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Super-state automata and rational treesFr�ed�erique BassinoInstitut Gaspard Monge,Universit�e de Marne-la-Vall�ee Marie-Pierre B�ealInstitut Gaspard Monge,Universit�e Paris 7 et CNRSDominique PerrinInstitut Gaspard Monge,Universit�e de Marne-la-Vall�eehttp://www-igm.univ-mlv.fr/~fbassino,beal,perringDecember 15, 1997AbstractWe introduce the notion of super-state automaton constructed fromanother automaton. This construction is used to solve an open questionabout enumerative sequences of leaves of rational trees. We provethat any N-rational sequence s = (sn)n�0 of nonnegative numberssatisfying the Kraft inequality Pn�0 snk�n � 1 is the enumerativesequence of leaves by height of a k-ary rational tree. This result hadbeen conjectured and was known only in the case of strict inequality.We also give new proofs, based on the notion of super-state automata,to the following known result about enumerative sequences of nodes intrees: any N-rational series t that has a primitive linear representation,such that t0 = 1, 8n � 1; tn � ktn�1, and whose convergence radiusis strictly greater than 1=k, is the enumerative sequence of nodes byheight in a k-ary rational tree.1 IntroductionWe introduce in this paper the notion of super-state automata, which caninformally be stated as follows. Let A be a �nite automaton or a multigraph(we forget the labeling). A super-state automaton, constructed from theautomaton A, has states composed of unordered lists of states of A suchthat the list of followers of all states of a super-state can be partitioned insuper-states. Compared to the automatonA, a super-state automaton oftenappears to be a loss of information. Let us now assume that A has an initial1



Figure 1: Tree associated to 3z2(z2)�state i. We consider the tree that is a development of A from the initialstate: each node of this tree is associate with one state of A, and the sons ofa node are associated to the followers of the state associated to their father,the root being associated to the initial state of A. This tree is rational asit has only a �nite number of non-isomorphic subtrees. The tree developedfrom the super-automaton also appears to be a loss of information comparedto the previous one. Nevertheless, it keeps some interesting properties of theordinary tree like the number of leaves or the number of nodes at each height.As its subtrees are identi�ed to super-states, it can moreover have a morecompact representation.We use these notions of super-states to solve an open question aboutenumerative sequences of integers that can be realized as the enumerativesequences of leaves in a rational tree. We also give an alternative proof to aresult proved in [4] about enumerative sequences of integers that can be reali-zed as the enumerative sequences of nodes in a rational tree. These problemsare linked with coding and symbolic dynamics. They can be considered asextensions of results of Hu�man, Kraft, McMillan and Shannon on sourcecoding.Let s be an N-rational sequence of nonnegative numbers, that is a se-quence s = (sn)n�1 such that sn is the number of paths of length n goingfrom an initial state to a �nal state in a �nite multigraph or a �nite au-tomaton. We say that s satis�es the Kraft inequality for a positive integerk if Pn�1 snk�n � 1. If s is the enumerative sequence of leaves of a rationalk-ary tree, then s satis�es Kraft's inequality for the integer k.In the �rst part of this paper, we study the converse of the aboveproperty. Consider for example the series s(z) = 3z2=(1 � z2). We haves(1=2) = 1 and we can obtain s as the enumerative sequence of the tree ofFigure 1 associated with the pre�x code X = (aa)�(ab + ba + bb) on thebinary alphabet fa; bg.Known constructions allow one to obtain a sequence s satisfying Kraft'sinequality as the enumerative sequence of leaves of a k-ary tree, or as the2



enumerative sequence of leaves of a (perhaps not k-ary) rational tree. Thesetwo constructions lead in a natural way to the problem of building a treeboth rational and k-ary. This question was already considered in [12], whereit was conjectured that any N-rational sequence satisfying Kraft's inequalityis the enumerative sequence of leaves of a k-ary rational tree. The case ofstrict inequality was solved in [4]. In this paper, we completly settle theconjecture and the proof which we give works in both cases.Proofs and algorithms used to establish the results are based on au-tomata theory and on the theory of nonnegative matrices. Unlike in [3], wedo not use any symbolic dynamic construction like state-splitting. But weuse basic results of the Perron-Frobenius theory, and