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PARTIAL NORMALIZATIONS OF
COXETER ARRANGEMENTS AND DISCRIMINANTS

MICHEL GRANGER, DAVID MOND, AND MATHIAS SCHULZE

To the memory of V.I. Arnol’d

ABSTRACT. We study natural partial normalization spaces of Coxeter arrangements and discriminants
and relate their geometry to representation theory. The underlying ring structures arise from Dubrovin’s
Frobenius manifold structure which is lifted (without unit) to the space of the arrangement. We also
describe an independent approach to these structures via duality of maximal Cohen—Macaulay fractional
ideals. In the process, we find 3rd order differential relations for the basic invariants of the Coxeter
group. Finally, we show that our partial normalizations give rise to new free divisors.
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INTRODUCTION

V.I. Arnol’d was the first to identify the singularities of type ADF, that is Ay, Dy, Fg, 7 or Eg, as
the simple singularities — those that are adjacent to only finitely many other types. He also uncovered
the links between the Coxeter groups of type By, Cy and Fy and boundary singularities, see [Arn79].
In the latter paper his formulae for generators of the module of logarithmic vector fields Der(— log D)
along the discriminant D parallels K. Saito’s definition of free divisors. Along with Brieskorn, Dynkin,
Gelfan’d, and Gabriel, Arnol’d revealed the ADE list as one of the central piazzas in mathematical
heaven, where representation theory, algebra, geometry and topology converge. As with so many of
Arnol’d’s contributions, his work on this topic has given rise to a huge range of further work by others.

Let f: X = (C™,0) — (C,0) = S be a complex function singularity of type ADF andlet F': XxB — S
be a miniversal deformation of f with base B = (C*,0). Writing f, := F(—, u), the discriminant D C B
is the set of parameter values u € B such that f,1(0) is singular. It is isomorphic to the discriminant
of the Coxeter group W of the same name. Here the discriminant is the set of exceptional orbits in
the orbit space V/W. This is only the most superficial feature of the profound link between singularity
theory and the geometry of Coxeter groups which Arnol’d helped to make clear.

Date: January 20, 2012.
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The starting point of this paper is the fact, common to Coxeter groups and singularities, that D is

a free divisor (see e.g. | , §4.3]) with a symmetric Saito matrix K whose cokernel is a ring in the
singularity case. By definition the Saito matrix K is the pu x p-matrix whose columns are the coefficient
vectors of a basis of Der(—log D) with respect to a basis of the module Derp := Derc(&5) of vector
fields on B.

On the singularity theory side these two roles are well known. Let h be a defining equation for D.
Then K appears in the exact sequence

0—— 0t —E 5 Dery 5 Jp —— 0

which defines Der(—log D) as the vector fields which preserve the ideal of D. Let m : ¥ — B denote
the restriction of the projection X x B — B. If ¥ C X X B is the relative critical locus defined by the
Jacobian ideal Ji¢! of F relative to B, and X0 := X N V(F) so that D = 7(X%), then K also appears in
the exact sequence

(0.1) 0 ot 2 Derg 5 1,050 —— 0

in which dF maps a vector field n € Derp to the function dF(7j) on X°, where 7 is a lift of  to X x B,
and 7 : ¥ — B is the restriction of the projection X x B — B. As 7,0y is free over Op of rank u, we
can make the identifications

ﬁ*ﬁg = ﬁg = DerB,

and reinterpret K as the matrix of the &p-linear operator induced on 7,0s by multiplication by F,
whose cokernel is also, evidently, 7, Oso.

Similar to the case of ADFE singularities and corresponding Coxeter groups, Coxeter groups of type
By, and Fj are linked with boundary singularities, for which a similar argument shows that the cokernel
of K is naturally a ring. Also for these and the remaining Coxeter groups I>(k), Hs and Hy, the cokernel
of K carries a natural ring structure. The simplest way to see this involves the Frobenius structure
constructed on the orbit space by Dubrovin in | |, following K. Saito. Here the key ingredient is
a fiber-wise multiplication on the tangent bundle, which coincides with the multiplication coming from
Ox in the ADFE singularity case. We recall the necessary details of Dubrovin’s construction, following
C. Hertling’s account in | ], in Section 2, in preparation for the proof of our main result. This states
that also the cokernel of a transposed Saito matrix for the reflection arrangement of a Coxeter group
carries a natural ring structure.

Theorem 0.1.

(1) Let o be the reflection arrangement of a Coxeter group W acting on the vector space V = C¥, let
P1,--.,pe be generators of the ring of W -invariant polynomials, homogeneous in each irreducible
component of V, and let J be the Jacobian matriz of the map (p1,...,pe), which is a transposed
Saito matrix for of . Then coker J has a natural structure of C[V]-algebra.

(2) Denoting Spec coker J by o, we have

(i) o is finite and birational over </ (and thus lies between </ and its normalization).

(i) For x € of, let W, be the stabilizer of x in W and let X be the flat of o/ containing
x. There is a natural bijection between the geometric fiber of o over x and the set of
irreducible summands in the representation of W, on V/X.

(ii) Under the bijection of (2ii), smooth points of o correspond to representations of type A;.

Example 0.2.

(1) In the case of Ay, the arrangement o7 consists of three concurrent coplanar lines. In this case o
is isomorphic to the union of the three coordinate axes in 3-space, for this is the only connected curve
singularity regular and birational over &/ but not isomorphic to it. More generally, in the case of Ay,

. {+1 . 5. . . . .
with < Tt reflecting hyperplanes, 7 is isomorphic to the codimension-2 subspace arrangement in

2
(€ + 1)-space consisting of the (¢ — 1)-planes L; j := {x; = x; =0} for 1 <i < j < £+ 1. The projection
x — x — x%, where 2! is = averaged by the action of the symmetric group Sy permuting coordinates,
gives an Syp-equivariant map of o to the standard arrangement o/ C {Zfill x; = 0}, sending L; ;
isomorphically to {z; = x;}. We return to this example, and prove these assertions, in Subsection 4.5.

(2) Figure 1 shows a 2-dimensional section of the hyperplane arrangement 7 for As, on the left, and,
on the right, a topologically accurate view of the preimage of this section in <7
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FIGURE 1. & and & for the Coxeter group As
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The planes {x;, = z;, } and {z;;, = z;, } meet orthogonally if i1, i2, i3 and i4 are all different, and the
reflections in these planes commute; it follows that at a point « in the stratum {x;, = x;, # z;i, =z, },
the representation is of type A; @ Ay and by (2ii) of Theorem 0.1 above, the fiber of & over z consists
of two points. In each of these pictures there are four nodes of valency three. In the left hand picture,
each lies in a 1-dimensional stratum in </ where the local representation is of type Ag, so that locally &/
consists of three planes in 3-space, meeting along a common line. The preimage of this stratum in o is
a line, along which .¢7 is locally isomorphic to the union of the three planes (e1, e4), (e, e4) and (es, e4)
in 4-space.

It would be interesting to find explicit embeddings of the space & in the remaining cases.

To prove the theorem, beginning with the multiplicative structure on Derp and coker(K') coming from
Dubrovin’s Frobenius structure, we endow both Dery and coker J with a multiplication, and Dery with
a Derg-module structure, whose crucial feature is that the derivative tp: Dery — Derp ®g, Oy of p is
Derpg-linear. On Dery, but not on coker J, this multiplication lacks a neutral element.

Nevertheless, the first evidence for the theorem was found by an entirely different route not involv-

ing Dubrovin’s Frobenius structure. This was based on the fact that the cokernel of the linear map

S¢ A §¢ defined by a square matrix A has a natural S-algebra structure if and only if the so-called

rank condition (rc) holds. This is a purely algebraic condition on the adjugate matrix of A, which can
be checked by explicit calculation. We explain this in general in Section 3.

In Section 4, we then specialize to the case where A is the Jacobian matrix J of the basic invariants
of a Coxeter group &7, or the Saito matrix of the discriminant D of a Coxeter group. The space D=
Spec coker K is normal (indeed smooth) exactly in the ADFE-case; on the other hand «/ = Spec coker .J
is normal only in the case of A;. We discuss the geometry of these two spaces, and their link with
the representation theory. In particular we compare them with the normalizations of D and & in
Subsection 4.4.

In Section 5, our earlier approach to the main theorem lead to an interesting problem on Coxeter
groups. The algebra of the fiber over 0 of the projection p: V' — V/W carries two structures: that of a
zero-dimensional Gorenstein algebra and that of the regular W-representation. It is not clear how these
two structures are related: which irreducible components of the same W-isomorphism type admit an
isomorphism induced by the algebra structure? The following consequence of Theorem 0.1, whose proof
is completed by Proposition 5.7, answers this question in a special case.

Corollary 0.3. Let W be an irreducible Coxeter group in GL(V) with homogeneous basic invariants
P1,...,Dpe, ordered by increasing degree, and let F' be the ideal in C[V] generated by p1,...,pe. Then for
each j =1,...,¢, there exists an ¢ x {-matriz A; with entries in C[V] such that

Ope — Ope\ _ (i Opj\ 4 ¢
(axl"“’au)(azl""’axe A; mod F - (C[V])".

In all cases except for Eg, E; and Eg, we give an explicit formula for the matrices A; in Corollary 0.3:
they are Hessians of basic invariants. This statement is a 3rd order partial differential condition on
the basic invariants which we call the Hessian rank condition (Hrc). Besides the missing proof for the
E-types, which would lead to a self contained algebraic proof of Theorem 0.1, it would be interesting to
know whether (Hrc) is a new condition or can be explained in the framework of Frobenius manifolds.

