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G. Griso
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4 place Jussieu, 75005 Paris, France, Email: griso@ann.jussieu.fr

Abstract. This paper deals with the error estimate in problems of periodic homogenization. The methods used are those of the
periodic unfolding. We give the upper bound of the distance between the unfolded gradient of a function belonging to H*(Q) and the

space V, H (Q)®V, L*(Q;H}

peT(Y)). These distances are obtained thanks to a technical result presented in Theorem 2.3 : the periodic

defect of a harmonic function belonging to HI(Y) is written with the help of the norms H'/? of its traces differences on the opposite

faces of the cell Y. The error estimate is obtained without any supplementary hypothesis of regularity on correctors.

1. Introduction

The error estimate in periodic homogenization problems was presented for the first time in Bensoussan,
Lions and Papanicolaou [2]. It can also be found in Oleinik, Shamaev and Yosifian [8], and more recently in
Cioranescu and Donato [5]. In all these books, the result is proved under the assumption that the correctors
belong to W1H>°(Y) (Y =]0,1[" being the reference cell). The estimate is of order ¢'/2. The additional
regularity of the correctors holds true when the coefficients of the operator are very regular, which is not
necessarily the situation in homogenization. In [6] we obtained an error estimate without any regularity
hypothesis on the correctors but we supposed that the solution of the homogenized problem belonged to
W2P(Q) (p > n). The exponent of ¢ in the error estimate is inferior to 1/2 and depends on n and p.

The aim of this work is to give further error estimates with again minimal hypotheses on the correctors
and the homogenized problem. In all this study we will make use of the notation of [4].

The paper is organized as follows. In paragraph 2 we prove some technical results related to periodic
defect. In Theorem 2.1 we give an estimate of the distance between a function ¢ belonging to W?(Y") and
the space of periodic functions Wple*f (Y'). This distance depends on the W'=%" norms of the differences of
the traces of ¢ on opposite faces of Y. Theorem 2.1 is a consequence of Lemma 2.2. In this lemma we proved
that the distance between a function and the space of periodic functions with respect to the first k variables
is isomorphic to the direct sum of the spaces of the differences of the traces on the opposite faces Y; and
€ +Y;. le,ony; =0and y; =1), 1 <j < k. This lemma is proved by an explicit lifting of the traces
from the faces of Y.

In Theorem 2.3 we show that the H'/2? periodic defect of an harmonic function on Y with values in
a separable Hilbert space X is equivalent to its H! norm. The orthogonal of space ngr (Y;X) is in fact
isomorphic to the direct sum of the spaces of the differences of the traces on the opposite faces of cell Y.

Paragraph 3 is dedicated to Theorem 3.4 which is the essential tool to obtain estimates. This theorem
is related to the periodic unfolding method (see [4]). We show that for any ¢ in H'(£2), where Q is an open
bounded set of R™ with Lipschitz boundary, there exists a function ¢. in H)..(Y;L*(Q)), such that the
distance between the unfolded 7z (V,¢) and V,¢ 4 V,¢. is of order of € in the space [L2(Y; H~1(2))]".

Theorems 4.1, 4.2 and 4.5 give an estimate of the error without any hypothesis on the regularity of the
correctors, but with different hypotheses on the boundary of 2. They require that the right hand side of the
homogenized problem be in L2(2).

In this article, the constants appearing in the estimates will be independent from e.



2. Periodicity defect
We denote Y =]0, 1[" the unit cell of R” and we put ¥; = {y €Y |y; = 0}, je{l,...,n}.

Theorem 2.1 : For any ¢ € WHP(Y), p €]1, 00|, there exists ¢ € Wyk(Y) such that

16 = Bllwroery SO 01, v, = O llpatny,

j=1

)

The constant depends only on n.

The proof of the theorem is based on Lemma 2.2. We introduce the following spaces:
Wo = WHP(Y), Wi, = {¢ eWr2(Y) | o(.)=o(.+¢é), ie{l,..., k}}, ke{l,...,n}

Lemma 2.2 : For any ¢ € WYP(Y) and for any k € {1,...,n}, there exists g/b\k € Wy such that

k
16 = drllwrryy S C Y N01., v, = Dy, Il

1
*;yp v,
j:1 ( z)

The constant depends on n.

