N

HAL

open science

Spectral theory of damped quantum chaotic systems

Stéphane Nonnenmacher

» To cite this version:

Stéphane Nonnenmacher. Spectral theory of damped quantum chaotic systems. Journées Equations

aux Dérivées Partielles 2011, Jun 2011, Biarritz, France. hal-00619146v2

HAL Id: hal-00619146
https://hal.science/hal-00619146v2
Submitted on 23 Oct 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00619146v2
https://hal.archives-ouvertes.fr

Journées

EQUATIONS AUX DERIVEES PARTIELLES

Biarritz, 6 juin—10 juin 2011

Stéphane Nonnenmacher

Spectral theory of damped quantum chaotic systems
J. E. D. P. (2011), Exposé n° IX, 23 p.
<http://jedp.cedram.org/item?id=JEDP_2011____A9_0>

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/

GROUPEMENT DE RECHERCHE 2434 DU CNRS



http://jedp.cedram.org/item?id=JEDP_2011____A9_0
http://www.cedram.org/
http://www.cedram.org/

Journées Equations auz dérivées partielles
Biarritz, 6 juin-10 juin 2011
GDR 2434 (CNRS)

Spectral theory of damped quantum chaotic
systems

Stéphane Nonnenmacher

Abstract

We investigate the spectral distribution of the damped wave equation on
a compact Riemannian manifold, especially in the case of a metric of nega-
tive curvature, for which the geodesic flow is Anosov. The main application
is to obtain conditions (in terms of the geodesic flow on X and the damp-
ing function) for which the energy of the waves decays exponentially fast, at
least for smooth enough initial data. We review various estimates for the high
frequency spectrum in terms of dynamically defined quantities, like the value
distribution of the time-averaged damping. We also present a new condition
for a spectral gap, depending on the set of minimally damped trajectories.

1. Introduction

1.1. Spectrum of the damped wave equation

Given a Riemannian manifold (X, g) and a damping function a € C*(X,R,), we
are interested in the solutions of the damped wave equation (DWE)

(07 — A+ 2a(x)0)v(z,t) =0, v(x,0) = vy, v(z,0)=12. (1.1)
The natural setting is to take intial data (vg,v1) in the space H o H'(X) x L*(X).
This equation is equivalent with the system

(i0; + A) v(t) =0, A¥<j2_ém>,v@eﬂ, (1.2)

with the correspondence v(t) = (v(t),i0v(t)). A generates a strongly continuous
semigroup on H, so the solution to (1.1,1.2) reads

v(t) = e "v(0). (1.3)

We will always assume that the damping is nontrivial, a #Z 0. Apart from the
constant solution v(¢) = (1,0), all solutions then decay. Physically, this is expressed

This work has been partially supported by the grant ANR-09-JCJC-0099-01 of the Agence Nationale de la Recherche.
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by the fact that the energy of the waves,
1
) = 5 (IVe®) + low®?) (L4)

will decay to zero when t — oo for any v(0) € H. In some sense, the waves are
stabilized by the damping.

To analyze this decay, it it natural to try to expand the solution in terms of the
spectrum of A. This spectrum is discrete, consisting of countably many complex
eigenvalues {7,} with Re7, — £o00. It can be obtained by solving the generalized
eigenvalue equation

(—A =72 = 2iar)u=0. (1.5)
The following properties are easily shown (@min def mingex a(z), similarly for amyay)-
Proposition 1. [Leb93|All eigenvalues except 7o = 0 satisfy Im 7, < 0.
If Ret, # 0 then —Im 7, € [amin, Cmax)-
The spectrum is symmetric w.r.to the imaginary axis.

To each eigenvalue 7,, corresponds a quasi-stationary mode u,(x), an eigenstate
w, = (un, Thu,) of A reads, and a solution v, (¢, z) = e “™u, () of the DWE. Hence
Im 7, represents the quantum decay rate of the mode w,,.

