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BAD BOUNDARY BEHAVIOR IN STAR INVARIANT SUBSPACES 1

ANDREAS HARTMANN & WILLIAM T. ROSS

ABSTRACT. We discuss the boundary behavior of functions in backward shift invariant subspaces
(BH?)*, where B is a Blaschke product. Extending some results of Ahern and Clark, we are
particularly interested in the growth rates of functions at points of the spectrum of B where B
does not admit a derivative in the sense of Carathéodory.

1. INTRODUCTION

For a Blaschke product

Al A=z
B(z)=1|bx (2), bx(2)=———,
()=Th () h()= 55
with zeros A = {\,, }.,»1, repeated according to multiplicity, let us recall this following theorem of
Ahern and Clark [AC70] about the “good” non-tangential boundary behavior of functions in the

model spaces (BH?)* [Nik86] of the Hardy space H? of the open unit disk ID [Dur70, Gar07].

Theorem 1.1 ([AC70]). For a Blaschke product B with zeros {\,}ns1 and ¢ € T = 0D, the
following are equivalent:

(1) Every f € (BH?)* has a non-tangential limit at (, i.e.,
f(Q) =<« glné f(X) exists.
(2) B has an angular derivative in the sense of Carathéodory at (, i.e.,
2 lirr<1 B(z)=neT and « lirrcl B'(z2) exists.

(3) The following condition holds

1- |>‘n|
(1.2) — Al
N
(4) The family of reproducing kernels for (BH?)*
1-B(M\)B(2)
kEB(2) = ——L72
x(2) e
is uniformly norm bounded in each fixed Stolz domain

Loc= Z€]D):|Z_<|<oz , a€(l,00).
’ 1[4
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2 ANDREAS HARTMANN & WILLIAM T. ROSS

This is only a partial statement of the Ahern-Clark result. They went on further to characterize
the existence of non-tangential boundary limits of the derivatives (up to a given order) of func-
tions in (BH?)*. They also discuss the boundary behavior of functions in (I H?)* where [ is a
general inner function and not necessarily a Blaschke product. Of course there is the well-known
result (see e.g. [Nik86, p. 78]) which says that every f € (BH?)! has an analytic continuation
across T \ o(B), where

o)~ { e < 1:1mlB OV -0}
A=z
is the spectrum of B.

The aim of this paper is to consider the growth of functions in (BH?)* at the points ( € T
where (1.2) fails. Thus, as in the title of this paper, we are looking at the “bad” boundary behavior
of functions from (B H?)*. First let us get a handle on the worst behavior we can expect. Indeed,
it is well known that every f € H? satisfies the growth condition

(1.3) |f()\)|:0( Aelg .

1
VI-NJ)
As seen in the Ahern-Clark theorem, functions in (BH?)! can be significantly better behaved
depending on the distribution of the zeros of B. To fix our ideas, let ( = 1. A trivial observation
is the following: For every f € (BH?)* and A € D we have

/2
L-[BOVEY
(14 o=k < 1 (5]
and by duality
1/2
1-1B(WI”
sup (7,131 = 1121 - (LZE)
s ’ 1-AP
In the above, || - | denotes the usual norm in H2. So, in order to give an upper estimate of the

admissible growth in (BH?)* in a Stolz angle, we have to control |k in such an angle which
involves controlling how fast | B(z)| goes to 1 in I', ;.

Let us first make the obvious observation that if there exists a sequence {z, }n>1 € 'y 1 With
2, = ¢ = 1and with |B(z,)| < 0 < 1, then clearly |kZ | = oo and so, by basic functional analysis,
there must be an f € (BH?)* without a finite non-tangential limit at 1. We actually have

1

V1- |Zn|2,

1
kx(2) = 15 zeD,

[k2 ] = k=, =

where

is the reproducing kernel for H2. So, in this situation, the maximal possible growth of reproduc-
ing kernels in Hardy spaces is attained. Thus the subtlety occurs, for example, when

< lirrllB(z) =neT
which is implied by the Frostman condition [CL66]

1_|)‘n’
1.5 < 00
as P
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Observe the power in the denominator in (1.5) with respect to the Ahern-Clark result (1.2).

The main results of this paper will be non-tangential growth estimates of functions in (BH?)*
via non-tangential growth estimates of the norms of the kernel functions. Our main result (The-
orem 3.8) will be an estimate of the form

[E7] < h(r), v —>17,

for some A : [0,1) - R, which depends on the position of the zeros of the Blaschke product B
near 1. This will, of course via (1.4), yield the estimate

\f(r)| sh(r), fe(BH?) r-1".

To get a handle on the sharpness of this growth estimate, we will show (Theorem 4.13) that for
every ¢ > 0, there exists an f € (BH?)* satisfying

h(r)
log"** h(r)’

r—1".

IF(r)lz

In certain situations, it is possible to replace log'*® h(r) by log h(r)log'* log h(r) without
ever getting rid of a logarithmic term. We do not know whether this logarithmic gap is optimal.
Still, it allows to show that a certain sequence of reproducing kernels cannot form an uncondi-
tional sequence (see Remark 2.13(1) and Section 5).

The two basic types of Blaschke sequences {\, },»1 we will be considering here, for which
we can get concise estimates of h, are

(1.6) Ap = (1=2,272M)e2" 2,10,
which approaches 1 very tangentially, and

(1.7 A= (1=602)e, >0, < oo,

n>1

which approaches 1 along an oricycle. As an example of the types of results we will obtain, we
will prove that when x,, = 1/n in (1.6), we have the upper estimate (see Example (4.11)(1))

S/ logl - 1"
£ 5 floglog 717
for all f € (BH?)" while when 6,, = 1/n® a > 1, in (1.7), we have the estimate (see Example

(4.33)(1))

|f(7’)| < ﬁ, r—>1".

Compare these two results to the growth rate in (1.3) of a generic H? function.