Proof : The lemma is proved by a finite induction. We choose a function 6 belonging to D(—1/2,1/2)
equal to 1 in the neighborhood of zero. We recall (see [1]) that for any k € {0,...,n — 1}, there exists a
continuous lifting 7, in W}, of the traces on Yi11 of the Wy, elements.

Let ¢ be in W1P(Y). We put bo = ¢. We suppose the lemma proved for k, k € {0,...,n—1}. There exists
é1 € Wy, such that

—1
P’p(Y-;)

k
||¢ - Qﬁk”Wl,P(Y) < CZ ||¢\aj+yj - (b\yj ||W1
j=1
Of course if k£ = 0 the right hand side of the above inequality is equal to zero. We define $k+1 by
~ ~ 1 o~ ~
1 = Pr + 5{9(9k+1) - 01— yk+1)}rk (¢k\ak+1+yk+1 = il )
The function ngH belongs to W, and verifies
~ 1.~ ~ —~
¢k+1‘€k+l+yk+1 = §{¢k‘€k+l+yk+1 + ¢k|yk+1} = ¢k+1‘Yk+1
Hence it belongs to Wy41. We have
|6 — drt1llwriryy < ¢ — drllwiry) + [0k — Grtllwriry)
k
< 021 190, v, = vy i3y Ol = b ity
=

Besides, we have

Wb S M@ =) — (6~ )

+ ||¢|€k+1+Yk+1 - ¢|Yk+1 ||

||¢k|€k+1+yk+1 - ¢k‘yk+1 ||

=, 1
lep 1+ Y |Yk+1||W175'p(Yk+1)

W' TE T (Yisr)
< C||¢ - ¢k||W1’p(Y) + ||¢|€k+1+yk+1 - ¢‘Yk+1 ||

1—1,
WP P (Yiq)
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Hence we obtain the result for k£ + 1 and the lemma is proved. _

Proof of Theorem 2.1 : We have W" = WLP(Y). Thanks to Lemma 2.2 Theorem 2.1 is proved by

per

taking k = n. 7
Remark 1 : Let X be a Banach space. We can prove as in Lemma 2.2 and Theorem 2.1 that for any

® € WhP(Y; X) there exists ® € WLP(Y; X) such that

per

||(I) - (I)||W1'p(Y;X) < Oz; ||(I)\aj+yj - (I)|Yj ||W17%'p(Yj;X)
]:

The constant depends only on n.

Let X be a separable Hilbert space. We equip H'(Y; X) with the inner product

<ov>= [ vo-vor([ ) ([ v)

where - is the inner product in X. The norm associated to this scalar product is equivalent to the norm of
HYY; X).
Theorem 2.3 : For any ¢ € H*(Y; X) there exists a unique $e H;GT(Y; X) such that

¢p—¢ € (Hp., (YV; X)) lolla (vix) < N1@llavix) =l (vix) < CZ 1P1e, v, =Bl /275

j=1

The constant depends only on n. The function gg verifies
~ 1 ~ .
[o=]5 e (Hl,(ViR)" [ Ve-dve-0 i X.
Y Y Y

Proof: We take a Hilbert basis (zn)n ,of X. Any element ¢ belonging to H!(Y; X) is decomposed into

€
o0
a series ¢ = Z GnTn, where ¢, belongs to H!(Y). We apply Theorem 2.1 to each component ¢,, and then

n=0
by orthogonal projection we obtain Theorem 2.3. 3

Corollary : If X is a Hilbert space continuously embedded in X then for any ¢ € H!(Y; X) there exists
b€ H}..(Y; X) such that

16 = Sl viay SO DNl 1y, = Dy, llr2qye)

j=1

¢ = Sl vy SC YD1 v, = b1y, llmveaix)

j=1
The constant depends only on n.

3. Approximation and periodic unfolding

Let © be a bounded domain in R™ with lipschitzian boundary. We put

Qep = {z e R" | dist(z,Q) < kv/ne }, ke {1,2},
Q.=tnt( |J ¢ +7)), =E={cez|=(c+V)n0#0}

§EE.



We have
QCc Q. cQa, and  Vie{l,...,n}, Q. +¢6; C Q..

