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ABSTRACT. We study the self-dual Hopf algebra Hsp of special posets introduced by Mal-
venuto and Reutenauer and the Hopf algebra morphism from Hsp to to the Hopf algebra of free
quasi-symmetric functions FQSym given by linear extensions. In particular, we construct two
Hopf subalgebras both isomorphic to FQSym; the first one is based on plane posets, the second
one on heap-ordered forests. An explicit isomorphism between these two Hopf subalgebras is
also defined with the help of two transformations on special posets. The restriction of the Hopf
pairing of Hgsp to these Hopf subalgebras and others is also studied, as well as certain isometries
between them. These problems are solved using duplicial and dendriform structures.
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Introduction

The Hopf algebra of double posets is introduced in [16]. Recall that a double poset is a finite set
with two partial orders; the set of isoclasses of double posets is given a structure of monoid, with
a product called composition (definition 4). The algebra of this monoid is given a coassociative
coproduct, with the help of the notion of ideal of a double poset. We then obtain a graded,
connected Hopf algebra, non commutative and non cocommutative. This Hopf algebra Hpp is
self-dual: it has a non-degenerate Hopf pairing (—, —), such that the pairing of two double posets
is given by the number of pictures between these double posets (definition 6); see |7] for more
details on the non-degeneracy of this pairing.

Other algebraic structures are constructed on Hpp in [7]. In particular, a second product is
defined on Hpp, making it a free 2-As Hopf algebra [12]. As a consequence, this object is closely
related to operads and the theory of combinatorial Hopf algebras [13]|. In particular, it contains
the free 2-As algebra on one generator: this is the Hopf subalgebra Hyyap of WN posets, see
definition 3. Another interesting Hopf subalgebra Hpp is given by plane posets, that is to say
double poset with a particular condition of (in-)compatibility between the two orders (definition
2).

We investigate in the present text the algebraic properties of another family of double posets
also studied in [16], namely special posets, that is to say double posets such that the second order
is total. They define a Hopf subalgebra of Hpp denoted by Hsp. For example, as explained in
[7], the two partial orders of a plane poset allow to define a third, total order, so plane posets
can also be considered as special posets: this defines an injective morphism of Hopf algebras
from Hpp to Hsp. Its image is denoted by Hspp. Another interesting Hopf subalgebra of Hsp
is generated by the set of ordered forests; it is the Hopf algebra Hor used in [6, 8]. A special
poset is heap-ordered if its second order (recall it is total) is a linear extension of the first one;
these objects define another Hopf subalgebra Hyop of Hsp. Taking the intersections, we finally
obtain a commutative diagram of six Hopf algebras:

Hspp— Hyop— Hsp

|

Hspr—— Hnor——Hor

The Hopf algebra Hyox of heap-ordered forests is used in [8]. In particular, Hspr is generated
by the set of plane forests, considered as special posets. It is isomorphic to the non commutative
Connes-Kreimer Hopf algebra of plane forests Hspr (2, 3, 9].

In [16] is constructed a Hopf algebra morphism O, from Hgsp to the Hopf algebra of permu-
tations FQSym, also known as the Hopf algebra of free quasi-symmetric functions, defined by
Malvenuto and Reutenauer in [15], see theorem 18. This construction uses the linear extensions
of the first order of a special posets. The morphism © is surjective and respects the Hopf pairings
defined on Hgsp and FQSym. Moreover, its restrictions to Hspp and Hyor are isometric Hopf



algebra isomorphisms (corollary 22). In the particular case of Hspp, this is proved using, first a
bijection from the set of special plane posets of order n to the n-th symmetric group &,, for all
n > 0, then intervals in &,, for the strong Bruhat order, see proposition 21. As a consequence,
we obtain a commutative diagram:

We then complete this diagram with a Hopf algebra morphism Y : Hsp — Huor, combina-
torially defined (theorem 25), such that its restriction to Hspp gives the following commutative

diagram:
H P(P‘\A\x

T Hep —2> FQSym

e

Huor

The definition of T uses two transformations of special posets, summarized by 1% — .;.; — 1§

. k
and N, — 18, —\F +I3 .

In order to prove the cofreeness of Hspr, Hsp, Huop, Hspp, Hor and Hsywap, we in-
troduce a new product \ on Hsp making it a duplicial algebra [11], and two non associative
coproducts A~ and A, making it a dendriform coalgebra [10, 14], see paragrah 5.1. These two
complementary structures are compatible, and Hsp is a Dup-Dend bialgebra [6]. By the theorem
of rigidity for Dup-Dend bialgebras, all these objects are isomorphic to non-commutative Connes-
Kreimer Hopf algebras of decorated plane forests (note that this result was obvious for Hspr), so
are free and cofree. Moreover, it is possible to define a Dup-Dend structure on FQSym in such
a way that the Hopf algebra morphism © becomes a morphism of Dup-Dend bialgebras. Dendri-
form structures are also used to show that the restriction of the pairing of Hpp on Hspr is non
degenerate, with the help of bidendriform bialgebras [4]: in fact, the pairing of Hsp restricted
to Hspr respects a certain bidendriform structure.

In the seventh section, we construct an isometric Hopf algebra morphism between Hpp and
Hspp. These two Hopf algebras are clearly isomorphic, with a very easily-defined isomorphism,
which is not an isometry. We prove that these two objects are isometric as Hopf algebras up to
two conditions on the base field (it should be not of characteristic two and should contain a root
of —1), using the freeness and cofreeness of Hpp and a lemma on symmetric, invertible matrices
with integer coefficients.

This text is organised as follows. The first section recalls the concepts and notations on the
Hopf algebra of double posets Hpp. The second section introduces special posets, heap-ordered
posets, special plane posets and the other families of double posets here studied. The bijection
between the set of special plane posets of order n and &,, is defined in the third section. The
properties of the morphism O from Hsp to FQSym are investigated in the next section. In
particular, it is proved that its restrictions to Hspp or Hyor are isomorphisms, and the induced
isomorphism from Hspp to Hyor is combinatorially defined. The fifth and sixth sections intro-
duce duplicial, dendriform and bidendriform structures and gives applications of these algebraic
objects on our families of posets. The problem of finding an isometry from Hspp to Hpp is



studied in the seventh section; all the obtained results are sumed up in the conclusion.
Notations.

1. K is a commutative field. Any algebra, coalgebra, Hopf algebra. .. of the present text will
be taken over K.

2. If H = (H,m,1,A,&,S) is a Hopf algebra, we shall denote by H™ its augmentation ideal,
that is to say K er(e). This ideal HT has a coassociative, non counitary coproduct A,
defined by A(z) = A(z) —2®1—-1®x for all z € HT.

3. For all n > 1, &, is the n-th symmetric group. Any element o of &,, will be represented
by the word (o(1)...0(n)). By convention, &y is a group reduced to its unit, denoted by
the empty word 1.

1 Reminders on double posets

1.1 Several families of double posets

Definition 1 [16]. A double poset is a triple (P, <;, <2), where P is a finite set and <;, <o
are two partial orders on P. The set of isoclasses of double posets will be denoted by DP. The
set of isoclasses of double posets of cardinality n will be denoted by DP(n) for all n € N.

Remark. Let P € DP. Then any part () C P inherits also two partial orders by restriction,
so is also a double poset: we shall speak in this way of double subposets.

Definition 2 A plane poset is a double poset (P, <j, <,) such that for all x,y € P with
x # 1y, x and y are comparable for <j if, and only if, x and y are not comparable for <,. The
set, of isoclasses of plane posets will be denoted by PP. For all n € N, the set of isoclasses of
plane posets of cardinality n will be denoted by PP (n).

If (P,<p,<,) is a plane poset, we shall represent the Hasse graph of (P,<j) such that if
x <,y in P, then y is more on the right than z in the graph.

Examples. The empty double poset is denoted by 1.

= {00, VLAY,
= {eeendat o VO VOEELLDA AL Y

YRV B R LA B GRS IR Y

Remark. Let F' be a plane forest. We defined in [2] two partial orders on F', which makes
it a plane poset. Equivalently, a plane poset is a plane forest if, and only if its Hasse graph is
a forest. The set of plane forests will be denoted by PJF; for all n > 0, the set of plane forests



with n vertices will be denoted by PF(n). For example:

PF(0) = {1},

P‘F(l) = {‘}7

PF(2) = {..,1},

PFB) = {oo.,.1,1., V. 1},

Definition 3 Let P be a double poset. We shall say that P is WN ("without N") if it is

plane and does not contain any double subposet isomorphic to I nor IN. The set of isoclasses
of WN posets will be denoted by WN'P. For all n € N, the set of isoclasses of WN posets of
cardinality n will be denoted by WAN'P(n).

Examples.

= {...,.I,I.,V,I,/\},
R VLoV DAL AL, Y,

K/\}YEA{\QJ\MQ}

Remark. PF C WN'P C PP.

1.2 Products and coproducts of double posets
Definition 4 Let P and @) be two elements of DP. We define PQ € DP by:

e P(Q) is the disjoint union of P and () as a set.
e P and () are double subposets of PQ.

e forallz € P,y € @, v <oy in PQ and x and y are not comparable for <; in PQ.

Remarks.
1. This product is called composition in [16] and denoted by ~ in [7].
2. The Hasse graph of P(Q is the concatenation of the Hasse graphs of P and Q.

This associative product is linearly extended to the vector space Hpp generated by the set
of double posets. Moreover, the subspaces Hpp, Hywnp and Hpr respectively generated by the
sets PP, WN'P and PF are stable under this product.

Definition 5 [16].

1. Let P = (P, <1,<3) be a double poset and let I C P. We shall say that I is a 1-ideal of P
if:
Veel VyeP, (x<1y) = (y€l).

We shall write shortly "ideal" instead of "1-ideal" in the sequel.



2. The associative algebra Hpp is given a Hopf algebra structure with the following coproduct:
for any double poset P,
AP)= > (P\D)®IL
I ideal of P
This Hopf algebra is graded by the cardinality of the double posets.

As any double subposet of a, respectively, plane poset, WN poset, plane forest, is also a,
respectively, plane poset, WN poset, plane forest, Hpp, Hywnp and Hpr are Hopf subalgebras
of Hpp. The latter is the (co-opposite of the) non-commutative Connes-Kreimer Hopf algebra
of plane trees [2, 3, 9.

Examples.
A(l) = .®.
A(V) = 21 0.4.®..
Ad) = .91 +1®.
A(A) = ..0.+2. 01
AYV) = .®...4+31®..+3V ®.

0.+ VR . 4101 410..+.01.