In our final Section 6, we show that by adding to D a divisor which pulls back to the conductor of
the ring extension &p — coker K, we obtain a new free divisor (Theorem 6.5). This was already shown
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on the singularity side in [ ]. The preimage in V of this free divisor is a free divisor containing the
reflection arrangement (Corollary 6.6).
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“Research in Pairs” stays in 2010 and 2011. The authors are grateful to the referee for forceful, detailed
and helpful comments on an earlier version.

1. REVIEW OF COXETER GROUPS

For more details on the material reviewed in this section, we refer to the book of Humphreys | ]
Let Vg be an ¢-dimensional R-vector space and let V' = Vg ®g C. Consider a finite group W C GL(V)
generated by reflections defined over R. Any such representation W decomposes into a direct sum of
irreducible representations, and W is irreducible if and only if the corresponding root system is. The
irreducible isomorphism types are Ay, By, Dy, Eg, E7, Es, Fy, G = I5(6), Hs, Hy, and Iz(k).

The group W acts naturally on the symmetric algebra S := C[V] by the contragredient action, and we
denote by R := S"W the corresponding graded ring of invariants. By a choice of linear basis, we identify
S with C[zq,...,2¢]. The natural inclusion R C S turns S into a finite R-module of rank #W. The
averaging operator

1
1.1 :S— R, g gfi=—0 w
(1.1) # , gy o >o9
weW

defines a section of this inclusion.

By Chevalley’s theorem ([ , Thm. 3.5]), R is a polynomial algebra R = C|[py,...,p¢ where
P1,---,pe are homogeneous W-invariant polynomials in S. We set
and assume that m; < ... < my. Then the degrees w;, or the exponents m;, are uniquely determined
and

¢
(1.3) > mi =gt
i=1

where 7 is the arrangement of reflection hyperplanes of W (] , Thm. 3.9]).

We make this more precise in the case W is irreducible. Then the eigenvalues of any Coxeter element

are exp(2mi“t) where h is the Coxeter number ([ , Thm. 3.19]). Moreover,
(1.4) l=mi<mo<---<my_1 <mp=h-—1,
(1.5) m; +my—;11 = h.

In particular, this implies that Zle m; = %. For m; = 1, the W-invariant 2-form p; is unique up to a
constant factor. By a choice of a positive multiple of pp, it determines a unique W-invariant Euclidean
inner product (-,-) on Vg, which turns W into a subgroup of O(Vg) and serves to identify Vg and V.
With respect to dual bases of Vg and Vj; we notice that the two corresponding inner products have
mutually inverse matrices. At the level of V*| we denote by

[i= ((z,25)) = ((dzi, dx;))

the (symmetric) matrix of (-,-) with respect to coordinates x1,...,z,. In suitable coordinates

4 4
(1.6) pr=>_x, (z,y) =Y iy I=(0;)
i=1 =1

We refer to such coordinates as standard coordinates. In case W is reducible, we have the above situation
on each of the irreducible summands separately.
Geometrically the finiteness of S over R means that the map

(1.7) V = Spec S —2+ Spec R = V/W

is finite of degree #W. We identify the reflection arrangement & of W with its underlying variety
Upew H. Let A be a reduced defining equation for .7, and denote by D = p(/) the discriminant. An
anti-invariant of W is a relative invariant f € S with associated character det™*, that is, wf = det ™" (w)f

for all w € W. The following crucial fact due to Solomon | , 83, Lem.] (see also (| , Prop.
3.13(b)]) implies that A? is a reduced defining equation for D.

4
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Theorem 1.1 (Solomon). RA is the set of all anti-invariants. O
A second fundamental fact, due to K. Saito | , §3], is the following

Theorem 1.2 (Saito). For irreducible W, A? is a monic polynomial in py of degree £, that is,

A% = Zae—k(m, . ,pe—1)p§, with ag = 1. O

We denote by Derg and Derg the modules of vector fields on V' = SpecS and V/W = SpecR
respectively. The group W acts naturally on Derg. Terao [ | showed that each 6 € Der(—log D)
has a unique lifting p=1() to V and that the set of lifted vector fields is

p~ ! Der(—log D) = (Derg)", p*Der(—log D) = (Ders)"” ®r S = Der(—log o),
and both o/ and D are free divisors. This can be seen as follows: We denote by
(1.8) J = (0x; (1))

the Jacobian matrix of p in (1.7) with respect to the coordinates x1,...,x¢ and p1,...,pe. Via the
identification of the 1-form dp; with a vector field 7; such that (dp;,v) = (n;, v),

¢ ¢ ¢
(1.9) dp; = Z Oz, (pi)dxj < n; = Z (ms, dz5)0 Z dp;, dx;)0.
j=1 j=1 j=1
I ¢
= Z Oz, (pi)(dwka d'rj)aﬂﬂj = Z Oz, (pi)(l'k, xj)alj’
k,j=1 k,j=1
the basic invariants define invariant vector fields 1y, . .., 7¢ € (Derg)", which must then be in Der(— log &).
By (1.9), their Saito matrix reads
(1.10) (53 (1)) = "
Now det J is an anti-invariant because J is the differential of the invariant map p = (p1,...,ps). Hence,

det J € C*A by Theorem 1.1, (1.3), and the algebraic independence of the p;. By scaling p, we can
therefore assume that

(1.11) det J = A.

Saito’s criterion ([ , ]) then shows that o is free with basis 11, ..., n¢. Applying the tangent map ¢p
(see (2.3)) gives vector fields 61, ...,d; € Derg such that d; o p = tp(n;) with (symmetric) Saito matrix
(1.12) K = (K2) = (5,(p)) = JTJ'

with det(JT'J?) € C*A2. At generic points of .7, p is a fold map and hence

(1.13) d1,...,0¢ € Der(—log D).

Again Saito’s criterion shows that D is a free divisor with basis d1,...,d,. In standard coordinates as in

(1.6), this proves
Lemma 1.3. D admits a symmetric Saito matriz K = JJ*.

If W is irreducible then, in standard coordinates as in (1.6),

(1.14) = —51 szpz -

We shall refer to the grading defined by this semisimple operator as the w-grading. In particular, J is
w-homogeneous of degree wy, — wy. If W is reducible, we have a homogeneity such as (1.14) for each
irreducible summand.

Throughout the paper we will abbreviate

S, :=8/SA, Rp:=R/RA>

5
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2. F-MANIFOLD-STRUCTURES

In this section we prove Theorem 0.1. We will make use of the Frobenius manifold structure on
V/W, constructed by Dubrovin in [ ]. However our main reference for background on Frobenius
manifolds (including this result) is the book of Hertling | ]. In fact the only aspects of the Frobenius
structure we use are the existence of an integrable structure of commutative associative C-algebras on
the fibers of the tangent bundle; a manifold with this structure is called by Hertling and Manin an
F-manifold. This notion is much simpler than that of Frobenius manifold, omitting as it does all of the
metric properties, and the connections, which make the definition of Frobenius manifold so complicated.
Following Hertling, we use local analytic methods, and in particular local analytic coordinate changes,
in order to make use of normal forms. Such analytic methods will be justified in Remark 2.5, and we
pass to the analytic category without changing our notation.

The following account summarizes parts of | , Ch. 2]. For any n-dimensional F-manifold M, the
multiplication on T'M is encoded by an n-dimensional subvariety of T*M, the analytic spectrum L, as
follows: for each point p € M, points in Ty M determine C-linear maps T, M — C; among these, a finite
number are C- algebra homomorphisms. These finitely many points in each fiber of T M piece together
to form L. Thus the composite

(2.1) DGI“M—)TF*ﬁT*M—)TF*ﬁL

is an isomorphism of C-algebras ([ , Thm. 2.3]).
The multiplication o in T'M satisfies the integrability property

Liexoy (o) = X o Liey (o) + Y o Liex (o).

Provided the multiplication is generically semi-simple, as is the case for the structure constructed by
Dubrovin and Hertling, this implies that L is Lagrangian (] , Theorem 3.2]). This in turn means
that the restriction to L of the canonical action form « on T*M is closed and therefore exact. A
generating function for L is any function F' € O, such that dF = «|r,. A generating function determines
an Euler field E on M, namely a vector field mapped to F by the isomorphism (2.1). The discriminant
of M is defined by any of the following equivalent characterizations:

(1) D =r(F~1(0)),

(2) D is the set of points € M where the endomorphism Eo: T, M — T, M is not invertible.

Similarly, the module Der(—log D) may be viewed as either

(1) the set of vector fields whose image under the isomorphism (2.1) vanishes on F'~1(0), or equiva-
lently as
(2) the image in Dery; of multiplication by E.

This yields the well-known

Lemma 2.1. The cokernel Rp = coker K of the Saito matrix K of D acquires an R-algebra structure
as quotient of the Frobenius manifold multiplication in Derpg.

Proof. The matrix of multiplication by E with respect to the basis 0,,,...,0s, of Dergr is K. Thus

K

(2.2) 0 R R! Rp 0
0 Derg Eo Derg Derg /Derg(—log D) —— 0

is a presentation of Dergr /EoDerg = Derg / Dergr(—log D), which is itself isomorphic to 7. Op-1(). O
We will denote Spec Rp by D.