a very simple lemma,that we call the "weight lemma", due to B. Marcus in [9] (see also [8]),and already used by R. Adler, D. Coppersmith and M. Hassner in [1] toconstruct some �nite-state codes with sliding block decoders for constrainedchannels.A variant of the problem consists in replacing the enumerative sequenceof leaves by the enumerative sequence of all nodes. Soittola ([15]) has cha-racterized the series which are the enumerative sequence of nodes in a ra-tional tree. The problem of a similar characterization for rational k-arytrees remains open in the general case. In [3], this question was solved forN-rational series t that satisfy some necessary conditions, two trivial ones:t0 = 1, 8n � 1; tn � ktn�1, and a less trivial one, but proved to be necessaryin [3]: the convergence radius of t is strictly greater than 1=k, and anothercondition: t has a primitive linear representation. In this case there is ak-ary rational tree whose enumerative sequence of nodes by height is t.In the second part of this paper, we give two new proofs of this result.Again, the proofs are no more based on state-splitting, but on the notion ofsuper-state automata. With this new method, the trees obtained in a lot ofexamples have smaller representations.2 Super-state automataLet A be a �nite state automaton (Q;E), where Q is the set of states and Ethe set of edges. In this paper, the labeling alphabet will always be reducedto one letter, say z, but some de�nitions can be extended to more generalautomata. So the labeling will not be represented on pictures. Automatacan hence be seen as multigraphs, since several edges, (equally labeled),going from a state p to state q, may exist. Some initial or �nal states mayalso be sometimes speci�ed. 3
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5 3 2Figure 2: A 6-state automaton AWe now give some basic de�nitions about trees. A tree T on a set ofnodes N with a root r is a function T : N � frg �! N which associates toeach node distinct from the root its father T (n), in such a way that, for eachnode n, there is a nonnegative integer h such that Th(n) = r. The integer his the height of the node n. A tree is k-ary if each node has at most k sons.A leaf is a node without son. A tree is said to be rational if it admits onlya �nite number of non-isomorphic subtrees.Let A be an automaton with one initial state. We say that a tree isthe development of the automaton A if it is constructed as follows: itsroot corresponds to the initial state of the graph. If a node of the tree atheight n corresponds to a state i in the graph which has r outgoing edgesending in states j1; j2; : : : ; jr, it admits r sons at height n+1, each of themcorresponding respectively to the states j1; j2; : : : ; jr of the graph. Thedevelopment of an automaton is a rational tree. We label the nodes withtheir corresponding state in A.Example Let us consider the 6-state automaton A of Figure 2, with state1 as initial state. The development T of A is represented in Figure 3. Ifwe now put in 3 boxes, respectively, the unordered sequences of states (1),(2; 5) and (4; 3; 6), we get the tree T 0 represented in Figure 4, that admitsonly 3 non-isomorphic subtrees.This example introduces the notion of super-states and super-state au-tomaton. In the previous example, the tree T 0 is a loss of informationcompared to tree T . But it is possible to keep in it informations like thenumber of nodes, or leaves at each height, or, more generally, the number ofnodes that have a particular property, at each height. The gain can be, likehere, a more compact representation, since we have transformed a 6-stateautomaton into a 3-super-state one. It can also be, as we shall see later, away to construct rational trees that satisfy some properties.4
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In general, a super-state automaton associated to an automaton A isan automaton B, whose states, called super-states, are chosen among un-ordered (or commutative) t-uples (t � 1) (q1; q2; : : : qt) of states of A, andwhere the edges are obtained as follows. If q is a state of A, we denoteby uq the unordered uple obtained by concatenation of the ending states ofedges of A going out of state q. If (q1; q2; : : : qt) is a super-state, we denote byu(q1;q2;:::qt) the unordered concatenation of all uq1 ; uq2; : : : ; uqt. We then par-tition uq1 ; uq2; : : : ; uqt into unordered uples that are super-states, providedthat such a partition exists. After the choice of the partition, we de�ne theoutput edges of state (q1; q2; : : : qt) in B as the edges of a multigraph endingin the super-states of the partition. If a super-state u appears r times