This is the first of two papers on “bad” boundary behavior of (I H?)* (I inner) functions near
a fixed point on the circle. This paper considers the case when [ is a Blaschke product. The next
paper will consider the case when [ is a general inner function where different types of estimates
and very different methods are used yielding however less precise results in the Blaschke product
situation than in this paper.
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2. WHAT CAN BE EXPECTED

Before discussing the growth of functions in (BH?)* or more generally in (/ H?)*, we should
consider the following three generic situations:

o the Hardy space itself,
e (/H?)* atapoint ¢ € T where I vanishes with some decrease conditions,
e (BH?)* when B is an interpolating Blaschke product with zeros on a radius.

Let us start with the Hardy space situation. It is well known that for every f € H? and A € D,
we have

@D O = [ k] < LT | = —L2)

VI-I

Also well-known is the slightly better estimate:

2.2) FO) :o(ﬁ), el

The proof of this is short: Indeed we suppose that ( = 1. Since H*, the bounded analytic
functions on D, is dense in H2, givene > 0 and f € H2, we can choose a g € H> with |g— f| <e.
Then

V1=rlf(r)=V1-r|f(r) —9(7“)| +V1=rlg(r)l

<VI-r|f- 9||\/—+CV

<e+o(l).

The little-oh condition in (2.2) is, in a sense, sharp. Though the following result is most likely
known, we include a proof here for completeness.

Proposition 2.3. For every function ¢ : Rt — R* strictly increasing to infinity and such that
©? is concave', there exists an I € H? such that

Tim mgo( )|F(r)| >0,

Proof. In order to construct the desired function /' we will begin by constructing its real part f
which is the Poisson extension of a certain boundary function w : (0,1] — R, defined by

1
= —X tnvtn—l)'
Z (1tn) VT

In the above, {t, }>1 is a suitable sequence of positive numbers (to be determined in a moment)
which decrease to zero and ¢; = 1. Let us show how to find this sequence for the given function

®.
We have two requirements. The first one is that w € L?. This translates to

by _ ln-1=1n 1 tn1
0< [ w (=3 e _Z¢2(1/tn)( - —1)<oo.

n>1 n>1

IThe concavity assumption is not very restrictive since we are interested in very slow growth of ¢.
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With
tn—l
(2.4) B = -1,

the requirement w € L2 becomes

8,
2.5 — < 00.
2) 270/ <

In order to simplify the following computations we set 7,, := 1/t,, which we need increasing to
infinity if we want our function w to be well defined. This will be our second requirement.

It is immediate, provided that 7,, > oo when n — oo, that the sequence {3, },,»1 defined by
1 1 902(7_71)
(2.6) g 27_n( - ):1_—
=t N Gy T A T P

satisfies (2.5) (since (2.5) reduces to a telescoping series). Comparing (2.4) and (2.6) we obtain
a recurrence formula

2.7) 1o 2w

@2(Tn+1) - Tn-1
which we write as
@2(Tn+1) - ()02(Tn) Tn+l — Tn _ 802(Tn+1) Tn+1

)

Tn+l —Tn Tn = Tn-1 Tn+l Tn-1
or equivalently
2 2
(2.8) ' 4 (Tn+1) - P (Tn) Tn+l  Tn+l Tn = Tp-1
Tn+1l — Tn 902(7_n+1) Tn-1Tn+1 — Tn

The concavity of ¢? implies that

P2 (o) =¢*(70) _ (Tas1)
Tn+1l — Tn - Tn+1 ’
so that the left hand side of (2.8) is less than or equal to one. Hence

Tn+l Tn — Tp-1 < 1
Tn-1Tn+1 — Tn
and so

Tn+1
(2.9) Tosl = Tn 2 ——(Tp = Tno1)-
Tn-1

Let us now argue that {7, },>1 is an increasing sequence. First we set 71 > 75 = 1. Then, we
assume, for the sake of induction, that 7,, > 7,,_;. The identity in (2.7) implies that ©?(7,,1) >
©?(1,) and, since ¢? is strictly increasing, we get 7,1 > 7,. Thus {7,},>1 is an increasing
sequence. Using (2.9) yields

Tn+l = Tn 2 Tp — Tn-1-
and so 7,, 1 oo which implies that ¢,, | 0. Thus our second requirement is met.

Before constructing the function F' realizing the required growth at ,,, we have to check one
more additional property: w is decreasing on (0, 1]. This is equivalent to

N
(1) ~ o(Tne1)’
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or
©*(Tns1) < ©*(70)
Tn+1 - Tn
and again this is a consequence of the concavity of 2.

)

Now, setting

ety { 80 Lelo1)

0 otherwise,

we obtain a (posmve) L?-function f on T (which we extend to ID usmg the Poisson kernel). Its
harmonic conjugate f is also (real-valued) in L2. Hence F = f+if € H2. Setting 7, = 1 -t,, and
letting I, = {e' : |t| < 1 — r} be the Privalov shadow of 7 on T, we get

Fel 2170l = 5 [ o |2f(elt)dm(e”)>% =

et — T |2
Finally, since w is decreasmg on (0,1] we get

1l 1-12
|F(rn)|2w(1—rn)—f T gt e (1= = w(ty) =
21 Jo | 2

et —r,|

f(e”)dm(e”)

n |

1
VI =r)e(1/(1-r0))

The next observation is that in certain model spaces (I H?)" we have the same boundary
behavior as in H2.

Theorem 2.10. Let I be an inner function such that |I(r)| = o(~/1-1). For every function
¢ : R* — R* strictly increasing to infinity and such that ©? is concave, there is an Fy € (1 H?)*

such that
hm V1 —r<p( )|F1(r)|

Proof. With ¢ fixed, let F" as well as {r,, },>1 be as in Proposition 2.3. Then we set [} = P/ F ¢
(I H?)* so that F' = F} + Ih for a suitable h € H?. Hence

()| = [PrE ()l 2 [F ()l = [ (rn) ()
1 B 1(rs)]
T VI-n,
1

VI=rap(1/(1=1))
Remark 2.11. (1) An inner function whose singular part has an associated singular measure
with a point mass at 1 will easily satisfy the hypothesis of Theorem 2.10.
(2) The condition |I(r)| = o(\/1 —r) can be weakened but one would need to place some
restriction on the types of growth functions ¢ allowed. To avoid being too wordy and
technical we did not state the theorem in its greatest generality.

v

1R

From Theorem 2.10 we see that in certain model spaces (/H?)!, we can attain the same
maximal growth as in H2. Contrast this with the following result.