Recall from (1.8) that J: S* — S* is the matrix of the morphism

(2.3) tp : Derg — p* Dergp = Dergp @RS, tp(z 0j0z;) = Z Z 10z, (Pi)Op, ,
j=1 i=1 j=1
defined by left composition (of vector fields as sections of TV') with dp. The following diagram, in which
the vertical arrows are bundle projections, helps to keep track of these morphisms. Sections of p* Derg
6
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are maps from bottom left to top right making the lower triangle in the diagram commute.

(2.4) v —2 7(v/W)
"

Both tp : Derg — p* Derg and and wp : Derg — p* Derg, defined by right composition with p, are
familiar in singularity theory. By definition,

(2.5) X € Derg lifts ton € Ders <= tp(n) = wp(x)-
Using Lemma 1.3, (2.2), and the obvious identifications, there is a commutative diagram of S-modules

(2.6) JIa

T

0 Derg i > Derg @ rS > S‘d 0

o F

¢ el p S R
00— R ®@rS—— Derr®rS ——Rp®r S ——0

Both rows here are exact: the upper row defines S, and the lower row is the tensor product with the
flat R-module S of the short exact sequence defining Rp. Now Rp ®@p S, as a tensor product of rings,
has a natural ring structure; to show that S, is a ring, it will be enough to show

Lemma 2.2. The image of tp is an ideal of Dergr ®RrS.

We prove Lemma 2.2 by showing that the Frobenius multiplication in Derg lifts to a p* Derg-module
structure on Derg, and that tp : Derg — Derg ® S is Derg-linear.

Proposition 2.3.

(1) The Frobenius multiplication in Derg can be lifted to Derg, though without multiplicative unit.

(2) The same procedure makes Derg into a Derg-module.

(8) The map tp in (2.3) is Derg-linear, with respect to the structure in (2) and Frobenius multipli-
cation induced on Dergp QRrS.

Proof. By (2.5), for a multiplication in Derg, (1) means that

(2.7) tp(m o n2) = wp(xa1 © x2)
where 7, € Derg is a lift of x; € Derg for i = 1,2. Similarly, the scalar multiplication for (2) must satisfy
(2.8) tp(x - n) = wp(x &)

where x € Dergr and 1 € Derg is a lift of £ € Derpg.
Locally, at a point v € V\ &, p, tp and wp are isomorphisms, so there is nothing to prove. Now suppose
v € H is a generic point on a reflecting hyperplane H € &, with p(v) outside the bifurcation set B. In a

neighborhood of p(v) in V/W, we may take canonical coordinates w1, . .., us (cf. | , 2.12.(i1)]). These
are characterized by the property that the vector fields e; := 0,,, 1 = 1,...,¢ satisfy e; o e; = ;5 - €;.
By | , Cor. 4.6], the tangent space T)(,yD is spanned by £ — 1 of these idempotent vector fields, and

the remaining idempotent, which we label ej, is normal to it. The map p,: (V,v) = (V/W,p(v)) has
multiplicity 2, critical set H and set of critical values D, from which it follows that dyp: T H — Ty, D
is an isomorphism. Since we have fixed our coordinate system on (V/W, p), we are free to choose only
the coordinates on (V,v). Define x; = u; op for i = 2,...,¢. To extend these to a coordinate system on
(V,v), we may take as z7 any function whose derivative at v is linearly independent of d,xs, ..., d,zy.
This means we may take as x; any defining equation of the critical set (the hyperplane H) of p at v.
With respect to these coordinates, p takes the form

(2.9) po(1, .. xe) = (f(z1, ..., 20), T2, ..., Tp).

As p, has critical set {z; = 0} and discriminant {u; = 0}, both f and 9,, (f) vanish along {z; = 0}.
Thus f(x) = 2?g(z) for some g € Oy,. Since p has multiplicity 2 at v, g(0) # 0. Now replace the
7
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coordinate x; by z1g(x)'/?

becomes a standard fold:

. With respect to these new coordinates, which we still call x1,...,x¢, Py

o1, ..., x0) = (22, 29, . .., 20).

We can now explicitly calculate the multiplication in Derg, locally at v:

tpv(‘rlaﬂﬂl) = wpv(Qulaul),

1Py (0z;) = wpy(Oy, ), fori=2,...,¢.
So (2.7) implies

tpy((210z,) 0 (10z,)) = wpu ((2u10y,) © (2u10y,))
= wpy(4ui0u,) = wpu(2u1 (2u18u,)) = tpo((221)210s,),
and hence x10,, 0 110z, = 2230,,. So in order that (2.7) should hold, we are forced to define
ali o az = 21'18117 for Z :.j B 1,
! i ;- O, otherwise.

Since the multiplication in Dery is uniquely defined by (2.7) outside codimension 2, it extends to V' by
Hartog’s Extension Theorem. This proves (1); (2) is obtained by an analogous argument using (2.8).
Finally, (3) follows from (2.5) and (2.8) on V' \ &7, and therefore holds everywhere. O

Proof of Lemma 2.2. Let £ € Derg, g € S and n € Derg. By Proposition 2.3.(3) and the evident
S-linearity of the lifted Frobenius multiplication,

(n®rg)-tp(§) = tp(n o g&).

We have proved the following result, which implies (1) of Theorem 0.1.
Theorem 2.4. The cokernel S, = coker J of the transposed Saito matriz of < is an Sy -algebra. O

Remark 2.5. Even though our proof uses complex analytic methods, such as canonical coordinates in the
proof of Proposition 2.3, the conclusion is valid over any field over which the basic invariants are defined.
We show this in Section 3 below by proving that the fact that coker J is an S-algebra is equivalent to a
condition on ideal membership, the so-called rank condition (rc).

We end this section by clarifying the relationship between Sy and Rp®rSy. In general they are not
isomorphic, and the space Spec S, is not the fiber product Spec(RD x pa). For Rp®RpS.y is the cokernel
of 1l®&A: Rp®r S — Rp ®r S, and using the epimorphism Dergp ®gS —» Rp ®r S we find that there
is an epimorphism Derg ®rS — Rp @r S, whose kernel is equal to Derg @ gSA + Der(—logD)®g S.
Both summands here are contained in the image of tp: Derg — Derg ®rS, the first by Cramer’s rule
and the second because every vector field n € Der(—log D) is liftable via p. Thus Sy is a quotient of
RD ®pRr Se. The kernel N of the projection RD R Sy — 5‘9{ is the quotient

N := tp(DerS)/(Der(— log D) ®r S + Derg ®RSA).
At a generic point x € &7 this vanishes: here p is a fold map, right-left-equivalent to
(1, @) ¥ (21, .., 00_1,7))

and an easy local calculation shows that in this case N, = 0. However, if p has multiplicity > 2 at =
then N, # 0. For example at an As point, p is right-left equivalent to

(T1,...,m¢) > (22 + 2120 + 22, T129 (21 + 20), X3, . . ., Tp);
tp(Derg) is generated by Op,, ..., 0p, together with
(221 + 22)8p, + (22122 + 23)y,, (21 + 222)8p, + (2T + 22122)Dp,,

while the coefficients of 9,, in the generators of Der(—log D) ® g S + Derg @ g SA are at least quadratic
in x1,...,x¢. In fact, assuming Lemma 2.2, we have

Theorem 2.6. o/ — (D XD A )red
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Proof. S.; = cokertp, with tp as in (2.6), is a maximal Cohen-Macaulay S.-module of rank 1. This
means that at a smooth point of .o/, S,/ is isomorphic to S, and is thus reduced. As S, is finite over
Sgr, its depth over itself (assuming it is a ring) is equal to its depth over Sg,. Since it is therefore a

Cohen—Macaulay ring, generic reducedness implies reducedness. (I
For later use we note that by [ , Cor. 3.15], we have
Theorem 2.7. < is Cohen—-Macaulay and D is Gorenstein. (]

3. ALGEBRA STRUCTURES ON COKERNELS OF SQUARE MATRICES

3.1. Rank condition. In this subsection we recall a condition on the rows of the adjugate of a square
matrix over a ring R, which is equivalent to that matrix presenting an R-algebra, at least in the local
and local graded cases. It is the key to proving Corollary 0.3 in the Introduction.

Let R be an ¢-dimensional (graded) local Cohen-Macaulay ring with maximal (graded) ideal m. In
the graded local case, we assume that all R-modules are graded and all R-linear maps are homogeneous.

Let A be an £ x f-matrix over R with transpose A := A*. We consider both A and A as R-linear maps
R® — R’. Assume that A := det A is a reduced non-zero-divisor and set D = V(A). By Cramer’s rule
A annihilates M := coker A which is hence a module over Rp := R/RA. For any ideal I C R, we denote
by Ip := Rpl its image in Rp. By @Qp := Q(Rp), we denote the total ring of fractions of Rp.

The k-th Fitting ideal of M over R, F¥(M), is the ideal of R generated by the (£ — k) x (£ — k)-minors
of A. It is an invariant of M, and independent of the presentation A. We denote by mz» the generator of
F!(M) obtained from A by deleting row i and column j. Note that F (M) is the k’th Fitting ideal of
M over Rp. For properties of Fitting ideals, see e.g. | , Ch. 20].

Definition 3.1. We say that the rank condition (rc) holds for A if grade F* (M) > 2 and F' (M) is equal
to the ideal of maximal minors of the matrix obtained from A by deleting one of its rows, possibly after
left multiplication of A by some invertible matrix over R.

Note that (rc) implies that F, (M) is a maximal Cohen-Macaulay Rp-module, by the Hilbert-Burch
theorem.