in thedecomposition, we have r edges from (q1; q2; : : : qt) to u in the multigraph.Note that these edges are de�ned up to the choice of the partition.In order to establish the �rst result, we shall use a particular class ofsuper-state automata, constructed from an automaton A whose states havea positive integral valuation. We denote by v(q) the valuation of a state q.We also choose and �x a positive integer m.A super-state automaton, according to the valuation v and the integerm, is an automaton B = (Q0; E 0) whose super-states are unordered (or com-mutative) t-uples (q1; q2; : : : qt) of states of A, with 1 � t � m. We extendthe de�nition of the valuation to the super-states, and, more generally, toany t-uple of states, as being the sum of the valuations of their components:v((q1; q2; : : : ; qt)) = tXj=1 v(qj):Let (q1; q2; : : : qt) be a super-state. With the previous notations, u(q1;q2;:::qt)denotes the commutative concatenation of uq1 ; uq2; : : : ; uqt, where uq is theunordered list of all followers of state q. Now we partition u(q1;q2;:::qt) inseveral unordered t-uples (1 � t � m), in such a way that all parts, butpossibly one, have a valuation divisible by m. Such a partition can beobtained by applying the following simple lemma, which is a key point inthe state-splitting process used to construct coding schemes for constrainedchannels (see [8] and [5]):Lemma 1 (weight lemma) Let v1; v2; : : : ; vm be positive integers. Thenthere is a subset S � f1; 2; : : : ; mg such that Pq2S vq is divisible by m.Proof: The partial sums v1, v1+v2, v1+v2+v3, : : : , v1+v2+� � �+vm eitherare all distinct (mod m), or two are congruent (mod m). In the former case,6



at least one partial sum must be congruent to 0 (mod m). In the latter,there are 1 � p < r � m such thatv1 + v2 + � � �+ vp � v1 + v2 + � � �+ vr( mod m)Hence vp+1 + vp+2 + � � �+ vr � 0 (mod m). �The partition in super-states can be then obtained as follows: if u(q1;q2;:::qt)has less than or exactly m (unordered) components, there is nothing to do.If not, consider the �rstm ones (r1; r2; : : : ; rm). By the weight lemma, thereis a subset S of f1; 2; : : : ; mg such that Pi2S v(ri) is divisible by m. Thet-uple composed of the ri, with i 2 S, is a super-state that is the �rst partof the partition. The process is iterated with the remaining components ofu(q1;q2;:::qt). We either get a decomposition in super-states whose valuationare all equal to zero modulo m, or a decomposition in super-states whose allbut one valuations have this property, the last one being equal to a non-nullvalue modulo m. After the choice of such a partition, we de�ne the outputedges in B of state (q1; q2; : : : qt) as the edges of a multigraph ending in thesuper-states of the partition.One can here remark that the automaton B is a �nite state automatonsince there is only a �nite number of super-states. The t-uples are alwaysunordered. This means that all components commute. A state of A can alsoappear several times in a same super-state as di�erent components.Example The super-state automaton B in Figure 6 is associated to theautomaton A of Figure 5. (We only represent the part accessible from state1). The valuation of states are represented in squares and the integer m isequal to the valuation of state 1, that is 3.
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5 5 5Figure 6: The super-state automaton B3 Rational sequences of nonnegative numbersThis section is devoted to basic de�nitions about rational sequences. A mini-mal background about the Perron-Frobenius theory of nonnegative matricesis also given.3.1 De�nitions and backgroundWe consider sequences of nonnegative numbers. Such a sequence s = (sn)n�0will be said to be N-rational if sn is the number of paths of length n goingfrom a state in I to a state in F in a �nite directed graph G, where I andF are two special subsets of states, the initial and �nal states respectively.We say that the triple (G; I; F ) is a representation of the sequence s. Thisde�nition is usually given for the series Pn�0 snzn instead of the sequences. Any N-rational sequence s satis�es a recurrence relation with integralcoe�cients. It is however not true that a sequence of nonnegative integerssatisfying a linear recurrence relation is N-rational (see [7] page 93).A well known result in automata theory allows us to use a particularrepresentation of an N-rational sequence s. One can choose a representation(G; i; F ) of s with a unique initial state i, such that no edge is entering statei and no edge is going out from any state of F . Such a representation iscalled a normalized representation. Moreover, it is possible to choose the setof �nal states reduced to one state (see for example [13] page 14).If T is a tree, we denote by l(T ) its enumerative sequence of leaves by8



