR OF STRUCTURES
MADE OF CURVED RODS

G. GRriso

Laboratoire J.-L. Lions—CNRS, Boite courrier 187, Université Pierre et Marie Curie,

4 place Jussieu, 75005 Paris, France, Email: griso@ann.jussieu.fr

Abstract. In this paper we study the asymptotic behavior of a structure made of curved rods of thickness 26 when 6—0. This
study is carried on within the frame of linear elasticity by using the unfolding method. It is based on several decompositions of the
structure displacements and on the passing to the limit in fixed domains.

We show that any displacement of a structure is the sum of an elementary rods-structure displacement (e.r.s.d.) concerning the
rods cross sections and a residual one related to the deformation of the cross-section. The e.r.s.d. coincide with rigid body displacements
in the junctions. Any e.r.s.d. is given by two functions belonging to H'(S;r®) where S is the skeleton structure (i.e. the set of the rods
middle lines). One of this function U is the skeleton displacement, the other R gives the cross-sections rotation. We show that U is the
sum of an extensional displacement and an inextensional one. We establish a priori estimates and then we characterize the unfolded
limits of the rods-structure displacements.

Eventually we pass to the limit in the linearized elasticity system and using all results in [5], on the one hand we obtain a
variational problem that is satisfied by the limit extensional displacement, and on the other hand, a variational problem coupling the

limit of inextensional displacement and the limit of the rods torsion angles.

Résumé. On étudie dans cet article le comportement asymptotique d’une structure formée de poutres courbes d’épaisseur 2§
lorsque 6—0. Cette étude est menée dans le cadre de 1’élasticité linéaire en utilisant la méthode de ’éclatement. Elle est basée sur
plusieurs décompositions des déplacements de la structure, et sur le passage a la limite dans des domaines fixes.

On montre que tout déplacement de la structure est la somme d’un déplacement élémentaire de structure-poutres (d.e.s.p.)
concernant les sections droites des poutres et d’un déplacement résiduel lié aux déformations de ces sections droites. Les d.e.s.p.
coincident avec des déplacements rigides dans les jonctions. Tout d.e.s.p. est donné par deux fonctions appartenant a Hl(S;WS) ou &
est le squelette de la structure (I’ensemble des lignes moyennes des poutres). L’une de ces fonctions U est le déplacement du squelette,
l'autre R donne la rotation des sections droites. On montre que U est la somme d’un déplacement extensionnel et d’un déplacement
inextensionnel. On établit des estimations a priori puis on caractérise les limites des éclatés des déplacements des poutres de la structure.

Pour finir on passe & la limite dans le systéme de I’élasticité linéaire, on obtient en utilisant tous les résultats de [5] d’une part le
probleme variationnel vérifié par la limite des déplacements extensionnels, et d’autre part le probleme variationnel couplant la limite

des déplacements inextensionnels et la limite des angles de torsion des poutres.



1. Introduction

This paper follows the one entitled “Asymptotic behavior of curved rods by the unfolding method”. Here
we are interested in the asymptotic behavior of a structure made of curved rods in the framework of the linear
elasticity according to the unfolding method. It consists in obtaining some displacements decompositions
and then in passing to the limit in fixed domains.

The structure is made of curved rods whose cross sections are discs of radius §. The middle lines of the
rods are regular arcs (the skeleton structure S). Let us take a displacement of the structure. According to the
results obtained in [5] we write its restriction to each rod as the sum of a rod elementary displacement and
a residual displacement. But this family of rod elementary displacements is not necessarily the restriction of
a H' displacement of the structure because such displacements do not inevitably coincide in the junctions.
This is the reason why we had to change the rod elementary displacements and to replace them by rigid
body displacements in the junctions. Hence we obtain an elementary rods-structure displacement (e.r.s.d.)
which has become an admissible displacement of the whole domain. Then, any displacement of the structure
is the sum of an e.r.s.d. and a residual one. An e.r.s.d. is linear in the cross section and is given by two
functions belonging to H'(S;R?). The first one U is the skeleton displacement and the second one gives the

rotation of the cross section.

