
Determinization of transduersover in�nite wordsMarie-Pierre B�eal1 and Olivier Carton21 Institut Gaspard Monge,Universit�e de Marne-la-Vall�eeMarie-Pierre.Beal�univ-mlv.frhttp://www-igm.univ-mlv.fr/~beal/2 Institut Gaspard Monge and CNRSUniversit�e de Marne-la-Vall�eeOlivier.Carton�univ-mlv.frhttp://www-igm.univ-mlv.fr/~arton/Abstrat. We study the determinization of transduers over in�nitewords. We onsider transduers with all their states �nal. We give ane�etive haraterization of sequential funtions over in�nite words. Wealso desribe an algorithm to determinize transduers over in�nite words.1 IntrodutionThe aim of this paper is the study of determinization of transduers over in�nitewords, that is of mahines realizing rational transdutions. A transduer is a�nite state automaton (or a �nite state mahine) whose edges are labeled bypairs of words taken in �nite alphabets. The �rst omponent of eah pair is alledthe input label. The seond one the output label. The rational relation de�nedby a transduer is the set of pairs of words whih are labels of an aeptingpath in the transduer. We assume that the relations de�ned by our transduersare funtions whih eah string of the domain to a string. This is a deidableproperty [8℄.The study of transduers has many appliations. Transduers are used tomodel oding shemes (ompression shemes, onvolutional oding shemes, od-ing shemes for onstrained hannels, for instane). They are widely used inomputer arithmeti [7℄ and in natural language proessing [13℄. Transduersare also used in programs analysis [6℄. The determinization of a transduer isthe onstrution of another transduer whih de�nes the same funtion and hasa deterministi (or right resolving) input automaton. Suh transduers allow asequential enoding and thus are alled sequential transduers.The haraterization of sequential funtions on �nite words was obtained byCho�rut [4, 5℄. His proof ontains impliitly an algorithm for determinization ofa transduer. This algorithm has also been desribed by Mohri [11℄ and Roheand Shabes [13, p. 223{233℄. In this paper, we address the same problem forin�nite words. We onsider transduers and funtions over in�nite words and



our transduers have all their states �nal. The reason why we assume that allstates are �nal is that the ase of transduers with �nal states seems to be muhmore omplex. Indeed, the determinization of automata over in�nite words isalready very diÆult [14℄. In partiular, it is not true that any rational set ofin�nite words is reognized by a deterministi automaton with �nal states andB�uhi aeptane ondition. Other aepting onditions, as the Muller onditionfor instane, must be used.We �rst give an e�etive haraterization of sequential funtions over in�nitewords. This haraterization extends to in�nite words the twinning propertyintrodued by Cho�rut [4℄. We prove that a funtion is sequential if it is aontinuous map whose domain an be reognized by a deterministi B�uhi au-tomaton, and suh that the transduer obtained after removing some speialstates has the twinning property. These onditions an be simpli�ed in the asewhere the transduer has no yling path with an empty output label. We usethis haraterization to desribe an algorithm heking whether a funtion re-alized by a transduer is sequential. This algorithm beomes polynomial whenthe transduer has no yling path with an empty output label. Finally, we givean algorithm to determinize a transduer. The algorithm is muh more omplexthan in the ase of �nite words.The paper is organized as follows. Setion 2 is devoted to basi notions oftransduers and rational funtions. We give in Set. 3 a haraterization of se-quential funtions while the algorithm for determinization of transduers is de-sribed in Set. 4.2 TransduersIn the sequel, A and B denote �nite alphabets. The set of �nite and right-in�nite words over A are respetively denoted by A� and A!. The empty wordis denoted by ". The set A! is endowed with the usual topology indued bythe following metri: the distane d(x; y) is equal 2�n where n is the minimumminfi j xi 6= yig. In this paper, a funtion from A! to B! is said to be ontinuousi� it is ontinuous with respet to this topology.A transduer over A � B is omposed of a �nite set Q of states, a set E �Q�A��B��Q of edges and a set I � Q of initial states. An edge e = (p; u; v; q)from p to q is denoted by p ujv��! q. The words u and v are alled the input labeland the output label. Thus, a transduer is the same objet as an automaton,exept that the labels of the edges are pairs of words instead of letters. In theliterature, transduers also have a set of �nal states. In this paper, we onlyonsider transduers all of whih states are �nal and with B�uhi aeptaneondition. Any in�nite path whih starts at an initial state is then suessful.We omit the set of �nal states in the notation.An in�nite path in the transduer A is an in�nite sequeneq0 u0jv0���! q1 u1jv1���! q2 u2jv2���! q3 � � �



of onseutive edges. Its input label is the word x = u0u1u2 : : : whereas itsoutput label is the word y = v0v1v2 : : : . The path is said to start at q0.An in�nite path is then suessful if it starts at an initial state. A pair (x; y)of in�nite words is reognized by the transduer if it labels a suessful path.A transduer de�nes then a relation R � A! � B!. The transduer omputesa funtion if for any word x 2 A! , there exists at most one word y 2 B!suh that (x; y) 2 R. We all it the funtion realized by the transduer. Thusa transduer an be seen as a mahine omputing nondeterministially outputwords from input words. We denote by dom(f) the domain of the funtion f . Atransduer that realizes a funtion an be transformed in an e�etive way in atransduer labelled in A�B� that realizes the same funtion. These transduersare sometimes alled real time transduers.Let T be a transduer. The underlying input automaton of T is obtained byomitting the output label of eah edge. A transduer T is said to be sequentialif it is labeled in A�B� and if the following onditions are satis�ed.{ it has a unique initial state,{ the underlying input automaton is deterministi.These onditions ensure that for eah word x 2 A! , there is at most one wordy 2 B! suh that (x; y) is reognized by T . Thus, the relation omputed by T isa partial funtion from A! into B!. A funtion is sequential if it an be realizedby a sequential transduer.
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Fig. 1. Transduer of Example 1

Example 1. Let A = f0; 1g be the binary alphabet. Consider the sequentialtransduer T pitured in Fig. 1. If the in�nite word x is the binary expansion ofa real number � 2 [0; 1), the output orresponding to x in T is the binary expan-sion of �=3. The transduer T realizes the division by 3 on binary expansions.The transduer obtained by exhanging the input and output labels of eah edgerealizes of ourse the multipliation by 3. However, this new transduer is notsequential.



3 Charaterization of Sequential FuntionsIn this setion, we haraterize funtions realized by transduers with all states�nal that an be realized by sequential transduers. This haraterization usestopologial properties of the funtion and some twinning property of the trans-duer. It extends the result of Cho�rut [4, 5℄ to in�nite words.The haraterization of the sequentiality is essentially based on the followingnotion introdued by Cho�rut [5, p. 133℄ (see also [3, p. 128℄). Two states qand q0 of a transduer are said to be twinned if and only if for any pair of pathsi uju0��! q vjv0��! qi0 uju00���! q0 vjv00���! q0;where i and i0 are two initial states, the output labels satisfy the followingproperty. Either v0 = v00 = " or there exists a �nite word w suh that eitheru00 = u0w and wv00 = v0w, or u0 = u00w and wv0 = v00w. The latter ase isequivalent to the following two onditions:(i) jv0j = jv00j,(ii) u0v0! = u00v00!A transduer has the twinning property if any two states are twinned.Before stating the main result, we de�ne a subset of states whih play a par-tiular role in the sequel. We say that a state q of a transduer is onstant ifall in�nite paths starting at this state have the same output label. This uniqueoutput is an ultimately periodi word. It should be notied that any state aes-sible from a onstant state is also onstant. We now state the haraterizationof sequential funtions.Proposition 1. Let f be a funtion realized by a transduer T . Let T 0 be thetransduer obtained by removing from T all states whih are onstant. Then thefuntion f is sequential if and only if the following three properties hold:{ the domain of f an be reognized by a deterministi B�uhi automaton,{ the funtion f is ontinuous,{ the transduer T 0 has the twinning property.Sine the funtion f is realized by a transduer, the domain of f is rational.However, it is not true that any rational set of in�nite words is reognized by adeterministi B�uhi automaton. Landweber's theorem states that a set of in�nitewords is reognized by a deterministi B�uhi automaton if and only if it isrational and GÆ [16℄. Reall that a set is said to be GÆ is it is equal to a ountableunion of open sets for the usual topology of A! .It is worth pointing out that the domain of a funtion realized by a transduermay be any rational set although it is supposed that all states of the transduerare �nal. The �nal states of a B�uhi automaton an be enoded in the outputs ofa transduer in the following way. Let A = (Q;E; I; F ) be a B�uhi automaton.