We recall that there exists a linear and continuous extension operator P from H'(f2) into H'({. ), such

that for any ¢ € H(Q2), P(¢) belongs to H*(Q. 2) and verifies

P@)a =0 IVaP@O)l 12, pyn < ClIVadllizzon
||7)(¢)||Lz(552) < C{|9llL2(0) + ellVadlliL2 @y }

More precisely, we have

(3.1) PO oz ) + VP o, e < OBl + el Vedllizz@y )

In the rest of this paragraph, without having to specify it every time, any function belonging to H'(Q) is
extended to 6872, the extension verifying (3.1). In order to simplify the notation, we will still denote by ¢

its extension.

In the sequel, we will make use of definitions and results from [4] concerning the periodic unfolding method.

For almost every x belonging to R™, there exists a unique element in Z" denoted [z] such that
z = [z] + {z}, {z} €Y.

Let us now recall the definition of the unfolding operator 7. which to each function ¢ € L!(£2.) associates a
function T:(¢) € L*(Q x Y),

7;(¢)(zay):¢(€|:§:| +€y) forreQandyeY.

We have
‘/ ¢ —/ 72(¢)’ <9l ({wea. | dist(z,00)< e 1)
Q QxY

For the other properties of 7z, we refer the reader to [4].

Now, for any ¢ € L?(€.) we define the operator “mean in the cells” M by setting

M@)o = [

RACETEE /{e[f] poyy AN e
Function M$ (¢) belongs to L?(2) and verifies

[[M3 ()220 < 1|@llz20.)-
Proposition 3.1 : For any ¢ belonging to H(Q) we have

(3.2) l[¢ — My (®)||L2() < Cel|Vadlliz2(yn-

Proof: Let ¢ € H'(Q2). We apply the Poincaré-Wirtinger inequality to the restrictions z — Dleiesvs (z)—
M3 (9)(c€) belonging to H' (<(€ + Y)

¢ = M3 (D)2 (cevvy) < CENVadlltrzceryys  €(€+Y) C Qe
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We add all these inequalities and obtain (3.2). _

We recall the definition of the scale-splitting operator Q.. The function Q.(¢) is the restriction to Q of
Q1-interpolate of the discrete function Mg (¢).
Corollary : For any ¢ € L*(€.) we have

(3.3) ¢ = M3 (D)l -1(0) < CelldllL2(a.)-
For any ¢ € HY(Q) we have

(3.4) { [0 — Te(D)l|L2oxyy < Cel|Vad||p2 () -

[|Qc(¢) — My (d)l|r2(0) < Cel|VadlliL2 ()

Proof : If v € H}(Q), we immediately have

/(¢—M§<¢))w=/ (¢—Mé(¢))w=/ (6 — My(0)) < Cellgll 2y Vot lizayyr
Q Qe Qe

hence inequality (3.3).
We have (see [4]): if ¢ € L?(€2.) then

I|Te(¢ — My(9)) || r20xy) < 1o — My (9)||12(.)

and moreover, T. o M (¢) = M (¢). We eliminate the mean function M (¢) with (3.2) to obtain (3.4).
We also have (see [4]) [[¢ — Qc(@)||12(q) < Cel[Vadll[2(q)» and according to (3.2) we obtain the second
inequality of (3.4). 7

Proposition 3.2 : For any ¢ belonging to L*(Qe2) and any 9 belonging to L*(Y), we have

(3.5) ||Qe(¢)¢({é})||m(n) < Cll¢ll 2@, ) 1llL2 vy

The constant depends only on n.
Proof : We set for i = (i1,...,i,) € {0,1}",

xp — e

, if g =1
ree(E+Y), T = c
I e LT
5
From the definition of Q.(¢) (see [4]) it results that
- —in _ [z
req., Q.(9)x) = Y. Mi(0)(€ +ei)Te T €= 2]
i1 censin

hence

(=P

=27 > M5 (0) (€ + i) 2" [¢] 12 vy

i1 eeyin

/8(€+Y)|Qe(¢)| [ ({Z D) §2"'Z M5 () (€ + €i)] /

21 ...,in E(£+Y)
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1
For any & we have |M$ (¢)(e€)]? < V]
577/

/ |¢|>. We add the above inequalities for all £ € Z. and we
e(§+Y)
obtain
L1@Pw (NP <162, 65 1910
i