It turns out that (rc) depends only on the module M = coker A, and not on the choice of presentation
A. This is a consequence of the following two theorems, which also make clear the reason for our interest
in the condition (rc).

Theorem 3.2 ([ , Thm. 3.4]). If M is an Rp-algebra then (rc) holds for A. O

The proof in | | shows that if M is an Rp-algebra by e, ma, ..., mg, where e is the multiplicative
identity of M, and A is a presentation of M with respect to these generators, then Fl(M) is equal to
the ideal of maximal minors of A with its first row deleted.

The converse theorem also holds. A proof, due to de Jong and van Straten, can be found in | ,
Prop. 3.14]. We will use some of the notions introduced there, however, and so we give a sketch, based
on the accounts there and in [ .

Recall that a fractional ideal U (over Rp) is a finitely generated Rp-submodule of @ p which contains
a non-zero-divisor and that

(31) Hompg,, (Ua V) = [V Qp U]
is a fractional ideal, for any two fractional ideals U and V. We shall use this identification implicitly. In
particular, the duality functor

(—)" = Homp, (-, Rp)
preserves fractional ideals. It is inclusion reversing and a duality on maximal Cohen—Macaulay fractional
ideals (see [ , Prop. 1.7]).
Theorem 3.3. If (rc) holds for A then M is a fractional ideal generated by w1, ...,0r € Qp where

(3.2) eimb=mi, ij=1,...1
and an Rp-subalgebra of Qp isomorphic to Endp, (Fp(M)).
Proof. Using (rc) for A, Lemma 3.4 (below) yields a presentation

£ £
A (my,...;my)

(3.3) 0 R* R* FA(M)——0.

9
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In particular, F}:)(M ) is a maximal Cohen—Macaulay Rp-module of rank 1, and therefore can be viewed
as a fractional ideal. As F},(M) is contained in Rp, Fh (M) is a fractional ideal containing Rp.
Dualizing (3.3) with respect to Rp gives the exact sequence

0—>F,§(M)V—>RZDL>RZD :

There is also a 2-periodic exact sequence

A ad A A
> R > RS, 2= RY
Therefore,
k A=M
Fhy(M)Y 2 kerg, A= § 250 5
imp, ad A =Fp(M).
and hence F},(M)Y = Endg, (F},(M)). From this all the statements follow. O

In Subsection 4.2 we identify the generators in Theorem 3.3 in the case that D is the reflection
arrangement or discriminant of an irreducible Coxeter group.

Lemma 3.4 (] , Prop. 1.10]). Suppose that the ideal I (generated by the mazimal minors of the
matriz A with one row deleted) has grade 2. Then there is a free resolution

14 £
(my,...omy)

A pe Ip 0. 0

(3.4) 0 R’

We can now make good the promise we made in Remark 2.5: that Theorem 2.4 is valid over any field
over which the basic invariants p; ...,ps are defined. From Theorems 2.4 and 3.2 it follows that (rc)
holds for coker A: for each 4,5 € {1,...,¢}, the equation

(3.5) m! = Cymf + -+ 4 Cym
in unknown functions C1, ..., Cy has a solution in which the C; are germs of complex analytic functions
at 0.

Let K be a subfield of C containing the coefficients of the basic invariants p;, so that the coefficients
of the polynomials m’ all lie in K. We claim that (3.5) has solutions C; € K[V]. From this claim, the
existence of the S-algebra structure on coker A follows by Theorem 3.3.

To prove the claim, first note that since the mé- are all homogeneous, each C; can be replaced by its
graded part of degree D; — Dy (see (4.6)). Let K[V]q C K[V] be the vector space of all polynomials of
degree d. The map

4
A: (KVlp,-p,)" = K[V]p,, A(Ch,...,Co)= Cymt,
j=1

is K-linear. Therefore the solvability of (3.5) in IK[V] reduces to a simple theorem of linear algebra,
which can be rephrased more abstractly as follows: Let A: K™ — K™ be a K-linear map, and suppose
K C L is a field extension. Then

1m(A RK 1]L) NK" = 1m(A)

We leave the proof of this to the reader.

3.2. Rings associated to free divisors. In this subsection we make some general observations about
the algebra presented by the transpose of a Saito matrix of a free divisor. Let D = V(A) be a free divisor
in (C*,0) with Saito matrix A. Then we have an exact sequence
A, A

(3.6) 0 pt Ay e BB
where A; := 0A/0x; for j =1,...,¢, and Jp := RpJa is the Jacobian ideal of D. Now assume also
that D is Euler homogeneous. By adding multiples of the Euler vector field x = 1 to the remaining
members 0o, ...,y of a Saito basis of D, we may assume that these annihilate A. We shall assume that
A is obtained from such a basis. We say that D satisfies (rc) if (rc) holds for A = A*. In this case, we
write

Rp rRD/JD—>O,

Rp := M = coker A C Qp

for the ring of Theorem 3.3.
10
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It is well known that for any algebraic or analytic space D satisfying Serre’s condition S2, the frac-
tional ideal Endg, (J))) is naturally contained in the integral closure of Rp in @ p, and the inclusion
Rp < Endg, (J)) gives a partial normalization (see for example | , Ch. 2, §2; Ch. 6, §2]. Grauert
and Remmert showed in | ] (see also | , Ch. 6, §5]) that for analytic spaces, Rp = Endg, (J)))
precisely at the normal points of D, and the analogous result for algebraic spaces was shown by Vascon-
celos in | ]

Proposition 3.5. If the free divisor D satisfies (rc) then Rp = Endg,, (Jp) = Endg, (J)}).
Proof. First, recall the well known fact that for j = 1,...,/, equality

A
1 J

(3.7) m; = dog B

which follows from the fact that by Cramer’s rule the logarithmic 1-form w; := % Zﬁzl m}dxj satisfies

1 ifj=1
5_ — 9
(wi,95) {0 ifj=2,...¢

1_dA
deg A A °
Next, Lemma 3.4 yields a presentation

as does

A (mf,...,mg

0 R’ Fp(M)——0.

This coincides with that of Jp in (3.6); it follows that as Rp-modules, F1, (M) and Jp are isomorphic.
Hence, by Theorem 3.3,

Rp = Endg,, (Fh(M)) = Endg, (Jp).
Since D is free, Jp is maximal Cohen—-Macaulay, and then reflexive by | , Prop. (1.7) iii)]. So
dualizing induces an isomorphism Endg, (Jp) = Endg, (J3). O

Remark 3.6. The map ¢, € Endg,, (F},(M)) described in the proof of Theorem 3.3 gives an explicit
A

= deg]A

However the following example, of the discriminant of the reflection group Bjs, shows that, even

under the hypotheses of Proposition 3.5, it is not necessarily the case that the other generators ; of
Endg, (F,(M)), i =2,...,¢, defined in (3.2) are isomorphisms onto their image.
A Saito matrix for the discriminant D of Bs is given by
r —422 4+ 18y —ay +27z
A= |2y ay+27z —2y2+18zz | = A"
3z 6xz 6yz

isomorphism F}, (M) = Jp. Indeed, @1(mf) by Lemma 3.7.

Because this satisfies (rc),
fD = <z2y — 4y2 + 3xz, 2z — 3yz, xyz — 922>,

is equal to the ideal of maximal minors of A with its third column deleted. On the other hand the ideal
of maximal minors of A with its second column deleted is

<x2z —3yz,xyz — 9z2>.
Evidently the two ideals are not isomorphic as Rp-modules.
In contrast, for irreducible free divisors we have

Proposition 3.7. Assume that in addition to the hypotheses of Proposition 3.5, D is irreducible and is
not isomorphic to the Cartesian product of a smooth space with a variety of dimension < £ — 1. Then
each of the maps ; in (3.2) is an isomorphism onto its image. Let I; denote the ideal of mazimal minors
of A with its i’th row deleted. Then, for eachi=1,...,¢, R/I; = Rp/I;Rp is a Cohen—Macaulay ring
with support Dsing.

Proof. Because A € I;, the (¢ — 1)-dimensional components of V(I;) are among the components of
D. Since A is irreducible, the only component possible is D itself. But then because D is reduced,
we would have I; C (A). This is absurd, for by hypothesis all entries of A lie in the maximal ideal,
and A = Z§:1 A%mj. Thus V(I;) is purely £ — 2-dimensional. From this the result now follows by
Lemma 3.4. ([

11
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Our Propositions 3.5 and 3.7 are closely related to [ , Prop. 6.15]:
Proposition 3.8. If D is a free divisor, then
(3.8) Jp -Hompg, (Jp, Rp) = Fh(M).
Here both ideals Jp and Hompg, (Jp, Rp) are viewed as fractional ideals in Qp. O
The left hand side of (3.8) is the so-called trace ideal of Jp; it is the set
{¢(9) | ¢ € Homg, (Jp, Rp),g € Jp}.

Buchweitz, Ebeling and Graf von Bothmer give a criterion under which, for a free divisor D appearing
as the discriminant in the base-space of a versal deformation of a singularity, the ring Endg,(J/p)
coincides with the normalization Rp of Rp:

Proposition 3.9 (] , Thm. 2.5, Rmk. 2.6]). If D C S is the discriminant in the smooth base-
space of a versal deformation f: X — S and the module of f-liftable vector fields in Derg is free, then
provided codimg f(Xsing) > 2, this module coincides with Der(—log D). If in fact codimg f(Xsing) > 3,
then Endg, (Jp) = Rp.