In order to account for the asymptotic behavior of the deformations tensor and the strains tensor we
shall decompose the first component U/ of the elementary rods-structure displacement into the sum of an
extensional displacement and an inextensional one. An extensional displacement modifies the length of the

middle lines while an inextensional displacement does not change this length in a first approximation.

Very few articles have been dedicated to the study of the junction of two elastic bodies. The case of
the junction of a three dimensional domain and a two dimensional one is explored in [1] by P.G. Ciarlet et
al. The junction of two plates is studied in [4] and [9], and [11] deals with the junction of beams and plates.
Concerning the junction of rods, we gave in [5] a thorough study of the structures made of straight rods.
The asymptotic behavior is under the form of a coupling of the inextensional displacements and the rods
torsion angles. Le Dret gave a first study of the junction of two straight rods [8]. He starts his study from the
three-dimensional problem of linearized elasticity and uses a standard thin domain technique (the rods are
transformed in fixed domain). Le Dret obtains the variational problem coupling the flexion displacements

in both rods and some junction conditions.

This paper is organized as follows : in Section 2 we desciribe the skeleton and the structure. In Section
3 we recall the definition of an elementary rod displacement and we give the definition of an elementary
rods-structure displacement (e.r.s.d.). Lemma 3.2 is technical result which allows us to associate an e.r.s.d.
U, to any displacement u of the structure. Then, Lemme 3.4 gives this e.r.s.d. estimates and those of the
difference u — U, for appropriate norms. This estimates have an essential importance in ouer study : they
replace the Korn inequality. In Section 4 we introduce the inextensional displacements and the extensional
displacements. All these decompositions are introduced tofacilitate the study of the asymptotic behaviors
of displacements sequences (Section 5) and of the strain and stress tensors sequences (see [5]). In Section 5
we also give the set of the limit inextensional displacements. In Section 6 we pose the problem of elasticity.
Thanks to theorems in [5] we deduce Theorem 6.2 which on the one hand gives us the variational problem
verified by the extensional displacements limit and, on the other hand, the variational problem coupling the

inextensional displacements limit and the rods torsion angles limit.

In this work we use the same notation as in [5]. The constants appearing in the estimates will always
be independent from §. As a rule the Latin index i takes values in {1,..., N} and the Latin indices h, j, k

and [ take values in {1,2,3}. We also use the Einstein convention of summation over repeated indices.
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2. The structure made of curved rods

The Euclidian space R? is related to the frame (O; €1, €, €3). We denote by 2 the running point of R3,
by || - ||lzs the euclidian norm and by - the scalar product in R3.

For any open set w in R3, and any displacement u belonging to H'(w;R?), we put

B _Lgow o _ [ Gk Oui
€ (u,w) = /w”’“(“ml(u)’ (1) = Q{ze " axk}’ D)= |, s om

Let there be given a family v;, ¢ € {1,..., N} of arcs. Each curve is parametrized by its arc length s;,
OM (si) = ¢i(si), i € {1,...,N}. The mapping ¢; belongs to C3([0, L;] ; R?) and the arc ~; is the range of
¢;. The restriction of ¢; to interval ]0, L;[ is imbedded, the arcs can be closed.

The structure skeleton S is the curves set ;.
HypoTHESES 2.1. We assume the following hypotheses on S:

e S is connected,

e two arcs of S have their intersection reduced to a finite number of points, common points to two arcs
are called knots and the set of knots is denoted N,

e the arcs are not tangent in one knot,

e Frenet frames (M;(s); ?l(s), ﬁi(s), ?l(s)) are defined at each point of [0, L].

For any arc v; the curvature ¢; is given by Frenet formulae (see [5])

d?i =T, 1T iffes = 1

)
T oF0 IWila=1 Bi-TinR,

dSZ'

Let us now introduce the mapping ®; : [0, L;] x R? — R3 defined by
(2) D;i(si,y2,Y3) = O—Mz(sz) + y2ﬁi(5i) + y3§i(5i)

There exists 6o > 0 depending only on S, such that the restriction of ®; to the compact set [0, L;] x D(O; &)

is a Cl-diffeomorphism of that set onto its range (see [5]).

DEFINITION 2.2. The curved rod Ps; with rod center line -y; is defined as follows:
(3) P&i = (I)Z(]O,Lz[XD(O,5)), for § 6]0,50].