Proposition 3.3 : For any ¢ belonging to H'(Q), there exists 155 belonging to H',.(Y; L*(Q)) W such that

per

(3.6) { el (viz2 ) < C{Il9l L2 ) + €l Vadl e @y }

1 T2(¢) = Vel (vim-1(0)) < Ce{lldllL2() + €l Vadll 2@y }

Proof: Proposition 3.3 is proved in two steps. We begin with constructing a new unfolding operator which
for any ¢ € H'(Q) allows us to estimate in L?(Y; H~1(f2)), the difference between the restrictions to two
neighboring cells of the unfolded of ¢. Then, we evaluate the periodic defect of the functions y — T:(9)(.,y)

and conclude thanks to Theorem 2.3.
Let K; =Int(Y U (€;+Y)), i € {1,...,n}. For any x in €, E([E] + KZ) is included in 5572.
€

Step one. We define the unfolding operator 7. ; from L?(Q. 2) into L?(Q x K;) by
9~ T
Vi € L7(Qe 2), Tei(W)(z,y) = w(sb} + Ey) forz € Q and a. e. y € K.

The restriction of T¢ ;(¢) to @ x Y is equal to the unfolded 7. (¢). Moreover, we have the following equalities
in L2(QxY):

Te i) (oo + ) =T (W) (. + €€, ..), ie{l,...,n}

Let us take ¥ € H{ (), extended by 0 on R™ \ Q. A linear change of variables and the above relations give
orace.ye, [ Ty + @@ = [ T + 26 U)o
Q Q
-~ [ T - @)
Q+ee;
We deduce
[T+ @) = Ta@ b = [ Ta)n{w( - - v}

<C||T:(¥) (s y>||L2(§E,1)||\Ij| |L2(Qa{0+<8,})

where QA{Q +cé;} = (Q\ {Q+ceé}) U({Q+eei} \ Q); Qis a bounded domain with lipschitzian boundary
and ¥ belongs to H}(Q2), we thus have

P[22 (@afa+ee ) < Cel|lVa¥l|iL2m,

o ov .
19(. = £6) — W[ 120y ngH%‘ ie{l,....n},

r2(@)’

hence

- [Tty 8 - Tt b
<Ce||Va¥lliz2 @ 1Tei (D) 9l 2 @, ) < Celllmy@p I Tea@) o)l 2,y

M) Of course HY,.(Y; L*(Q)) is the same space as L*(Q; HY,,(Y)). The same remark holds for all other

per per

spaces appearing in the sequel.



We deduce that

NTei@) oy + &) = Tea() s o)llm—r @) < CellTea) vl q. ),

which leads to the following estimate of the difference between T¢ ; () and one of its translated:

laxy
3.7) WTei@)(s o+ &) = Tei@ll2vim— (@) < Cell¥ll g,

The constant depends only on the boundary of €.
Step two. Let ¢ € H!(Q). The estimate (3.7) applied to ¢ and its partial derivatives gives

1Tei(9)( - + &) = Tei(D) 2 vim-1(0)) < Ce{lldlr2 () + €l Vadlliz2 @y }

ITei(Vad)(, - + &) = Tei(Vad)lliL2(vim—1 @) < CellVadlliL2 @

We recall (see [4]) that V,(7::(¢)) = €7,i(Vo¢). The above estimates can also be written:

[ T,i(0) (s -+ @) = Tei( D i (vim-100)) < Ce{lldll2(a) + €l VadllL2@)n }

From these inequalities, for any ¢ € {1,...,n}, we deduce the estimate of the difference of the traces of
y — T(0)(.,y) on the faces Y; and &; +Y;

(3.8) NT2(D) (- + &) = Te D) m/2(vism-1(0y) < Ce{llollL2) + ellVadllizz @y }

which measures the periodic defect of y — T-(¢)(.,y). Thanks to Theorem 2.3 we decompose T:(¢) in the
sum of an element 7. belonging to H}.,.(Y;L*()) and an element ¢, belonging to (H'(Y; LQ(Q)))l such
that

el v -1 (0)) < CZ [Te(@)(.s - +€5) = Te( D a2 vy m-1(02))

j=1
< Ce{|19l| L2 () + €lIVadll L2y }
el (viz2 ) < C{llollL2) + el Vadlliz2 @ }

The constants do not depend on «.