4. RING STRUCTURES ASSOCIATED WITH COXETER GROUPS

4.1. Rank conditions and associated rings. We return to the situation of Section 1. From now on
we work in standard coordinates as in (1.6). Denote by Ja C S and Jaz C R the Jacobian ideals of A
and A? respectively, and define the Jacobian ideals

Jos i=JIASw, Jp:i=Ja2Rp
of &/ and of D respectively. Consider the corresponding 1st Fitting ideals
(41) Iy =F4(Jw), Ly:=F5 (Jo)=1Iy -Se, Ip:=Fyp(Jp), Ip:=Fp (Jp)=Ip-Rp.
By (1.6), (1.10) and (1.12), we have exact sequences

(4.2) 0 gt —L— gt Joy ——0,

0—— pt =24 pe Jp 0.

The above Fitting ideals I, and Ip are generated by the sub-maximal minors of J and K respectively.
Being Saito matrices, J¢ and K have rank £ — 1 at smooth points of &/ and D respectively. Therefore
I.; and Ip are ideals of grade 2 and I o7 and I p are ideals of grade 1.

A more precise version of the rank condition (rc) from Definition 3.1 holds for <7 and D:

Lemma 4.1. For irreducible W, I is generated by the maximal minors of the matriz obtained from J
by omitting its £’th row. This is its homogeneous part of minimal degree ., _, m; = % —h+1.

Proof. By a theorem of Solomon [ , Thm. 2, Cor. (2a)] the minors of J are linearly independent over
C. As I, is generated by ¢ minors, these must then be the minors of lowest degree. O

Definition 4.2. For irreducible W, we refer to the condition defined in Lemma 4.1 as the graded rank
condition (grc) for «7. Analogously, we say that the (grc) holds for D if Ip is generated by the entries
in the £’th row of ad(K), once again the maximal minors of the matrix obtained by omitting from K
the highest weight vector field dy. For reducible W, we define (grc) for both 7 and D by requiring it,
as just defined, for each irreducible summand.

In dimension ¢ = 2, (grc) holds trivially for &7 and D: I, and Ip are the graded maximal ideals of
Sz and Rp, due to the presence in each case of an Euler vector field. We shall look at this case in more
detail in Subsection 4.4.

By Lemma 3.4, (rc) for o/ and D yields exact sequences

Jt ~

(4.3) 0 St St I 0,

0—— Rt —— Rl —— [, —— 0.
The cokernels of the dual maps J € Endg(S?), K = K € Endg(RY) are the algebras
(4.4) Se =Ends,,(I.y), Rp =Endg,(Ip),

of Theorem 2.4 and of Lemma 2.1, respectively. Recall that we write &/ = Spec S,y and D = Spec Rp.
12
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Example 4.3. Let & be the reflection arrangement for W of type A; X - -+ x Aj. In suitable coordinates
this is a normal crossing divisor defined by A = 2y -+ xy. Then J = J* = diag(x1,...,z¢) and

S = coker J = Clza,..., 2 & Clay,x3,...,20] & - & Cla,...,z0_1].

Generalizing this example we have

Lemma 4.4. The assignments W — Sy and W — Rp commute with direct sums (of representa-
tions/rings).

Proof. Assume that W = W’ @W"” and use the analogous notation to refer to the above defined objects
with W replaced by W’ and W’ respectively. Then S = S’ ®¢ S”, J is a block matrix with blocks J’
and J”’, A = A’A”, hence Iy = Iy A" + I+ /A" and therefore

Iy =21y @cS"®S8 ®@clyn
by the following Lemma 4.5. Applying Endg,_, yields
Ser = S @¢ 5" ® S’ ¢ Serr
This proves the claim for 7; an analogous proof works for D. O

Lemma 4.5. Let f € Klz] = Klz1,...,2;] D I, g € Kly] = Kly1,...,ys] D J, and K[z,y] =
Kz, ..., Zr,y1,...,Ys|]. Then

(Lg+ Jf)( K[z, y]/{fg)) = I(K[2]/(f)) ©x K[y] ® K[2] @k J(K[yl/(9)),
[Pg+Qf] + [Pl ®[Q].
Proof. One easily verifies that the given correspondence is well-defined in both directions. O

4.2. Relation of rings for &/ and D. Let us assume now that W is irreducible. Then the algebras
S and Rp can be described more explicitly as follows. We denote by

(4.5) (m}) :==ad(J"), (M]):=ad(K)=ad(J")ad(J)

the adjoint matrices of J* and K respectively, and set
(4.6) = deg(m Z m; — my.

Abbreviating h; := @f{ €Qaand g; := P € Qp fori=1,...,¢, Theorem 3.3 reads
(4.7) himﬁzmé, giMf:M;, hL,j=1,...,4,
(48) gdz<h1;---,hé>sg{:S@{[hla---,hé—l], RD:<91;---;95>RD:RD[gla---;gé—l]-

Proposition 4.6. If W is irreducible then

Proof. First, differentiate A2 € R,
¢
2AdA = d(A%) = 0,, (A%)dpy,
k=1

considered as an equality in 2}. Then wedging with dp; A --- A dpi A -~ Adpe—1 gives
(—1)"710,, (A2)dpy A -+ Adpe—y + (—1)728,,(A%)dpy A+ Adp; A+~ Adpy =0 mod SA.
Taking coefficients with respect to dzq A -+ A d/xj A -+ ANdxyg yields
Op, (A*)mf = 9, (A%)m} mod SA, j=1,...,L

By Theorem 1.2, 9,,(A?) is a non-zero-divisor in S/, and the claim follows from (4.7). O
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Using Theorem 1.1, one verifies that the averaging operator (1.1) induces a commutative diagram of
R-modules

QDS * Q%\ ——@p
—+Sd———95gz ~ ~kp
J j <—R]\D

where the dashed maps result from the following proposition.

Proposition 4.7. We have

Mi
(4.9) hi=g;=—% €Qp,

My
and hence
(4.10) RD — (SQ{)W
Proof. Using (4.5) we have M} = > mimf. By (4.7), this is equal to h; Y. mim’ and therefore to
h; M, f. By | , Thm. 3.4], M, f generates the conductor of Rp < Rp and is therefore not a zero-divisor
on Rp or Sy. Therefore, h; = ME/Mf = g; by (4.7) and (4.10) follows using (4.8). O

4.3. Local trivialization. The integral varieties of Der(—log <) and Der(—log D) form Saito’s loga-
rithmic stratification defined in | , §3], which we denote by L(%) and L(D) respectively. We shall
locally trivialize o and D along logarithmic strata with slices of the same type, with W replaced by
the subgroup fixing the strata. In the case of 4 the trivialization is algebraic, while in the case of D we
need to work in the analytic category.

We begin with the discussion of . The logarithmic stratification L(%7) coincides, up to taking the
closure of strata, with the intersection lattice of o7. It is a geometric lattice (ordered by reverse inclusion)
whose rank function is given by the codimension in V. By Ly(«) C L(%/), we denote the collection of
all rank k elements.

Definition 4.8. For X € L(«), denote by Wx the subgroup of W generated by reflections with
reflecting hyperplanes in the localization @x := {H € & | X C H} of & along X € L(&/), and by Ax
the reduced defining equation of @/x. We denote also by Ix the defining ideal of X in S, .

By | , Thm. 1.12 (d)], Wx is the group fixing X point-wise, that is
Wx = (] W
zeX
For x € V, let X (x) be the stratum X € L(«) with z € X. It follows that
Wx(z) = Wa

is the isotropy group of z.

Proposition 4.9. If X € L(«) then (Su)1y = (Sury )1x = gmx/x ®c C(X). In particular, gmx/x =
(S’%)ﬁ where the upper index “X” means X considered as a translation group.

Proof. Fix X € L(«7) and let Y be its orthogonal complement. By Ax € C[Y] we denote the defining
equation of &yx. Then, by the product rule,

(J&Zf)fx = JA(SIX /SIX A) = JAX (SIX /SIXAX) = (J%X)IX
Localizing a presentation, such as (4.2), at Ix, therefore shows that
(Io)ix = Fs(Jar))rxe =Fs, ((Jor)rx)
- F}S’IX ((JWX)IX) = (F}S(‘]ﬂfx))fx = (Ié?{x)fx

14
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Then we have also (Iy)r, = (L )1 and finally,
(S’%)IX = (Endsd (I%))Ix = Endszx ((I%)Ix)
= EndSIX ((Larx 1) = (Endsgx (Lorx ))i1x = (gﬂfx)fx-

This proves the first equality; the second follows since S;, = C[Y] ®¢ C(X). O

Corollary 4.10. The assignment </ — Sy is a local functor. (]

We now turn our attention to D. The following result holds for any free divisor, and our proof is not
specific to our situation.

Proposition 4.11. The ideals I, and Ip are stable under Der(—log o) and Der(—log D) respectively.
In particular, the latter act naturally on Sy and Rp respectively.

Proof. Let wi,...,w, € Q' (log D) be the dual basis of (1.13). From

4 14
R 3 dw; (0, 6,) = dw, <5k,ZK;;a ) = K}dw;(0,0p,),
1=1

i=1
(1.11) and Cramer’s rule, we conclude that

ID > dwj(5k7 AQapi) = 5k<A2wj7 8P1> - A2api <wj7 5k> - <wj7 [6]67 A28P1]>

; 5k (A2
= (Sk(M;) + <A2wj, [6pi,6k] — k(AQ )6p1>

= 5k(M;) mod ID.
This proves the claim for D; the same argument works for &/ and any free divisor. (I

Remark 4.12. There is a transcendental argument which shows that for any divisor D, free or not,
Der(—log D) preserves the ideal I, (D) of k x k minors of the matrix of coefficients of a set of generators
of Der(—log D). It is simply that each of these ideals is invariant under biholomorphic automorphisms
of D, since they are Fitting ideals of the Jacobian ideal Jp. The integral flow of any vector field
¢ € Der(—log D) preserves D, and hence Iy (D), from which it follows that ¢ - I (D) C I(D).