>
< <L < < >
I

AV) = le.+Ve. +101+1®..+.0.1

ACY) = 2de.+.0Vira..

A({) = .el+1e1+le.

A(A) = ... +3..01+3.@ A

ATy — els e dttoit.oril.o.

AN — el e dttoitaotiae.

ACh) = 2.0lr Ao 4. 01

AV = 1.0+ A@. 4101 +..0..+.@.1+.0 V
AN) = . +A.+101+..0..+.01.+.0 V
AN) = 2A®.+2.0 V +..2..

A(Q) = Ve.+2101+.0 A

1.3 Hopf pairing on double posets
Definition 6

1. [16] For two double posets P, @, S(P, Q) is the set of bijections o : P — @ such that, for
all 4,5 € P:

e (i<yjin P) = (0(i) <2 0(j) in Q).
° (O'(Z) <1 O’(j) in Q) — (Z SQ] in P)
These bijections are called pictures.

2. We define a pairing on Hpp by (P, Q) = Card(S(P,Q)) for P,Q € DP. This pairing is a
symmetric Hopf pairing.



It is proved in [7] that this pairing is non degenerate if, and only if, the characteristic of
K is zero. Moreover, the restriction of this pairing to Hpp, Hpr or Hyap is non degenerate,
whatever the field K is.

2 Several families of posets

2.1 Special posets

Definition 7 [16]. A double poset P = (P, <1,<5) is special if the order <5 is total. The
set, of special double posets will be denoted by SP. The set of special double posets of cardinality
n will be denoted by SP(n).

This notion is equivalent to the notion of labelled posets. If (P, <;,<s) is a special poset
of order n, there is a unique isomorphism from (P, <s5) to ({1,...,n},<), and we shall often
identify them.

Examples. We shall graphically represent a special poset (P, <j,<3) by the Hasse graph of
(P, <1), with indices on the vertices giving the total order <s.

1. Here are SP(n) for n < 3:

SP(1) = {..},
SP(2) = {.1.2,17,15},
e1e2e3,0188, 01018, 001 00 thas 1T La s,
PO = {VVVAA/\II RERIN }

2. See [8]. Ordered forests are special double posets. The set of ordered forests will be denoted
by OF. The set of ordered forests of cardinality n will be denoted by OF(n). For example:

OF(1) = {.},
O]I‘(Q) = {.1.2,1%,1%}7
|

3 2 3
01~2037~112,0113,.211,.21
2 3

{1
2

3
2¢ 23 1 3 1e 92
VANRVANAVAR LIS 0

3. Let P = (P, <p,<,) be a plane poset. From proposition 11 in [7], the relation < defined by
x < yif, and only if, x <p, y or z <, y, is a total order on P, called the induced total order
on P. So (P,<j,<) is also a special double poset: we can consider plane posets as special
posets. The set of plane posets, seen as special double posets, will be denoted by SPP.
The set of plane posets of cardinality n, seen as special double posets, will be denoted by
SPP(n). For example:

SPP(1) = {1}
SPP(Q) - {.1.2,1%},
SPP(3) = {t102~3,0118,, %o3,2\/.13,1/€)2,{§ }

4. We define the set SPF of plane forests, seen as special posets, and the set SWNP of WN
posets, seen as special posets. Note that SPF = OF N SPP. For example:

SPF() = {..},
SPF(2) = {.1.2,11},

SPFB) = { st 0 B



If P and @ are special double posets, then PQ is also special. So the space Hsp generated
by special double posets is a subalgebra of (Hpp,~). Moreover, if P is a special double poset,
then any subposet of P is also special. As a consequence, Hsp is a Hopf subalgebra of Hpp;
This Hopf algebra also appears in [1|. Similarly, the spaces Hor, Hspp, Hswap and Hspr
generated by OF, SPP, SWNP and SPF are Hopf subalgebras of Hpp.

Remark. It is clear that Hpp and Hspp are isomorphic Hopf algebras, via the isomorphism
sending the plane poset (P, <j, <,) to the special poset (P, <p,<). The same argument works
for Hyynp and Hsywap, for Hpr and Hspr.

2.2 Heap-ordered posets

Definition 8 Let P = (P, <1,<3) be a special double poset. It is heap-ordered if for all
z,y € P, x <y y implies that © <5 y. The set of heap-ordered posets will be denoted by
HOP. The set of heap-ordered posets of cardinality n will be denoted by HOP(n). We put
HOF = HOPNOF and HOF(n) = HOP(n) N OF(n) for all n.

Examples. Here are the sets HOP(n) and HOF(n) for n < 3:
HOP(1) = {1},
HOP(2) = {.1.2,11},
3
%OP(3) = { .1.2.3,o115,021%7031%72\/1371/&3271% }’

HOF(1) = {1},
7‘[0]:(2) - {.1.2,1%},
3
7_[0]:(3) = { .1.2.37.115’.21:%7.31%72\/1371% }
Note that SPP C HOP and SPF C HOF, as .»1? is not a plane poset. It is well-known that
|[HOF(n)| = n! for all n > 0.

If P and Q are two heap-ordered posets, then PQ also is. As a consequence, the spaces
Huop, Huor and Hspr generated by HOP, HOF and SPF are Hopf subalgebras of Hpp.
Moreover, plane posets are heap-ordered, so Hspp C Huyop. We obtain a commutative diagram
of canonical injections:

Hspp—= Huop“—Hsp

o))

Hspr— Hyor— Hor

Proposition 9 1. Let P € SP. Then P is heap-ordered if, and only if, it does not contain
any double subposet isomorphic to 15.

2. Let P € SP. Then P € SPP if, and only if, it does not contain any double subposet
isomorphic to 1% .o nor 1.

Proof. The first point is immediate.

2. —. If P € SPP, then any subposet of P belongs to SPP. The conclusion comes from
the fact that 13., and 13 are not special plane posets.

2. <=. By the first point, P = (P, <1, <3) is heap-ordered. We define a relation <, on P by:

x<,yif (x =y) or ((x <2y) and not (z <1 y)).



By definition, x <5 y if, and only if, z <y y or <, y. Moreover, if x and y are comparable for
both <; and <., then z = y by definition of <,.. It remains to prove that <, is a partial order
on P. If v <, yand y <, z, then x <o y <9 2,80 x <9 2,80 x <1 zor & <, z. If v <y 2,
then the subposet {x,y,z} of P is equal to 17.,, as x,y and y, z are not comparable for <;:

contradiction. So x <, z. O

2.3 Pairing on Hsp

We restrict the pairing of Hpp to Hsp. The matrix of the restriction of this pairing restricted
to Hsp(2) is:

c1e2 | 1T ] 13
102 2 111
1 1 110
13 1 011
Remarks.
1. As a consequence, ..o — If — 13 in in the kernel of the pairing. Hence, (—,—)35p:
(= =) Hnor a0d (=, =), > are degenerate. The kernels of these restrictions of the pairing

are described in corollary 19.

2. A direct (but quite long) computation shows that the following element is in the kernel of

(- _>|7'lsvwv7>:

Q—Q—Q+W+M—ﬁ—q

ooV A A+t o VAL

(We write here the double posets appearing in this element as plane poset, they have to
be considered as special posets). So (=, —)3gp 15 degenerate.

3. We shall see that (—, —)31,,05» (= =) |#spp a0d (=, —)|25p are non-degenerate, see corol-
laries 23, 26 and 37.

3 Links with permutations

3.1 Plane poset associated to a permutation
Proposition 10 Let 0 € G,,. We define two relations <p and <, on {1,--- ,n} by:
o (1<4j)if (i < j and o(i) < 0(j)).
o (i<,)if (i <] and o(i) > 0(j)).

Then ({1,--- ,n}, <p,<,) is a plane poset. The induced total order on {1,--- ,n} is the usual
total order.

Proof. It is clear that <; and <, are two partial orders on {1,--- ,n}. It is immediate for
any 1, 7, ¢ and j are comparable for <; or <,. Moreover, if 7 and j are comparable for both <
and <,, then o(i) = o(j), so i = j. For all 4,4, i <j, j or i <, j if, and only if, i < j. O

Definition 11 Let n € N. We define a map:

o - S, — PP(n)
" o — ({17 7n}7ghagr)a

where <j;, and <, are defined in proposition 10.



Examples.

(1) — (12) — 1 (21) —
(123) — | (132) — V (213) — A
(231) — 1. (312) —» .1 (321) — ...
(1230) —» | 1243) — Y sy — O
(1342) — K/ (1423) — \} (1432) — VYV
@130) — A |@u3) — M| @y —
(2341) — 1. (2413) — W | (2431) — V.
(3124) —» jﬁ (3142) — N (3214) — A
(3241) — AL | (3412) — 11 |(3421) — 1..
(4123) — .1 (4132) — .V | (4213) — . A
(4231) — 1. | (4312) — .1 |(4321) —

We shall prove in the next section that ®,, is bijective for all n > 1.

3.2 Permutation associated to a plane poset
We now construct the inverse bijection. For any P € PP, we put:
k(P)=max({y e P /Vx € P, x <y =z <j, y}).

Note that x(P) is well-defined: the smallest element of P for its total order belongs to the set
{yeP/VeeP z<y=uz<,y}

Let P € PP(n). Up to a unique increasing bijection, we can suppose that P = {1,--- ,n} as
a totally ordered set: we shall take this convention in this paragraph. We define an element o of
&, by:
o l(n) = k(P)
o ln-1) = k(P-{o"Ln)}),

o) = (P o), 0 2))).
This defines a map:
T PP(n) — 6,
" (Pa <h, Sr) — 0.

Lemma 12 ¥, 0®, = Idg, .

Proof. Let 0 € S,,. We put P = ®,(0) and 7 = U,,(P). Then:

{yeP/VeeP z<y=a<pyt={je{l, - ,n}/Vi<i<n, i<j=o0()<o(j)}
So 771(n) = K(P) = 0! (n). Iterating this process, we obtain 0 ~' =771 so 0 = 7. O

Lemma 13 Let P € PP(n). We put ¥,,(P) =o0. Ifi <j j in P, then o(i) < o(j).

Proof. If i = j, this is obvious. Let us assume that i <;, j. We put k = (i) and | = o(j).
Then k # [. Let us assume that k& > [. We then put:

P’ :P\{Uil(n%"'?ail(k—’_l)} - {ilv"' 7ip7i7ip+17"' 7ip+q7jaip+q+17"' 7ip+q+r}a

10



with ip <o <y <1 <pyy <o <lprg < J <lprgr1 <o <lpigir Indeed, asl <k < k+1,
both 0~ 1(k) =i and o71(I) = j belongs to this set. As k(P') =1, i1, ,ip <p i. If i <p ips1,
then k(P') > ipyq > i: contradiction. So @ <, ipt1.

