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ASYMPTOTIC BEHAVIOUR OF CURVED RODS
BY THE UNFOLDING METHOD

G. Griso

Laboratoire J.-L. Lions—CNRS, Boite courrier 187, Université Pierre et Marie Curie,

4 place Jussieu, 75005 Paris, France, Email: griso@ann.jussieu.fr

Abstract. We consider in this work general curved rods with a circular cross-section of radius 4. Our aim is to study the
asymptotic behaviour of such rods as d—0, in the framework of the linear elasticity according to the unfolding method. It consists in
giving some decompositions of the displacements of such rods, and then in passing to the limit in a fixed domain.

A first decomposition concerns the elementary displacements of a curved rod which characterize its translations and rotations,
and the residual displacements related to the deformation of the cross-section. The second decomposition concerns the displacements
of the middle-line of the rod. We prove that such a displacement can be written as the sum of an inextensional displacement and of an
extensional one. An extensional displacement will modify the length of the middle-line, while an inextensional displacement will not
change this length in a first approximation. We show that the H'—norm of an inextensional displacement is of order 1, while that of
an extensional displacement is in general, of order §.

A priori estimates are established and convergence results as §—0, are given for the displacements. We give their unfolded limits,
as well as the unfolded limits of the strain and stress tensors. To prove the convergence of the strain tensor, the introduction of
elementary and residual displacements appears as essential. By passing to the limit as §—0 in the linearized system of the elasticity,
we obtain on the one hand, a variational problem that is satisfied by the limit extensional displacement, and on the other hand, a

variational problem coupling the limit of inextensional displacements and the limit of the angle of torsion.

Introduction

The rods we consider here are thin curved cylinders built around a middle-line which is a smooth curve
in R3. To be more precise, given a curve ¢ in R3, the cross-section of a rod with the middle-line ¢ (i.e., its
intersection with a normal plane at each point M of (), is a disk D(M;4) of radius 0.

Our work is essentially based on two decompositions of the displacements of the rod. Under the action
of any displacement u’, the disk D(M;6) is submitted on the one hand to a translation and a rotation, that
we call elementary displacements of the rod, and, on the other hand, to a displacement that deforms the
disk, called residual displacement.

The second decomposition concerns the displacements of the middle-line of the rod. We prove that
such a displacement can be written as the sum of an inextensional displacement and of an extensional one.
As suggested by its name, an extensional displacement will modify the length of the middle-line, while an
inextensional displacement will not change this length in a first approximation. If the H'—norm of the
inextensional displacement is of order 1, that of the extensional displacement is in general, of order 4.

The proofs of a priori estimates are based on the method used by Kondratiev and Oleinik [9] and by
Cioranescu, Oleinik and Tronel [2] to establish Korn inequalities for frame-type structures and junctions.

Once a priori estimates are established, we study the convergence, as § — 0, of the displacements of a
curved rod. We give their unfolded limits, as well as the unfolded limits of the strain and stress tensors.

In the next step, we turn our attention to the linearized system of the elasticity written for a family of
curved rods. By passing to the limit as § — 0, we obtain on the one hand, a variational problem that is

satisfied by the limit extensional displacement, and on the other hand, a variational problem coupling the



limit of inextensional displacement and the limit of the angle of torsion, see Theorems 7.1 and 7.2 below. To
establish these results, we first prove the convergence of the strain tensor. As can be seen in the sequel, this
is the step where the introduction of elementary and residual displacements appears as essential.

There is a vast litterature on the asymptotic models for straight rods, e.g., Griso [4], Le Dret [10],
Murat and Sili [12], [13], Trabucho and Viano [18]. Concerning previous works on curved rods, let us
mention that of Arunakinirathar and Reddy [1] whose aim is to present a mechanical theory in this field.
The first mathematical approaches of the asymptotic behaviour of curved rods is due to Jamal and Sanchez-
Palencia [6], Sanchez-Hubert and Sanchez-Palencia [15], Sanchez-Palencia [16], and Jurak and Tambaca [7],
[8], Tambaca [17]. In these papers, by using thin domains techniques and multiple-scale methods, the authors
obtain a limit problem coupling the inextensional displacement and the limit of the angle of torsion. In [15]
and [16] an interpretation of the limit stress tensor is also given. Let us mention also the work of Neunkirch
and al [14] where very interesting numerical results are presented.

The paper is organized as follows: in Section 1 we introduce the notation, make preliminary hypotheses,
recall some results that will be used in the sequel and give the definition of a curved rod. We also recall the
definition of the unfolding operator for thin rods. The same operator for the case of plates was introduced
in Griso [5]; for the periodic case, we refer the reader to Cioranescu, Damlamian and Griso [3]. In Section
2 we show that for star-shaped domains, one can always approach an H'— displacement by a rigid body
one. In Section 3 we define the class of elementary displacements associated to a curved rod. Theorem
3.3 gives sharp estimates with respect to ¢ for this kind of displacements. Section 4 defines the notions
of elementary displacements and residual displacements, and introduces the two decompositions mentioned
above. The first decomposition is based on elementary displacements and the second one uses the residual
ones. In Section 5 we suppose that we are given a bounded sequence of displacements and we study the limit
as 0 — 0 of a convergent subsequence. We also give the limit of the unfolded strain tensor. In Section 6, the
linearized problem of elasticity for a curved rod is formulated. We show that under appropriate hypotheses
on the applied forces, the solutions (i.e., the displacements of the rod) are bounded, so that the convergence
results from Section 5 can be used. Further results, concerning the convergence of the stress tensor are also
established. Finally, in Section 7 the complete characterization of the limit problem is given. The last section

is dedicated to comments and remarks.

1. Notations and preliminaries

Let ¢ be a smooth curve belonging to the euclidian space R3. This curve is parametrized as follows
OM (s) = ¢(s),

where s is the arc length and ¢ is a function belonging to C3(0, L; R?).

Introduce the Frenet frame

d )
1.1 dT
(L) —= N, |Vl =1,
B=TAN,
where || - ||zs is the euclidian norm in R3.
We have
N _ T 4.8
@“v -
ds ’
1.2
(1.2) i -
&=



where ¢ = ¢(s) is the curvature and 7 = 7(s) is the torsion of the curve ¢ in the point M (s).
In the sequel, D(a;7) denotes the open disc of center a and radius r (while obviously, D(a;7) denotes
the closed disc).