We can improve on Proposition 4.9 in the analytic category. Let 2 € X € L(«/) and y = p(z) €
p(X) =Y. By | , 82, Y € L(D) and p: X — Y is a covering. By finiteness of W, there is a
(Euclidean) Wx-stable neighborhood of z, in which the W-orbits are exactly the Wx-orbits. Note that
Wx commutes with the translation group X. This gives

Pe=pwya X Plx: Ve = (V/X)e x Xo = (V/X)/Wx)y x Y.

Since our definition of Rp in (4.1) and (4.4) is compatible with passing to the analytic category, we
obtain the following analytic localization statement.

Proposition 4.13. Let x € X € L(&) and y = p(x) € p(X) =Y € L(D), and denote by Dy the
discriminant of Wx on V/X. Then there is an isomorphism of analytic germs Dy, = Dy, X Y,,. ([

Remark 4.14. Saito | , (3.6)] showed that one can always analytically trivialize the logarithmic
stratification along logarithmic strata as we do in Proposition 4.13.

Corollary 4.15. & is (algebraically) and D (analytically) constant over logarithmic strata. O

By | , 81.8], W acts simply transitively on the (simple) root systems and on the Weyl chambers.
Choosing a simple root system defining a Weyl chamber of which X = X (x) is a face, shows that the
Dynkin diagram of any isotropy group W, = Wx is obtained by dropping from the Dynkin diagram of
W the roots which are not orthogonal to X. By | , Prop. 2.2], the connected components of the
resulting Dynkin diagram are in bijection with the irreducible factors of W,. This discussion combined
with Propositions 4.9 and 4.13 proves

Theorem 4.16. Let X € L(&) and let Y = p(X). Let Wh,..., W, be the irreducible Coxeter groups

whose Dynkin diagrams are the connected components of the sub-diagram of the Dynkin diagram of W

formed by the vertices corresponding to simple roots orthogonal to X. Let o/, ..., . and D1,...,D, be
15
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their reflection arrangements and discriminants, and let £; be the dimension of the standard representa-
tion of W;. Then the algebraic localization of o/ along X, and the analytic localization of D along Y,
are tsomorphic, respectively, to the disjoint unions

|:| JZ{; x ¢t and |:| D; x ¢4, O
i=1 i=1

4.4. Relation with the normalization. We denote the normalizations of &7 and D by &/ and D
respectively.

Proposition 4.17. We have Sy C 5‘9{ C S, and Rp C RD C Rp.

Proof. This follows from the finiteness and birationality of S.; and Rp over S, and Rp, see (4.8), (4.7),
(4.10), (4.9). O

In the following, we describe the cases of equality in Proposition 4.17.
We begin with the case £ = 2 of plane curves for irreducible W. By (1.14) and for degree reasons, this
case reduces to

2 h T S h
(411) K = (hf); 52) ’ Q:ap1+bp1p23 T':h—l, § -1 =S,
(4.12) A% = |K| =2p1Q — h2p§ = 2ap}f + 2bp}f/2p2 — h2p§.

In particular, b = 0 if h is odd. Note that there are no further restrictions imposed on a and b by the
requirement

(4.13) 52(A?) € RA?
for 65 from (1.12). Indeed, (d1,02)p is a Lie algebra, since [01,d2] = (h — 2)d2 by homogeneity. For
generic (a,b), A2 in (4.12) is reduced, and hence (4.13) holds true by [ , Lem. 1.9]. By continuity,

it holds then also for special values of (a,b).
Proposition 4.18. For ( = 2, irreducible W, and odd h > 5, D # D.

Proof. In this case,

2p1  hpo
4.14 K =
(414) (hpz ap{)

and (4.12) specializes to

A? = |K| = 2api™! — h?p} = p —pi.
The normalization of D is given by p; = % and py = t", and hence g, = 5—? = th=2 by (4.9) and (4.14).
Then (4.10) becomes

Rp = Rplg1] = C[t?,t"2] C C[t] = Rp. O

Using Theorem 4.16 and Lemma 4.4 we find

Corollary 4.19. If W contains any irreducible summand of type Hs, Hy, or Ia(k) for odd k, then
D+D.

Proof. For W of type I5(k), we have h = k and the claim follows from Proposition 4.18. For the Hy-types,
the statement follows from Theorem 4.16 and the adjacency chain Hy — Hs — I5(5). O

We write Co = S/m where m is the graded maximal ideal in S. Then Ay = Spec(gd ®g Cop) is the
fiber of &/ over 0 € V.

Lemma 4.20. The group W acts trivially on the fiber ) Of,!Z; over 0 € V', which contains exactly as
many geometric points as the number of irreducible summands of W.

Proof. By (4.8), Soy ®g Co = Clhy,...,he_1] and by Proposition 4.7 the h; are W-invariants. This
implies the first claim. For the second statement, we may assume that W is irreducible by Lemma 4.4.
Then (1.4), (4.5), and (4.7) imply that h; has w-degree wy — w;. So C[hy,...,he_1] is positively graded
and hence 7 is a cone. As it is also finite over 0 € V due to (4.8), it must be a single geometric point
as claimed. O
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We write C; = S/m, and C, = R/m, where m, and m, are the maximal ideals of S at z and of R at
y. Then o/, = Spec(Sy @5 C;) and D, = Spec(Rp ®r C,) are the fibers of &7 over x and of D over y
respectively. Combining Propositions 4.9 and 4.13, (4.8), Proposition 4.7, and Lemma 4.20, we find

Proposition 4.21. The fibers o, and by, y = p(x), coincide, that is,
S’% Xs Cz = RD KRR Cy

They are trivial W,-modules containing exactly as many geometric points as the number of irreducible
summands of W.

We can now refine Proposition 4.17 for <.

Corollary 4.22.
(1) o = o exactly if o contains only one plane (or W has type Aq).
(2) o = of exactly if o/ is Boolean (or W has type Ay x --- x Ay ).

Proof.

(1) If #o7 > 1, pick  with X(z) = X € Lao(&) # 0. Then Wx is of type A1 x A;. So by
Proposition 4.21, o/ has two points over z. The converse is Example 4.3 for £ = 1.

(2) Again one implication is Example 4.3. If &7 is not Boolean, then W has an non-A; type irreducible

summand. By Lemma 4.20, its reflection hyperplanes do not separate in 7.
O

The analogue of Corollary 4.22 for D is less trivial.

Theorem 4.23. D = D ezactly if all irreducible summands of W are of ADE-type. In this case, D is
smooth.

Proof. If W is of type ADE, then by | , | V/W can be identified with the base space of a
versal deformation of a singularity of the same type. Then by (0.1) D = 0 is a smooth space and hence
D = D. If W is reducible, with all irreducible summands of type ADE, then by Proposition 4.4 D is
the disjoint union of the spaces corresponding to the summands.

Conversely, consider an irreducible W not of type ADFE and not covered by Corollary 4.19, that is,
of type By, Cp, Fy, or I5(k) with k even. Then there are at least two W-orbits in o, D is reducible,
and D has at least two connected components. On the other hand D is connected, by Lemma 4.20 and
Proposition 4.21. Thus D # D. By Proposition 4.4 this conclusion applies to reducible W also. (|

4.5. Example 0.2 revisited. In Example 0.2 we asserted that in the case of A;, the space o is
isomorphic to the union of the coordinate (¢ — 1)-planes in C**!. We now prove this. Let us denote this
union by Ly, and denote by s and ¢ the natural projections Ly — 7 and o — of. Recall that a space
X is weakly normal if every continuous function which is holomorphic on the smooth part of X is in fact
holomorphic on all of X.

Lemma 4.24. The space Ly is Cohen—Macaulay and weakly normal.

Proof. Cohen—Macaulayness is well known, and follows from the Hilbert—Burch theorem: the ideal I, of
functions vanishing on Ly is (g Tpy1, 2123+ - Toq1,..., 21 T¢), and it is easy to obtain this as the
ideal of maximal minors of an ¢ x (¢ 4+ 1) matrix. For weak normality, we use induction on ¢: the space
Lo is the union of the coordinate axes in 3-space, and weak normality can easily be checked here. Now
suppose £ > 3 and that the statement is true for L; with j < ¢, and let f be a continuous function on
Ly, holomorphic on the regular part. In a neighborhood of each point = € Ly \ {0}, Ly is isomorphic to
a product L; x C*~7 for some j < ¢. It follows from the induction hypothesis that L, is weakly normal
at these points, and therefore f is holomorphic at z. Since L, is Cohen—Macaulay, Hartogs’s Theorem
holds and therefore f is holomorphic also at 0. O

Proposition 4.25. In the case of the reflection arrangement for Ay, the space o is isomorphic to Ly.