Let us prove by induction on s that i)y <p, j for 1 < s <gq. If 4,11 <, 7, then 7 and j would
be comparable for <, so would not be comparable for <j: contradiction. So ip41 <p j. Let us
suppose that 7151 <p J, 1 <5 < q. Asipyrs < 7, lprs <p J OF Ipys <, j. Let us assume that
ipts <r J. As K(P') =i < ipys, there exists © € P', x <, ipys. By the induction hypothesis,
T & {ipt1, yiprs). As i <p j, x #14,s0 x € {iy, - ,ip}. But for such an x, x < i <j, j, so
x <y, j: contradiction. So ipqs <p J.

Finally, we obtain that i1, ,ip, 0, 9p41, " iptq.J <n J, S0 @ = K(P') > j: contradiction,
1<j. Sok<lI. O
Lemma 14 &, 0V, = Idpp,, .

Proof. Let P € PP,. We put ¢ = ¥, (P) and @ = P,(0). As totally ordered sets,
P=Q={1,---,n}. Asthey are both plane posets, it is enough to prove that (P, <p,) = (Q, <p).
Let us suppose that i <j, j in P. Then i < j and o(i) < o(j) by lemma 13. So i <;, j in Q. Let
us suppose that i < jin Q. So ¢ < j and o(i) < o(j). Weput k =o(i) and | = 0(j). As k < I:

ie P =P—{ot(n), -, 0 (1 +1)}
By definition of x(P') = j, i <j j in P as i < j. O

Proposition 15 W, is a bijection, of inverse ®,. As a consequence, card(PP(n)) = n! for
all n € N.

Here are examples of properties of the bijection W,,:
Proposition 16 Let P = (P,<p,<,) € PP(n).

1. (n--+1) oW, (P) =V, (P, <,,<p)).

2. U, (P) =W, (P, <p,>y)).

Proof. 1. We put ¥,,(P) =0 = (ay---a,). Then (n---1)oco=(n—a;+1---n—a, +1).
We put Q = ®,((n---1)oo). Foralli,j e {1,---n}:

1<pjin@ <= i<jandn-a+1<n—-a;+1
<= 1< jand a; > a;
— 1<,jinP
Similarly, ¢ <, j in @ if, and only if, i <, j in P. So Q = (P, <,,<p).
2. We put R = ®,(c71). Let i,j € {1,--- ,n}.
o(i) <po(j)in R < o(i) <o(j)andi<jy
& i<pjinP,
0(i) <ro(j)in R <= o(i) <o(j)andi>j
— 1>,j7in P.

So o : (P,<p,>,) — R is an isomorphism of plane posets. O

Remark. In other terms, (n---1) o ¥, (P) = ¥, o «(P), where the involution ¢ is defined in
[7] by L((P, <h, Sr)) = (P7 <r, Sh)
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4 A morphism to FQSym

Note that Hpp, Hspp and FQSym are both free and cofree, with the same formal series. From
a result of [5], Hpp, hence Hspp, is isomorphic to FQSym. Our aim in this section is to define
and study an explicit isomorphism between Hspp and FQSym.

4.1 Linear extensions

Definition 17 Let P = (P, <;,<s) a special poset. Let x; <s ... <2 x,, be the elements of
P. A linear extension of P is a permutation o € &,, such that, for all 7,5 € {1,...,n}:

(2 <1 25) = (071 (i) < o))
The set of linear extension of P will be denoted by Sp.
Remarks.

1. Let P be a special poset. It is heap-ordered if, and only if, Id, € Sp.

2. Let P be a special poset of cardinality n. We identify P and .”™ with {1,...,n} as totally
ordered sets. Then the set of linear extensions of P is S(.”, P) (see definition 6).

Theorem 18 [16] The following map is a surjective morphism of Hopf algebras:
Hsp — FQSym
©:4 PeSP — Z o.
ceSp
Moreover, for any x,y € Hsp, (z,y) = (0(z),0(y))FQSym-
Proof. See [16]. O

Examples. If {i,j,k} ={1,2,3}:

O(eiwser) = (ijk) + (ikg) + (jik) + (ki) + (kij) + (ki)
O(..15) = (ijk) + (jik) + (jki)

OCV") = (ijk) + (ikj)

oli) = (ijk)

Corollary 19 The kernel of the pairing on Hsp is Ker(©). The kernel of the pairing re-
stricted to Hyop and Hor is respectively Ker(©) N Hyop and Ker(©) NHor.

Proof. For any = € Hgp, as © is surjective:

CCEHé’p <~ vyGHS'Pa <£C,y>:0
< Yy € Hsp, (O(2),0(y))rQsym =0
< V¢ € FQSym, (0(z),y') =0
— O(z) € FQSym™
<~ 0O(x)=0.

So Hép = Ker(0). The proof is similar for Hyop and Hor. O
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4.2 Restriction to Hspp
Notation. Let 0 € &,,. We put Desc(o) ={(i,7) |1 <i<j<mn, o(i) > o(j)}.

Lemma 20 1. Let P be a heap-ordered poset. Then:

{(4,5) |1 <i<j<n,i,j are not comparable for <;} = U Desc(o™h).
ogeSp

2. Let P,Q be two heap-ordered posets. If Sp = Sg, then P = Q.

Proof. 1. D. Let (i,j) € Desc(o™ ), with o € Sp. Then i < j and o~ 1(i) > o71(j). By
definition of Sp, we do not have i <q j in P. As P is heap-ordered and ¢ <5 j in P, we do not
have ¢ > j in P. So ¢ and j are not comparable for <j.

1. C. Let 1 < i < j < n, such that ¢ and j are not comparable for <;. We proceed by
induction on n. It is obvious if n = 1. As P is heap-ordered, n is a maximal element for <;. Let
P’ be the heap-ordered poset P\ {n}. Similarly, 1 is a minimal element for <;. Let P” be the
heap-ordered poset P\ {1}.

If j < n, then ¢ and j are not comparable for <; in P’. By the induction hypothesis, there
exists 0/ = (i1,...,in—1) € Spr such that (i,j) € Desc(o’"!). Then o = (iy,...in_1,n) € Sp
and (i,7) € Desc(o™1).

If 1 <4, then i — 1 and j — 1 are not comparable for <; in P”. By the induction hypothesis,
there exists o’ = (i1,...,in_1) € Spv such that (i — 1,5 — 1) € Desc(¢”"!). Then o =
(1,i1+1,...ip—1 + 1) € Sp and (i, j) € Desc(o™1).

If i =1 and j = n, two cases are possible.

e If there exists no element k € P, such that k <y n, then P = P”.,,. Theno = (n,1,...,n—
1) € Sp, and (1,n) € Desc(o™1).

e Let us suppose that there exists k € P, such that k£ <; n. We choose a k such that there
is no element [ such that £ <1 [ <y n. As 1 and n are not comparable for <7, we cannot
have 1 <; k. As P is heap-ordered, 1 and k are not comparable for <y in P’. By the
induction hypothesis, there exists o/ € Ip/, such that (1,k) € Desc(c~!). So ¢’ has the
form (...,k,...,1,...). Then o = (... k,n,...,1,...) € Ip and (1,n) € Desc(c™1).

2. Let 1 <1i,7 <n. As P,Q are heap-ordered, by the first point:

1<1jin P <= i< jandi,j are comparable for <; in P
< i<jandVo € Sp, (i,j) ¢ Desc(o™})
< i<jand Vo€ Sg, (i,j) ¢ Desc(o™)
<= i< jandt,j are comparable for <; in Q
— (<17 in Q.
So P=Q. O

Proposition 21 Let n € N. We partially order &,, by the strong Bruhat order.

1. If P € SPP(n), then O(P) = > 0.

0€G,, o<, (P)~ 1L

2. Let P € SP(n). There exists T € &, such that Sp = {0 € &, | 0 < 7} if, and only if,
P e SPP.

13



Proof. 1. We put 7 = ®,,(P). The aim is to prove that for all o € &,,, o € Sp if, and only
if, o < 7.
Let us assume that o € Sp. We put:

I={(i,5) | i<, j o ") <o ()}

Let us prove that o < 7 by induction on |I|. If |I| = 0, by definition of the elements of Sp, for
all 1 < j:

i<pje=o (i) <o () = 7({0) <)
So o = 7. Let us assume now that |I| > 1. Let us choose (i, k) € I, such that E = o= (k)—o~1(4)
is minimal. If E > 2, let j such that 0= 1(i) < 0~ !(j) < 07 1(k). Three cases are possible.

1. If i < j < k, by minimality of F, i <p j et j <p k, so i <p k. This contradicts i <, k.

2. If j < i < k, by minimality of E, j <, k. As 0 € Sp, j <, i. Asi <, k, we obtain j <, k.
This contradicts j <y, k.

3. If i < k < j, by minimality of E, i <p j. As o € Sp, k <, j. Asi <, k, i <, j. This
contradicts ¢ <p, J.

In all cases, this gives a contradiction. So F = 1, that is to say 0~ 1(i) = 0~ (k) — 1. The permu-
tation ¢’ obtained from o by permuting ¢ and % in the word representing o is greater than o for
the Bruhat order by definition of this order; moreover, it is not difficult to show that it is also an
element of Sp (as (i, k) € I), with a strictly smaller |I|. By the induction hypothesis, o < ¢’ < 7.

Let us assume that ¢ < 7 and let us prove that o € Sp. Then 7 is obtained from o by a
certain number k of elementary transformations (that is to say the permutations of two adjacent
letters 45 with ¢ < j in the word representing o). We proceed by induction on k. If k = 0, then
o = 7. If k> 1 there exists 0/ € &,,, obtained from o by one elementary transformation, such
that 7 is obtained from ¢’ by k — 1 elementary transformations. By the induction hypothesis,
o € Sp. Weput 0 = (...a;a4;41...), 0 = (...a;41a;...), with a; < a;4+1. Let us prove that
o€ Sp. Let k <y, L.

o If k1 # aj,ai11,as o € Sp, o~ 1(k) = o1 (k) <o’ 1(1) = o 1(1).

o If k = a;, as o/ € Sp, | # a;y1. So o () = o' (1) > oY (k) = 71 (k) + 1, and
o k) <o ).

o If k=a;i1, thenl#a; as k <I. So o 1(1)o'~ () > o' L(k) + 1 = o7 1(k).

If | = a;, then k # a;11 as k < I. Then o~ (k) = o'~ 1(k) < o’ 1(I) = 1 = o~ 1(I).

o If | = aj11, as 0 € Sp, k # a;. Then o7 1(k) = o/"1(k) < o'71(I) = o71(I) — 1, and
o k) <o ().