In this work we assume that the following hypothesis holds true:

HypotTHEsis 1.1. The Frenet frame (M; T, N, ?) given by (1.1) and (1.2), is defined in any point of the
interval [0, L] and belongs to C! (0, L; (R3)4). Moreover, the function ¢ is one-to-one.

For more details, we refer the reader to [11].

Introduce now the mapping ® : [0, L] x R? — R? defined by
(1.3) D : (s,89,83) — W(s) + SQW(S) + 33§(s)

There exists 5o € R depending only on ¢, such that the restriction of ® to the compact set [0, L] x D(O;d)

is a C'— diffeomorphism of that set onto its range. As a matter of fact & is such that

1

0<dp< ————.
2 HC||L°°(O,L)

DEerFINITION 1.2. The curved rod Ps is defined as follows:

(1.4) Ps = ©(]0, L[xD(0;6)), for é €]0,4).

A portion of Ps is defined by

(1.5) Ps(t,t') = @(Jt,t'[xD(0;46)), 0<t<t <L.

The boundary of the rod Ps is made, on one hand, of the two discs D(M(0);0) and D(M(L);?),
belonging to the normal plane to the curve ¢ in the points M (0) and M (L), respectively. On the other
hand, the boundary of Pjs also contains the lateral surface of the rod. This surface is parametrized by
(s,0) — K(s,0), where

(1.6) K(s,0) = OM(s) + 6 (ﬁ(s) cosf + B (s) sin@) ) sel0,L], 6e€]lo,2n].

NoraTion 1.3. (i). Reference domains and running points. We denote by x the running point of Ps, by dx
the volume element and by dsz the surface one in Ps. The running point of the cylinder ws =|0, L[x D(O; 6)
is (s, s2,83). To simplify, dws denotes the volume element dsdssdsz in wgs, while dsws denotes the surface

one. The reference domain

w =]0, L[xD(0; 1),

is obtained by transforming ws by an orthogonal affinity of ratio 1/4. The running point of w is (s, Sa, S3),
dw and d;w denote respectively, the volume element and the surface element in w.

11). Displacements. For any displacement u € 55 , we write u mstead of u o d.
ii). Displ ts. F displ t H'(Ps:R3 ite u instead of uw o ®

The Unfolding Operator. Let w be a function defined on ws. We denote 75(w) the function defined on w

as follows:

7:;(11))(8,52,53) :w(s,552,553), V(S,SQ,SP,) € w.
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REMARK 1.4. Obviously, if w € L?(ws; R¥), then T5(w) € L?(w; R¥). m

When not precised, C' will denote in the whole work, different constants independent of €2, w and 4.
For any function v € L%(Q2), Mq(¢)) denotes the mean value of v in Q,

1
Mal(v) = measure /Qz/J(x) de.

We will make use several times of the Poincaré- Wirtinger inequality in star-shaped domains with respect to

a ball. For the reader’s convenience we give here its proof.

ProposIiTION 1.5. ( Poincaré-Wirtinger Inequality). Let  be a bounded open set in R™ of diameter R.
Assume that ) is star-shaped with respect to the ball B(O; Ry). Then, for all ¢ € H\ (),

R n+1
6= Ma@)Eey < ()" [ P@IVo i

R

(17) n+1
6= Maom)@lie < C(5) " [ A@IVO@P o

where the constant C' depends only on n and p(x) is the distance from x to the boundary 0.
The proof of Proposition 1.5 is based on the following result:

LemMA 1.6. Let  be a bounded open set in R™ of diameter R. Assume that ) is star-shaped with respect
the ball B(O; Ry). Then

n—+1

R
[6l172(q) < (2"7° +1)

s (190 somy + [ P@IVo@Pds]. Vo e HL (@)
1

Proof of the lemma 1.6. As said above, the proof is based on arguments used by Kondratiev and Oleinik
[9] (see also [2]). Let 6 be a function in C*°(R™") such that

6(t) =0 ifOStS%,

0(t) =1 if t> Ry,

0<6(t)<1 if%gtﬁRl,
4

o't < — vt e RT.

ORI

Let also ¢ € C*°(R™), and consider the ray (segment) (O, P) joining the origin O to an arbitrary point
P € 99. We denote by £ its length, £ = |OP)||ys. The Hardy inequality yields,

¢ ¢ 9
(1.8) / 10(r) ()| dr < 4/ }r—zﬂw} dr,

0 0 or
where 7 = ||Oz||zs with « € (O, P). Since

r— L) = dist (a:,P)SEp(J:) and r—{ <R,
Ry

4



from the properties of # and (1.8) one has

Rl/}: @) dr < /; 6 dr
) = 4(}%)2 [/; P*(@)|Vo(@)|® dr +16 ﬁRl

1
2 2

R>2 't 2, n—1 f 2 n—1
< A n— n— )
< A [/F;lp ()| V() *r dr+16/R21 (@) ar]

6(x) 2 dr]

n—1
Multiplying (1.9) by (%) , and integrating on all the rays, leads to

N Rn—i—l
[ pde <t | [ papVe@Pde [ o) ],
Q\B(O;R,) R Q B(O;R1)

whence

n+1

5 R
(1.10) ol < "+ 1 ey [ [ o Votaas [ o]

n+1
R’y

By density, inequality (1.10) is satisfied for all ¢ € H'(Q).
Now, choose ¢ € H. () such that

loc
/ p*(2)|V(z)|Pdr < +oo.
Q

Denote by €2, the image of €2 by the homothety of center O and ratio 1 — e, 0 < € < 1. Since, obviously
¢ € H*(Q.), from (1.10) one has

" Rn+1
61320 < @04 1) s | [ B@IVo@Pdo+ [ 9()]? de]
1 Q. B(O;(1—€)Ry)
n+5 Rn+l 2 2 2
<@ 41) T [ [ @) Vo) Pdo + 9(a)]? da]
R Q B(O;R1)

where p.(x) is the distance from z to 9Qc, pe(z) < p(x). Then, the result follows by passing to the limit as
e—0. O

Proof of Proposition 1.5. Let ¢ € H} (2). Applying the classical Poincaré-Wirtinger inequality to the
restriction of ¢ to the ball B(O; R1/2), gives

16— Misosms 2 ()2 (00 2y < CR2 / Vo(a)? de,
B(O;R1/2)

where C' depends only on n. One has successively,

16— M2 (@) (00 2y <C / P IVo(@)|? do
(1.11) B(O;R: /2)

<c /Q (@) V()P de.