Proof. The key step is to show that the combinatorial structure of L, and & is the same. For then by

the universal property of weak normality, there exists an analytic map 7: (L, 0) — (sz{~ ,0) such that

s = tow. This map is a homeomorphism, and therefore has a (topological) inverse. To see that the

inverse is analytic, it is enough, once again by Hartogs’s Theorem, to prove it so outside codimension

2. It is clearly so over regular points of &7, since here the projections &/ — 7 and L, — < are both

bianalytic. The codimension-1 singularities of & are of type A; + A; (a normal crossing of 2 branches,
17
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with reducible representation) and As. Over points of the first kind, both o/ and Ly are regular, and so
71 is analytic. Over points of the second kind, the computation carried out in Example 0.2 shows that
7 is an isomorphism.

To see that the combinatorial structure is the same, recall that s(z) = z — 2. Let a = (ay,...,ar41) €
/. Then

sHa)={r € Ly|z=a+X1,...,1) for some X € C}.

Now a + A(1,...,1) € L;; if and only if A = —a; = —a;. Thus a has a preimage for each value A
such that two or more of the coordinates a; take the value —\. Thus, preimages are in bijection with
equivalence classes I C {1,...,¢ + 1} under the equivalence relation ¢ ~ j if x; = x;. This is the same
equivalence relation which determines the decomposition of the isotropy group of x in W into a direct
product of indecomposable factors. By part (2ii) of Theorem 0.1, the set of equivalence classes is in

natural bijection with the geometric fiber of o over . (|

It would be interesting to know if the space o/ is weakly normal for other Coxeter arrangements.

5. DUAL AND HESSIAN RANK CONDITIONS

Let F = S - mp be the ideal of all positive-degree W-invariants. We can identify S/F with a direct
summand 7" of the W-module S, and setting S¢ =T - p®, we have

(5.1) S=P s> @ s*=r

acNt 0#aeNt
as a direct sum of W-modules, where p = p1,...,p¢e. Chevalley | ] showed that T is the regular
W -representation (see also | , D- 278]). Consider the W-modules of exterior powers
P
E,=/\V".
Solomon | , Thm. 2 and footnote (?)] showed that the isotypic components of S/F of type By = V*
and Ey_1 2V ®det V are the direct sums of the projections to S/F of the W-modules

Mj:<mi|k::1,...,€>c, j=1,....0,

respectively. We may and will assume that J7 C T and M7 C T. By (1.2) and (4.6), D; is the
homogeneous degree of M7, while m; is the homogeneous degree of J7.

Let us recall the construction from the proof of | , Thm. 2]: We denote by I(—) the W-invariant
part. By [ |, the space of W-invariant differential forms on V is
I(S®E,) = > R-dpy A---Adp,,.
i1 <<
Solomon | , D- 282] considers the case where W is the Weyl group of a Lie group acting on V;

then the Killing form induces a self-duality Fj, = E;. We are only interested in the cases p = 1 and
p = £ — 1, where both irreducibility and self-duality of E, are trivial'. The self-duality of E, induces a
W-isomorphism S/F ® E, = Homg(E,, S/F) and hence an isomorphism

(5.3) I(S/F ® E,) = Homw (E,, S/F).
The image of dp; in Homy (E,, S/F) has image J?, and the image of dpy A -+ - A c?];l A+ Adp, has image
M*.
Using (5.1),
¢ ‘
(5.4) P Pp vy and G fH Mp
Jj=1 aelN* Jj=1 0£acN*

are the isotypic components of type Ey_; of S and F respectively. In particular, we have the following

Lemma 5.1. The isotypic component of F of type Ey_1 lies in F - I . ([

1B, = V* is self-dual due to the W-invariant form p2 on V', and hence irreducible, since V is irreducible. Because
det(V)®? = C is the trivial representation, E,_1 = E} ® E;, = V®det(V) is self-dual. For the same reason and irreducibility
of V, I(V®det(V) ® (V ®det(V))*) = I(V®V*) =1, and hence E;_; is irreducible.
18
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It follows that (grc) can be checked modulo F.

Definition 5.2. We say that the graded rank condition mod F holds for < if M7 c M*+ F for all
j=1,...,0—1.

Lemma 5.3. The graded rank condition mod F' is equivalent to the graded rank condition for <f .
Proof. Consider the maps of W-modules
(5.5) ¢.: Homg(M7, M* @¢ Sp,—p,) ——— Home(M?, Sp,) ——— Home(M7, Tp, )
induced by the composition of W-linear maps ¢ = 7 o u, where

pw:S®cS—=S and 7S —-S/F=T

are the product in S and the canonical projection to 7. By hypothesis, there is a C-linear map « €
Home (M7, M*®c¢ Sp,—-p,) such that ¢, (a) € Homg (M7, M7) is the identity map. Now averaging yields

v = a? € Homy (M7, M* ®¢ Sp,—Dy)s  ¢+(y) = idps .
Using Lemma 5.1, we find that
ps () — idpgs € Homyy (M7, F) = Homy (M7, F - I).
This proves that
Iy, CS M4+ F- 1,
and hence I, = S - M* by Nakayama’s lemma. (I

By Solomon’s result mentioned above, the W-equivariant Gorenstein pairing on S/F induces a non-
degenerate pairing of the isotypic components of type F; and F;_; into the unique irreducible summand

of type Ey = det(V),
¢ ¢
Prepm —c-A
i=1 j=1
Since the element

¢
> 0w (pj)@ml € @M
i=1
maps to A = detJ by Laplace expansion of the determinant along the j’th row, we obtain induced
non-degenerate pairings

(5.6) JoM —-C-A, j=1,...¢
For j < k, we have
(5.7) Homyy, (J7, J*) 2 Endw (E1) = Endw (E}_, ® Ey)

>~ Endw (E}_;) = Homy (M*, M7),

where p, (o) € Homw (J7,J%) induced by a € Homw (J7,J9 @ Sp,—m,) corresponds to p.(8) €
Homy (M*, M7) induced by 8 = o' € Homy (M*, M* ® Sp,_p, ). Note here that my —m; = D; — Dy,
by (4.6). Because of the non-degenerate W-pairing (5.6), u.(«) is an isomorphism exactly if p.(8) is an
isomorphism.

Definition 5.4. We say that the dual (graded) rank condition (drc) holds for o if J* C S-J7 + F for
allj=1,...,0—1.

Remark 5.5. The definition of (drc) is given as an equality in S/F because in general J¢ ¢ S-.J7, though
the inclusion holds trivially for j = 1.

Lemma 5.6. The graded rank condition mod F' is equivalent to the dual rank condition for < .
Proof. We show that (grc) mod F implies (drc). The opposite implication is proved in just the same
way. Fix j € {1,...,¢ —1}. By (grc) mod F, there is a 3 € Hom¢(M?, M* ® Sp,_p,) inducing the
identity map idys; = meps(8) € Home (M7, M7). By averaging, we can turn 3 into a W-homomorphism.
The homomorphism p.(3) is non-zero modulo F' and (5.7) yields a corresponding dual map p.(a) €
Homyy (J7, Sp,) induced by a := 8* € Homw (J¢, J7 ® Sp,—m,). This shows that (drc) holds. O

By Lemma 5.3, we deduce the following equivalence that combined with Theorems 2.4 and 3.3 and
Lemma 4.1 proves Corollary 0.3.
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Proposition 5.7. The dual graded rank condition is equivalent to the (graded) rank condition for of. O

The following property refines (grc) by a statement about the S-coefficients of J7 in the condition in
Definition 5.4. By | , (2.14) Lem.], the Hessian

4
Hess(p): Derg — Qf, Hess(p)(8) := Y _ 8(0x, (p))das,

i=1

is W-equivariant for p € R. Note that Hess(p;) is a W-isomorphism which induces our identification of
dp; with a vector field n; in (1.9). By abuse of notation, we identify

Hess(p) = Hess(p) o Hess(p1) ™" € Endy (925)

for p € R. Using O} = S ® E; and passing to the quotient by F, Hess(p) then induces an element of
Endw (S/F ® E1) and hence of Endy (I(S/F ® E1)). By (5.3), Hess(p) thus induces a map

h(p) € Endw (Homw (E1, S/F))
which operates on W-submodules of type V* by passing to the image in Homy (Eq, S/F).

Definition 5.8. We say that the Hessian (dual graded) ring condition (Hrc) holds for < if, for any j,
there is an 7, such that m; +m; = w, and Hess(p;)(n;) € FQL. In case my, ..., my are pairwise different,
this means that Hess(p;)(ne—i+1) & FQL.

Lemma 5.9. The Hessian rank condition implies the dual ring condition for <f .

Proof. (Hrc) means that h(p;)(J7) C (S/F)m, is non-zero. By W-equivariance of h(p;), the latter is then
a non-trivial W-submodule of (S/F),,, of type E;. Then it must coincide with Jy, which is the only
such W-module in this degree by (1.4). O

Theorem 5.10. The Hessian rank condition holds for of if W is not of type Eg, E7, or Eg.

Proof. Tt is clear that Hess(p;)(m1) = dp;, so (Hrc) holds trivially in dimension ¢ = 2. For the A-
and B-types, it is an easy exercise to verify (Hrc) using [ , §3.12]. In case of Fy, Hs and Hy,
Macaulay?2 [(S] calculations, based on the formulae for basic invariants given by Mehta [ |, show
that (Hrc) holds for <.

Let us now prove (Hrc) for W of type Dy. By | , §3.12], the basic invariants can be chosen as
the power sums

1

together with py = =1 - - - xy. Note the change of notation turning p,—; into the highest degree invariant.
It is easy to check that D(p;) o Hess(ps—;) = D(pe—1) mod C* for i =1,...,¢ — 2. We now replace ps—1
by the invariant polynomial

o~

¢
Po—1(x1,...,2¢) = D(pe) - D(pe) :Zx%xfx? €R
j=1

of the same degree. We claim that py_1 = p,—; mod F? + C*. In the evident equality
2+ D(pe) o Hess(pe) = D(pe-1)

we can then replace py—1 by pe—1 modulo F, completing the proof of (Hrc).