We onstrut a transduer T by adding an output to any transition of A. Atransition p a�! q of A beomes p ajv��! q in T where v is empty if p is not �naland is equal to a �xed letter b if p is �nal. It is lear that the output of a path isin�nite if and only if the path goes in�nitely often through a �nal state. Thus thedomain of the transduer T is the set reognized by A. For instane, the domainof a transduer may be not reognizable by a deterministi B�uhi automatonas in the following example. It is however true that the domain is losed if thetransduer has no yling path with an empty output.
0 1aj"
bj" bjb bjb

Fig. 2. Transduer of Example 2Example 2. The domain of the funtion f realized by the transduer of Fig. 2 isthe set (a+ b)�b! of words having a �nite number of a. The funtion f annotbe realized by a sequential transduer sine its domain is not a GÆ set.It must be also pointed out that a funtion realized by a transduer may benot ontinuous although it is supposed that all states of the transduer are �nalas it is shown in the following example.Example 3. The image of an in�nite word x by the funtion f realized by thetransduer of Fig. 3 is f(x) = a! if x has an in�nite number of a and f(x) = anb!if the number of a in x is n. The funtion f is not ontinuous. For instane, thesequene xn = bnab! onverges to b! while f(xn) = ab! does not onvergeto f(b!) = b!.Before desribing the algorithm for determinization, we �rst study a parti-ular ase. It turns out that the �rst two onditions of the proposition are due tothe fat that the transduer T may have yling paths with an empty output.If the transduer T has no yling path with an empty output, the previousproposition an be stated in the following way.Proposition 2. Let f be a funtion realized by a transduer T whih has noyling path with an empty output. Let T 0 be the transduer obtained by removing
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Fig. 3. Transduer of Example 3from T all states whih are onstant. Then the funtion f is sequential if andonly if the transduer T 0 has the twinning property.The previous proposition an be diretly dedued from Proposition 1 as fol-lows. If the transduer T has no yling path with an empty output, any in�nitepath has an in�nite output. Thus, an in�nite word x belongs to the domain of fif and only if it is the input label of an in�nite path in T . The domain of fis then a losed set. It is then reognized by a deterministi B�uhi automatonwhose all states are �nal. This automaton an be obtained by the usual subsetonstrution on the input automaton of T . Furthermore, if the transduer T hasno yling path with an empty output, the funtion f is neessarily ontinuous.We now study the deidability of the onditions of Propositions 1 and 2. Wehave the following results.Proposition 3. It is deidable if a funtion f given by a transduer with allstates �nal is sequential. Furthermore, if the transduer has no yling path withan empty output, this an be deided in polynomial time.A B�uhi automaton reognizing the domain of the funtion an be easily deduedfrom the transduer. It is then deidable if this set an be reognized by adeterministi B�uhi automaton [16, thm 5.3℄. However, this deision problem isNP-omplete.It is deidable in polynomial time whether a funtion given by a transduerwith �nal states is ontinuous [12℄. The twinning property of a transduer isdeidable in polynomial time [2℄.4 Determinization of TransduersIn this setion, we desribe an algorithm to determinize a transduer whih sat-is�es the properties of Proposition 1. This algorithm proves that the onditionsof the proposition are suÆient. The algorithm is exponential in the number ofstates of the transduer.