Theorem 3.4 : For any ¢ € H'(Q), there exists ¢. € H:

per

(Y; L%(Q)) such that

(3.10) { 1< 111 v s22(0)) < ClIVadlli2@e,

| Te(Veg) — Vi — vy‘gsH[LZ(Y;H*l(Q))]" < Cel|Vaollip2 -

The constants depend only on n and OS).
Proof : Let ¢ € H'(2). The function ¢ is decomposed

6= +ch, where d=0Q.(d) and Q:§R€(¢), Ro(6) = 6 — Q.(0),

with the following estimate (see [4]):

(3.11) V2 @[22y + 118l22(0) + €l Vadlli2 @ < ClIV2dl| L2y

7



Proposition 3.3 applied to ¢ gives us the existence of an element qbg in H!, (Y;L?(Q)) such that

per

(3.12) { 1<l (vi22()) < ClIVadlliz2oes

T2() — el (vem-1()) < CellVadlliz2 -

We evaluate ||7:(Vo®) — Vo @||[12(v;m-1(0))"
From the inequality (3.2), applied to each partial derivative of @, it follows

(3.13) |22 5~ M ( aIz)H sy < CElIVa Rl < CellVadlizayp

0
axi

There results, from the definition of ®, that y — ’7;(
any ¢ € H} (), we have

)(., y) is linear with respect to each variable. For

<7::(aaz)( y) — My(gq)) Y >p-10), HY(Q) = /Q{E(g—z)(vy)—My(gi)}w

/Qg{ﬁ(g—i)@y) *Mv(gi)}ww
Set for i = (i1,...,in) € {0,1}™,
_ik{yk if iy =1

. 1—y, if iz =0
We have
7:(2)(6 ) Z Mg () (€ + i)yl ...y, &= E}
hence
(2 eg =y MOl )] S MONE L Ot sty
0P 1 ME +e(lyig, ... in)) — MS S+ (0,0, i
My(axl)(t?&): 1 Z Y(¢)(€f e(1, 1z ) )) - y(¢)(€§ (0, iz i ))

We deduce that

/{7;<§;’;>< 0 - M (5 Jars (w) =
ey Z ( 0) (€ + e(1, iz, wvnyin)) — Mg () (€ + £(0, i, ...y in)) —Mi(a—@l)(a«s))

3

§ i2..,in
X5 T My () (€€)

The above integral is equal to

e 30 MEONEE 280 MG OVE) 5 (a4 o - 2(0, o) - TTE(0) 66)) T
3 i2..in

where




which gives the following inequality

oo oo i in
< ﬁ(a—%)(-ay) — My (a—xl)ﬂ/) >p-1q), 1@< Celyy’ -y [ Vadlli @ 101 1z o)

and

Yy ey, ‘

(5 =35 () sy Il

oy ory

Considering (3.13) and all the partial derivatives, we obtain
[Te(Va®) = Vol ir2(vim-1)m < Cel|Vadl|iL2(a)n
Thanks to (3.12), and to the above inequality and, moreover, to

leVadllim-1 @ < CellgllL2) < CellVadllL2a)n
the second estimate of (3.10) is proved.

4. Error estimate

We consider the following homogenization problem: find ¢¢ € Hf (€2) such that

Vi € HE (Q) = {¢p € H'(Q) | ¢ =00nTy},

[ aznveve= [ o,

(4.1)

where € is a bounded domain in R™ with lipschitzian boundary, I'g is a part of {2 whose measure is nonnull
2
or empty, f belongs to LP(Q2), p > %, (if Ty = 0, we suppose that / f=0) and A is a square matrix
n Q
of elements belonging to L2 (Y), verifying the condition of uniform ellipticity c|¢|? < A(y)€.€ < C|€|? a.e.

per

y € Y, with ¢ and C strictly positive constants.
We have shown, see [4], that V,¢° — V,® — UL, (Vy@ strongly converges towards 0 in [L?(Q)]", where
U. is the averaging operator defined by

Ve L2(QxY) ue(q/)(x):/yxy(g[a +€z,{§}Ddzz, U.(T) € L*(9),

and where
(®,0) € HE (Q) x L*(Q, HY,,.(Y)/R)

per

is the solution of the limit problem of unfolding homogenization

V(U, ) € HE () x L2(Q; HY,, (Y)/R)

per

ALA{VI¢+Vy$}'{VzW+V9J}:/Qf‘l’-

(4.2)

IfFO:(Z),Wetake/ng:/@:O.
Q

Q
We recall that the correctors y;, ¢ € {1,...,n}, are the solutions of the following variational problems
Xi € Hper(Y), /Y AW)Vy (xi(y) +9:) Vyo(y)dy =0, Vo € Hp,, (Y)