Proposition 2.12. Let B be the Blaschke product with zeros p, =1 —27". Then

1
|f(pn)| = é‘nm?

Vn e N,
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for f e (BH?)" if and only if {€,, } 51 € (2.

Remark 2.13. (1) In this situation we cannot reach arbitrarily slow growth for ¢ in Theorem
2.10 since we would have to require

(2) The estimate in Proposition 2.12 extends to a whole Stolz angle I'; ,:

|f(2) Sen

1
1-1z|
for |b,,(2)| < § where ¢ is some fixed constant depending on the opening « of the Stolz
angle.

Proof of Proposition 2.12. In order to prove this result we first need to recall that an uncondi-
tional basis (or sequence) {zy}x>1 in a Hilbert space is an isomorphic image of an orthogonal
basis (or sequence). We allow non-normalized sequences. We can associate its so-called Gram

matrix:
G = (<_xn ,—Im )) :
lzall” lzm] ), st

It is well known [Nik02, Exercice C3.3.1(d)] that if {x,, },,>1 is an unconditional basis (sequence)
then G represents an isomorphism from ¢2 onto /2.

Let us transfer this to our situation. Consider z,, = k,,, and let G be the associated Gram
matrix. It is well known that {p,, },>1 is an interpolating sequence and so {k,, },>1 is an uncon-
ditional basis for (BH?)*. Hence every f € (BH?)* can be written as

k
f = fa = Z Oén& o = {an}nzl € 627

I L
with | fo]? X ¥,51 |am|? < co. Notice that
falpw) = DB < 1 | 3 S, (Ga),
ST P LN L
Hence for every « € 2, we have
(2.14) fa(pN) = ” kPN ” (Ga)N
and Ga € (2. Conversely, for every § € (2, we can set « = G~' and find a f, € (BH?)*
satisfying (2.14). [ ]

3. A GENERAL GROWTH RESULT FOR (BH?)*

We will start by introducing a growth parameter associated with a Blaschke sequence A =
{A\n}n>1 ¢ D and a boundary point ¢ € T. Let us again set

1
pNZ:].—2_N, NEN
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FIGURE 1. An example of a domain F,]y 1

For every N € N and n € Z, set
1-|z? 1 1
3.1) NC=)zeD: 12 e[ ,—).
|< _ pNZ|2 on+1’ 9n
This is a kind of pseudohyperbolic annulus (see Figure 1). A simple computation shows that

1.2
L=le] . if and only if

IC—pz?

2 1-c(1-p?)
C (T+ep?)?

From here it can be observed that necessarily ¢ < 1 —1p2 which means that ') is empty when

e

- 1+ cp?

1 5 1 5 1 _ oN-1
27 T 7, % 21 )

So we assume that n > —/V.
For simplicity, we will assume from now on that ¢ = 1 and set
NV .=1pNL
Define
ANp = #(A N FT]LV)
to be the number of points in A nT'YY. We now define the following growth parameter oy as

N n N n
on =y o 3 G
nez n>—-N

For each A € AnTY we have, by definition (see (3.1)),

1 1- |A]2
20 7 |1 - py AP
and so, since there are oy, points in A nT'Y, we have
1 1— AP
—H#(AnTY) % _
nZZ—:N 2n nZZ—:N )\e[gl"{m\f |1 - ION/\|2

But since {I'}Y },,>_n is a partition of D (see Figure 2) we get
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FIGURE 2. The domains I'Y, - N < n cover D.

sy PR s 1D
n>-N XeAnl'Y |1 pNAP S = pn A
Putting this all together we arrive at
=P
(3.2) oN X
ZiaF

In order to relate oy to the norms of the reproducing kernels for (B H?)* we need the following
result.

Lemma 3.3. If B is a Blaschke product with zeros \,, = r,e? and < lim, ., B(z) =n €T, then
1kB|% < Z |€10 Nk re(0,1).

(The estimate extends naturally to a Stolz angle.)
Recall that (1.5) implies < lim,_,; B(z) =neT.

Proof. Since < lim,_; B(z) =n € T, the zeros of B (after some point) can not lie in I',, ;. Thus
if

Z=A

by(z) = ——,

()= =

— AZ

then inf 5 |by, ()] > § > 0 and so

1
log ———= x1-b 2,
0og |b)\(7”)|2 | An (T)|

It is a well known fact that

oy = LA E) (=) (A=)

11 —7X, 2 |etn — 11, |2
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Thus
. 1 (1= AaP)(A=r?)
log|B(r)|™? = lo < LAY
8|B(r)] nzﬂ gm(z)P DT Wi
2
o 2 -7 )
~ )Z |€7,9 T

n>1

Since |B(r)| - 1 when r — 1~ the latter quantity goes to 0 and so

1-[B(r)? _1-¢elBOF 1 (1+1log|B(r)[* + o(log |B(r)[*))

k’B 2 _ — —
H rH 1_|7,|2 1—7“2 1—7”2
_ log|B(r)P
Sl 7’2
Yo
< ]
|629" rr, |2

Combine (3.2) with the above lemma to get the two-sided estimate
(3.4) on = k|7

Now if the zeros {\, },»1 of B satisfy the Ahern-Clark condition (1.2) then, by Theorem 1.1,
the sequence {kaN |} n>1 is uniformly bounded and, by (3.4), so is {ox } n>1-

In this paper we would like to discuss the situation when {0y }xy»1 is unbounded. Let us
assume that {0y } y»1 also satisfies the regularity condition

3.5 0 <m :=inf ON+1 < M :=sup U
N on N ON

Suppose ¢ : R* — R* is the continuous piecewise affine function defined by
©2(N):=0yn, NeN.
Looking at (3.5) we deduce that for z € [N, N + 1),
on = min(py(N), 95 (N +1)) < go(z) <max(po(N),¢5(N +1)) xon.
Now set
1
(6 eo0) = 0 (108 7). welo.D)
(meaning that we identify the natural numbers N with the sequence {1 — 2V} y; in D). Then
we also get, fory € [1—27N 1 - 2-(N+1))
3.7) o (y) < po(1-27Y).