height, that is, the sequence of numbers sn, where sn is the number of leavesat height n. If T is a rational tree, this sequence is N-rational.The sequence s = l(T ) of a k-ary tree is the length distribution of apre�x code over a k-letter alphabet. The associate series s(z) =Pn�0 snznsatis�es then the Kraft inequality: s(1=k) � 1. We shall say that the Kraftstrict inequality is satis�ed when s(1=k) < 1. The equality is reached wheneach node of the tree has exactly zero or k sons. Conversely, the McMillanconstruction establishes that for any series s satisfying the Kraft inequality,there is a k-ary tree such that s = l(T ). Moreover, if the series satis�es theKraft equality, then the internal nodes will have exactly k sons. But thetree obtained is not rational in general.It is easy to see that an N-rational sequence s is the enumerative se-quence of leaves of a rational tree. This one can be obtained by developinga normalized representation of s (see section 2). The leaves of this tree cor-respond to the �nal states of the normalized representation. The maximalnumber of sons of a node is then equal to the maximal number of edgesgoing out from any state of the graph of this representation.Even if the sequence s satis�es the Kraft inequality, the above construc-tion does not lead in general to a k-ary rational tree. The aim of the �rstresult of this paper is to get a k-ary rational tree T such that s = l(T ).This result was conjectured in [12] and proved in [4] in the case of strictinequality. We shall settle it here in all cases by making use of super-stateautomata. Unlike the construction we gave in [4] and [3] to solve the caseof strict inequality, this new method does not use any state splitting pro-cess or any symbolic dynamic construction. This proof appears to be betterthan the previous one for two reasons. First, it allows to solve the case ofequality. Second, the rational tree obtained has, in a lot of cases, a morecompact rational representation.3.2 Approximate eigenvectorLet s be an N-rational sequence and let (G; i; F ) be a normalized represen-tation of s. If we identify the initial state i and all �nal states of F in asingle state still denoted i, we get a new graph denoted G, which is stronglyconnected. The sequence s is then the length distribution of the paths of�rst returns to state i, that is of �nite paths going from i to i without goingthrough state i. Using the terminology of symbolic dynamics, the graph Gcan be seen as an irreducible shift of �nite type (see, for example, [5], [6] or[8]).We denote byM the adjacency matrix associated to the graph G, that is9



the matrixM = (mij)1�i;j�n, where n is the number of nodes ofG and wheremij is the number of edges going from state i to state j. By the Perron-Frobenius theorem (see [8]), the nonnegative matrix M associated to thestrongly connected graph G has a positive eigenvalue of maximal modulusdenoted by �, also called the spectral radius of the matrix. Actually, � onlydepends on the series s, since 1=� is the minimal modulus of the poles of1=(1 � s). It is known that the series s satis�es Kraft's strict inequalitys(1=k) < 1 (resp. equality s(1=k) = 1) if and only if � < k (resp. � = k).The dimension of the eigenspace of � is equal to one. There is a positiveeigenvector (componentwise) associated to �. When � is an integer, thematrix admits a positive integral eigenvector. When � < k, where k is aninteger, the matrix admits a k-approximate eigenvector, that is, by de�nition,a positive integral vector v with Mv � kv.We shall compute approximate eigenvectors for the irreducible graphs Gassociated to normalized representations (G; i; T ) of sequences. We associateto each node of G a value equal to the corresponding component of theapproximate eigenvector of the graph G. The initial and the �nal stateswill have same value since they correspond to the same state of G. Thecomputation of an approximate eigenvector can be obtained by the use ofFranaszek algorithm (see for example [4]).4 Enumerative sequence of leavesWe now state and prove, by the use of super-state automata, the �rst resultabout the enumerative sequences of leaves of rational trees:Theorem 1 Let s = (sn)n�1 be an N-rational sequence of nonnegative inte-gers et let k be an integer such that Pn�1 snk�n � 1. Then there is a k-aryrational tree such that s is the enumerative sequence by height of its leaves.Proof: We consider an N-rational sequence s and an integer k such thatPn�1 snk�n � 1. We begin with an automaton A = (G; i; F ), which is anormalized representation of s. We denote by M the adjacency matrix ofG, and by � its spectral radius. Hence � � k. We compute a k-approximateeigenvector v = (v1; v2; : : : ; vn)t of the graph G. By de�nition, we haveMv � kv. We consider v as a valuation, denoted by v, of the states of A.We de�ne a super-state automaton B associated to the automaton A,the valuation v, and the integer (used for the congruence) m = vi, where iis the initial state of A. We consider now the part of B accessible from theinitial super-state which has, as unique component, the initial state of A.10