9



They allow us to express (E in terms of V,®
~ 0P
¢ = Z oz,

In Theorem 3 of [6] our hypothesis was that the solution ® of the homogenized problem belonged to

W2P(Q) (p > n) and we gave the following error estimate :

- a(b ln n
6% — @|2(0) + Ve = Vo ® — %vaz({ })H L2 < Cemtt/21=n/p}
i=1 v

the constant depends on n, p, A, ||®||lw2r) and dQ. Then in Theorem 4 from [6] we obtained, by an

interpolation method, the error estimate in the case where I'g = 92, and where the boundary of Q is of class

2
CH! and where f belongs to LP(Q2) (p > _:_LQ)
n

1/241/n—1/p

167 = @2y + V267 = Vol = U (V) iz < C™ 277 £l o,

the constant depends on n, p, A and 9.
If ® belongs to H?(Q2) the function Z s Xz ({ }) does not generally belong to H'(€2). However if ®

P
belongs only to H'(Q) then from its definition the function O, (8_) belongs to W1°°(Q2). Hence function

o0x;
Q- (gf )X'L ({ }) belongs to H!() and thanks to (3.5) it verifies
1. (5 )i ({2 })llze@) < Voo Ixillsa, < CIIT.Blacane
0P

. c C
19: (g )xe({ 2 )l < SVl o bl vy < IVl

P 0P
oz, with Q. (&’Ci

we are going to obtain estimates that are better than those obtained in [6], with weaker hypotheses.

This is the reason why in the approximate solution we replace — ) In the following theorems

4.1 First case : Homogeneous Dirichlet or Neumann condition and boundary of class C!:l.

Theorem 4.1 : We suppose that § is a Ct' bounded domain in R™, Ty = 0 and f € L?(Q). Then we

have
(43) 1165 — ®Bllpao + [[Vad® — Vb — ZQs(aﬁ)vai({;})||[L2(Q)]ngcsl/Qllflle(Q).

The constant depends on n, A and Of).

Theorem 4.2 : We suppose that Q is a CY'! bounded domain in R™, To =0, f € L*(2). Then we have
(00) 116"~ Dlaey + [[Vad® — Vo - ZQ 22V ({2 Mzmeap < €211l
: L2 () AT AN = (L2 = L2 ()

The constant depends on n, A and Of).

The proof of Theorems 4.1 and 4.2 is based on the following proposition.

10



Proposition 4.3 : We suppose that the solution ® of the unfolded problem belongs to H2(). Therefore we

have
oP 1/2
(45) 16 = Bllpagoy + Vo0~ Vo0~ 30 0. (22 )V ({2 ) ez < =
=1
The constant depends on A, n, ||®||g2(q) and 0.
Proof : We denote by p(x) = dist(x,02) the distance between z € Q and the boundary of .

~ ~ 0P
We show that if (®,¢) is the solution of the unfolded problem, then ® + ZspE QE( )xz({ }) is an
i=1

ox;
j40)

approximate solution to the homogenization problem (4.1); p(.) = inf { 0 1}. The presence of the function
pe in the sum guarantees the nullity of the approximate solution on I'y.

Step one. We present some estimates of p., V,® and x; ({— }) on the neighborhood (AZE = {ac €Q|plx) <
5} of the boundary of 2. We have °

||vmp€||[L°°(Q)]" = ||Vzp5||[Lao(§£)]n = 5_1a

||Vx‘1)||[ < C'51/2||q)||1ar2(9)

I~

||QE(V$¢)||[L2(§E)]n + ||M)8’(VZ(I))||[L2(§E)]71 < 051/2||(I)||H2(Q)a

HXZ({ })’ "vai({;})"[Lz(Qi)]n, < 051/2||VyXi||[L2(Y)]n < Ce'2

The estimate of p. follows from its definition. The estimate of V,® in [L2(€.)]" comes from the gradient

L2(Q.)

belonging to H?(2). The number of cells covering SA)E is of order of =", hence we obtain the estimates of
Vyx; and x; on the neighborhood of the boundary of Q2. We will note for the rest of the demonstration that

the support of 1 — p. is contained in Q\ Q..
Step two. Let ¥ € H{ (Q). Thanks to Theorem 3.4, there exists V. € HL (YV;L%Q)) verifying

per

the estimates (3.10). We take the couple (\11,155) as a test-function in the unfolded problem (4.2) and we

introduce p.. The gradient of ® belongs to [H!(Q)]", and according to (4.6)
(4.7) 11 = pe) Va2 @yin < Vo] 1oy < CeV2NIPlm2 (0,

I~

which gives us

< Ce'?||0|| 1 (0.