Theorem 3.8. Let A = {\,},>1 ¢ D be a Blaschke sequence with associated growth sequence
o ={on}ns1 at ¢ = 1 satisfying the regularity condition (3.5), and B the Blaschke product with
zeros \. Then

”sz” = (100(|Z|)a Z € 1—‘01,1-
Consequently, every f € (BH?)* satisfies

[F DI =1(f k) S Vs (l2]),  z€elan.
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Proof. The main ingredient of this proof is (3.4), which immediately gives us the required esti-
mate for pyy =1 - 1/2V:

[kon I? < o = 0o (N) = s (pn).-
In order to get the same estimate for z € I', ; we need the following well known estimate

1 1-Xz| 1+e¢
3.9 b <e<l1 < <
(3.9) ba(u)| < e < T lve l-me 1o

zeD.

Now let z € I',, ; and suppose that |z| > 1/2. Then there exists an [V such that
b.(pn)| = [ba(1-27V)| <6 < 1
(where ¢ only depends on the opening of the Stolz angle) Hence

kB2 k’ 2
P T s ¢ B < I,
and so
|KZ1? < |ED 7 % on = 0o (pn) = 0o(|2])- ]

We will discuss several examples later on where we estimate the norm of the reproducing
kernel for certain sequences A. In particular, we will see that for every increasing concave
function ¢, there is a sequence A with associated growth sequence o such that ¢ = . As in the
Hardy spaces it does not seem possible to show that the upper bound is sharp. For a certain class
of sequences we will give a general way of finding functions that reach the maximal growth up
to some logarithmic gap (see Corollary 4.17).

We will now assume that the zeros {\,, },,»1 of B satisfy

Z: IAI

and so

z lin%B(z) =neT
(Recall Frostman’s theorem from (1.5)). In particular, this means that there can only be a finite
number of zeros of B in any Stolz angle with vertex at 1. This brings up another observation.
We have limy o, |B(py)| = 1. In such a situation it is notoriously difficult to decide whether or

not {k% }ns1 is an unconditional basis (or sequence) for (BH?)*. We will discuss this issue in
Section 5.

4. EXAMPLES

The two basic types of Blaschke sequences we will consider here are
Ap = (1=2,272)e2" 2,10,
which approaches 1 very tangentially, and
o= (1-02)c . 36, < oo,

n>1
which (essentially) approaches 1 along an oricycle. Needed in our analysis is this trivial Pythagorean
type theorem.
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FIGURE 3. A Pythagorean type theorem.

Lemma 4.1 (Pythagorean type theorem). If A = re®, r € (0,1), p € (0, 1], then
T-pA2=x(1-pr)?+6% p=1lr=1,0=0.

Proof. If a is the vector from €% to pA, b is the vector from % to 1, and © is the angle between
a and b, elementary vector calculus will show that cost) < 6 as # — 0. Thus we are justified
viewing the angle between d and basa right angle and the vector from p\ to 1 as the hypotenuse
(see Figure 4). From the Pythagorean theorem, along with the obvious estimate |ei9 -1 %6, we
have the desired estimate. [ ]

Also needed in our analysis is the following trivial fact from functional analysis — which
follows from the fact that any two norms on a finite dimensional Banach space are equivalent:

4.2) (|22 + |w)V? < |2] + Jw|, zweC
(constants independant on z and w).

First class of examples: We will start with the first class of examples: A = {\;}x»1 With \j, =
i
rpe?t and

1

(43) 1—7’k=l’k9i, Qk = 2_k’

keN.

We will assume that z; | 0 so that in particular the sequence A goes tangentially to 1. The
quicker xj, goes to zero, the more tangential the sequence A. This also implies that

RIS NCETAED IR

n>1 n>1 n>1

and so A is indeed a Blaschke sequence. Observe
1=l = \/(1-7%)2+607 (Lemma4.1)
X (1-rg)+6; (by (4.2))
= :L’kG,% + Gk

X@k.
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Hence
1— A 1-r,
IRl B JESLISY VAP
nx1 |1 - /\n| n>1 ek n>1
and so condition (1.5) is satisfied implying < lim,,; B(z) =7 € T. Similarly,
> L— [l XY Ty
n>1 |1 - )‘n|2 nx1

So, in view of the Ahern-Clark result (1.2), we will be interested in the “bad behavior” situation
when )., x,, = +oo.

It turns out that for these sequences we can give an explicit estimate for oy .

Proposition 4.4. Let A be a sequence as in (4.3). Then
N
onN X Z Ti-
k=1

Proof. Since x,, | 0 we can assume without loss of generality that z,, < 1 for all n > 1. Fix
N € N. For each n € N, define

1 1
7n::{keN:ksNandﬁ£xk<2—n}

and
ﬁN,n = #7n

For the above fixed N € N let n, be the smallest integer such that
4.5) n>Ny = Yp=90
This implies that
1 1
TN € —2”N+1 , 2”_N .
Clearly for k € ~,,, ), ~ 1/2", and so

N nN nN
4.6) TS YDA Yt
k=1

n=1 ke, n=—N

For each n € Z, we now count the number of points of A in

_ 152
v -l.ep. 17F | =)t
|1_pNZ|2 gn+l’ 9n

We have the two-sided estimate

-\ ri0%
1= pn A2 ™ 1= oyl
Now from Lemma 4.1 and the estimate in (4.2) we have
[L=pnAkl? = [ = pnra < (O + (1= parr))? = (Or + (1= pnv(1 = 2467)))?
= (O + (1= pn) + pvaxt})))?,
and since x,ﬁi <« 0 when k — oo, we get
4.7) 1= pn > = (0 + (1 - pn))?,
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Hence
2
e » e xggk ifk<N
T=pxdil " Ot (T-pn))? (O +0n)2 9_9 ith> N
x,  ifk<N, N
(4.8) < mlh g
O

Since we are assuming z,, < 1, these expressions are bounded by 1 so that we do not need to
consider T'YY for negative n (we could even suppose z,, sufficiently small so that we do not need
to bother with constants that might appear in the above estimates).