Let T = (Q;E; I) be a transduer labelled in A�B� that realizes a funtion f .Let T 0 be the transduer obtained by removing from T all states whih areonstant. We assume that T 0 has the twinning property. We denote by C theset of states whih are onstant. For a state q of C, we denote by yq , the uniqueoutput of q whih is an ultimately periodi word. We suppose that the domainof f is reognized by the deterministi B�uhi automaton A. This automaton isused in the onstruted transduer to ensure that the output is in�nite onlywhen the input belongs to the domain of the funtion.We desribe the deterministi transduer D realizing the funtion f . Roughlyspeaking, this transduer is the synhronized produt of the automaton A of thedomain and of an automaton obtained by a variant of the subset onstrutionapplied on the transduer. In the usual subset ontrution, a state of the deter-ministi automaton is a subset of states whih memorizes all aessible states.In our variant of the subset onstrution, a state is a subset of pairs formed ofa state and a word whih is either �nite of in�nite.A state of D is a pair (p; P ) where p is a state of A and P is a set ontainingtwo kinds of pairs. The �rst kind are pairs (q; z) where q belong to QnC and z isa �nite word over B. The seond kind are pairs (q; z) where q belongs to C andz is an ultimately periodi in�nite word over B. We now desribe the transitionsof D. Let (p; P ) be a state of D and let a be a letter. Let R be equal to the setde�ned as followsR = f(q0; zw) j q0 =2 C and 9(q; z) 2 P; q =2 C and q ajw��! q0 2 Eg[ f(q0; zwyq0) j q0 2 C and 9(q; z) 2 P; q =2 C and q ajw��! q0 2 Eg[ f(q0; z) j q0 2 C and 9(q; z) 2 P; q 2 C and q ajw��! q0 2 EgWe now de�ne the transition from the state (p; P ) input labeled by a. If Ris empty, there is no transition from (p; P ) input labeled by a. Otherwise, theoutput of this transition is the word v de�ned as follows. Let p a�! p0 be thetransition in A from p labeled by a. If p0 is not a �nal state of A, we de�ne v asthe empty word. If p0 is a �nal state, we de�ne v as the �rst letter of the wordsz if R only ontains pairs (q0; z) with q0 2 C and if all the in�nite words z areequal. Otherwise, we de�ne v as the longest ommon pre�x of all the �nite orin�nite words z for (q0; z) 2 R. The state P 0 is then de�ned as followsP 0 = f(q0; z) j (q0; vz) 2 RgThere is then a transition (p; P ) ajv��! (p0; P 0) in D. The initial state of D isthe pair (iA; J) where iA is the initial state of A and where J = f(i; ") j i 2I and i =2 Cg [ f(i; yi) j i 2 I and i 2 Cg. If the state p0 is not �nal in A, theoutput of the transition from (p; P ) to (p0; P 0) is empty and the words z of thepairs (q; z) in P , may have a nonempty ommon pre�x. We only keep in D theaessible part from the initial state. The transduer D has a deterministi inputautomaton. It turns out that the transduer D has a �nite number of states.



The following proposition �nally states that the sequential transduer D is�nite and that it is equivalent to the transduer T . Both transduers realize thesame funtion over in�nite words.Proposition 4. The sequential transduer D has a �nite number of states andit realizes the same funtion f as the transduer T .It is not straightforward that the transduer D has atually a �nite number ofstates. It must be proved that the �nite words whih our as seond omponentof the pairs in the states are bounded. It follows then that the in�nite wordsouring as seond omponent of the pairs are suÆxes of a �nite number ofultimately periodi words. Therefore, there are �nitely many suh words.It must also be proved that the transduer D realizes the same funtion as T .This follows mainly from the following lemma whih states the key property ofthe edges in D.Lemma 1. Let u be a �nite word. Let (iA; J) ujv��! (p; P ) be the unique pathin D with input label u from the initial state. Then, the state p is the uniquestate of A suh that iA u�! p is a path in A and the set P is equal toP = f(q; z) j 9 i ujv0��! q in T suh that v0 = vz if q =2 Cv0yq = vz if q 2 CgThis onstrution is illustrated by the following example.
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jaaFig. 4. Transduer of Example 4Example 4. Consider the transduer pitured in Fig. 4. A deterministi B�uhiautomaton reognizing the domain is pitured in Fig. 5. If the algorithm fordeterminization is applied to this transduer, one gets the transduer pituredin Fig. 6.These determinizations do not preserve the dynami properties of the trans-duers as the loality of its output automaton. Reall that a �nite automaton isloal if any two biin�nite paths with the same label are equal. We mention thatin [9℄, an algorithm is given to determinize transduers over bi-in�nite words
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