‘ Qf‘l’—/QXYA(y)pa( { Z sz )}(lelf—i—qu/p\g)

In the integral on €2 x Y we replace VU + Vb, by Tz(V,¥), thanks to (3.10) of Theorem 3.4. The function
p-V.® belongs to [H} (Q)]" and verifies ||pe Vo ®||(m1 () < Ce™V/2||®|| g2y for

Hvz{pg 8$Z}H[L2(Q)] [L2(2)]" + ‘ pavm{azz }H [L2(Q)]"
0P

3%

o0d
g

o .
oy < Ce™ V2D | 2
L2(Q.) * Hvz{azi}H[L2(Q)] Ce™2|12|] a2 o)

P
Then we remove p. in the products p.(x)V,®(x) and ps(z)a—(z)vyxi(y) by using (4.7) again. And then

axi

<[IVapel|

[Loo(Q.)]"

we replace V,® with M{(V,®)

o®
e ( > ) Thanks to (3.2), we obtain
T

[ - [ ao{ase. +ZMY(§f)vyxz<>}7;<vzw>\ < O 1)

11



By inverse unfolding we transform the integral on { x Y into an integral on 2. Then we replace M3 (V,P)

o )
with V,® and we reintroduce p in front of My (—)Vyxi ({E})

ox;
49) o= (52 ) S ({D) ],y < 255 (5]
This done, we have

Voxi({21)] oy < Cll®lin

L2(Q.)

[ [AG T S () 1)}5-5] <09

From (3.4) we obtain

< Cel|®|| 2 (o)

I{ase (5) - @ (5} ({21

L2(Q)
hence

‘ Qf\IJ—/QA({E}){V <I>+ZPEQE(6%) xz({g})}vmqf‘ < V20| 11s .

We now estimate the terms which appear in the calculation of the gradient of the approximate solution but

do not appear in the above expression. Thanks to (4.6) and (3.5) we have

520 (G ({z D ey = e e N2 (Go) o il
< CV2||@ | 120
(4.9) 0
Jev 5 -0: (5 ) ({2}) gy = leln o|[ve.(o2 )\Lzm)nxinwn
< Cel|®|[m2(0)-

Now we use the equality

[ru= [ a({Z}) V.o @V, i)

and we take as a test function

v=o - o e (FN({:)]
to obtain

oo 5.+ Sren@ (2Pl ()] <

This gives the estimate (4.5) thanks to the Poincaré inequality or the Poincaré-Wirtinger inequality and
(4.7) and (4.9). Bl

Proofs of Theorems 4.1 and 4.2 : The boundary of  is of class C!, then for f € L?(Q), the solution
® from (4.2) with Ty = 9Q or Ty = 0, belongs to H?(Q2) and verifies ||®|] g2y < C||f]|L2()- !

12



Corollary of Theorem 4.1 : When the correctors belong to W°(Y) we obtain the classical error
estimate (see [2], [5] and [8]). 1

4.2 Second case : lipschitzian boundary.

Proposition 4.4 : We suppose that solution ® of the unfolded problem (4.2) belongs to HY .(€2) N W4((2)
( ¢ > 2) and verifies

(410) ||pvzq)||[H1(Q)]n < +00,

Then we have

(4-11) ||¢E - (I)HL?(Q) + ||Vac¢E - VP - i Qa(%)vyxi({é})H[Lz(g)]n < CE%
i=1 v

The constant depends on A, n, q, ||®|[w1.aq) + [[pV2®@||[g (@) and 0.
Proof : We equip WhH4(Q) N HZ (Q) with the norm

[l = [[¥]lwra) + V2P| @)

-~

As in proposition 7, we show that if (®, ¢) is the solution of (4.2), then

P+ gspg,aQa(g_z)xi({é})

d(.)

is an approximate solution of problem (4.1), where pe o(.) = inf{—, 1}, a belongs to interval 0, 1] and
EO{
will be fixed later.