Let us now estimate the number of A, € 'YV, This is equivalent to evaluate the number of & for
which

oz k<N
o~ 2

4.9) ST BEL A T A
QN

Observe that this is not an identity so that it cannot be directly used to compute explicitely oy,
or By p.

Set
~ - k . 1 k . 1 92 92 1
ann = # SN.2n+1£xk<2—n +# 2N+1.ﬁ§xk k:/N<2_n
Brp+#{k>N+1: 5y <a02/0% < 1} ifn<ny,
#{k>N+1: 55 <x607/0% < 5= itn>ny.

Since in (4.9) we have estimates with constants that do neither depend on n nor on N, there

exists a fixed constant M € N such that
n+M n+M
Z QN = Z dNJg.
k=n-M k=n-M
In particular,
1 1
ON = Z 2_naN,n X Z 2_naN,n'
n>1 n>1
While we do not really need the following observation, we note that for £ > N + 1 and since

z, 4 0, we have

T W
02, = 4 27" 27N T gnwn

by the construction of ny from (4.5). When n < ny then 2n1+1 > Qn—}vﬂ Hence, in this case
9]2\[ on+l )
implying that {k > N +1: 215 <2,0%/6% < £} =@. So

v = BN ifn<ny
N =l k> N +1: ok <a02/0% < &} ifn>ny.
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On the other hand
1 1 1 331962
22—n {k2N+1:W§xk0i/0fv<2—n}5 Z 62k§xN+1.
n>ny k>N+1 YN

which remains bounded as N — oo.

Hence
1 1 w1 1 1 212
oN = Z Q_nO‘N»” X Z z—nOtN,n X Z = Onn + Z on k>N+1: on+l < x5 /0y
n>1 n>1 n=1 n>ny
nN o1 N
= Z 2—’”61\]’” 4 Z T ||
n n=1

Let us combine Theorem 3.8 and Proposition 4.4 into the following corollary.

Corollary 4.10. Consider the Blaschke product whose zeros are

Ap = (1= 2,272 2,1 0.

If
N
O'N:an
n=1
and
. »ON+1 ON+1
0 <inf <sup < +00
N on N ON

and g is a concave function with po(N) = oy and

1
oY) = o (logz T ) :
-y

then

[E7] < Veo(l2l), 2 €Tan,

and so every f in (BH?)* satisfies

If (s vVellz]), zelas.

Example 4.11. (1) If B is a Blaschke product whose zeros are

M= (-2, 220", =2,
n

then
N1
on=y —xlogN
n:ln

and so every f € (BH?)*! satisfies the growth condition

r—1".

()] 5/ loglog -—,
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(2) If the zeros of B are
1
nlogn’

Ap = (1=2,272M)e2" ) g, =

then o < loglog N and so every f in (BH?)! satisfies the growth condition

1
|f(r)] < \/logloglog o T 1.

Remark 4.12. It is possible to prove the estimates in Example 4.11, and others like it, without
using Theorem 3.8 and the regions I'Y, by splitting the sum

Ihof2 < 3 s

and using the equivalence in (4.8). In this case we can also weaken the original hypothesis z,, | 0
to

rr |2

x,, 1s bounded

which will be useful later. Here is how it works: In order to estimate |k, |?, we are interested
in the sum

— |>\k|2
k>1 1= pn AR
By (4.8),
— 2 J:;kgz k<N
11— pa el ~ ;—?fo kzN.

Hence, we can split the sum into two parts

> Lo <> wp+ 22N Y ayby.
Soll-pnMel? E>N+1 *
The first term is exactly o while the second is bounded by a uniform constant (recall that we are
assuming x,, is bounded and 6, = 27%) and hence negligible with respect to oy which is supposed
to tend to infinity. This short and elegant argument unfortunately does not apply to the general

case where we it is not clear in what order we have to sum an arbitrary sequence.

We would now like to consider the sharpness of the growth in Corollary 4.10.

Theorem 4.13. Suppose we are in the situation of Corollary 4.10 or Remark 4.12. Then for
every € > 0, there exists an f € (BH?)! such that

©(l2])

1f(2) 2 m7

zZ € le.

Proof. Functions f € (BH?)* behave rather nicely if the sequence A is interpolating. To see this,
recall first that z,, is decreasing so that

T Tk+1
lim === < 1.

k—oo xk
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FIGURE 4. angles

Hence

_ _ _1Zean
2 2k_$k+12 2(k+1) B 1 i
272k 4 g 27200 ] i—“;;l

1 3
|br, (rre1)] = >1- 171 (asymptotically).

Thus the sequence of modulii is pseudohyperbolically separated which implies that the sequence
of modulii is interpolating as will be the one spread out by the arguments i.e., A.

Since we know that A is an interpolating sequence, we also know that the normalized repro-

ducing kernels
Ex, 1=\ o
= -~ ) n )
[Eex. 1=z
form an unconditional basis for (BH?)*. This is essentially the result by Shapiro and Shields
[SS61], see also [Nik02, Section 3] and in particular [Nik02, Exercice C3.3.3(c)]. Hence for
every f € (BH?)*, there is a sequence « := {, J,»1 € ¢ such that

(4.14) fu(2) =Y a kr,(2) > _Vi-m

n>1 " |Ex,. | B n>1 "1 ez

K, =

We will examine this series for z = r € [0,1) (it could be necessary at some point to require
r > 1o > 0). In what follows we will assume that «,, > 0. Note first that the argument 1 — ==y,
is positive (this is -, in Figure 5).

Fix py =1-2"N. Then
N \/1-72 \/1-72
(4.15) Flon) =S a,—Y—"Tn g VT
(o) nz::l 1 - pnrpeifn n;\, 1-pnrpeifn

Let us first show that the second term is bounded by a constant. By definition 1 - r,, = x,,02 =
2,272, and from (4.7) |en — pyry| < 0, + (1= py) X 1= py forn > N. In particular,

1- 2 1 - 2
Zan \/ Tn < Z V [~ o Za \/ﬁen _9N Z an\/x_n%

_ —in | = " il _ - 1
n>N 1 PNTRpE T n>N |6 " IONT?I| n>N 1 PN n>N

Now since the terms «,./,, are bounded, the last expression is uniformly bounded in N by a
positive constant M.