Now, let us apply Lemma 1.6 to the function ¢ — Mpo,r, /2)(¢) since Q is obviously star-shaped with
respect to the ball B(O, R1/2). We get

R n+1
(1.12) 6= Moo /2@l < € (5) /Q P (@)IVo() | da.

On the other hand, by using Cauchy-Schwarz inequality, one has

‘/Q¢ dr — /QMB(O;Rl/z)(d)) dﬂfr < (/Q dff) (/Q |p — MB(O;R1/2)(¢)|2d$)>

so that, due to (1.12),
C ( R

[Ma(é) ~ Mo, (@) < w) [ F@Ive i

measure 2

which, combined with (1.11) leads to the first inequality in (1.7).
Observe now that for any « € B(O; Ry), one has

Ry~ Ozl | < ple).

Therefore, applying the first inequality in (1.7) to the restriction of ¢ to the ball B(O; Ry), one gets

16— M) (@) 20500 < C /Q (@) Vo(a)|? dr,

from which, due to Lemma 1.6, one has the second inequality in (1.7). The proof of the proposition is now

complete. O

2. Approximation of a displacement by a rigid body displacement.

In this section we first show that for some classes of star-shaped domains, one can approximate an H!'—
displacement by a rigid body one. This result can be applied to curved rods. To do so, we prove in Lemma
2.3 below, that any sufficiently small portion of a curved rod as defined in Definition 1.2, is star-shaped.

In the sequel, the Einstein summation convention on repeated indices i, j € {1, 2, 3} is adopted.

Let © be an open set of R? and u a displacement belonging to H*(2;R3). The deformation energy of
u is defined by

E(u, Q) = /Q%‘j(U)%'j(U) dz,

where

000 =5 (52 + )

are the components of the the linearized strain tensor v = (7;5)1<i,j<3. We also introduce the bilinear form

8ui 8ui da

D(U,Q) - Q 8xj 633]‘ '

LEMMA 2.1. Let Q be a bounded open set of diameter R, star-shaped with respect to B(O; Ry). For any
displacement u € H*(2;R3), let us consider the rigid body displacement r defined by

(2.1) r(r) =A+ BAux,

6



where

3 15
(2.2) A= 7/ u(z) dx, B = 7/ x Au(z) de.
4R} Jpoiry) 87RY Jp(osRy)

Then, the following estimates hold:

13
D(u—r,Q) < C(E) &(u,Q),
Ry
(2.3) 2 R
u =772 < C(E) R E(u, Q).

Remark 2.2. The first inequality in (2.3) is the Korn inequality corresponding to Q. The coefficient
(R/R1)'3 is sharp. i

Proof of Lemma 2.1. Following [2] or [9], let v € H}(Q;R?) be the solution of the problem

Av = Au in Q,
v=20 on 0f2.

One knows that w = u — v belongs to HZ(Q;R?) N H'(;R3). Moreover, the following Korn inequality
holds (see [2] or [9]:

2 23 o

X
(2.4) /Qp ( )ivj,l_l‘awj
D(v,Q) < CE(,N) < C&(u,N),

W;
8:rl

2
dx < C&(u, ),

where p(z) is the distance from z to 9f).
Applying Poincaré-Wirtinger inequality (1.7) to the components of gradient of Vw and using inequality
(2.4), we get the following estimate:

* [ 3512 ()< (2 et

8Ui
81}]‘

Let a = Mgq(u) and B be the skew—symmetric part of the matrix (MQ( )) s Introduce also
1<i,j<3
the vector b € R? such that

ri(x)=a+B-z=a+bAx.
Using (2.5) and applying again the Poincaré-Wirtinger inequality to u — r1, we obtain

13
D(u—r,Q) < c(%) E(u, Q),

(2.6)
R\8
lu = 71122 () < C(E) R2E(u, ).

To derive estimate (2.3), it is now sufficient to take in (2.6) the mean value of u and of (- A u(-)) in the ball
B(O, Rl) O

Let now consider a partition of the rod Ps in several small portions of the form Ps(¢,¢') (for notation,

see (1.4) and (1.5) in Definition 1.1). We prove that all these portions are star-shaped with respect to an

7



appropriate ball. This will allow us to apply Lemma 2.1 to a curved rod in order to obtain an approximation

of its displacements by a discrete family of rigid body displacements.

LeMmMmaA 2.3. Let t, t' such that 0 <t <t < L. The domain Ps(t,t’) is star-shaped with respect to the ball
t+t\ 9
B(M et ;7) if
(5 )ig)
§<t —t< @.
- - 2
Proof. Observe that the diameter of Ps; . is smaller than 46. Since, due to Hypothesis 1.1, the Frenet

frame is sufficiently smooth, by Taylor inequality we have

o

y <|s' — s,
1

S -
R3 2||CHLO¢(O,L)

HM(S)M(S') (s — )T (s) (s — )%, Vs, s €]0, L[

Let K = K(s,0) be a point of the lateral boundary of Ps(¢,¢'). The above inequality implies that the

!

. . t+t . .
distance from K to the point M ( ), satisfies, since § < &o.

tt 4t i 1 t+t |
M ( )K > ‘s— +0* - s — > 6.
2 s 2 2|lcllze(0,1) 2
R
If K belongs to one of the discs D(M(¢); ) and D(M (¢');9), then

t+t v —t 1 v —t]> 26

mMED K| > ’ - > 2,
2 3 2 2||C||L°°(07L) 2 5

The ball B(M(s); 6), t < s < t', contains the ball By = B(M(t—'_Tt/), g) because the distance between
their centers is smaller than 3§/4. From the above inequalities, we know that the distance between M (s)
and any point on the lateral boundary of Ps(t,t’) is greater than or equal to §. Therefore, the intersection
of the ball B(M(s);d) with the boundary of Ps(t,t') is included in the discs D(M(t);6) and D(M(t');6).
Thus, B(M(s);é) N Ps(t,t') is a convex open set containing By and so, it is star-shaped with respect to
all points of By. But any point of Ps(t,t’) belongs to a ball of radius § and of center the point M (s) with
t < s < t’. Consequently, the domain Ps(t,t') is star-shaped with respect to the ball By and this ends the

proof of Lemma 2.3.

3. Elementary displacements of a curved rod.

DEFINITION 3.1. We call elementary displacement of a rod, any element 1 of H' (ws; R3) that is written in

the form
n(s, s2,83) = A(s) + B(s) A (szﬁ(s) + 833(3)), V(s, 82, 83) € ws,
where A and B are vector-functions in H*(0, L; R3).