Indeed, o € Sp.

2. <=. Comes from the first point, with 7 = &, (P)~!.

2. =>. Let us assume that Sp = {0 € &,, | 0 < 7} for a particular 7. As Id,, = (1...n) <,
(1...n) € Sp, so P is heap-ordered. Let Q = ¥,,(7~!) € SPP(n). Then:

Sg={0€6,|oc<71}=>5p.

By lemma 20, P = Q. O
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Examples. Here is the Hasse graph of G5, partially ordered by the Bruhat order:

(321)
(231) (312)
(213) (132)
(123)
So:
O(...) = (312) + (231) + (312) + (213) + (132) + (123)
O(.1) = (231)+(213) + (123)
O(1.) = (312) 4 (132) + (123)
O(A) = (213) +(123)
O(V) = (132)+(123)
oy = (123).

As @, : SPP(n) — &,, is a bijection:
Corollary 22 The restriction Oy, : Hspp — FQSym is an isomorphism.
Corollary 23 The restriction of the pairing to Hspp is non-degenerate.

Proof. As the isomorphism ©)3,,, is an isometry and the pairing of FQSym is non-
degenerate. O

4.3 Restriction to Hyor

Notation. Let P = (P, <1,<s) be a special poset. If i,j € P, we denote by [i,j|; the set of
elements k of P such that i <; k <; j. we denote by Rp = {(i,5) € P? | [i,j]1 = {i,j}, i # j}.
This set is in fact the set of edges of the Hasse graph of (P,<;), so allows to reconstruct the
double poset P.

Proposition 24 Let P be a special poset with n elements.
1. Leti,j € P, such that (j,i) € Rp. We define:

e P € SP(n) such that Rp, = Rp \ {(j,i)};

o P, € SP(n) such that Rp, = (Rp \ {(4,7)}) U{(i,7)}, after the elimination of the
redundant elements.

Then ©O(P) = ©(P,) — ©(FP).
2. Leti,j,k € P, all distinct, such that (i,k) and (j, k) € Rp. We define:

e P3 € SP(n), such that Rp, = Rp \ {(j, k)};

e Py € SP(n), such that Rp, = (Rp \ {(j,k)}) U{(3,4)}, after the elimination of the
redundant elements;
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o P5 € SP(n), such that Rp, = (Rp\{(J, k), (i, k) })U{(7,7), (4,k)}, after the elimination

of the redundant elements.

Proof. 1. We denote by S the set of permutations o € &,, such that, for all (z,y) €
RP \ {(Z,])}7 O-_l(x) < 0_1(y). Then:

O(P) = Z o, O(P)= Z o, O(PR)= Z o.
oes 0€S, o 1(j)<o~1(4) o€S, o= (j)>0~1 (i)
As a consequence, O(P) + O(FPy) = O(F)).
2. Note that i and j are not comparable for <; (otherwise, for example if i <; j, then

i <1 j <1 k, and this contradicts the definition of Rp). We denote by S’ the set of permutations
o € &, such that for all (z,y) € Rp \ {(3,k), (j,k)}, o (x) < 07! (y). Then:

O(P) = > o, O(Ps)= > o,

o€S’, o1 (i),07 1 (j)<o 1 (k) o€S’, o1 (i)<o 1 (k)
O(Py) = > o, O(P;) = > o.
o€S’, o7 (i)<o1(j),07 (k) o€S’, o (i) <o (j)<o 1 (k)
We put:
51 == Z g, SQ == Z g,
o€S’, o7 (i) <o (j)<o 1 (k) o€S’, o71(j)<o (i) <o (k)

S3 = Z o.
ceS o~ (i) <o~ (k)<o~1(j)
Then @(P) = 51 + 5o, @(Pg) = 51 + 55 + 53, @(P4) = S| + 53 and @(P5) = 51. Hence,
O(P) + O(Py) = O(Py) + O(Ps). 0

Remark. In other words, in the first case, one replaces a double subposet 1% of P by

. k
.i.; — ! . In the second case, one replaces a double subposet ;A'; by 1¥., —/\V," + I{ .

Theorem 25 Let P € SP. Applying repeatedly the two transformations of proposition 24,
with © < j in the first case, and i < j < k in the second case, we can associate to P a linear span of
heap-ordered forests denoted by Y (P). Then Y (P) does not depend of the way the transformations
are performed. Moreover, T defines a Hopf algebra morphism from Hsp to Hyor, such that the
following diagram commutes:

Hsp N FQSym

| A

Huor

The restriction Oy, s an isomorphism, and Yy, = 1d3y0 - Moreover, (Y(x),Y(y)) =
(x,y) for all z,y € Hsp (that is to say Y respects the pairings).

Proof. It is clear that, using repeatedly the first transformation, we associate to P a linear
span of heap-ordered posets. Then, using repeatedly the second transformation, we associate to
this element of Hyop a linear span of heap-ordered forest. So Y (P) exists. Moreover, using
proposition 24, O(YT(P)) = ©(P). As © : Hsp — FQSym is surjective (as, for example,
Opgpp 18 an isomorphism), Oy, is surjective. As Card(HOF(n)) = Card(&,) = n! for all
n €N, O3, 1s bijective.
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Hence, for all P € Hpp, there exists a unique element @ € Hyor such that O(Q) = O(P);
this @ is for example Y (P), so Y(P) is uniquely defined and does not depend of the way the

transformations are performed. Moreover, T = (@\HH o F)fl 00O is a Hopf algebra morphism. As

O respects the pairings, so does T = (@\vawf)_ 0 0. O

Corollary 26 1. YVyyspp : Hspp —> Hyor is an isomorphism of graded Hopf algebras,
and respects the pairings.

2. (=, =) Hpor 18 nON degenerate.

Proof. By restriction in the commutative diagram of theorem 25, we obtain the following
commutative diagram:

Hspp —2>FQSym

| A

Huor

As the two restrictions of © are isomorphisms of graded Hopf algebras and respect the pairing,
$0 18 Tigygpp = (@mspp)*1 © O|rQsym- AS Yjpgpp i an isometry and the pairing on Hspp is
non degenerate, the pairing on Hyer is non degenerate. O

5 DMore algebraic structures on Hgp

5.1 Recalls on Dup-Dend bialgebras

As Hgsp is free and cofree, it is natural to ask if Hgp is isomorphic to a Connes-Kreimer Hopf
algebra of planar decorated trees. We answer positively this question, using the rigidity theorem
of [6] for Dup-Dend bialgebras.

Recall that a duplicial algebra [11] is a triple (A4,.,"\), where A is a vector space and .,’\_
two products on A, with the following axioms: for all x,y, z € A:

(xzy)z = x(y2),
NNz = 2N (y\ 2), (1)
(zy) Nz = z(y\ 2).

A dendriform coalgebra (dual notion of dendriform algebras, [10, 14]) is a triple (A, A, A.),
where A~ and A, are two coproducts on A, with the following axioms: for all z € A,

(Ac@Id)oAs(x) = (IdoA)oA (),
(A ®@Id)oAi(z) = (Id®Ag)o A, (z), (2)
(A@Id) oA (z) = (Id®As)oA, (z).

Note that these axioms imply that A = AL + A, is coassociative. We shall use the following
Sweedler notations: for any a € A,

Alg)=d' ®a", Ax(a)=d ®ad’, A(a) =al ®al.

A Dup-Dend bialgebra [6] is a family (A, .,\, A<, A, ), where A is a vector space, .,\: AQA —
Aand AL, A, : A — A® A, with the following properties:

e (A,.,N\) is a duplicial algebra (axioms 1).

e (A, AL A, ) is a dendriform coalgebra (axioms 2).
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e Forall z,y € A:

Al(zy) = yz+y.@zy’ +ay, @y’ +2'y@a” + 2"y, @ 2"y",
Ag(zy) = z2y+ay. @yl +y_ @zy! + 2’ @ 2"y + 2"y @ 2"y!;
A (x = Ny +2L Ny +2, Ny, a"y", (3)

Y)
Ar(zNy) = zy+eNyl oyl +2l @zl Ny
+z, @2y + 2, Nyl @2yl

5.2 Another product on Hsp
Definition 27

1. Let P = (P, <1,<2) be a nonempty special poset. The maximal element of (P, <5) will be
denoted by gp.

2. Let P and @ be two nonempty special poset. We define P\ Q by:

e PN @ =PUQ as a set, and P, (Q are special subposets of P \_Q.
e Forallz e P,yec @, z <y y.
e Forallz e P,y e Q, x <y yif, and only if, x <y gp.

Remark. Let P and ) be two nonempty special posets. A Hasse graph of P N\_ Q is
obtained by grafting a Hasse graph of ) on tl%e vertex representing gp of a Hasse graph of P.
3 3

FOI' example, el1e2 )\ I% = .1{%, I% )\ el1e2 — Y? s I% )\ ele2 — 1%4.
Lemma 28 (H:SLP, 5N is a duplicial algebra.

Proof. Let P, @, R be three nonempty special posets. The special posets (P N\ @)\ R and
PR (Q N\ R) are both characterized by:

e S=PUQUR as aset, and P, @, R are special subposets of S.
e forallz e PyeQ,ze R,z <oy <y 2.

e Forallz € P,yeQ, z€ R, x <y yif, and only if, z < gp; x <1 z if, and only if, x <y gp;
y <1 z if, and only if, y <1 gg.

(The last point comes from the fact that ggrx g = gg for any non-empty special posets R and 5).
So they are equal.

The special posets (PQ) N\ R and P(Q \_R) are both characterized by:
e S=PUQUR as aset, and P,Q, R are special suposets of S.
e forallz e PyeQ,ze R,z <oy <y 2.

e Forallz € P,y € Q, z € R, x and y are not comparable for <;; x and z are not comparable
fOI' Sla Yy Sl z lf, and Only lf, Yy Sl gQ

So H:SLP is a duplicial algebra. O

Proposition 29 Let P,Q be two nonempty special posets. Then P\ Q € HOP (respec-
twely OF, SPP, HOF, SPF, SWN'P) if, and only if, P,Q € HOP (respectively OF, SPP,
HOF, SPF, SWNTP).
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Proof. We put R = PX_Q.
<—. In all the cases, this comes from the fact that P and () are double subposets of P \_Q.

HOP. =—>. Recall that R € HOP if, and only if, R does not contain a double subposet
isomorphic to 13 (proposition 9). Let us assume that P \_(@ is not a heap-ordered poset. Then
it contains two distinct elements a, b, such that a <; b and b <, a. If a € P, then, by definition
of <o on R, b€ P, so P is not a heap-ordered poset. If a € Q), as b <; a, by definition of <y on
R, b€ @, so Q is not a heap-ordered poset.