Let u be a super-state. Recall that v(u) is the sum of the valuationsof all components of u. If u is composed of nj states j of A, we havev(u) = P1�j�n njvj . We associate to each super-state u another integer,denoted by w(u), and de�ned by:w(u) = dv(u)=me:Note that w(i) = 1.Let us now suppose that u has t outgoing edges ending in the super-statesu1; : : : ; ut. The sum of the valuations of u1; : : : ; ut is equal toP1�j�n nj(Mv)j.As Mv � kv, we have (Mv)j � kvj ; 8j. We get:tXj=1 v(uj) � kv(u);t�1Xj=1 v(uj)=m+ v(ut)=m � kv(u)=m;By construction of the super-state automaton, v(uj)=m is an integer for1 � j � (t � 1). Hence we have:t�1Xj=1 v(uj)=m+ dv(ut)=me � kdv(u)=me:Finally, we obtain: tXj=1w(ui) � kw(u)We now consider the development of the multigraph B. In order toget a k-ary rational tree, admitting s as enumerative sequence of leaves, weassociate to each super-state u, at any height, r = w(u) nodes. Since r nodesat height l have at most kr sons at height l+ 1, corresponding to the nodesassociated to the super-states followers of u, it is possible to associate toeach one k sons at the next height. The initial super-state itself correspondsto one node, the root of the tree. The tree is then k-ary.The case of equality in the Kraft inequality appears to be just a particularcase of the above construction. It means that we can only consider super-states whose valuation is divisible bym. The vector v is then an eigenvector:Mv = kv. If a super-state u has t outgoing edges ending in the super-statesu1; : : : ; ut, by construction of the super-state automaton, the valuationsv(u1), v(u2); : : : ; v(ut�1) of the super-states are equal to zero modulo m.11



As Mv = kv, v(ut) also is divisible by m. Therefore the valuations of allsuper-states in the tree are divisible by m.We choose to always leave alone the �nal states of A in a super-state.This is possible since their valuation is equal to v(i) = m. The leaves of thetree are then the nodes corresponding to a �nal state of A.As there is only a �nite number of super-states, the tree is rational. �Example Let s be the series de�ned by:s(z) = z2(1� z2) + z2(1� 5z3) :A normalized representation of s is given by the automaton A of Figure 5(p. 7). In this �gure, the valuation v(q) of a state q is given in the squarebesides the representation of the state. Note that the �nal state 4 has samevaluation (v(4) = 3) as the initial state 1.A k-ary rational tree T , whose enumerative sequence of leaves is s, isgiven in Figure 7. In this �gure, the components of the super-states aregiven inside the states. The number of small black balls above a super-stateu is the number w(u) = dv(u)=3e of nodes of the tree represented by u. The�nal state 4 corresponds to the leaves of the tree.5 Enumerative sequence of nodesIn this section, we give two new proofs of the existence of a k-ary rational treewhose enumerative sequence of nodes by height is an N-rational sequencet that satis�es some necessary conditions like t0 = 1 and 8n � 1, tn �ktn�1, its convergence radius strictly greater than 1=k, and another one:t has a primitive linear representation. This result has been obtained in[3] by making use of dynamic operations as an extended notion of state-splitting. The alternative proofs we give here are based on the constructionof a super-state automaton. The �rst one does not lead, in general, toan easier construction, but it appears to be very e�cient in a lot of cases.The construction which we obtain with the second proof is always simplerthan the one obtained with the proof given in [3]. The trees which wehave obtained in the examples with this new method have very compactrepresentations.Let t be an N-rational series. A linear representation of t is a triple(l;M; c), where l is a nonnegative integral row vector, c is a nonnegativeintegral column vector, and M is a nonnegative integral matrix, with:8n � 0; tn = lMnc:12