18 ANDREAS HARTMANN & WILLIAM T. ROSS
Consider the first sum in (4.15). To begin with we will show that for 1 < n < N the argument

of 1 - e~ pyr, is uniformly close to 7/2 (or at least from a certain ny on), meaning that 1 -
e~ pnr, points in a direction uniformly close to the positive imaginary axis. Set ,, = arg(1 -
pNTRe"n) then

- rnpnN Sing, N 0,
T T pncosOn 1 (1—a,02)(1—0x)(1—02/2 + 0(62))
0. 0. A ifn<N/2
2n02 + Oy +02/2+0(02) " 02+ 0y g_; if N/2<n<N.
|2 ifn<N/2
T 2V ifN/2<n<N.
> 1.

Hence the argument of 1 — pyr,e~®" is uniformly bounded away from zero and less than 7/2 so
that

1 >sinarg(1 - pyrne ) >n > 0.
In particular, for 1 <n < N,

‘ 1 1 1 1
Im —| X
1 - pyrnen

T parae | T 0, + (1-pn) " 60,
This implies that

[fa(pw)]

1-7r2
5 an

n
n>N 1 - pyrpeitn
N 1 7.2 N 1
n
> | ang |- M2 Y /1 =72 x |Im |- M
n=1 ~ PNTn€ n=1 — PNTnE
N 1,0
nvn
X Y ay 7 -M
n=1 n

As we will see, for a specific choice of sequence {,},>1, the sum Zﬁil /T, tends to
infinity implying that in such a situation the constant ) is negligible and

N
|fa(pN)| 2 Z;Oén\/a

Let us discuss the following choice for v,:

T
p =y | ————.
o, log'*c o,
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We need to show two things (i) we get the desired lower estimate in the statement of the theorem;
and (ii) {a, }n»1 € £2. Let us begin with the lower estimate. Observe that oy is increasing and so

N N \/— N z,
Z Up\/Tpn = Z e Z Tn
n=1 \/0‘n log n=1\/o,log " o, \/O’N log™*® oy n=t

\/UNlog ON

ON
1
log" ™ oy

To show that {c, },»1 € /2, observe that

N -
Zw 2010";”; =)

n=1

where we have set o = 0.

Claim: we have the estimate
(4.16) In = In-1 <1( LI )

onlog'*c o log® 0,1 log®o,

Indeed, since o, is increasing, we can suppose 1 < x := 0,,_1 <y := 0, for n sufficiently big. We
also introduce the auxiliary function

g(t)zﬁ, tE[l,OO)

Then
1

log® 0,1 - log® o,

=g(z) -g9(y) =g'(n)(x-y)

for some 7 € [z, y]. Since

€
!
t) = ———o,
g() tlog'*t
we know that —¢g’ is a decreasing function and so
€ y-x y-x

x) - =g r-y)=————(@-y)=¢ > ,
9(x) —g(y) =g'(n)(z-y) nIOg“En( y) Tlog™ 1 > ylog™ g

which, after a little rearranging, is exactly (4.16).

To finish our proof that {a, },»1 € £? we note that

N A S 1 1 1 1
Sap - pm Ay (L) ()

n=2 onlog " oy, % \log" 0,1 log" oy, log®o;  logioy
1 |
elog® oy’

If one looks closely at the proof of Theorem 4.13 one sees the proof of the following.

Corollary 4.17. For every concave function py : Rt — R* tending to infinity there exists a
sequence \ c D tending to 1 such that if B is the Blaschke product associated with A, then
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(1) for every z €'y 1 we have
LA RRVE(ED,
where we define ¢ as in (3.6) by
1
©(y) = po(log, g), ye(0,1).
In particular for each Stolz domain I', ; we have

If s VelaD),  fe(BH?)"

(ii) For every e >0, there exists an f € (BH?)* such that for z €T, 1

B ©(l2])
712 \Ilog“W(M)’

the constants being independant of z.

Remark 4.18. Pushing the computations a little bit further, it is possible to narrow down this
gap to an estimate such as

ON
log on(loglogoy)i*e

In order to discuss the optimality of Theorem 4.13 we will be interested in the following
question: for which sequences ¢,, | 0 does there exist a sequence {«,, },»1 € £2 such that

N
4.19) Zam/xn =enon ?
n=1

We will do this here in the special case z,, = 1 for every n € N so that in particular oy = N (this
situation is allowed by Remark 4.12). Hence the question becomes: for which sequences ¢,, | 0
does there exist a sequence {a, },,» € £2 such that

N
(4.20) S a,=enVN?
n=1

The following result shows that we cannot do much better than Corollary 4.17.

Proposition 4.21. Suppose 1 —r,, = 02 = 1/2?" and let B be the Blaschke product associated
with A = {\, }ns1 = {rn€? }51. Let {€, }ns1 be a convex sequence decreasing to zero. If there
exists an

form Y an, Moo (BH?)*
e (W
with
N
(4.22) SNa,=enVN, N=1,2,...,
n=1
then
52
2 < oo.
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Remark 4.23. (1) This means that under the conditions of the proposition we cannot choose
{e, }ns1 to be a sequence decreasing arbitrarily slowly to zero. For instance, if we were
to choose ¢,, = 1/log” n, then we would need o > 1/2 which is, in a sense, optimal in
view of the preceding corollary.

(2) Note that in the preceding proposition the growth condition is required for ¥~ | o, and
not for f,(py) itself which can differ from the sum by uniformly bounded constants.
There is a priori no reason that we can get the required growth on f, (pn). If {k2 }ns1
were an unconditional sequence, then this would be possible. We include a discussion on
unconditional bases in Section 5 showing that {k } x-1 is in general not an unconditional
basis for (BH?)*.