The whole structure Ss is

N
(4) S5 =|J Ps
=1

The running point of the cylinder ws; =]0, L;[x D(O; ) is denoted (s;,y2,y3). The reference domain
linked to Ps; is the open set w; =]0, L;[x D(0O; 1) obtained by transforming ws; =]0, L;[x D(O; ¢) by orthog-

onal affinity of ratio 1/d. The running point of the reference domain w; is denoted (s;, Ya,Y3).



3. Elementary rods-structure displacements.

The H' class displacements of S make up a space denoted

(5) HY(S;R?) = {Ve]‘[Hl (0,Li;R®) | VA €N, A€~ Ny, Vila) :Vj(aj)}

i=1

where a; is the arc length of A onto ; and where V; =V}, Vi(a;) is denoted V' (A).

In the neighborhood of a knot two rods or more can join together. We call junction the union of the parts
that are common to two rods at least.

There exists a real p greater than or equal to 1, which depends only on S, such that for any knot A. The

rods junction at A be contained in the domain
Af = U ®;(Jai — pd, a; + pd[x D(0;9))

We recall that an elementary displacement of the rod Ps; (see [5]) is an element n; of H'(ws,;; R3) that

is written in the form
ni(si,y2,y3) = A(si) + B(si) A (yQﬁi(Si) + y3§i(5i)); (si,Y2,Y3) € Ws,i,

where A and B are elements of H'(0, L;; R3).
Let u be a displacement belonging to H'(Ss; R?). We have shown (Theorem 4.3. in [5]) that there exist

elementary rod displacements U;i such that

/

U, (56,92, y3) = U (s5) + Ri(si) A (yaNo(s1) +y3 Ba(s1)), (i, U3) € wi,

(6) D(u— Ue,ia w&i) <C&(u, 7)5,1')’ [u— Ue,z'”%?(w(;,i;u@) <C 525(“) P&i)v
2 C
—RAT, < = &(u, Ps,i)-
H clsZ L2(0,L;;3) H ds; L2(0,L;3) — 02 (w, Ps.i)

The constants depend only on the mid-lines v;, i € {1,...,N}.

DEFINITION 3.1. Anelementary rods-structure displacement is a displacement belonging to H' (Ss; R?)
whose restriction to each rod is an elementary displacement and whose restriction to each junction is a rigid

body displacement.

An elementary rods-structure displacement depends of two functions belonging to H!(S;RR3).

In Lemma 3.3 we show that any displacement of H'(Ss;R?) can be approximated by an elementary rods-
structure displacement. The Lemma 3.2 will allow us to construct such displacement. In this lemma we

consider a curved rod Ps; of the structure Ss, wich we denote without index ¢ to simplify.

LemMA 3.2. Let u be a displacement of H'(Ps;R3), A be a point of the center line of arc length a, and let
p be a real greater or equal to 1, fixed. There exists an elementary rod displacement U, rigid in the domain
Pas = ®((Ja — pd,a + pd[xD(O;6)), verifying

Ue(s,y2,y3) =U(s) + R(s) A (ygﬁ(s) + ygﬁ(s)), (s,y2,y3) €]0, L[xD(O;0),
(7) D(u—U,,Ps) < CE(u,Ps)  |[u—UellZ2(pyupsy < C6°E(u, Ps)

’ ‘ ‘ 2

Cg(u Ps)

L2(0,Lr3) 62

H——RAT‘

L2(0,L;r3)
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Proof : Let P} 5 the curved rod portion ®((Ja— (p+1)8,a+ (p+1)6[xD(0;4)) and r be the rigid body
displacement defined by using the means of u(z) and x A u(z) in the ball B(A;0/5), (see Lemma 3.1 of [5]).
The domain P; ; is the union of a finite number (which depends on p and the center line) of bounded open
sets, starshaped with respect to a ball. From various implementations of Lemma 3.1 of [5] we derive the

following estimates:
(8) D(u—1;Pys) < CE(u; Py 5) [Ju— T||2L2(77;75;w3) < CE(u; Py s)

where constant C' depends only on the center line and p.