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The linear representation is said to be irreducible (resp. primitive) if M isan irreducible (resp. primitive) matrix. Recall that a nonnegative matrix isirreducible if for all indices i; j, there is an integer m such that (Mm)ij > 0.The matrix is primitive if there is an integer m such that Mm > 0. Equiva-lently, the adjacency matrix of a strongly connected graph G is irreducible,and it is primitive if, moreover, the g.c.d of lengths of cycles in G is 1.Let M be a n�n primitive matrix whose spectral radius is � < k, wherek is a positive integer. Let � a positive real such that � < � < k. We willdenote by S� and Sk the following sets of nonnegative real vectors:S� = fv 2 (R+)n jMv � �vgSk = fv 2 (R+)n jMv � kvg:We have S� � Sk. Furthermore, the two sets are two simplex cones. As aconsequence, they both satisfy the following properties:v 2 S ) 8� 2 R+; �v 2 S; (1)v;v0 2 S ) v+ v0 2 S: (2)Using the above notations, we state and prove the following lemma:Lemma 2 There is a �nite subset P of integral vectors of the greater coneSk such that all integral vectors of the smaller one S� is the sum of vectorsof P .This means that the integral vectors of the big cone are �nitely generatedby integral vectors of the small one. The set P constitutes a Petri net forwhich all integral points of S� are accessible (see [14] for these notions).In the geometrical proof below, we shall denote by v a point of (R+)n.If v and w are two points, (w � v) can be seen either as a point or as thevector going from v to w.Proof: Let r be a positive integer. We denote by Hr the hyperplaneof points v such that vn = r. As the simplex S� and Sk are cones, thehyperplanes that limit them are not parallel to Hr.As � < k, there is a large enough r such that for each (real) point p inHr\S�, one can �nd an integral point u in Hr\Sk , such that u0 = p+(p�u)belongs to Hr \ S�.We denote by P the �nite set of all integral points v = (v1; : : : ; vn) ofSk located under the hyperplane H2r, that is such that vn � 2r. We aregoing to show that all integral points of S� are �nitely generated by P .14



Let us assume that the property is false, and denote by w an integralpoint of S� which is not the sum of integral points of P . Suppose that it isone of the closest points to the hyperplane Hr that has this property. Thenw does not belong to P , and its last component is greater then 2r. Let pbe the intersection of Hr and the semi-line de�ned by the vector w and theorigin. Let u and u0 be de�ned as previously. We setw0 = w�u. Then w0 isan integral point which is closer to Hr than w. As p and w are two colinearvectors with jjpjj < jjwjj, and as S� satis�es the above properties (1) and(2), we have that w0 = w� p+ (p� u) belongs to S�. This contradicts thehypothesis, concluding the proof of this lemma. �
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Figure 8: The geometrical lemmaWe now prove the result about the enumerative sequences of nodes ofrational trees. Let T be a tree. We de�ne the enumerative sequence t ofnodes by height of the tree T by t = (tn)n�0, where tn is the number ofnodes of T at height n. 15



Theorem 2 Let t(z) =Pn�0 tnzn be an N-rational series such that:� t0 = 1.� 8n � 1; tn � ktn�1.� the convergence radius of t is strictly greater than 1=k (k 2 N�).� t has a primitive linear representation.Then (tn)n�0 is the enumerative sequence of nodes by height in a k-aryrational tree.First proof: We denote by 1=� the convergence radius of t. Let i;M; c bematrices with nonnegative integral entries such that (i;M; c) is a primitivelinear representation of t, i.e.8n � 0; tn = iMnc:This representation de�nes an automaton A with n states, where M isthe adjacency matrix of the multigraph.As the matrixM is primitive with spectral radius �, the sequence ((M=�)n)n�1tends towards a positive matrix N . Let � be a real such that � < � < k.Let S� and Sk be the simplex cones de�ned as follows:S� = fx 2 (R+)n j xM � �xgSk = fx 2 (R+)n j xM � kxg:Note for example that Sk = fx 2 (R+)n j M txt � �xtg. We obtain bythe geometrical lemma a �nite set P of integral points of Sk generating theintegral points of S�. Since P is a �nite set, there is an integer n0 such that:8x 2 P [ fig; xMn0 2 S�:We de�ne a super-state automaton B associated to the automaton A. Inorder to do that, we identify a nonnegative integral vector x = (x1; : : : ; xn)to a t-uple composed of xj states j of A, for all 1 � j � n. We now de�nethe super-states of B as the integral points of Sn0�1j=0 fxM j ;x 2 P [ figg.Note that there is a �nite number of such points. If u is a super-state inSn0�2j=0 fxM j;x 2 P [ figg, we de�ne the list of its followers in B as theunique super-state uM . If u is a super-state in fxMn0�1;x 2 P [figg, uMbelongs to S�. As a consequence of the geometrical lemma, it is a sum of16