In order to verify the claim, let p be a primitive 2(¢—1)’th root of unity and set a = (p, p?, ..., p*~1,0).
Then all of our basic invariants except for py_; vanish at a, while py_1(a) # 0 # ps_1(a). Since
degpy—1 = degpy—1 > degp; for all i # £ — 1 by (1.4), the claim follows. O

Computing limitations oblige us to leave open the following conjecture.

Conjecture 5.11. The Hessian rank condition holds for o if W is of type Eg, E7, or Eg.
20
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6. FREE AND ADJOINT DIVISORS

In | ] a new class of free divisors was constructed using the recipe “discriminant + adjoint”. If
D is the discriminant in the base of a miniversal deformation of a weighted homogeneous hypersurface
singularity (subject to some numerical conditions on the weights) and D’ is an adjoint divisor, in the
sense that the pull-back of D’ to the normalization X° of D is the conductor of the ring extension
Op — Oso, then D + D' is a free divisor ([ , Thm. 1.3]). The singularities to which this applies
include those of type ADE. In this section we point out that essentially the same construction works
for the other Coxeter groups. We have to replace the normalization D by the space D of Lemma 2.1
(though recall that D = D for Coxeter groups of type ADE), and take, as D', a divisor pulling back
to the conductor of the ring extension &p < 0. The construction lifts to the representation space V,
giving a new free divisor strictly containing the reflection arrangement.

We keep the notations from Section 1 and work in standard coordinates as in (1.6).

Lemma 6.1. With a suitable choice of basic invariants p,...,pe, the linear part K of the Saito matriz
K = JJ" of D from (4.2) is symmetric of the form

w1p1 Wwap2 - ot We—1Pe—1 WePy
Wa P2 * L * Qyp_1Py 0
(6.1) K =
*
We—1Pe—1  Q2Py .
wépe O PR PR PR 0
where asg,...,ap—1 € C* with o; = aypy1—;. Moreover the only entries in this matriz equal to non-zero

constant multiples of pe lie along the anti-diagonal.

Remark 6.2. This matrix shows the linearized convolution of the basic invariants p1,...,ps as described
in [ ].

Proof. The first row and column of (6.1) can be read from (1.14). It remains to show the triangular
form of K and that the anti-diagonal entries, and only these, are non-zero constant multiples of p,. By
inspection, the degree of K7 is w; +w; —w1. By (1.2), (1.4) and (1.5), the degree of K} with i+j = £+1
equals h = wy, and hence f(} = a;pe for some o; € C. Provided W is not of type Dy, the degrees
wi, ..., wyp of the basic invariants are pairwise distinct. It follows that:

e All K; with ¢ 4+ 7 > £ 4+ 1 have degree strictly between w,; and 2w, and hence have a linear part

equal to zero. In particular, K has the claimed triangular shape.
e All K7 with i + j < £+ 1 have degree less than wy, and hence do not involve py.

But by (1.11), (1.12), and Theorem 1.2, det K = A? is a monic polynomial of degree £ in py. It follows
that ag - --ay—2 # 0. Finally the symmetry property a; = ayy1—; comes from the symmetry of K.

In the case of Dyy,, the same argument shows that the py-coefficient matrix of K is a constant symmetric
anti-diagonal block matrix, where 7 and j are in the same block exactly if w; = w;. By the procedure in
the proof of | , Lem. 3.6] it can be turned into a symmetric anti-diagonal matrix by linear algebra
on the basic invariants. O

Remark 6.3. By (1.4), the minor Mf is not changed by the change of basic invariants in Proposition 6.1.
For K as in (6.1), we set

(M}) :==ad(K), Ip:= (M{,... M)
Note that because (rc) holds, Ip = <M; |1<id,5<¢0).
Lemma 6.4. dM/(Der(—log D)) = Ip.

Proof. The strategy is the same as in the proof of the analogous result in [ ]. We replace §; by its
linear part d; whose coefficients are in the i’th row/column of K in (6.1). Then it suffices to prove that
the inclusion

(6.2) dM{({61,...,00)) C Ip.

obtained from Proposition 4.11 is an equality. The polynomial expansion of the minor M fﬂ- 41 contains

the distinguished monomial pipg*2 with non-zero coefficient. This monomial does not appear in the
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expansion of Mf for j # 4. In particular the expansion of Mf contains the monomial p1p§_2, with
coefficient (—1)*"21wycr, where ¢ is the sign of the order-reversing permutation of 1,...,¢ — 1, and
Q= Q9" - Qy_1.

We claim that dM, f (6;) contains the monomial pipﬁ_Q with non-zero coefficient, and no other of the
distinguished monomials. This shows that (6.2) is an equality and proves the lemma.

Contributions to the coefficient of pjpf2 in the expansion of dM f(&-) arise as follows:

(1) By applying the derivation p;d,, to the monomial plpﬁ_Q. This happens only when ¢ = j, and

in this case the resulting contribution to the coefficient of pjpf2 is

51'7]' (71)672Lwiw1a.

(2) By applying the derivation p¢0p, to the monomial pjpkp§_3. This derivation appears in d; only if
k ={—i+1, and then with coefficient a;; also this monomial appears in M/ only if k = £ —j+1,

3 appears in the expansion of M, f with

and hence ¢ = j. If 2§ = £+ 1, the monomial pjpg,iﬂpi_
coefficient
05 (—1) " Hewjwe- 10 /ay,
otherwise, it appears twice with that coefficient. The resulting contribution to the coefficient of
pjpr in dM[(6;) is
51',]‘ (—1)Z_1Laijg_j+1
if 2j = £+ 1, or twice this if 25 # ¢ + 1.
Therefore pjpgf2 can appear in dM/(J;) with non-zero coefficient only if i = j, and in this case the
coefficient is non-zero provided

{w1 £ w;, if2j =€ +1,

wy # 2we—jy1, if 25 # L+ 1.

These conditions hold by (1.4). O
Theorem 6.5. Let D' = {M} =0}. Then D+ D' is a free divisor.

Proof. Here the proof is identical to the~pr00f of the comparable result of | , Prop. 3.10]. By
Lemma 6.4, there are vector fields d1,...,d, € Der(log D) such that

(6.3) dME(6;) = MY

We may take §; equal to a constant multiple of the Euler vector field d;. Since 81, ...,d; is a basis of

Der(—log D), there exist B;- € R such that &; = Z§:1 széj. By the proof of Lemma 6.4, the matrix
B = (Bj) is invertible. Note that the Saito matrix of the basis 01,...,0¢is then KB. Let K’ be obtained
from the matrix K by deleting its last column. The columns of K’ give relations among the generators
My, .. .,Mf of Ip, by Cramer’s rule.

For each relation Zle N Mf =0, (6.3) gives

¢ ¢ ¢
D> oONdi(Mf) = dM{(D>  Nidi) = > M =0,
i=1 i=1 i=1
S0
¢
Z \id; € Der(—log D) N Der(—log D') = Der(— log(D + D')).
i=1

Because dy is a scalar multiple of 81, we also have 6, € Der(—log(D + D')). Let K" denote the matrix
formed by adjoining to K’ the extra column (0, ...,0,1)%. Thus the columns of the ¢ x £ matrix K BK"
are the coefficients of vector fields in Der(—log(D + D')), and det(K BK") = A2M/ mod C* where
A? = det K is a reduced equation for D. Now provided

(1) M{ is reduced, and

(2) M and A? have no common factor,
it follows from Saito’s criterion that D + D’ is a free divisor, and the vector fields represented by the
columns of KBK" form a free basis for Der(—log(D + D')).

By [ , Cor. 3.15], M{ generates (over Rp) the conductor ideal of the map D — D. Tt follows that
DnND' =V(Ip) = Sing(D) has codimension 2, and hence (2) holds. It suffices to check (1) at generic
points of Sing(D). Using Proposition 4.13, this reduces to checking (1) in the case £ = 2 discussed in
Section 4.4. But in this case M3 = 2p; is reduced by (4.11). O
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Corollary 6.6. o7 +p~1(D’) is a free divisor.

Proof. We continue with the notation of the proof of Theorem 6.5. Consider the vector fields represented
by the columns of J*(BK") o p. Since JJ'BK"” = KBK", these vector fields are lifts to V of the vector
fields represented by the columns of K BK"; they are therefore logarithmic with respect to p~(D’).
Since they are linear combinations of the columns of J! they are logarithmic with respect to .2/, and
thus with respect to & + p~1(D’).

By (1.11), det J = A is a reduced equation of «/. Since det K" = M} is reduced and, along V (M),
p is generically a submersion (for the critical set of p is <7, which meets V (M{ o p) only in codimension
2), det(K" o p) is a reduced equation for V/(M} o p). As det B € C*, det(J*(BK") o p) is therefore a
reduced equation for .7 + p~1(D’), and the corollary follows by Saito’s criterion. O

Ezample 6.7. The reflection arrangement for A,, consists of the intersection of V' := {Z?:ll x; =0} C

C"*! with the union of the hyperplanes {z; = x,;}. For As, the composite equation Mf o p defining
p~1(D') in Corollary 6.6 is equal, on V, to the second elementary symmetric function, oo. For A3, this
becomes 80904 — 903 — 2035.
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