We modify now the elementary displacement given by (6). The new elementary displacement U, is
defined in the rod portion P, s, so as to coincide, within this domain, with the rigid body displacement 7.
We put (M = (s, 9, ys) € Pas)

Ue(sayQa y3) = T(M) =a+ g/\ A] j

9) =G+ bAM(@)M(s)+bA (ygﬁ(s) + y3§(s))

(5,92, y3) €la — pd,a + pé[xD(0;9)
Let m be an even function m belonging to C*°(R; [0, 1]), which satisfies
(10) m)=0  Vte|o,p], m(t) =1 Vt e [p+1,+oof

Let us take up the rod elementary displacement defined by (6). The new elementary displacement U, is
defined by

(11) ’R(s)zm(sja)’R,(s)jL(lfm(s 6(1)

Ue(s,y2,y3) =U(s) + R(s) A (yg 3?(5)) (s,y2,y3) € ws

=
=
+
<

Estimates (6) and (8) give us (7).

Remark 3.3. : The former rod elementary displacement Ué and the new one U, satisfy the estimates
, au  du 2 / .
(12) = o) + 0| G = G [y IR = R o) < CE, Py s)
The constant depends only on the rod center line and on p. r

LEMMA 3.4. Let u be a displacement of H'(Ss; R3). There exists an elementary rods-structure displacement

U. which is written in ws;
Ue,i(8i,Y2,y3) = Ui(s:) + Ri(si) A (y2ﬁz(sz) + y3§z(sz))
where U and R belongs to H'(S;R3), such that

D(u— U, Ss) < CE(u, Ss) [lu— UGH%Z(S(;;R?') < O6%E(u, Ss)
N N
AR 112 dU;
AL+ S50
; dSl L2(0,L;;r3) + ; dSl

5

(13) 2

: < 25(%55)

L2(0,L;;r3 02



Proof : Let us take a knot A. The ball centered in A and of radius §/5 is included into the junction Af.
Lemma 3.2 gives us then an elementary displacement of each rod joining in A, rigid in Af§. The estimates of

Lemma 3.4. are immediate consequences of (7). r

The skeleton S is clamped at some arcs ends. Let I'g be the set of S clamping points. The whole structure
Ss is then clamped onto domains that are discs. We denote I'gs the set of clamped points of S5. The space
of admissible displacements of S (respectively Ss) is denoted Hf (S;R?) (respectively Hf, (Ss;R?)).

HE (S;R?) = {u cHY(S:R®) | u=0 on ro}
(13)
Hp, (Ss;R?) = {u € H'(S5;R?) | w=0 on Fog}

If a displacement u belongs to H%U (Ss5;R3), the elementary rods-structure displacement U, given by Lemma

3.4 is also an admissible displacement which belongs to Hf (S5; R?).
4. The inextensional and extensional displacements

The space of admissible displacements of S is equipped with the inner product

N L.
fdU;  dV;
14 U,V >= E .
( ) <Y = 1—1/0 dSz dSi

This inner product turns Hf (S;R?) into a Hilbert space.

DEeFINITION 4.1. An inextensional displacement is defined as in the case of a single curved rod. It is

an element of the space H%O (S;R3) such that derivative tangential components vanish.

We put

dU; .
(15) DI:{UEH%O(S;IR?’) | dsl.?i:o, 16{1,...,]\7}}

DEeFINITION 4.2. An extensional displacement is a displacement belonging to the orthogonal of Dy in
H, llo (S; R3 ).

The set of all extensional displacements is denoted Dg. We equip this space with the semi-norm

2

N L.
1 dU;
(16) Wile =y > [ 5 T

LEMMA 4.3. The semi-norm ||.||g is a norm equivalent to the H} (S;R?)-norm.