points u1; : : : ;ut 2 P . We de�ne the list of the super-states followers of uas u1; : : : ;ut.If u is a super-state, we claim that either u is one of the points offiM j ; 0 � j � (n0 � 1)g, or u 2 Sk. Actually if u = iMn0 , it belongs toS� � Sk. And if u 2 Sk, uM j 2 Sk; 8j � 1.We de�ne a tree rooted by the initial super-state i, by developing thesuper-state automaton B. We associate to each super-state u an integerw(u) de�ned as the weighted number of �nal states contained in the super-state u : w(u) = u � c;where c is the column vector of the linear representation of t. If u 2 Sk,uM � ku, and uM � c � ku � c. If u = iM j ; 0 � j � (n0 � 1), w(u) =iM jc = tj . As 8j � 1, tj � ktj�1, uM � c � ku � c. Hence we get that forany super-state u whose followers in B are the super-states u1; : : : ;ut :uMc = tXj=1uj � c � ku � cor equivalently: tXj=1w(uj) � kw(u):Thus to each super-state u is associated w(u) nodes. Since r nodes ata height l have at most kr sons at height l + 1, corresponding to the nodesassociated to the super-states followers of u, it is possible to associate toeach one at most k sons at the next height. The initial super-state itself(i) corresponds to one node, the root of the tree, since i � c = t0 = 1. Thisde�nes a k-ary rational tree T admitting t as enumerative sequence of nodesby height. �Example Let t be the series, which has the automaton of Figure 9 as
21 3Figure 9: Primitive representation of tprimitive representation. Its convergence radius is greater than 1=k, where17



k = 2. We have i = (1; 0; 0) and c = (1; 0; 0)t. The adjacency matrix of thegraph is M = 0B@ 1 1 01 0 10 1 0 1CAThe simplex cone Sk = fx 2 (R+)n j xM � kxg is the set of pointsx = (x1; x2; x3) with: x2 � x1x2 � 2x3x1 + x3 � 2x2A tree, whose enumerative sequence of nodes is t, is given in the left part ofFigure 10. Note that the super-states (1) and (1; 2) are not in Sk. Anotherone is given in the right part of Figure 10. This tree has only 3 super-states and also only 3 non-isomorphic subtrees. We can remark that sucha compact representation could not be obtained on this example with thealternative state-splitting proof given in [3].We now give a second proof, based on super-state automata, for thesame result.Second proof: We denote by 1=� the convergence radius of t. Let i;M; cbe matrices with nonnegative integral entries such that (i;M; c) is a primi-tive linear representation of t, i.e.8n � 0; tn = iMnc:As M is primitive, there is an integer n0 such that Mn0c belongs to Sk =fx 2 (R+)n jMx � kxg : MMn0c � kMn0cLet us denote by d = Mn0c, and by t0 the sequence obtained from t by n0shifts: 8n � 0; t0n = tn+n0 = iMnMn0c = iMnd:The sequence t0 admits (i;M;d) as primitive linear representation. We callA the multigraph whose adjacency matrix is M . We have t00 = tn0 = i � d.We de�ne a super-state automaton B whose states contain only oneoccurence of one state of A. Note that the number of super-states is equal18
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Figure 10: Two trees solution
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to the number of states of A. The followers of a super-state is then the listof its followers in A.We de�ne a tree rooted by the initial super-state i, by developing thesuper-state automaton B. We associate to each super-state u an integerw(u) de�ned as the weighted number of �nal states contained in the super-state u : w(u) = u � d:As Md � kd, we get for each super-state u:uMd � ku � d:Hence we get that for any super-state u whose followers in B are the super-states u1; : : : ;ut : uMd = tXj=1uj � d � ku � dor equivalently: tXj=1w(uj) � kw(u):We associate to each super-state u w(u) nodes. The initial super-stateitself (i) corresponds to tn0 nodes, since i �d = tn0 . As r nodes at a height lhave at most kr sons at height l+ 1, corresponding to the nodes associatedto the super-states followers of u, we associate to each one at most k sonsin such a way that any node at the next height has one father. We �nallycomplete the �rst n0 levels to get a k-ary rational tree T admitting t asenumerative sequence of nodes by height. �References[1] R. L. Adler, D. Coppersmith, and M. Hassner. Algorithms for slidingblock codes. I.E.E.E. Trans. Inform. Theory, IT-29:5{22, 1983.[2] F. Bassino. S�eries rationnelles et distributions de longueurs. Th�ese,Universit�e de Marne-la-Vall�ee, 1996.[3] F. Bassino, M.-P. B�eal, and D. Perrin. Enumerative sequences of leavesand nodes in rational trees. submitted, 1997.[4] F. Bassino, M.-P. B�eal, and D. Perrin. Enumerative sequences of leavesin rational trees. In L.N.C.S. ICALP'97. Springer-Verlag, 1997.20
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