OF.=>. Recall that R is an ordered forest if, and only if, (R, <;) does not contain a double

subposet isomorphic to A (see lemma 13 in [7]). Let us assume that R is not an ordered forest.
Then it contains three different elements a, b, ¢, with a <5 b <5 ¢, such that one of the following
assertions holds:

1. b,c <1 a and b, ¢ are not comparable for <i: ({a,b,c},<1) = N, .

2. a,c <1 b and a, ¢ are not comparable for <: ({a,b, ¢}, <1) = JN..

3. a,b <y c and a, b are not comparable for <i: ({a,b,c},<1) = N, .
In the three cases, if the maximal element of {a,b,c} for <y is in P, then, by definition of <;
on R, a,b,c € P, so P is not an ordered forest. Let us assume that this element is in ). In the
first case, then, by definition of <5 on R, b,c € @), so @) is not an ordered forest. In the second
case, we deduce similarly that ¢ € Q. If a € P, then a <; gp in P asa <y bin R, so a <1 ¢ in
R: contradiction, so a € (). As a consequence, () is not an ordered forest. In the last case, then:

e [fae P, be @, thena<;gpin Pasa <;ycin R, soa <y bin R: contradiction, this case
is impossible.

e Similarly, a € @), b € P is impossible.

So a,b € P or a,b € Q. In the first subcase, a,b <; gp in P as a,b <1 cin R, so {a,b,gp} is

a subposet of (P,<1) isomorphic to A: P is not an ordered forest. In the second subcase, Q
contains a, b, ¢, so is not an ordered forest.

SPP. =>. Let us recall that R is a plane poset if, and only if, it is heap-ordered and
does not contain a double subposet isomorphic to 17., (proposition 9). Let us assume that R
is not a plane poset. If it is not heap-ordered, by the first point P or @ is not heap-ordered,
so is not a plane poset. Let us assume that there exists three different elements a,b,c of R,
such that a <9 b <5 ¢, a <y ¢, a,b and b, ¢ are not comparable for <;. By definition of <,
on R, if c € P, then a,b € P,so P ¢ SPP. If c€ Q and a € @, then b € Q as a <2 b, so
Q¢ SPP. Ifce @ and a € P, then a <q gp in P. As a and b are not comparable for <; in R,
b € P. As b, c are not comparable for <; in R, b and gp are not comparable for <y in P. Let us
consider {a,b, gp} C P. By definition of gp, a <9 b <5 gp, so {a,b,gp} = 17 .2, so P is not plane.

HOF. —. Comes from HOF = OF N HOP.
SPF.=. Comes from SPF = OF NSPP.

SWNP. =>. Let us assume that P\ (Q is not a WN poset. If it is not plane, then by the
third point, P or @ is not plane, so is not WN. Let us assume that P N\ @ is plane (so P and

Q are plane). Then P ~\_Q contains a subposet {a,b,c,d} isomorphic to N or 1. We assume
that a <9 b <9 c <o din P\ Q. If d € P, then by definition of P\ Q, {a,b,c,d} C P, so P is
not WN. Similarly, if a € @, Q is not WN. We now assume that a € P and d € Q.
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o If {a,b,c,d} = N: as a and d are not comparable for <; in P X @, we do not have
a <y gp in P. As P is plane, it is heap-ordered, so a and gp are not comparable for <;
in P. Asa <y cin PN Q, necessarily ¢c € P. As b <9 cin PN Q, b € P. Moreover,
as b <1 d, b <1 gp. As c and d are not comparable for <; in P \_@Q, ¢ and gp are not

comparable for <; in P. So {a,b,c,gp} = N.

o If {a,b,c,d} = WM:asa<;din PN Q, a <y gpin P. As a and b are not comparable for
<y in P N @, necessarily b € P. As b <y d, b <1y gp. As c and b are not comparable for
<;1in PN Q, ¢ € P. As ¢ and d are not comparable for <y, ¢ and gp are not comparable
for <; in P. So {a,b,c,gp} = V.

In both cases, P is not WN. O

Remarks.

1. As a consequence, the augmentation ideals ’H‘Jsrp, ’H;;OP, H;rpp, ’HZ,S]_-, ’H;;Of, /H‘JSFWNP
and 7—[;57) 7~ are duplicial algebras.

2. It is proved in [6] that ngf is the free duplicial algebra generated by .: it is enough to
observe that for any plane forest F', g is the leaf of ' at most on the right, so X\, when
restricted to plane forests, is precisely the product N defined in [6].

5.3 Dendriform coproducts on Hsp

For any nonempty special poset P, we put:

AL(P) = > P\I®I, A (P)= > P\I®]I.
I non trivial ideal of P I non trivial ideal of P
gp¢l gpel

Note that A~ + A, = A. Moreover, 7-[;73, H;QOP, H:SLP@ H(';f, H;OF, H:SLWNP and ngf are
stable under the coproducts A and A. .

Proposition 30 7-[:;7; 1s a Dup-Dend bialgebra.

Proof. The proof is similar to the proof of proposition 20 in [6]. Nevertheless, in order
to help the reader, we give here a complete proof. Let us first prove that (HEP,A<,A>) is
a dendriform coalgebra. It is enough to prove (2) if x = P is a nonempty special poset. We
put, as A is coassociative, (A ® Id) o A(P) = (Id® A) o A(P) = 3" PO © P?) @ PO where
P PR PG are subposets of P. Then:

(Ac@Id)oA(P) = (IdoA)oA,(P) = Y PYUePPept®,
gpeP)
A. @Id)oAL(P) = (Id®AZ)oA._(P) = P g p@ g pB),
- = = -
gpeP®@
(AoId)oA (P) = (IdeA.)oA(P) = > PYepP®gpt,
gpeP®)

So ’ngrp is a dendriform coalgebra.

Let us now prove axioms (3). It is enough prove these formulas if z = P, y = @ are non-
empty plane forests. Let I be a non trivial ideal of PQ or P \_ Q. We put I’ = I N P and
I" =1NQ. As I is non trivial, I’ and I” are not simultaneously empty and not simutaneously
total.

Let us first compute A~ (PQ). We have to consider non trivial ideals I of PQ, such that
gpQ ¢ 1. As gpg = gg, I"” # Q. So five case are possible.

20



e I' =P, I" = (): this gives the term Q ® P.

o I'=P,I"#10,Q: this gives the term Q’, ® PQ"..

o I'=0,I"#0,Q: this gives the term PQ’, @ PQ",.

o I' (), P, I" =(: this gives the term P'Q ® P”.

o I'#0,P, I"#0,Q: this gives the term P'Q", ® P"Q"..

Let us compute Ay (PQ). We have to consider non trivial ideals I of PQ, such that gpg € I.
As gpg = gg, I" # 0. So five cases are possible:

o I'=0, 1" = (Q: this gives the term P ® Q.

o ' =0, 1" #0,Q: this gives the term PQ_ @ Q.

o ' =P, I"#(,Q; this gives the term Q_ @ PQL.

o I'#£(), P, I" = (Q: this gives the term P’ @ P"Q.

o I'#(, P, I"#0,Q: this gives the term P'QL ® P"QL.

We now compute AL (P X Q). We have to consider non trivial ideals I of P\ @), such that
gprQ ¢ 1. As gpx @ = 9@, I" # Q. Moreover, if gp € I, then, as I is an ideal, @ C I so I" = Q:
impossible. So gp ¢ I'. So three cases are possible.

o I'=0, 1" # 0,Q; this gives the term P\ Q, ® PQ",.
o I"# 0, P, I" = {: this gives the term P, \ Q ® P,{.
o I"#£0,P, I"#0,Q: this gives the term P, N\ Q" ® P2Q"..

Finally, let us compute A, (P \_ Q). We have to consider non trivial ideals I of P N\ @,
such that gpx ¢ € I. As gpr @ = gq, I" # 0. Moreover, if gp € I’, as I is an ideal, I"” = Q). As
I’ and I” are not simultaneously total, this implies that I’ # P. So five cases are possible:

o I'=0, 1" = (Q: this gives the term P ® Q.

I'=0, 1" # 0,Q: this gives the term P\ QL ® QL.

I'#0,P, gp € I': this gives the term P. @ P!/ N\ Q.

I'#0,P, gp ¢ I', I"” = Q: this gives the term P/, ® P’Q.

o I'#£0,P,gp¢1I',I"+#0,Q: this gives the term P, N\ Q_ @ P7Q!.
So ’ng is a Dup-Dend bialgebra. O
Remarks.

1. As a consequence, the augmentation ideals 7—[;57), H?—:O'P’ HEPP, 7—[25;, 7-[;_'[0;, HEWNP

and ’ngrp 7 are Dup-Dend bialgebras.

2. The rigidity theorem of [6] implies that Hsp, Hyop, Hspp, Hor, Huor, Hswnp and
Hspr are isomorphic to non commutative Connes-Kreimer Hopf algebras of decorated
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plane trees, with particular graded sets of decorations. The cardinal of the components of
these graded sets can be computed by manipulations of formal series. For example:

n 1]213] 4| 5 6 7 8
Dsp(n)| 1[1[10] 1483336 | 112376 | 5591 196 | 406 621 996
Dor(n)] 1[1]7]66 | 786 | 11278 | 189391 | 3648711

Dnor(n) = Dsprn)[ | 1]0] 1| 6 | 39 | 284 2 305 20 682

Dsywap(n)] 1jo[1] 4 [ 17 76 353 16883
Dspr(n) 1[ofo] 0] 0 0 0 0

We obtain sequences A122705 for Do r and A122827 for Dyor in [17].

5.4 Application to FQSym

Let 0 € &,, be a permutation (n > 1). We put:

n—1 J’l(n)—l
AL(o) = Z (k) ® O'(k), A, (o) = ng) ® aék).
k=c—1(n) k=1

Remark that AL + A, = A,

Examples.
AZ((12543)) = (123) ® (21) 4+ (1243) ® (1), A ((12543) = (1) ® (1432) + (12) ® (321).

Let 0,7 be two permutations of respective degrees k and [, with k,[ > 1. We put:

oN T = Z (c@7)o¢ L
cESh(k,l)
C(k+1)=¢ (071 (K))
In other terms, o \_ 7 is the sum of the shufflings of the word representing o and the word
representing 7 shifted by k, such that the letters of 7 are all after the greatest letter of o. In
particular, if c~1(k) =k, then 6 \ T =0 @ 7.