Proof : It is clear that ||.||g is a norm. For each ¢ € {1,..., N}, the range of the operator

du; au; 9 2
UGDE’—>(d—SZN>Z7 d_Szﬁz) €L (07L17R)

is a finite sub-space of L?(0, L;; R?). Then we prove by contradiction that ||.||z is a norm equivalent to the
H}, (S;R?)-norm. L

Let it be given a displacement u belonging to Hllo (S5;R?). The first component U of the rods-structure
elementary displacement U, associated to u is decomposed into a unique sum of an inextensional displacement

and an extensional one.
(17) U=U;+Ug Uy e Dy, Ugé€Dg
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From Lemma 3.4 we get the following estimates:

dUr;

C
ds: —RiNT —E&(u,S5)

<
L2(0,L;m3) — 02

N
(18) Ul ey + U s sy + |
=1

5. Properties of the limit of a sequence of displacements

We recall the definition of the unfolding operator (see [5]). Let w be in L' (ws,;). We denote T5(w) the

function belonging to L!(w;) defined as follows:
Ts(w)(si, Y2, Y3) = w(s;, 0Y2,8Y3), V(si,Y2,Ys) € w;.
Let u® be a sequence of displacements of H%O (Ss; R?) verifying
(19) E(’,S5) < 08

Displacement u° is decomposed into the sum of an elementary rods-structure displacement and a residual
one. The first component of the elementary displacement is decomposed into the sum of an inextensional
displacement and an extensional one. From (19) and estimates (18), we deduce that it is possible to extract

from these various sequences some subsequences, still denoted in the same way, such that (see Proposition
7.1 of [5])

U, U —~U; weaklyin HY(S;R?)
OR® =R weakly in H(S;R?)
Ul = Ug weakly in H'(S;R?)

(20) 0T (“fps,i) — Uy weakly in - H'(w;; R?)
dUry; dUry;
) N L Ii ) Ii ) )
Ts(ulp, ) — Uf = Ui (Y2 i N+ Vs i Ta’l)?l

+Ou,.i (—Ygﬁi + Yg?z) weakly in  H'(w;; R?)

where Oy, ; =R, - ?1 is the limit rod torsion angle of Ps;. From estimates (18) we derive also

dUr,
dSZ'

(21) =R AT;, ie{l,...,N}

After passing to the limit there is a coupling between the inextensional displacement U; and the rod torsion

angles Oy, ;. They shall be reunited in a single functional space since we have in any knot A

dUr;

is; RA)ATi(a) i€{l,....N}

(22)

(ai)

The condition obtained in A expresses the rigidity of the junction in the neighborhood of A. The angles

between two arcs joining in A remain constant.

We consider now a new and last space containing the couple (U, R). We set

(23) Dy = {(V,A) € HL (S;R%) x H} (S;R?) | % — M AT, i€ {1,...,N}}

54
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where Dy is equipped with the norm

2

(24 1V, )1 = iH‘f,i

L2(0,Li;R3)

This norm turns Dy into a Hilbert space. We denote Oy ; = A; - TZ the rod torsion angles associated to the
couple (V, A).
6. Asymptotic behavior of structures made of curved rods

The curved rods material is homogeneous and isotropic. Let in Ss be the elasticity system

0 oud .
76304{ aljkha—xz}:Ff in S;,
J
(25) w’=0 on Tgs,
oul

aljkha—x:nj =0 on Ty, I's = 085 \ T'os,
where the elasticity coefficients a;;z, are defined by
ayjrl = A0y;0kn + 1(01k0n + d1ndjk)-

The constants A and g are the material Lamé coefficients. Obviously, the coefficients a;;x, satisfy the

hypothesis of coerciveness, i.e., there exists a constant Cy > 0 such that

aijkn Bij Brn > Co Bij Bij,  for any B = (Biy),; with Bi; = Bji.

The applied forces Fy are the sum of two different kinds of forces,

e forces applied on each rod
(26) §Fy + Fg, Fr, Fp € L*(S;R?)
e forces applied to the knots

3
(27) (5fA,I + fA,E) 4—613(,4;5) VAe N

This force (27) is constant in the ball centered in A and of radius . As in the case of a single rod, forces
Fr and fa r must not be concerned by the inextensional displacements in order to be able to work on the

extensional ones. Hence these forces satisfy the orthogonality condition

(28) /FE-V+ Z fag-V(A)=0 forany V € Dy.
S AEN

According to estimates (13) and (18) we obtain

1
’—2/ F5~uf/FE~UE7/5F]~U[+Z5fA~U](A)
(29) o Ss S s AN
+ 3 fA,E.UE(A)‘ <OVEW,Sy),  Yue HE (SyRP).