If amin > 0, then the energy decays exponentially, uniformly for initial data v(0) €
‘H. Precisely, there exists v > 0, C' > 0 such that

E(v(t)) < Ce " E(w(0)), Yov(0)eH, Vt>O0. (1.6)

1.2. The Geometric Control Condition

The condition a.;, > 0 is not necessary to ensure such a uniform exponential decay.
Since all eigenvalues except 1y = 0 satisfy Im 7, < 0, for any C' > 0 the subspace
He C H spanned by the eigenstates {u,, |[Re7,| < C'} is finite dimensional, and for
any initial data v(0) C He the energy will decay exponentially. Hence, the failure
of exponential decay can only come from the behaviour of waves at high frequency.
In this high frequency limit, a natural connection can be made with the classical
ray dynamics on X, equivalently the geodesic flow ®' on the unit cotangent bun-
dle S*X (see § 1.4). Using this connection, Rauch and Taylor [RauTay75] showed
that the uniform exponential decay (1.6) is equivalent with the Geometric Con-
trol Condition (GCC), which states that every geodesic meets the damping region
{z € X, a(x) > 0} (due to the compactness of S*X each geodesic does it within
some time Ty > 0).

This condition can be expressed in terms of the time averages of the damping,
namely the functions

(a)(p) = 1/0ta od*(p)ds, peT*X, t>0. (1.7)

GCC is equivalent to the fact that, for t > 0 large enough (say, ¢t > 27j), the function
(a)y is strictly positive on S*X. Lebeau [Leb93] generalized this result to the case of
manifolds with boundaries. He also showed that the optimal decay rate 7 is given
by min (G,a_), where G = inf {— Im7,, 7,, # 0} is the spectral gap, while

def ;. .
o Jim il 8
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Figure 1.1: A damped geodesic.

is the minimal asymptotic damping. We will explain the relevance of a_ in §2.2.

Koch and Tataru [KoTa94] studied the same question in a more general context
(case of manifolds with boundaries, and of a damping taking place both in the
“bulk” and on the boundary). They showed that the averages (a); govern the decay
of the semigroup, up to a compact subspace.

Theorem 2. [KoTa94, Thm 2| For each € > 0 and each t > 0 there exists a subspace
Her CH of finite codimension such that

He—z‘tA‘

< — i .
v = exp{ tgy)rg(a}t} + €

For any subspace H1 C H of finite codimension,

exp { ~tmin(a). |} < e

Hi—H

A consequence of this result is the characterization of the Fredholm spectrum of
the semigroup. In the present situation of damped waves on a compact X withough
boundary, their result states® that this Fredholm spectrum is given by the annulus
{z€C, et < |z| <efe-}.

Notice that it is possible to have a positive gap G > 0 and at the same time a_ = 0
(failure of the GCC), see e.g. an example in [Ren94]. This reflects the fact that the
spectrum of the semigroup e "4 is not controlled by the spectrum of generator A,
a frequent problem for nonnormal generators like A.

1.3. Beyond Geometric control: a few cases of uniform energy
decay for regular data

If GCC fails, one can construct initial data v(0) € H such that E(v(t)) decays
arbitrarily slowly [Leb93]. Yet, it is possible to show that more regular data, say in
some Sobolev space H* = H*™' x H*, s > 0, decay in some uniform way. In the

most general situation, Lebeau showed a logarithmic decay of the energy? [Leb93,
Thm 1],

E(v(1)"* < O log(2 +1)~* |lv|

The proof uses Carleman estimates, which imply some control of the resolvent
(tr—A)"" in a strip {Rer > C, |Im7| < f(Re7)} for some function f(r) which

wss Yo =v(0)eH Vt>0.

Lunder the condition that, for any T > 0, the set of T-periodic geodesics has measure zero.
2Lebeau’s paper contains a log log(10 + ¢) factor in the numerator, which can be removed using
the abstract result of [Bur98, Thm 3|. I thank L.Robbiano for pointing out this improvement.
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decays exponentially as » — oo. By interpolation, proving such an estimate for
some sg > 0 implies a similar estimate for all s > 0.

In specific dynamical situations, one can show resolvent estimates in a larger strip,
e.g. for some function f(r) decaying algebraically: one then gets an algebraic decay
Ot ||v||y) for the energy of regular data. Burq and Hitrik showed that this is
the case for damped waves in the (chaotic) stadium billiard, if the damping function
vanishes only in some part of the central rectangle, so that the set of undamped
trajectories,

K= {pe$X, vt R, a(D'(p)) =0}, (1.9)

consists in a collection of (neutrally stable) “bouncing ball” trajectories [BuHi07].

Christianson studied the case where the set K consists in a single hyperbolic closed
geodesic: the energy decay is bounded by a stretched exponential O(e™ " [[v],,.)
[Chris07, Thm 5’][Chris11]. The hyperbolicity of the geodesic induces a strong dis-
persion of the waves, responsible for this fast decay.