The first component A of 7 is the displacement of the middle-line. The second component B, gives us
an information about the relative displacement of the cross section D(M(s);d) of the rod, that is to say, it
is a rotation whose axis is directed along the vector B(s).

To any displacement w of the rod we associate an elementary displacement defined as follows:

8



DEFINITION 3.2. The elementary displacement W, associated to w € H'(Ps;R?), is given by
(3.1) We(s, s2,83) = W(s) + Ruw(s) A (szﬁ(s) + 33§(s)), (s,52,83) € ws,

where

1
W(S) = W /D(O;(;) w(s752,83) d82d837

Ruw(s) - ?(S) 2 /D(O.(;) (SQﬁ(S) + 333(3)) Aw(s, sz, 53)} . T)(s) dsadss,

(3.2) -
Ruw(s) - N)(s) = i4/ (SQﬁ(S) + 33§(5)) Aw(s, sz, 53)] - ﬁ(s) dsadss,
m0% Jp(ows) b
Ru(s) - ?(8) = % /D(O.é) (Sgﬁ(s) + ssﬁ(s)) Aw(s, sz, 83)] - ?(8) dsadss.

The next theorem plays a fundamental role in our study. It provides sharp estimates of the components
of the elementary displacement W, in terms of § and of the energy of deformation of w. It also shows that

the displacement w — W, is negligible (in the L?—norm) with respect to w.

THEOREM 3.3. Let w € H'(Ps;R3) and W, be the elementary displacement defined by (3.1)—(3.2). Then,

the following estimates hold:

D(w —We,ws) < C E(w, Ps),

(3.3) = Well32(pny < C 6%E(w, Ps),
dR 2 dWW 2 C
e |15, - Ru AT < < E(w, Ps).
ds LZ(O»LHR““’)Jr ds R L2(0,L;z3) — 02 (w, Ps)

The constants are independent of §, they depend only on the middle-line of the rod.

Proof We are led in the course of the proof, to take integrals over the domains Ps, ws or on subsets of
these domains and estimate them in terms of w. To compute these integrals, one has to make the change of
variables @, defined in (1.3). Observe that the jacobian J(®) of ® is such that

1 3
= P) < —.
5 < J(®) < 5
This will allow us to neglect it in all the estimates below.
Let N be an integer such that
2L L
Ne(555)
3076
and set
=p— ooy N}
sp=py PE{0.. N}

In the sequel we will work with portions of the rod Ps of the form Ps(sp, sp+1), that for the sake of
simplicity, will be denoted Ps ;,

Ps(sp, sp+1) = Ps,p-
From Lemma 2.1 and Lemma 2.3, there exist rigid body displacements 7, such that

D(w —1p, Psp) < CE(w, Psp),
(3.4)

||w - TIJHQLQ(’PM);M) S 0525(1”77)6,?)7

9



where the constants are independ of p and §. Recall that the displacements 7, are of the form
rp(z) = Ap + By Az, x € Psp, Ap, By € R3.

Taking the mean value over the cross-section of the curved rod, and using definition (3.2) of W and R,

from (3.4) we derive the estimates

W — A, — B, AOM(-) < CE(w, Ps,p),

|‘L2(p€,(p+1)€ R3) —

C’
(pe,(p+1)e; ]Rd) = 52 E(w ,P‘Svi”)

(3.5)
1R = By

where the constants are again independent of p and §. Consequently,

[w — We|)3- < C*E(w, Ps),

(we52%)
where C' depends on the middle-line of the rod only.
Note now that the vector-functions ¥ and R,, belong both to H'(0, L; R?). Then, by using Definition

3.2 as well as definitions (1.1) and (1.2) of the Frenet frame, we compute the derivatives of the displacement

u to get
ow
5 Vaw - [(1 — SQC)T + 82T§ — 33Tﬁ],
s
ow
ow
D55 Vw - B

Taking the restrictions of these derivatives to ws, =|pe, (p+ 1)e[xD(O;6), from (3.4) we have the estimates

<CEw, Psyp),

L2(ws,psr3)

H 1 — SQC)T + 827§ — syﬁ] ‘

2

(37) < Cg(wypti,p)a

L2(ws,p3r3)
2

\1352 By \
<C&(u,Psp),

L2(ws,pir3)

72 -2

whence, by taking the mean value on the cross-section of the rod,

[T -5

2 05 .,
L2(pe,(p+1)e;r3) (52 (w’ 571?)'

Then, from (3.5) we get

2 C’
L2(0,L;r3) 52 E(w, Ps)-

(3.8) H%—Rw/\T‘

“ in L?(0, L; R?). To begin with, let us introduce the function
S

We now estimate the norm of

Vi(s) = <32ﬁ(s) + sdﬁ(s)) ANw(s, sg, s3) dsadss.

7% Jp0:w)

10



Using (1.1) and (1.2), we have
dVv 4 ow
a5 ot /Dm) (28 +55B) A G (5r52,59)
+(—82CT + sy’? - swﬁ) ANw(s, s2,83)| dsadss.

From (3.4) and using estimate (3.7) for g—w, it follows that
s

O
&
L2 (pe,(p+1)esr3) 54 (w’P57P)7

H N)T —c(B,- ?W\

whence, due to (3.5),

C
< = .
L2(0,Lx3) — 04 E(w, Ps)

(3.9) H (R N)T = ¢(Ru T)ﬁ‘

Using the definitions of R, and V', one can write
1
R =V — §(V~T)T,

and so,

dR, dV 1 ,dV c
e (ST TSV M) T - S(v TN,

Since (V - ﬁ) =(Ruw- ﬁ) and (V- T ) =2(Ry - T ), recalling (3.9), we deduce that

¢ 5(11)7735).

3.10 Hi‘ <
(3.10) L2(0,Lw8) — 0%

Now, observe that

a(w — We) = 25 s  9s A (Sgﬁ + 53§) —Ruw A (—SQC? + 827§ — SgTﬁ),
0 ow

8782(111 We) = 852 Rw A\ ﬁ,

0 ow

8783(11} We) 833 Rw AN §

From these expressions, taking into account (3.5), (3.7), (3.8) and (3.10), we finally obtain the first estimate
n (3.4 ) and this ends the proof of the theorem. O

From now on, we will assume that the curved rod Ps is clamped at the end
Los = @ ({0} x D(M(0);4)).
Then, the space of admissible displacements of the rod is
(3.11) H (Ps;R?) = {ve H' (Ps;R®) |[v=0 on Fog},

equipped with the semi-norm
"U|g = S(’U,Pé).