AeN



The variational formulation of problem (25) is
u’ € HE (S5;R?)

30
(30) [onm@ = [ oo vee 55w
Ps Ps

where ok, (u’) = ay;kny;(u®) are the stress tensor components.
We can now estimate the solution u’ to problem (30). Due to (29) we obtain &(u’,S5) < C6%. Hence

we can pass to the limit within the linearized elasticity problem (30).

THEOREM 6.2. Extensional displacement Uf is solution to the variational problem

UE (S DE
31 dUg; dV
(31) EZ/ dE. ? /FE V+ > far-V(4) YV € Dp
Sl
AeN
The couple (Ur, R) is solution to the variational problem
(U[,R) S D[,
N
E d*Uy; d V d*Ur; d*V;
3;/0 { ds? ﬁ N) [ ds? .E)i _ciGU”}[ ds? ? Ci@V’Z}}
(32) N rLicde U e dv;
E Ur,i Ii . ? Vi ) i ?
+3;/0 [ ds; te " ds; M ds; jLCsti Z}
/ V+ S fav (V. A) € Dy.
AeN

Proof : The convergence results obtained in [5] can easily be transposed here since the elementary
rods-structure displacement given in Lemma 3.4 and the elementary rod displacements defined by (6) are
very close according to estimate (12). Hence we obtain the following limits of the stress-tensor components

% in each reference domain w; (see [5]):

of sequence u
%(akh(u‘s)‘%i) — oy pn weakly in L?(w;),

where

o= P[0 7, (0 ) (P 5]

012 = 0421 = —

(L 3,220

Y: dU7, dOy, i
0i13 = 04,31 = % {ci( dsI-, §1)+TUI}’

0422 = 0;33 = 0323 = 0432 = 0,

3A+2
and where F = % is the Young modulus.
I

Let V be an extensional displacement. We construct an admissible displacement V° of the whole
structure Ss, by modifying Vat the neighborhood of the junctions. Let us consider a knot A. This knot
belongs to curve 7; and its arc length is a;. We modify V' in the neighborhood of A by posing

V(s = Vilsm(* ) V) (1 m(5 )

9



Function m is defined in (10). Displacement V? is an admissible displacement of the whole structure.

Moreover

ViV strongly in  H*(S;R?).

We take the test-displacement V? in (30). We pass to the limit and we obtain (31).

Let us take now a couple (V,A) € Dr and let us show (32). We shall first construct a rods-structure
elementary displacement v® whose both components strongly converge in H%O (S;R3) x H%U (S;R3) towards

(V,A). Displacement v° is defined outside the junctions by

1 Y2 Ys
0 (81, Y2, y3) = 5‘/1(51) + Ai(si) A (Fﬁz(sz) + Fﬁz(sz)}
Let A be a knot belonging to curve ; whose arc length is a;. In the curve rod portion @i(]ai — pd,a; +

pd[x D(0; 6)), the test-displacement v° is chosen rigid and is given by

1 1
o (M) = <V(4) + SA4) A AM M e ®;(Jai — pd,a; + pd[x D(0;5))
In the domains ®([a; — 2p6, a; — pd] x D(0;6)) and ®([a; + pé,a; + 2pd] x D(0;6)) displacement v° is
defined as the rod elementary displacement of Lemma 3.4 has been defined. Hence we have constructed an
admissible displacement of the structure Ss. The unfolded strain tensor components of sequence v converge
strongly in L2?(w;) (see the proof of Theorems 7.1 and 7.2 of [5]). Lastly we consider v° as test-displacement

in problem (30). After having passed to the limit we obtain (32) with the couple (V, A). r

Corollary : Variational problems (31) and (32) are coercive. Hence the whole sequences converge toward
their limit. Following the same pattern as in Remark 7.4 of [5] we prove that the convergences (20) are

strong. L

7. Complements

The extensional displacement Ug, solution to problem (31), is H? class between two knots of a single arc.

Hence, at each knot A we have

N

(33) B [(ZE 4) - DB 0,0)) - 0] Tias) = fre

. dSl dSi
=1

This equality is the knots equilibrium law for a structure made of curved rods.
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