Examples.
(123) N (12) = (12345),
(132) N (12) = (13245) + (13425) + (13452),
(312) N (12) = (31245) + (31425) + (34125) + (34152) + (34512).

Proposition 31 These products and coproducts make FQSym™ a Dup-Dend bialgebra.
Moreover, © : Hsp — FQSym is a morphism of Dup-Dend bialgebras.

Proof. We first prove the compatibility of © with N\. Let P and @) be two non-empty special
posets, of respective degrees k and [. We first show:

Sa= | ] {eenecy
0eSp,T€Sq  CeSh(k,)
C(k+1)>¢ (o (k)
C. Let x € Spr . There exists a unique (0,7,() € X x X; x Sh(k,l), such that x =
(0 @7)o( L. Let us prove that 0 € Sp. If i > j in P, then i > j in P\ Q), so:

i X 1(),
(o(c @ H()),

1

)
¢o(o” W()
o~ (i)

(4)

(AVARAVAR VARV,

o i

[\)
\)



as ( is increasing on {1,...,k}. So o € Sp. Similarly, 7 € Sg. Moreover, the element 7(1) + k
belongs to @ in PN\ @, so 7(1) + k >1 k in P\ Q. As a consequence:

) +k) = xTN(R),
(o(o7'® )(T(l) k) > Co(o '@ (k)
C(k+1) > Coo k).

D. Let 0 € Sp, 7 € Sg and ¢ € Sh(k,l), such that ((k + 1) > ((c71(k)). We put
X = (0 ®7)o( L Leti,j be two elements of P\ @, such that i >1 j. Three cases can occur:

e i,j are elements of P. Then o~'(i

) > o 1(j), so (P @ T () > (e~ @ 77 1)(j), and
finally 0='(i) = Co (0" @77 1)(1) > Co ! :

(e '@ () = 1)
e 7,7 are elements of (). The same proof holds.

e i is an element of () and j is an element of P. Then ¢ > k in P \_(@Q. By definition of
PX_Q, k> jin P, so by the first point c=(k) > o71(5).

Moreover, i+1 > k41, s0 0~ (i) > ((k+1) as ( is increasing on {k+1,...,k+1}. Then:

) = (k1) = (e (k) = 07 (k) = 07 (5):
Finally, for any non-empty special posets P and @) of respective degrees k and [:

OPNQ) = > Yo (cernelt= Y RN T=0(P)K Q).
oceSp, TESQ CeSh(kJJ) og€Sp, TGSQ
C(k4+1)>¢ (o1 (k)

We now prove the compatibility of © and the two coproducts A- and A,. Let P € SP(n).
As © is a morphism of Hopf algebras, there exists a bijection:

Spx{l,...,n—1} |_| Sp\r X St
I non trivial ideal of P

(0,k) +— (ng),aék)),

where this couple belongs to the term of the union indexed by I = {o(k +1),...,0(n)}. So, if
(0,k) € Sp x {1,...,n—1}, k> o~ Y(n) if, and only if, n = gp is not an element of I. So:

(OR0)oAL(F) =Y P\I®I Y oor= Y. Z o’ = 3" AL(o) = AoB(F).

gp%[ O’ESP\I O’ESPk‘ o~ 1(n O’ESP
TES]

Similarly, (@ ® ©) o A, = A, 00O.

As O3, — FQSym is an isomorphism and H;flof is a Dup-Dend bialgebra, FQSym™
is also a Dup-Dend bialgebra. O

Remarks.
1. It is of course possible to prove directly that FQSym™ a Dup-Dend bialgebra.

2. A similar structure of Dup-Dend bialgebra structure exists on PQSym, replacing, for a
parking function o, o' (n) by the maximal integer i such that o(4) is maximal.
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6 Dendriform structures on Hspr

The aim of this section is to prove that the restriction of the pairing to Hspr is non-degenerate
(corollary 37). We first recall the classical result:

Lemma 32 The restriction of (—,—) to K|.] is non degenerate if, and only if, the charac-
teristic of K is zero.

Proof. As the homogeneous components of K|[.] are one-dimensional, this restriction is non
degenerate if, and only if, (.",.") is a non-zero element of K for all n € N. Moreover, it is not
difficult to show that (.™,.") = nl. O

6.1 Dendriform coproducts

Notation. Let P be a plane poset, seen as a special poset. The smallest element for the total
order of P will be denoted by sp.

Proposition 33 For any non-empty plane poset P, we put:

A (P) = > P\I®I, AL(P)= > P\I®I
I non trivial ideal of P I non trivial ideal of P
sp¢l spel

Then (’H;PP, A, AL) is a dendriform coalgebra. Moreover, for all x,y € /HjS:PP :

n, N

Al(zy) = zey+alyeyl+dl@rly+ay @y’ +aly @aly’, (4)

Al(zy) = y@r+aly@al +al @aly+y @ay’ +aly @2ly" (5)

Proof. Let us first prove the (2) for all z € /H‘JSFPP' It is enough to prove this if z = P is a

nonempty special poset. We put, as A is coassociative, (A ® Id) o A(P) = (Id® A) o A(P) =
> PY @ PA) @ PG where PM, P2 PG) are subposets of P. Then:

(AL @Id)oA(P) = (IdeA)oA,(P) = Y PYgP®gp®
SPEP(l)

(AL®Id)oAL(P) = (Id®AL)oAL(P) = > PUgpP®gp),
SPEP(Q)

(A@Id)oAL(P) = (IdeAl)oAL(P) = Y PYepP®gpt
L SPEP(S)

So ’HTSLP is a dendriform coalgebra.

It is enough prove formulas (4) and (5) if + = P, y = @ are non-empty plane forests. Let I
be a non trivial ideal of PQ. We put I' = I NP and I” = I N Q. As I is non trivial, I’ and I”
are not simultaneously empty and not simutaneously total.

Let us first compute A’ (PQ). We have to consider non trivial ideals I of PQ, such that
spg ¢ I. As spg = sp, I' # P. So five case are possible.

e I' =10, I" = @Q: this gives the term P ® Q.
o ' =0, I"#0,Q: this gives the term PQ’' ® Q".
o I'#£ (), P, I" = (): this gives the term P ,Q ® P’.

o I'#£(), P, I" = Q: this gives the term P/, ® P"Q.
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o I'#£0,P, I"#0,Q: this gives the term P.LQ" ® P1Q".

The proof of formula (5) is similar. O

Remarks.
1. In other words, (Hipp, .2, (AL)?, (A,)?) is a codendriform bialgebra in the sense of [2].
2. Hipx is clearly stable under both coproducts A, et AL, so (Hipz, .2, (AL)P, (AL)P)
is a codendriform subcoalgebra of H:SLPP-
6.2 Dendriform products on Hspr

From [3], H;rp - is the free dendriform algebra generated by .. Moreover, for all non-empty plane
forest F', . < F = B"(F), the rooted obtained be grafting the roots of " on a common root. Tt
is also proved that (7—[:;7)]_-, =<, >, A) is a dendriform Hopf algebra [13], so, for all z,y € 7—[:;7)]_-:
A(ﬂj%y) _ x®y+x_<y/®y//+x/®x//y+x/_<y®x//+x/_<y/®x//y//, (6)
A(ﬂj}y) _ y®x+x>_y/®y//+y/®xy//+x/>_y®x//+x/>y/®x//y//. (7)

Proposition 34 For all x,y € H;Pf:

Al (z <y) rRyt+z =y ey +ariery+a, <y +2 <y @y, (8)
Al(z=<y) = aledly+al <yl +2 <y @2’y (9)
AN(zr-y) = 2hr-ya+o-y oy +2°, -y 2"y, (10)
Al(z=y) = yo+y @zy" +2. =yl +20L =y @2ly". (11)

Proof. For fixed z,y, note that (8) + (10) = (4), (9) + (11) = (5), (8) + (9) = (6), and
(10) + (11) = (7). As a consequence, for fixed z,y, (8), (9), (10) and (11) are equivalent.

We now prove (8)-(11) for z,y two non empty plane forest, by induction on the degree n of
x. If n =1, then x = .. Then:

A(z=<y)=.0y+B @)ooy =zoy+z=<y oy"

So (8) (hence, (9)-(11)) holds for x = ., as A’ (z) = 0. Let us assume the result at all rank < n.
Two subcases occur.

e The plane forest x is a tree. Then there exists 21 of degree n — 1, such that x = BT (z1) =
r<x1. S0z <y=(.<z1)<y=.=<(219). So:

ALz <y) = AL(. < (219))
= . ®(x1y) + B (1)) © (219)"
= @@y +.<11QY+.<yQ@r +.=<(y) @2 +. <2 @2y
+. < (1Y) @y +. <y @ny" +. < (z)y) @ 2]y”
= (=71 +(<(@Y)2y")+ (. @ (11y) + . < 2] @ 2y)
(e =y@r+. < (2hy) @)+ (<Y @oy’ +. < (21y) @2ty

n, N

= zy+tr<y ey +a@dy+al <y’ +2, <y @2"y"

e The plane forest z is not a tree. Then you can write z = x1x2, such that the induction
hypothesis holds for 1 and x5. Hence:

x<y=(r1 <x2) <y+ (x1 > 22) <y =21 < (x2y) + 71 = (T2 < V).

Applying (8) and (10) for z; (induction hypothesis), then (4) for x5, then arranging the
terms, you obtain (8) for z.
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So the induction hypothesis holds for = in both cases. O

Remark. In other words, (H&px, =, <%, (AL)P, (A,)°) is a bidendriform bialgebra in
the sense of [4]. By the bidendriform rigidity theorem, it is a free dendriform algebra, and a
cofree dendriform coalgebra. As a direct consequence:

Lemma 35 As a dendriform algebra, H;rpf is freely generated by .. Moreover, the space
Primyg(Hip7) = Ker(AL) N Ker(Al) is one-dimensional, generated by .

Lemma 36 For all x,vy,z € ngf:
(z <y,2) = (2@y,AL(y)) and (x> y,2) = (z ® y, AL (y)).