According to estimates from Theorem 3.3, and since the elementary displacement V, associated to any
v E Hllg (Ps; R?) is equal to zero on the clamped part of the rod, the semi-norm (3.11) is actually a norm.

Consequently, the space Hllo (Ps; R?) equipped with the norm |- |¢ is a Hilbert one.
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4. Inextensional and extensional displacements, angle of torsion.
Let us introduce now two sets of displacements of a rod Pj.

DEeFINITION 4.1. The set of inextensional displacements of the middle-line of the rod is defined as follows:
au
(4.1) Din = {U e HY(0, L; R%) ‘ T =0, U®0)= o}.
The set of the extensional displacements of the middle-line of the rod is defined by
au du
(4.2) DEx:{Ueﬂl(o,L;R?’)’—.N*:—?:o, U(O):o}
ds ds
Observe that by definition, for any U € Dg,, one has

%
ds

_HCLU ‘
20,Lw3) |l ds 2(0,L)

Let w € Hf, (Ps;R?), and W, be the associated elementary displacement as defined in (3.1) and (3.2).
Obviously, W, € Hllo (Ps; R3) too. Its first component W, which is the displacement of the middle-line, can

be written as the sum of an inextensional displacement and an extensional one, i.e.
(43) W=W;+Wg, Wy e Dyr,, Wg€ Dg,.

From (3.3), definitions (4.1) and (4.2), the following a priori estimates are obvious:

dWp C
170,200+ | s | ey < 52101

(4.4) AW o
’ < <lwle.

HWE||H1(07L;R3) + H ds llL2(0,L®3) — 6

The second component R,, of W, not only allows us to correct the traction resulting from a shearing
effect which depends only on R, A T, but it also gives information about the torsion of the rod. This
displacement is measured by the angle of torsion of the rod which is given by the inner product of the

vector R, and of the unit tangent vector T to the middle-line,
(4.5) Ow=Ruy-T.

If the displacement is small, ©,, is almost equal to the rotation of the cross section D(M(s);0) around
its axis.

To complete the decomposition of the displacements of the rod, we only need to introduce what we will
call “residual” displacements. These displacements will play an essential role in the study of the strain and
stress tensors of the rod.

To begin with, observe that any w can be written in the form

w(s, $2,53) = W(s)+Rw(s) A (szﬁ(s) + s;;?(s))

(4.6)
+(w — We) (s, 52, 53), V(s, 52,53) € ws.

On the other hand, using decomposition (4.3) and since

Rw:eﬁ_%Am(%_me)m
ds ds

12



one can also rewrite (4.6) as

w(, $2,83) = Wi+ Wg — [32(% . ﬁ) + 53(% . ?)}T + (—33N2 + 52§)®w

ds ds
—&—52(%—73“,/\?) -ﬁ—l—%(% —Rw/\T) B+ (w—We)(-,SQ,Sg).

Let now introduce the following space:

ov Ov

HRS ({8527853};(0) = {'U S L2(W;R3) 875'27 67‘5’3 c

L2(w;R3)}.

DEFINITION 4.2. Let w € H%O(Pg; R3). We call residual displacement associated to w, the vector-function
w e Hys ({852, 853}; w):

@(s, Sa, S3) = 552(65;? Ry AT) W+5S3(dzvf —RwA?) B

S

+ (w— We> (8,(552,(553), V(S,SQ,Sg) € w.

(4.7)

DEeFINITION 4.3. By analogy with the case of a straight rod, we call Bernoulli-Navier displacement of a
curved rod, any displacement of the form
% %
v(s,82,58) = Vils)+Vis(s) = (520 (s) - N(s) + 3321 (s) - B(9)) T(s)
+ (753ﬁ(5) + SQE)(S)) - 0,(s), Y(s, $2,83) € ws,

where Vi € Dy, and Vg € Dg,.

Definitions 4.2 and 4.3 (see also Notation 1.3) imply that any displacement w in Hllo (Ps;R3), can be

written as the sum of two displacements, a Bernoulli-Navier one and a remainder term
M N4 B)T

ds ds
+(_33ﬁ+52§)@w+@('a%>%})3 v(82733) € D(Ové)

w(-, 82,83) = Wi+ Wg — (82
(4.8)

From (3.3) it follows that

<C |'LU|g

L2 (w;r3)

8@’

ow
35, |

4. Bl 12 (0 H Hi
(4.9) 1@l @) + rrene) | 1198

REMARK 4.4. Let us mention that decomposition (4.8) is somewhat “false” in the sense that nor the
Bernoulli-Navier displacement neither the residual displacement @ are admissible displacements (see (3.5))

of the curved rod. O

On account of the definitions of the different elements in (4.7), it is easily seen that @w satisfies the

following equalities (see Notation 1.3):

/ @(-, S, S3) dS2dSs = 0,

(4.10) Do)

/ @(- S2,83) - [S3.N(-) = Sy B(-)] dS2dSs = 0.
D(0;1)

13



The set V,, of the residual displacements,
(4.11) Vi = {z/; € Hys ({0s,, 05, };w) | v satisfies (4.10)},

is a a Hilbert space for the norm

o = (|0

5. Limit of displacements and of the strain tensor.

2LQ(M;R3) * H%

9 1/2
LQ(w;u@)) '

5.1. Limit of displacements

Suppose we are given a sequence (w’) C H%U (Ps; R?). Applying the results from Section 4, we can decompose

w? in a sum of displacements of the form (4.8) as follows:

) 1)
W (s, 82, 53) =W (5) + Wh(s) — ( Wi (o N+ (o). B <s>> T (s)

+ (—s;;ﬁ(s) + 32§>(5)> @fu(s) +@° (s, %27 %), Y(s, $2,83) € ws,

where VVI‘S € Dip, Wg € Dg, and

~5 S92 S3 _ dWI(S Fy . dWIé Fy .
w(.,f—)_SQ( o —RU,/\T) ﬁ+53( o —RwAT> B

+ (wé — Wg)(, 82,83), V(SQ, 83) € D(O,(S)

(5.2)

We are interested to describe the behaviour of the sequence (w?) when § — 0. The next result answers this

question:

ProrosiTioN 5.1. Suppose that for any § > 0, one has the estimate
(5.3) wlle < €8,
where the constant C' is independent from §. Then (up to a subsequence), the following convergences hold:

(i) Wy — Wy weakly in H'(0, L; R?),

(ii) SWP — W;  weakly in H*(0, L; R®),

(iii)  ORS —RE weakly in H'(0, L;R?),

(iv) %@5 —~ @ weakly in Vy,,

( 6Ts(w®) — W;  weakly in H' (w; R?),

(vi) Ts(w®) — WS = W*  weakly in H' (w; R®),

~—

A%

where V,,, is defined by (4.11) and

W = W — [sz(d;’? ) +sg(% B)|T + (-8.N + 5.8) 03,



Proof. Thanks to hypothesis (5.3), from Theorem 3.3, estimates (4.4) and (4.9), we immediately have
5 5 5 L5
(5.6) IWEllm0,02) + SIWT 10,209 + 0 Rasllzrr 0,2580) + 5107l < €,

from which convergences (5.4)(i)—(iv) are straightforward. Moreover, since by definition (4.5), @ = RS - T,

one also has
(5.7) 60% —~ ©r weakly in H'(0, L),

with ©F verifying (5.5).
Now, let us turn to formula (5.2). Recalling that

W(s,82,85) = Wi (s) + Wh(s) + RE(s) A (2N (s) + 53 B(s)), (s, 52,53) € ws,
by using estimate (5.6), from (5.2) we obtain that
”,]:5(1”5) - WIJ”Hl(w;JRf’) < Ca

which, together with (5.4)(ii) implies convergence (5.4)(v). Convergence (5.4)(vi) follows simply by passing

to the limit in (5.1) and using the former convergences. O

REMARK 5.2. From (3.8), one gets

5 s 2
HdWIerWE—RfUAT‘ <,
ds ds L2(0,L;r3)
whence, due to (5.4)(i)—(iii)
dWy
—L —RiAT.
ds v

Consequently, W; € Dy,, where (see Definition 4.1 for comparison)

av

o .T =0, U0)=0,

Dy, = {U e H2(0, L; R?)
Also Wg € Dg,. O

REMARK 5.3. Proposition 5.1 shows that the limit behaviour of ws when é — 0, is described by the triple
(Wi, W*, @), where W; describes the flexion of the rod, W* its shearing and torsion and @ the deformation
of the cross-section. In view of (5.4), to this triple correspond three scales in &, namely 5=, 6 and §'. This
means that for § small enough,

S 83
87 BN

—) —l—&ﬁ(s, —= —), Y(s, 82, 83) € ws.

1
w (s, s, 53) ~ SWI(S) + W*( 55

5.2. Limit of the strain tensor.
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We are now interested to describe the asymptotic behaviour of the strain tensor v(w?). To do so, we have
to write this tensor in the Frenet basis (1.1)—(1.2). Let us denote the transformed tensor by e = (e;;)1<i,j<3-

Recalling formulae (3.6), we have

enn(w’) = 88715 T+ 1 —1520 [5266(97106 * SgTaazs - 527—681:;} T

er(w’) = ;[gﬁs T+ aa—uj : N)} + ﬁ {320887115 + 837831;)5 633] N,
e13(w5)=;[8ags'7+a§f'§}+2(11520){8208§;‘5+ng8@2§_ 353} B,
622(7«05) = ?;:j T

ess(w’) = gf: g

(o) = 3[20 7 + 2 ).

PROPOSITION 5.2. Let (w’) C H}, (Ps;R?) be a sequence satisfying (5.3). Then one has the following

convergences, all weak in L*(w),

[A%% 2w d*w
o) - B 7[5 ) 5 (S ) oo
1 dw’ dor ow
Ts(erz(w’)) — 13 = 5{ CSB( dsl §> Ss dsw —T50,+ 8;02 }
dw doy;,
7:5(613(7115)) — e13 = |:CS2( dsl . ?) SQ + 7'S3 @* + 8753 T:|
(5.8) o
T5(ea(w’)) = ey = 05, N,
iy
Ts(esz(w’)) — ess = (’)7;; - B,
ow ow
oF g — "B+ == -N|,
seas(w)) = ez = 5[5 B+ 5o N|

where Wg, Wy, ©F and W are defined in Proposition 5.1.

Proof. Estimates (5.3) and (5.6) imply that the sequence 75(e;;(w?)) for any i,j € {1,2,3}, is bounded in
L?(w) which will allow us to pass to convergent subsequences. Let us show for instance the result concerning
e11(w?). From (1.2) and (3.6) we have

() = o [ T ens (S T) = )
(TN ) res ] + 112{533@5(8 =y g
(G (25 T) —ra(Gg (3%) 7))

Due to estimates (5.6), we can pass to the limit and get the first convergence in (5.8). The others are

obtained analogously. O

The results above concern the limit displacements and the limit of the deformation tensor for any
sequence (w?) satisfying (5.3). Our aim is to study the linearized elasticity problem so, from now on, we will

be concerned by the asymptotic behaviour of its solution.
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6. Elasticity problem.

We suppose we are given a rod Ps made from an isotropic and homogeneous material. The displacement

ud = (ud, u$, uj) of Ps, is the solution of the linearized system of elasticity

0 Aul .
~g; (wnn ) = F0in P
J
(6.1) u’ =0 on T'os,
o é
aijkhﬂnj = Gf on F5 = 8735 \ Fog,
aIL'h

where ¢ = 1,2, 3, and the elasticity coefficients a;jx, are defined by
aijrr = NijOkn + (dirdjn + dindjk)-

The constants A and p are the material Lamé coefficients, F? is the density of volumic forces and G° is the
density of surface forces. Obviously, the coefficients a;;,n satisfy the hypothesis of coerciveness, i.e., there

exists a constant Cy > 0 such that
(6.2) aijkn Bij Ben > Co Bij Bij,  for any matrix B8 = (8;); ; with 8;; = Bji.

The variational formulation of problem (6.1) is, to find u’ € Hy}, (Ps; R?) such that

(6.3) / aijrenyii (W) (v) do = / F’.vdr+ [ G°-vdsx.  Yve Hf (Ps;RP).
Ps Ps Ls

Denote by ¢® = (ofj)lgmgg the stress tensor, defined by

(6.4) o9; = aijrn Yen(u).