Proof of Proposition 4.21. From (4.22) we define «,, to be
Oy = gn\/ﬁ_gn—l V1 — 17

and since f, € K, we need {a,, },»1 € (2. We have

- 1
/N —EpiVn—1 = 5n\/ﬁ(1—€ L 1——)
En n

En-1 1 1 ))
a1 1-—+0(—
env/n ( En ( 2n ( n?
1 1 ! @) !
En\/ﬁ - - % —Enp-1 (W)
Since {&, },»1 is bounded, the last term above is always in /2. Let us discuss the first term:
En-1 1 En-1 En-1
n 1- 1-— = n~&n-1t = n—&n-1)t .
£ \/ﬁ( - ( 2n)) \/ﬁ(s En-1+ 5 ) Vn(en = en1) NG

Observe that since {&, },»1 is a positive decreasing sequence, the sequence {7, },>1 defined by
Yn = En — En_1 is summable. We also note that {~, },>1 is decreasing since {&,, },»1 is assumed
to be convex. From general results it follows thus that 0 < ~,, < 1/n, or equivalently M :=
sup,,(nvy,) < co. Hence

En-1
€

n

Z (\/ﬁ(gn _gn—l))2 = Zn%% < MZ’yn < 00,

n

So we necessarily have

S

2
g _
Und RPN [ ]
4n

&€
2R
n>1 n>2

Second class of examples: In the preceding class of examples from (4.3), we slowed down the
growth of functions in (BH?)* by controlling the “tangentiallity” of the sequence (given by the
speed of convergence to zero of z,,). Our second class of examples are of the following type:
(4.24) Ap=rpef 1-r, =02 0, <oo,

n>1

s |

where 6,, will now be adjusted to trigger the growth speed of ( BH?)*-functions. Asymptotically
this sequence is in the oricycle {z ¢ D : |z — 1/2| = 1/2}. We also note that

Y (A=) =07 < o0

n>1 n>1



22 ANDREAS HARTMANN & WILLIAM T. ROSS

so indeed {\,, },,»1 is a Blaschke sequence. Moreover,

— 2
Sl s 5 <o

n>1 |1 - )‘n| B n>1 Qn n>1
and so, by (1.5), lim,_;- B(r) = n € T. Still further, we have
L=\ _ 02

n>1

0 { A\, }ns1 does not satisfy the hypothesis (1.2) of the Ahern-Clark theorem. Thus we can expect
bad behavior of functions from (BH?)*.

As in (4.8), we have

92 1 1f(1—7")£9k
k

1—|Ak|2 o 1_Tk- _ o 62
L-rXe]? (1-7r)2+602 (1-71)2+0; ﬁ if (1-r) >0y

Instead of computing the number of points in each I')Y, we will again use the simpler argument
given in Remark 4.12 which is better suited to our sequences defined by (4.24). Now, using
Lemma 3.3, the splitting gives:

1= Aef? 1

—| W I+ —
{k:(1-1)<6,} (1-7) {k:(1=1)>0, }

(4.25) IZA RS

= 02.
k>1 |1 _T)‘k|2 g

Theorem 4.26. Let {on}N>1 be a sequence of positive numbers strictly increasing to infinity
either concave or convex for N > Ny, where Ny is a suitable integer, and

4.27) oni <2%0n, NeN,
for some (3 € (0,1). Then there exists a sequence {0y }r>1 € ' such that
[kon | < Vo,

where B is the Blaschke product associated with A = {\}, };s1 and \j, = rpe?%, 1 -1y = (92.

Proof. Let {on}n>1 be as in the theorem, and let

420, +00) — [0, +00)
be a continuous increasing function such that
(4.28) Y(N)=0oy, NeN.

We could, for example, choose v to be the continuous piecewise affine function defined in the
nodes by (4.28). Since v is continuous, strictly increasing to infinity on [0, +00), it admits an
inverse function ¢)~!. By assumption the sequence {1/~ (k) }xsk, is concave or convex (ko has to
satisfy 1 (Ng) < ko). Set

0,=2"""®  LeN.

We do need to show that {6, },,»1 € ¢! but this will come out of our analysis below. Let us consider
the first sum in (4.25) (with r = py):

1= > 1= > 1= > 1=¢(N)=oy.
{k:(1-pn)<Os} {k:1/2N <1/27 1 (B)Y {kp=1(k)<N} {k:k<yp(N)}
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We have to consider the second sum in (4.25):
1 -1 -1
62 = 22N Z 9-2071 (k) _ 92N Z 9=271 (k)
(1 - ,ON)2 {k:(1-ppn)>6; )} {kp=1(k)>N+1} {k>(N+1)}
This separates into two cases:

Case 1: {on}nsn, 1S concave.

Letting K be a fixed integer such that )( Ny) < K, the sequence {¢~1(k)}x»r is convex and
so, for every k > K,

Wk +1) =7t (k) 2T (K) w7 (K) =i e > 0.

Now, for every N > N there is ky > K such that ky — 1 < (N + 1) < ky. Clearly for k > ky,
W 1(k) > c(k-ky)+1 ' (ky), and hence

] 1
27N k) o _—
2 < 520 (k)

9-2¢(k—kn) 1 < 1 4

S 92y (ky) © 920 ($(N41)) | 92N

{k2¢(N+1)} {k>kn}
which yields
22N N 2T <y,
(k2 (N+1)}

So in this case, the second sum in (4.25) is at most a constant (which is independent of V). Since
a constant is negligable with respect to oy when N — oo, the theorem is proved in this case. A
slight modification of the above estimates will also show that {6, },,1 € £* which, as mentioned
earlier, is needed for {\, },,»1 to be a Blaschke sequence with lim, ;- B(r) =n e T.