Proof. As (—, —) is a Hopf pairing, it is enough to prove one of these two formulas. Moreover,
it is enough to prove it for z,y,z three non empty plane forests. We prove the first one, by
induction on the degree n of x. If n =1, then x = . and x < y = BT (y). Let 0 € S(B™(y), 2).
As 1 is the root of BT (y), for all j, 1 <, j in B*(y). As o € S(B*(y),z2), o(1) < o(i) for all 4,
so o(1) = 1. Let us denote by z; the plane forest obtained by deleting the vertex 1 of z; then
S(B™(y), z) is in bijection by S(y,z1). Moreover, by definition of A’,:

AL (z) = . ® 2 + terms 2/ ® 2", 2/ homogeneous of degree > 2.
So, by homogeneity of the pairing:

(r @y, AL(2)) = (-, )y, 21) + 0= [S(y, 21)| = |S(BT (), 2)| = (z <y, 2).
Let us assume the result at all rank < n. Two subcases occur.

e The plane forest x is a tree. Let us put x = B¥(21) = . < x1. Using the result at rank 1:

< (1Y), 2)

. @ z1y, AL (2))

L@@y, (Id® A) o AL(2))
c@x1 @y, (AL ® Id) 0 AL(2))
. < $1,A,<(Z)>-

(#<y,2) =

o~ o~~~ —~—
.

e The plane forest x is not a tree. Then you can write £ = x1x9, such that the induction
hypothesis holds for x; and x5. Hence:

z1 < (229),2) + (21 = (T2 < Y), 2)
1w @y, (Id@A) o AL(2) + (11 @ w2 @y, (Id @ AL) 0 AL (2))

((122) =9, 2) = |
(
(11 @22 @y, (AL, @ Id) o AL (2)) + (x1 @ 22 ® y, (AL @ Id) o AL,(2))
(
(

1 <x2®y,A (2)) + (z1 = 22 @y, AL (2))
r129 @ y, AL (2)).

So the induction hypothesis holds for = in both cases. O
Corollary 37 The restriction of the pairing (—, —) to Hspr is non-degenerate.
Proof. Let us assume it is degenerate. By lemma 36, its kernel [ is a non trivial dendriform

biideal of H;rp . Any non-zero element of I of minimal degree is then in Primmt(’}-lgrp f), as [
is a dendriform coideal. By lemma 35, we obtain that . € I: absurd, as (.,.) =1 # 0. O
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7 Isometries between Hpp and Hspp

All the pairs of isomorphic Hopf algebras Hpp and Hspp, Hwap and Hswap, Hpr and
Hspr have Hopf pairings. The isomorphism between these Hopf algebras are not isometries: for
example, (1,1) = 0 whereas (17,17) = 1. Our aim in this section is to answer the question if
there is an isometric Hopf isomorphism between them. The answer is immediately no for Hyyxp
and Hsywarp, as the first one is non-degenerate whereas the second is degenerate.

7.1 Isometric Hopf isomorphisms between free Hopf algebras

Proposition 38 Let us assume that the characteristic of the base field is not 2. Let H and H'
be two graded, connected Hopf algebras, both with a homogeneous, non-degenerate Hopf pairing,
and both free. The following conditions are equivalent:

1. There exists a homogeneous, isometric Hopf algebra isomorphism between H and H'.
2. For alln > 0, the spaces Hy, and H], are isometric.

Proof. 1 = 2. Obvious.

2 = 1. Let us fix for all n € N* a complement V,, of (H+2)n in H,,, where HT is the aug-
mentation ideal of H. As H is free, the direct sum V of the V},’s freely generates H. Moreover,
any subspaces of V' generates a free subalgebra of H. In particular, the subalgebra H,, of H
generated by V1 @...&V, is free. Moreover, it contains Hy®...® H,,, so for allv € Vi &... OV,
A(v) € Hyyy ® Hyyy. So Hpyy is a Hopf subalgebra of H. Finally, it is the algebra generated by

Ho®...® Hy, so does not depend of the choice of V. We similarly define H2n> for all n.

We are going to construct for all n > 0 a Hopf algebra isomorphism ¢y, : Hy,y — H 2n> such

that:

1. ¢, is homogeneous of degree 0.

2. For all z,y € H(n>, (n (), on(y)) = (z,y).
3. ¢, restricted to H<n_1> is ¢p_1 if n > 1.
4. For all i < n, H! = (H*2); @ ¢ (Vi).

As Hyy = H20> = K, we define ¢g by ¢o(1) = 1. Let us assume that ¢, 1 is defined. Then
H,=(H™Y?),aV, = (Hp—1y)n ® Vi. By the induction hypothesis, ¢,—1 induces an isometry

between (H(,_1))n and (Hén_”)n = (H'*?),. As H, and H/ are non-degenerate and isometric,
by the Witt extension theorem, it can be extended into an isometry ¢,_; : H,, —> H|. As H (n)
is freely generated by Vo @ ... @ V;, we can define an algebra morphism ¢y, : H,,y — H 2n> by
Gn(v) = dp_1(v) if v € Vi, i < n—1and ¢ (v) = ¢p_1(v) if v € V;,. This algebra morphism
immediately satisfies the points 3 and 4 of the induction, by construction of (5”_1, and also
extends ¢,_1. Moreover, by the fourth point, on(V1 @ ... 3B V,) freely generated H 2n>, SO ¢y, is
an algebra isomorphism from H, to H 2n>.

Let us prove that ¢, is a Hopf algebra isomorphism. Let x € Hy, k < n. For all y € H;,
z € Hj, i+j =k, as ¢, extends both ¢,_1 and bn_1, its restriction in all degree < n is an
isometry, so:

<Ao¢n(x)’¢n(y) ®¢n(z)> = ¢n($),
an(x),

( n(Y)Pn(2))
(

(z,yz)

(

(

nly
Pn(y2))

N

Az),y ® 2)
(Pn @ Pn) 0 Az), dn(y) ® Pn(2)).
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As ¢, is surjective in degree < n, and by homogeneity of the pairing of H’, we deduce that
(b @ ¢n) 0o A(x) — Ao ¢y(x) € (H ® H'): = (0), as the pairing of H' is non-degenerate. As
Hy & ...® Hy generates H,, ¢, is a Hopf algebra morphism.

Finally, let us prove the second point of the induction. By homogeneity of the pairings of
H and H’, it is enough to prove it for x,y homogeneous of the same degree k. We proceed by
induction on k. If £ < n, we already noticed that ¢,, is an isometry in degree k. Let us assume
that the result is true at all rank < k, with k > n. As (H,))r = ((H<n>)+2)k, we can assume
that © = x129, with x1, x5 homogeneous of degree < k. Then, using the induction hypothesis on
z1 and o:

¢n($1) n(xQ) Ao¢n( )>
)

(
(
(
(

5
=

®
5

2, Ay))

Conclusion. We define ¢ : H — H' by ¢(x) = ¢, () for all x € H,y. By the third point of
the induction, this does not depend of the choice of n. Then ¢ is clearly an isometric, homoge-
neous Hopf algebra isomorphism. O

We can improve this result, in the following sense:

Proposition 39 Let us assume that the characteristic of the base field is not 2. Let H and H'
be two graded, connected Hopf algebras, both with a homogeneous, non-degenerate Hopf pairing,
and both free. Let V and V' be subspaces of respectively H and H', W and W' graded subspaces
of respectively V. and V' generating Hopf subalgebras h and h' of H and H'. We assume that h
s a non isotropic subspace of H. The following conditions are equivalent:

1. There emists a homogeneous, isometric Hopf algebra isomorphism ¢ between H and H',
such that ¢(h) =h'.

2. For alln > 0, the spaces H,, and H), are isometric and the spaces h,, and hl, are isometric.

Proof. 1 = 2. Obvious.

2 =—> 1. For all n > 1, let us choose a complement U,, of W,, in V,,.

By proposition 38, there exists an isometric, homogeneous Hopf algebra isomorphism ¢ :
h — h'. Let us construct inductively a Hopf algebra isomorphism ¢,, : H my — H 2n>, isometric,
such that:

1. ¢, is homogeneous of degree 0.

2. For all 2,y € Hyy, (dn(x), dn(y)) = (z,y).

3. ¢, restricted to H<n,1> is ¢p_1 if n > 1.

4. ¢p(z) = Y(z) for all z € hyyy.

5. For all i <n, H! = (H'"?); © (W) @ ¢n(U;).

As Hgy = H 20> = K, we define ¢g by ¢o(1) = 1. Let us assume that ¢,_1 is defined. Then
H,=H?,eW,0U, = (Hp—1y)n © Wy © Up. By the induction hypothesis, ¢,,—1 and v
induces an isometry between (H,_1))n © W, and (Hzn—l))" oW, = (H*), oW, As H,
and H/ are non-degenerate and isometric, by the extension theorem of Witt, it can be extended
into an isometry ¢,_1 : H, — H]. As H )y, is freely generated by Vo @ ... © V,, we can
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define an algebra morphism ¢,, : H,y — H2n> by ¢n(v) = ¢p—1(v) if v € V;; i <n—1 and
én(v) = ¢pp_1(v) if v € Vj,,. This morphisms clearly satisfy the fourth point of the definition.
The end of the proof is similar to the proof of proposition 38. O

We apply these propositions with H = Hpp, H = Hspp, V beign the subspace generated
by plane posets and V’ being the subspace generated by special plane posets. If we take W the
subspace of V' generated by WANP and W’ the subspace generated by SWANP, we obtain the
following results:

Lemma 40 1. The following assertions are equivalent:

(a) There exists a homogeneous, isometric Hopf algebra isomorphism between Hpp and
Hspp-
(b) For alln >1, (Hpp), and (Hspp)n are isometric.

2. The following assertions are equivalent:

(a) There exists a homogeneous, isometric Hopf algebra isomorphism ¢ between Hyyarp
and Hsywnp-
(b) For alln > 1, (Hwnp)n and (Hswap)n are isometric.

3. The following assertions are equivalent:

(a) There exists a homogeneous, isometric Hopf algebra isomorphism ¢ between Hpp and
Hspp, such that p(Hwap) = Hswnp-
(b) For alln > 1, (Hpp)n and (Hspp)n, (Hwap)n and (Hswap)n are isometric.

7.2 A lemma on symmetric, invertible integer matrices

Definition 41 Let A, B € M,,(Z). We shall say that A and B are congruent if there exists
P € GL,(7Z) such that A = PBPT.

Thinking of elementary operations on rows or columns as products by certain invertible
matrices, it is clear that A and B are congruent if B is obtained from A by one of the following
operations:

e Adding to the i-th row of A A times the j-th row of A and adding to the i-th column of A
A times the j-th column of A (where \ € Z, i # j).

e Multiplying the i-th row and the i-th column of A by —1.
e Permuting the i-th and j-th rows of A and the i-th and j-th columns of A.

Moreover, as the determinant of any element of GL,(Z) is £1, if A and B are congruent,
det(A) = det(B).

Proposition 42 Let A € GL,(Z), symmetric. Then A is congruent to a matriz B, diagonal
by blocks, with diagonal blocks equal to (1), (—1) or < (1) (1) )

Proof. We proceed by induction on n. If n = 1, as det(A) = +1, then A = (1) or (—1). Let
us assume the result at all rank < n.