System (6.1) can be rewritten under the equivalent form

0
5 S .
—o;; =F’ in Ps,
g i
Oz
uw =0 on [ys,

oijn; =G onTs=09Ps\Tos,

for i = 1,2,3. Hence, (6.3) can also be rewritten in the form, that will be used in the sequel,

(6.5) / o0, Yen(v) do = Foovdr+ [ G°-vdsa. Yo € Hp, (Ps; R?).
Ps Ps Ls

The rod Pjs is subjected to two different type of forces, volume and surface forces. We will distinguish

also the forces which concern all the displacements of the middle-line (mainly inextensional displacements)

and those which concern only the extensional displacements. This distinction is visible in the order of size

corresponding to these displacements. To do so, recalling (1.6), we suppose that F° and G? satisfy the

following assumption:

F5(5782a83) = 6f(87 Sja 873) + f* (57 Sja 373)7 with f7 f* € L2(W;R3)7
(6.6) ) 674
GO (s, 0) = 62g(s,0) + 6g*(s,0), with g, g* € L?*(0w; R?).
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Then, classical results, the Lax—Milgram theorem for instance, give the existence and uniqueness of the
solution u® € Hi, (Ps;R3) of problem (6.1) (and so, of (6.3) or (6.5)).
Let now introduce the notation

1 1 27
Frer [ Sasi)dsdSye s [ gt.6) s,
T JD(0;1) ™ Jo
1 . 1 27 .
Fg=— I (52, 83) dS2dSs + — g*(+,0) do,
T JD(0;1) ™ Jo
1
Pr=r [ (3525052 = fi(52,50)5a) dSadSh
T JD(0;1)
1 27
(6.7) + */ (9*13(-, 0)cos(0) — gn (-, 0) sin9) de,
™ Jo
1 . 1 27 .
Gy == fi(-, 82, 83)5 dSodSs + — g5 (-, 0) cos 6 db
T JD(0;1) ™ Jo
1 . 1 2 . ]
Gg =— / fT('? S, 53)53 dS>dS3 + 7/ gT(-,Q) sin 6 d#,
™ JJp(o;1) 7 Jo
G= GyN +G3B,

where f* and ¢g* were decomposed in the Frenet basis:

fr=fT+f5 - B+fy N,
¢ =g T+gs B+gy-N.

The following result holds:

PROPOSITION 6.1. Let u® be the solution of problem (6.1) with F° and G° satisfying (6.6). Assume

furthemore, that
L
0
Then, u’ satisfies the a priori estimate

(6.9) ‘U§|g < (.

REMARK 6.2. Hypothesis (6.8) means that Fr does not have any contribution in the inextensional dis-

placements. O

Proof of Proposition 6.1. From Section 4, we know that u’ can be written in the form (see (5.1)),

W5 (s, 50 53) =U(s) + U(s) — (dfm M)+ 0L (5). B <s>) T(s)
+ (—s;;ﬁ(s) + 323(5)) Q9 (s) + ou’ (s, 85—2, %3), Y(s, 82, 83) € ws,

with U € Drp, U, € Dg, and @ is defined by (5.2). Let choose u’ as test function in (6.2). Recalling
notation (6.7), hypothesis (6.8) implies that for the right-hand side term we have

/ F‘S'u‘sdw(;Jr/ G‘s'u‘sdswaz/ F5~5a‘3dw5+/ G° - 600 dyws
ws dws ws Ows

dU?

S

(6.10)

L
+ 762 / [FE U+ 0F, - (US + U?) - 6G + 5FT@5} ds.
0
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Making use in (6.10) of estimte (5.3), and recalling the ellipticity condition (6.2), we have

C’0|u5|§ < / aijkh'yij(u‘s)'ykh(u‘s) dx = FOulde + G Wl dax < C6|u5\g,
Ps Ps Ts

whence the a priori estimate (6.9) is straightforward. O

COROLLARY 6.3. For the sequence (u®) one has convergences (5.4), (5.7) and (5.8) (where one has to
replace w by w and W by U). Moreover, for § — 0,

1
u6(8a82733) ~ gUI(S) + U*<57 ° ) S3> + (%5\(57 2 87?))7 V(8782, 83) € ws,

with Uy, U* and u given by Proposition 5.1.

Proof. The result is a simple consequence of the fact that a priori estimate (6.9) is precisely hypothesis
(5.3) from Propositions 5.1 and 5.2. O

Proposition 5.1 gives, besides Uy, U* and @, also the limit functions Ug, R} and ©F = R - T. In the
next section, we will show that the pair (U, ©7) is the solution of a system of fourth order partial differential
equations , while Ug is the solution of a system of second order ones. This will completely determine all the

limit functions mentioned above.

7. Asymptotic behaviour of curved rods.

We start this section by studying the behaviour of the limit residual displacement %°. To this end, let v be
such that

(7.1) v(s, 52,53) = 6 (s, %2, %), where 1 € H (w;R*)NV,,, withyy =0 on T,.

Then, an straightforward computation leads to the expressions

611(1)6):#[81/) T+ 53(8¢ T) (81& T”

1—6cS;Las 953
L0 gy Ly (g0 0 00
612(“)—’(8?2 T)+5(5 ¥+ srmresy (<5 + " Sg S ) N
s oY 5100 5 oY o Y
e13(v?) = (asg.T)+§(£.§>+m(65287+7'5387527752853> ?;

which immediately imply the following strong convergences in L?(w):

(7.2) Ts(enn(v°) — 0, Ts(enn(v”)) — %% T, Tiles(v’) — %% -T.

Moreover, ess, €33 and ez are independent of §, since

%ﬁ

o N enle!) = g B el = (55 N+ 5L B).

)
(7.3) en2(v”) = 955 955 95,
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Let now take v° defined by (7.1) as test displacement in (6.3) where we pass to the limit as § — 0 by
using Corollary 6.3 and (7.2). Taking into account (7.3), we obtain

u L [fcsg(%@)fsgdjiﬁszeg 852 ﬂ(g;f; T do

—i—,u/w{ch(%-?)-l-Szd@* + 75507, Jra—s3 ﬂ(gi T)

+/WA[%-T—52(d U’-ﬁ) Ss(d U’-§)+ sde*}(ggﬁ) dw

(7.4) +/J<“2ﬂ>(§§2 N)+ <aa§3 ﬁ)}(ﬁi N) do

AT s () s (G P el (5 B e

[P (s, Mol ) (s ﬁ)

8u 8u o
+“/w(asg N+35 B;)(asg N+55 B) de

+

Since H*(w;R?) is dense in H,s({0s,,ds,};w), (7.4) holds for any 1 € Hys({0s,,0s,};w).
Now, observe that (7.4) decouples. On one hand, for any x € HW({asz, 853};w) one has

0 0
A * . T X / * et T X _
(7.5) /w( T 520 +8SQ )852 dx + w(TSg@ +5‘Sg )853d =0.