Step one. We present some estimates of p. o and ® on the neighborhood ﬁgya = {:L' €Q; plx) < 60‘} of
the boundary of Q. We have

||vng7a||[Loo(§2)]n, = ||v1pa,a||[Lo¢(§€’a)]n = %
(4.12) ||VI(I)||[L2(§E,Q)]TL < Cga(5—3)||vz<l>||[Lq(Q)]m

|1pe.a Va1 () < Ce™|[|@]]]-

Step two. Let ¥ € H{ (). Thanks to Theorem 3.4, there exists ). € L?(Q; H,,,.(Y)) verifying the

estimates (3.10). We take the couple (¥, 128) as test-function in the unfolded problem (4.2) and we introduce
Pe,o. The gradient of ® verifies

(4.13) 10 = pec) Vol < 1922 o,y < CeE )]

n o —
e,a

according to (4.12). This gives us

< CEQ{E_E}H\IJ”Hl(Q)

“ 00 ~
‘/Qf\ll[zxyApe,a{vm¢+;a_xivy)(i}(vm\y+vyws)
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In the integral on Q x Y we replace V, ¥ + VMZE with 72(V,¥), thanks to (3.10) from Theorem 3.4 and to
(4.12). Function p. oV, ® belongs to [HJ(2)]" and thanks to (3.2), (4.12) and (4.13) we get

Jo-o gz = et (557)

i Ox;
We also have ||Tz(pa,c) — pe,allL=(@@xy) < Ce'~*. Now we proceed as in Proposition 4.3 to obtain

[0 LA+ 3 ()T [2]) o] < om0,

2q
3g—2°
approximate solution but do not appear in the above expression thanks to (4.12). We now use the equality

[ o= [a({z})v.e@v.ve)

CEmf{a(E__) 1— oz}|||(I)|||

L2(Q) —

We choose a = We estimate the terms that appear in the calculation of the gradient of the

and we take
v - (0 Y (G )n({2))

as test-function, to obtain

Va0 = ((I) * nga aQa(aq:) i({é})H[LQ(Q)]" < O3,

-1

Theorem 4.5 : We suppose that 2 is a bounded domain in R™ with lipschitzian boundary and Iy is a union

1
of connected components of 2. Then, there exists v in the interval }0, 5} depending on A, n and OS2 such
that for any f € L?(£2)

(1) 6~ Blage + Va6~ Ved - zgg(a“’) s ({2l < O 1oy

The constant C depends on n, A and 0.

Proof :

Step one. We denote A the square matrix associated to the homogenized operator (see [5]). Let R > 0
such that Q C B(O; R) and w € H} (B(O; R)) the solution of the variational problem

/ AV, wV,v = [ fo Vv € Hy(B(O; R))
(OsR) Q

We have w € H*(B(O; R)) and ||w||g2(5(o;r) < C||fl|L2(0)- The function ® is solution of the homogenized
problem (see [5])

/ AV, @V v = / fu Yo € HE (Q)
Q Q
Hence —div(A(V,w — V,®)) =0 in H~ () and w — ® belongs to C*°(£2). We also have

d
Vie{l,...,n} —div(A(Vz%—Vm%)) =0 in D'(Q)

14



Lemma 2.2 of [7] gives us

ow od ow 0P
e {1,... Va5 — 7P < e "o
VzE{ ’ ,n} /Qp |v$(8:€i (9SCZ)| _C/Qlaxi axil

From the estimates of w and ® — w, it follows: ||®||g1 () + [PV (@) < CllfllL2(0)-
Step two. Theorem A.3 of [3] asserts the existence of a real ¢ > 2, depending on A and 91, such that ®
belongs to W14(Q2). Thanks to Proposition 4.4 we obtain Theorem 4.5. |

Comments : In Theorems 4.1 and 4.2, if V& = 0 on 912, the error estimate is of order ¢.

2
In Theorem 4.1 if we replace f € L?(Q) by f € LP(Q) (—f2 <p< 2), then we prove that
n

= o® . mfflop(iel_1
||¢57(I)||L2(Q)+||vm¢€*vxq)fZQE(%)vaZ<{g})||[L2(Q)]" < Ce (s +3 p)}||f||LP(Q)-
i=1 !

The constant depends on n, p, A and 0f).
The estimates obtained in Theorems 4.1, 4.2 and 4.5 remain true if we suppose that the coefficients of the
square matrix A of problem (4.1) belong to W (Q; LSS, (Y)). 3

per
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