First step. Let us show that A is congruent to a symmetric matrix B, with only one non-zero
coefficient on its first column. We proceed by induction on k = [Ay 1|+ ...+ |An1]. If k=1, we
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take A = B. Let us assume the result at all rank < k. If there is only one non-zero coefficient
A; 1, the result is obvious. Let us assume that A;; and A;; are non-zero, with ¢ # j. Up to a
change of notations, we assume that |A; 1| < |A;1]. Two subcases can occur.

First subcase. j # 1. We put Aj1 = qA;1 + r, with |r| < |4;1|. Adding —¢R; to R; and
—qC; to C;, we obtain a matrix A" congruent to A, such that A%,l = A1 if k # j and |A] || =
|r| <|Aj1]. So the induction hypothesis holds for A’. As the congruence is an equivalence, A is
congruent to a matrix B with only one non-zero coefficient B; ;.

Second subcase. j = 1. If |A;1] = |A;j1|, we can permute ¢ and j and we recover the first
subcase. Let us assume that |A4; 1] < |A4;1|. Let € be the sign of 4;1A4; ;. Adding —eR; to R;
and —eC; to C1, we obtain a matrix A’ congruent to A, such that A;ﬂ = Ay if B # 1 and
‘A/l,l‘ = HALl‘ — 2‘Ai,1H- Moreover, as ‘Ai,1’ < ‘A1,1’7 _’Al,l‘ < ’A1,1’ — 2’142‘71‘ < ’ALl‘, SO
|A} 1] < |A11]. So the induction hypothesis holds for A’. As the congruence is an equivalence,
A is congruent to a matrix B with only one non-zero coefficient B; ;.

Second step. Replacing A by B, we can now assume that only one A; ; is non-zero. Developing
the determinant of A by the first column, we obtain that A; ; divides det(A) = %1, so A;; = £1.
If 7 # 1, permuting R; and Ry, C; and Cy, we can assume that 7 = 2; moreover, if Ay; = —1,
multiplying the second row and the second column of A by —1, we can assume that Ay; = 1.
Finally, we obtain two subcases.

First subcase. The matrix A has the following form:

+1 0 ... O
0 = *
0 = *

We conclude by applying the induction hypothesis on the (n — 1) x (n — 1) remaining block,
which is in GL,,—1(Z) and symmetric.
Second subcase. The matrix A has the following form:

010 ... 0

1 d % ... %

0 * * ... *

0 * x ... *
Adding —A3 2Ry to R3 and —As 3C to Cy (recall that A is symmetric),. .., —Ay, 2Ry to R,, and
—As,C1 to C,,, we obtain a matrix B congruent to A of the form:

010 ... 0

1 d0 ... 0

0 0 x ... x

0 0 x ... x

Let us put d = 2¢g + r, with r = 0 or 1. Adding —qR; to Ro and —qC' to Cs, A is congruent to
a matrix of the form:

1 0 0
1 » O 0
0 0 =x *
0 0 =x *
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If » = 0, we conclude by applying the induction hypothesis on the (n — 2) x (n — 2) remaining
block, which is in GL,_2(Z) and symmetric. If r = 1, observe that:

(D)0 )-65)

So A is congruent to a matrix of the form:

1 0 O 0
0 -1 0 0
0 0 =« *
0 0 =% ... %

we conclude by applying the induction hypothesis on the (n — 2) x (n — 2) remaining block. O

0o 1 -1
Remark. The form of proposition 42 is not unique. For example, P = 1 0 1
1 -1 1
0o -1 -1
andQ=1| -1 0 1 are elements of GL3(Z) and:
1 1 1
01 0 1 0 O 01 0 -1 0 O
Pl1oo|Pr=l01 0 |, Q10 0 |Q"=| 0 -1 0
0 01 0 0 -1 0 0 -1 0O 0 1

Using these observations, it is possible to prove the following result (which will not be used in
te sequel):

Theorem 43 Let A € GL,(Z), symmetric. Then A is congruent to a matriz B, diagonal by

blocks, with diagonal blocks all equal to (£1) or all equal to < 01

10 > Moreover, B is unique,

up to the orders of the blocks.

7.3 Existence of an isometry between Hpp and Hspp

We can now prove the following theorem:

Theorem 44 The following conditions are equivalent:
1. There exists a homogeneous, isometric Hopf algebra isomorphism between Hpp and Hspp.

2. There exists a homogeneous, isometric Hopf algebra isomorphism ¢ between Hyynp and
HswNPp-

3. There exists a homogeneous, isometric Hopf algebra isomorphism ¢ between Hpp and
Hspp, such that g(Hwnp) = Hswnp.

4. The characteristic of the base field K is not 2 and there exists i € K such that i> = —1.

Proof. By lemma 40, the question is essentially to know whether (Hpp), and (Hspp)n,
(Hwnp)n and (Hswap)n are isometric. More precisely, we are going to prove that the following
conditions are equivalent:

1. For alln > 1, (Hpp), and (Hspp), are isometric.
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2. For all n > 1, (Hyanp)n and (Hswap)n are isometric.
3. The characteristic of the base field K is not 2 and there exists i € K such that i2 = —1.

This will immediately imply theorem 44.

1 or 2 = 3. We choose n = 2. In the basis (1,..) of (Hpp)2 = (Hwap)2, the matrix of the

pairing is ( (1) ; > In the basis (17, .1.2) of (Hspp)2 = (Hswap)2, the matrix of the pairing

1 2
multiplicatively from a square of K, so —1 is a square of K. For all x = al + b.. € (Hpp)a2,
(z,x) = 2ab + 2b%. As (Hpp)s is isometric with (Hspp)z, there exists z € (Hpp)2, such that
(x,z) = 1. As a consequence, char(K) # 2.

11
is ( > Considering the determinants of both matrices, we obtain that 1 and —1 differ

3 = 1,2. Let us consider V. = (Hpp)n, or (Hspp)n, or (Hwap)n, or (Hswap)n. In a
convenient basis of double posets, the matrix of the pairing on V is a symmetric matrix A with
integer coeflicients, invertible over K, whenever K is. Its determinant is an integer, let us assume
that it is not +1. Then it has a prime divisor p. Choosing a field K of characteristic p, this
determinant is 0 in K, so A is not invertible over K: contradiction. So A € GL,,(Z). We apply
proposition 42 to A. There exists P € GL,(Z), such that B = PTAP is diagonal by blocks,

1
with diagonal blocks equal to (1), (—1) or < (1) 0 ) Changing the basis of V' according to P
(which is invertible over K, as it is invertible over Z), we obtain a basis B of V such that the
matrix of the pairing in the basis B is B. Now, observe that:

D) )-G)

As a conclusion, (Hpp), and (Hspp)n have the same dimension and have both an orthogonal
basis, so they are isometric. Similarly, (Hyynp)n and (Hsywap)n are isometric. |

—~
o~
=
—
|
—_
N
—
-~
S~—
Il
—
—_
S~—
7N
[N

So V has an orthogonal basis.

Example. Let ¢ be one of the two square roots of —1 in K. We define an isometry from
(Hpp)2) to (Hspp) ) by:
(b(' ) = el

6(1) = itz 4t

ele2.

Using direct computations, it is possible to extend ¢ from (Hpp) to (Hspp)s) sending
(HWNP)<3> to (Hswap) 3y in four families of isometries parametrised by an element z € K
by:

1.
o)y = B +(m_z')z%.3+(—1—m).113+1"2”.1.2.3,
SU(V) = (—1—it3n)l -V +3m%2mﬁ.3
+—3i:c2+(—32+i)3:+2+i.11%+x.1.2.3’
p1(N) = (=3z+2+2i) : 0N, +M:%.g
+3ix2+(6_;‘i)x_4_2i.113+(—m+1+z').1.2.3.
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¢2(I)

pa( V)

da( M)

3. If the characteristic

¢3(I)

¢3( V)

p3( N)

4. If the characteristic

¢4(I)

¢a( V)

pa( N)

5 . . . 141
= I% +(Z$—Z)I%.3+(—1—Z$).1I%+ 5 ele2e3,
3 3 2_2.
= (“l-i+3n)lr —AvE 2 Sy

2

—3iz? + (-3+i)r+2+i
+ 113 + Xere2es,

2

2
1e3

—3iz? + dix —6iI
2
.113 +(—$+1+i).1.2.3.

3
= (=3z+2)b + 22V + N, +
3iz? + (6 — 4i)r — 4 — 2i
* 2

of the base field is not 2, nor 3:

3 —3ix —1 Jix — 21+ 3 31— 1
B —I§—|— 1T ’LIQ 1T 7+ ) n 1

== 3 1.3_{_# 6 e1e2e3,
= ((l-i+splt -V
—3ix® + (=3 4+i)x+2+1
+ ( 5 ) ~1I% + Ze1e2e3,
= (—3.7]"—21){% —Z.lj\gz +% 1e3
9iz? + 18z —10i ,, -3z +3i+1
6 o1 &2 #.1.2.3.

of the base field is not 2, nor 3:

—3ix —1i iz —2i+ 3 3i—1
S S LAk B kg
T+ 3 + 3 + 6
= (—1—i43m)i 2P 2 Ty
2
—3iz?+ (-3+ ) +2+1
+ ( 5 ) .113’4—.%'.1.2.3,
3 —9ix? — 144
= —31'{% +2i2\/13 +i11€’2 +% %cs
9iz? + 18z —10i ,, -3z +3i+1

1 2+ el e2e3.

6 ’ 3
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8 Conclusion

We finally obtain the following commuting diagram:

Hpp

In blue, algebras stable under 4 and ¢ (see definitions in [7]). In red, algebras stable under ~\,
A~ and A, . The algebras such that the restriction of the pairing (—, —) is non degenerate are
circled. If the circle is dotted, the result is true if, and only if, the characteristic of the base field
is zero. The three horizontal dotted lines correspond to the isomorphisms sending (P, <p, <,) to
(P, <p,<). Moreover, it is not difficult to show that the intersection of two Hopf algebras of this
diagram is given by the smallest common ancestor in the oriented graph formed by the black
edges of this diagram. This lies on the fact the only plane posets (P, <p, <,) which are special
(recall that this means that <, is total) are the double posets .”, for all n > 0.

All the arrows of the diagram are isometries, at the exception of the three horizontal dotted
lines. There exists isometric Hopf algebra isomorphisms between Hpr and Hspr, Hpp and
Hspp, if, and only if, the characteristic of the base field K is not 2 and —1 is a square of K.

If the characteristic of K is zero, all these Hopf algebras are free, cofree, and self-dual.
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