On the other hand, if (¢2,13) € Hy2 ({0s,,0s, };w), then

[l (Gs, 7) (G5, )]s

+ [P W)+ (a5, B)] g o

3” )(81/}2 3%3)d
/w 853 o5 P Nas, T as, )

3% 5'7113
8752 + 8753) dw.

+c53@;}(

This problem, as well as (7.5) can be solved explicitly (see Griso [5]), to get the limit residual displacement

u expressed in terms of extensional and inextensional displacements, and of the torsion angle of the rod,

2 _ q2
17-7252 55 T Oy,

oo 5 (00 ) o £
@B =v|[- Sgdﬁ + SQSS(dQUI -ﬁ)+5§ 3 53 (~cor+ ddU; B)],
where v is the Poisson coefficient
Y 2(AA+ )



We are also able to give the limit in L?(w;R?) of the stress tensor defined by (6.4). Indeed, by using

convergences (5.8) one easily has

T5(0ij(u’)) — 045 weakly in L?(w),

where
= (. ) 2%,
oo = B ( ) 8%]

022 = 033 = 023 = 032 = 0.

A simple computation gives
099 = Ae1p + ()\ + 2/14)622 + Aegz3 =0,

033 = Ae11 + Aeaa + (A + 2/1)633 =0.

Consequently, ess = —ve1; and ess = —vep;. Hence, one can give the expression of o171 in terms of ey,
dU, d*U d2U
0'11:()\4—2[/,)611 + Aeos + Aes3 = Fejp = FE TSE?—SQ< ds2l.ﬁ) Sg( ! ﬁ )},

where E is the Young modulus of the material from which the rod is made,

_ H(BA+2p)
Ap

Collecting all the above information, we now can state the main theorems giving the asymptotic behaviour
of the curved rod Ps.

THEOREM 7.1. (Asymptotic behaviour of the inextensional displacement and of the torsion angle). The
couple (U, 0%) € Dy, x V1, is the solution of the variational problem

ds? ds? ds?

75) (O ) () a

E/ dQUI ) (dQV ﬁ) (—c@Z + Uy §) (—cw + dZ?V : ﬁ)} ds

L
=/ (F, VG- d—V+FT¢) Y(V,4) € Drp x V1,
0

where Vi = {¢ € H*(0,L)|(0) = 0}.

THEOREM 7.2. (Asymptotic behaviour of the extensional displacement). The limit extensional displace-

ment Ug € Dg, is the solution of the variational problem

L
(7.7) E/ dﬁ-d—vd—/ Fg-Vds, YV &€ Dg,
o ds ds 0

Proof of Theorems 7.1 and 7.2. Let V € Dy, and ¢ € V; and take in (6.3) the test-displacement
v® € H, (Ps;R?), defined for any s € ws by

)= 5V0s) - [2(G ) M)+ 2 (L) B6))| T) + [2N () + 2B )] (s)
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With this choice, the components of the deformation tensor e;;(v°) converge strongly in L?(w) as follows:

Ts(en(v°)) — —32(d2l : N2)—53 (% : ﬁ) +eS3v,

ds?
) — 2oL 7) -]
o) — Lo (2 )25

T5(e2(v°)) =0, Ts(es3(v°)) =0,  Ts(ea3(v)) =0.

Making use of these convergences when passing to the limit in problem (6.3), yields (7.6).
Let now V € Dg,. Since V is an admissible displacement of the rod (see (3.11)), it can be taken as

test-displacement in (6.3.). Passing to the limit and using Corollary 6.3, (7.7) follows easily. O

REMARK 7.3. The variational problems (7.6) and (7.7) are coercive. Hence the whole sequences in (5.4)

and (5.8) converge.

REMARK 7.4. Convergences in (5.4.) and (5.9.) are strong. Indeed, we have

1 1

: 5 5
= [ aijrieijer, dw < lim — il €55 (v’ )er (u’) dws
T Jw §—0 T ws

T 1 ) o
< [

— 1
zlim—[/F‘s-u‘sdw—i— G‘S-u‘sdsw}
w Ow

L dUy .
= [FE~UE+F1'U]*G'7+FT'GU}dS
0 dS

1
== | Gijreijer dw.
™ w

8. Final comments and remarks.

Theorem 3.3 has been proved in the particular case of a curved rod whose cross section is a disc. This
theorem still holds when the rod cross section is a connected bounded open set with a Lipschitz boundary.
It also holds when the rod cross section is not fixed but depends on the heights where it is taken.

The residual displacement introduced in Section 4 (Definition 4.2) takes into account the behaviour of the
cross sections of the rod. For the sake of simplicity, to explain the action of the limit residual displacements,
we restricted ourselves to the case of a rod whose cross section is a disc, the applied forces concerning only
the rod elementary displacements. There is no difficulty to extend this explanation to more general cases.

We have obtained, after passing to the limit, two uncoupled limit problems, the first one linking the
inextensional displacement and the rod torsion angle, the second one defining the extensional displacement.
Such an uncoupling is due to the smoothness of the rod on one hand, and on the other hand, to the symmetries
of the cross-section. In a more general case, where either the rod has a variable cross-section, or it is made
by a non homogeneous or an anisotropic material, we obtain only one limit problem linking together the
extensional displacement, the inextensional one and the torsion angle.

Obvious modifications of the functional spaces introduced above (see (4.1), (4.2)), will give the asymp-

totic behaviour of curved rods clamped at both ends or of closed curved rods. For example, in the case of a
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curved rod clamped at both ends, the set of inextensional displacements will be defined by
dU
Dipn = {U € Hy(0.LiRY) | =2 T = o}.

The space Hg (0, L; R3) is equipped with inner product

Lau av
= [ = s
V) /0 ds ds

The extensional displacements space is then, by definition, the orthogonal space of Dy, in HE(0, L; R?) for
the inner product (-,-). Proceeding as we have done above, we obtain the same problems (7.6) and (7.7)
provided the functional spaces are changed in order to take into account the fact that the rod is clamped at
the both ends.

In the case of straight rods, the curvature ¢ and torsion 7 vanish. All the results are obviously true and

we obtain the asymptotic behaviour of straight rods.
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