Case 2: {on}nsn, 1S convex
In this case ¢! is a concave (increasing) function. So when £ is big enough we have
T (k+1) =y (k) < M,

for a suitable constant M. In particular
k+1
9-2071 (k) 5 f 927 (1) ip 5 97207 (ke1) 5 9-2M 9207 (k)
k
so that we can switch to integrals. We have

(4.29) T ooy f T gt gy,
k2 (N+1) P(N+1)

Let us do the change of variables u = ¢)=1(¢) so that for almost all u > 0,
1 /
wom v

so that when y > 0,

+00 1 +o0 1 du -
PEEIOk f 530 (1Y (1) f "(u)2 2 du.
S o= [, gy -,
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Integration by parts gives

A
/ ' (u)2 % du

[1(u)272] A+21n2/Aw(u)2_2“du

Note that from condition (4.27) it follows that oy < 2V and thus (A) S 24. Hence, letting A
go to infinity we get

[Awl(U)2_2udU— w(y) +210g2f z/)(,111)2—2udu
Y

Claim: For every ¢ > 0,

b(t+1)
o)
This is immediate from the growth of ¢» and Condition (4.27): Suppose that ¢ € [N — 1, N'), then
(E+1) d(N+1) _ one o
o) RN oy S
As a consequence of this observation we have for every 0 < y < u

(u) < 926(u-y)
¥(y)
Indeed, if u =y +n+J with 0 € [0,1) and n € N, then

Yu) Py +n+0) YU +n+1)  osmi1) _ 028(nt6)028(1-5) - 026(u-y)
= 2 =2 2 ~ 9 v,
U(y) OO

Hence

> o, VW) Y /v(y)
[y (u)2™"du = 5% fy 2(u=1) du,

where the last integral is uniformly bounded in y by a constant:

[ v L) f°°22ﬁ<“-y>du= [ simmimydn= [ = 5
7 R S eI g 220-B)(u-y) 0o 220-Py 2(1-p5)log2

Hence
Lm¢'(U)2‘2“du —¢2(2i) +210g2fyoo@/)(u)2‘2“du§ 1/)2(2? 1}ﬂ¢2(25)

B U(y)
1-8 2%

IA

(4.30)

Now using (4.29), we get
1

— > 9}3 92N Z 2—2¢*1(k) - 92N Z 2—21/;’1(k)
( PN) {k:1-pn<0 } {k:ap=1(k)=N+1} k> (N+1)

22N[ 2‘21/’_1(“dt=22N/ W (w) 2 du
Y(N+1) N+1

2N¢(N+1) ON+1 2
2 22(N+1) 4 < 4UN

IN

(4.31)

N
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Since the first sum in (4.25) is equal to o and the second one is controlled by oy, the theorem
is proved. [ |

Remark 4.32. Note that the Blaschke condition for A is given by

(=) = Y1 -m) = Y67 =272 B < oo

k k 2 2
It can be seen for instance from (4.30) and (4.31) that the condition 0 < 3 < 1 (condition (4.27))
guarantees that A is a Blaschke sequence.

Example 4.33. Here is a list of examples. The sequences {0y }y»1 are all either concave or
convex.

(1) Letoy = 2N/, N =1,2, ..., where o > 1 (this is needed for (4.27)). Then, we can choose
P(t) = 24/~ Hence

- 1
91@ — 2—1/1 L(k) — 2—alogk — E
(logarithms are taken in the basis 2). Hence, with this choice of arguments, we get
1
B ||« 9N/2a _
HkpNH X2 (1_pN)1/2a’
which by similar arguments as given earlier can be extended to every r € (0, 1), i.e.,

PO oy e (B

We thus obtain all power growths beyond the limiting case 1/2.
(2) Letoy = No, N =1,2,..., where a > 0. Then, we can choose ¢(¢) = t*. Hence

O = 2708 = 97k

Hence, with this choice of arguments, we get

af2
I N2 = (1og =)
PN I-pNn

which by similar arguments as given earlier can be extended to every r € (0,1), i.e.,

af2
F0ls (s =)L Fe(BE

In the special case o = 1 we obtain logarithmic growth.
(3) Let o = log? N, N > 2. Then, we can choose 1(t) = log” t. Hence

0, = 270 (0) = 927"

Hence, with this choice of arguments, we get for N big enough

1
kB | <log N =log]
[kpx | = log N =log Kl

which, by similar arguments as given earlier, can be extended to every r € (0,1). Hence
we get double logarithmic growth.
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5. A FINAL REMARK ON UNCONDITIONAL BASES

Since a central piece of our discussions was the behavior of the reproducing kernel at py, one
could ask whether or not {k; }n>1 Was an unconditional bases (or sequence) of reproducing
kernels for (BH?)*. Most of the material needed here has already been introduced in Section 2
and in particular in Proposition 2.12.

We consider now the following situation which is different from that in Section 2: let z,, = k2
and G be the associated Gram matrix. Suppose that {kZ },., were an unconditional basis (or
sequence) for (BH?)*. Then every f € (BH?)* could be written as

B
f:foz::zo‘n

FS LA

o= {an}nzl € €2a

with || fo]? X ¥,1 |an|? < 00. As before we want to estimate f = f, at py:
B LB

_ (pN) _ kpn7 on! o
fa(pN) - Z Hk, || H H Z ”k} H”k ” Hk H(G )N

n>1 n>1

Again we observe that for every « € /2, we have

falpn) = [k, [(Ga)w
where Ga € (2, and for every ¢2-sequence [ we could find an f € (BH?)* such that

f(PN) _
kB | =N

However, recall from Corollary 4.17 that that for € > 0 there is a function f, with

ON
> - -
|fot(:0N)| ~ 10g1+a oN

(we refer to that corollary for notation). Hence we would have

By = elon)l falpon)] 1

[&5 T Jon T log+9)2 &

Now choosing, for instance, x,, = 1 yields oy = N, or x,, = 1/n yields on ~ log N etc. In all
these cases {1/ log(1+€)/ 2 ON }n»1 18 obviously not in ¢2. As a result, we can conclude that in the
above examples {k }x-1 cannot be an unconditional basis for (BH?)* (nor an unconditional
sequence since the functions in Corollary 4.17 were constructed using the reproducing kernels).

It should be noted that the problem of deciding whether or not a sequence of reproducing
kernels is an unconditional basis (or sequence) in a model space is a difficult problem related to
the Carleson condition and invertibility of Toeplitz operators. We do not want to go into details
here, but the situation is even more difficult in our context where limy |B(py)| = 1. See [Nik02,
Chapter D4] for more about this.
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