In §3.3 and 3.4 we will present situations, with (X, g) a manifold of negative
curvature, for which the energy of regular data decays exponentially:

E(w®)? < Coe ™ ||vll,., VYo €H, V> 0. (1.10)

The proof proceeds by controlling the resolvent (7 — .A) ™" ina strip {Re7 > C, |Im 7| < ¢},
and then uses standard arguments [Chris09]. Here as well, the resolvent bounds are

based on certain hyperbolic dispersion estimates. See the Corollaries 16 and 19 for

the precise dynamical conditions, which involve the interplay between the flow and

the damping function.

1.4. High frequency limit — semiclassical formulation and
generalization

As explained above, the decay of the energy is mainly governed by the high fre-
quencies Re7T > 1. A semiclassical formulation of the problem was used in [Sjo00],
allowing to use h-pseudodifferential techniques. Take an effective Planck’s “con-
stant” 0 < i < 1. In order to study the frequencies ReT = ™! + O(1), we perform

the rescaling
V2z

T= with zin the disk D(1/2,Ch). (1.11)
The equation (1.5) becomes
R2A R2A
(P(h,z)=2)u=0,  P(hz) =~ —ih2za = - —iha+O(R?). (1.12)

More generally, we consider operators of the type

R2A

where the symbol® ¢, € S°(T*X) is now a function on the phase space T*X, and
depends holomorphically on z € D(1/2,Ch), with ¢. = ¢1/2 + O(h) [Sjo00]. With a

3For any k € R, the symbol class S*(T*X) denotes the functions a(x, £; h) satisfying the follow-
ing bounds: for any multi-indices «, 5 € N%,

62‘6?a(m,£; h)’ < Cup (14 |€))* 181 uniformly for i € (0,1),
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slight abuse, will call ¢ = ¢1/2(x,&) “the damping function” (a damping effectively
occurs only at phase space points where ¢(x, ) < 0, while positive values of ¢ rather
correspond to a “gain” or “pumping”).

In this framework, we are interested in the semiclassical distribution of the gen-
eralized eigenvalues z,(h) of the operator P(%, z) in the disk D(1/2,Ch). Because
we will specify this spectrum at the scale h, we may for convenience drop the term
O(R?) in (1.13), and rather study the spectrum of the z-independent operator

A

P(h) = Po(h) +ihOpy(a),  Po(h) & =

(1.14)

The principal symbol of this operator is py(z, &) = %, it generates the geodesic flow

@t = exp(tH,,) on T*X, with unit speed on the energy shell py'(1/2) = S*X.

2. Semiclassical spectral distribution of P(%). General results

The results we present in this section hold for arbitrary Riemannian manifolds
(X, g). We skip the proofs.

2.1. Weyl law for the real parts

In the semiclassical limit, the number of eigenvalues of the selfadjoint operator

Py(h) = —hQTA in the interval [% + e} def [% — €, % + e} is approximately given by

Weyl’s law. When applying the perturbation i Op,(¢) = O(h), it seems natural to
expect that most eigenvalues of Py(h) in this interval will remain inside a (complex)

neighbourhood [% + e} +O(h). One can indeed show that the “macroscopic” spectral
distribution is given by the same Weyl’s law as in the undamped case.

Theorem 3. [MarMat84, Sjo00] For any € > 0 small enough (possibly depening on
h), the number of eigenvalues of P(h) in the strip S, = {% —e<Rez< %—l— 6} is
semiclassically given by

# {Spec P(h) NS} = (2nh) " Vol {p € T*X, |po(p) — 1/2| < e} + O (A=),

Here Vol corresponds to the symplectic volume in T* X . This estimate implies that,
for C > 0 large enough,

# {Spec P(h) N D(1/2,Ch)} < h~%, (2.1)

This result is actually not so easy to prove. It uses some subtle analytic Fredholm
theory in order to relate the spectrum of P(h) with that of a simpler “comparison
operator”.

By Opy,(q) we refer to a semiclassical quantization on X, with the property that Opy(q) is sym-
metric if ¢ is real (see e.g [EvZw, App. E]). The operators Opy,(g) form the class U*(X) of pseu-
dodifferential operators (PDO).
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2.2. Restrictions for the imaginary parts (quantum decay
rates)

Eventhough the operator P(h) was inspired by the wave equation, it is convenient
for us to consider it instead as the generator of a Schrodinger equation

ihdyw — P(h)v = 0. (2.2)

Any eigenvalue/vector (z,,u,) of P(h) is thus associated with a solution v, (x,t) =
e~#nt/hy,, () of this equation, and we will also call Im z, /A the quantum decay rate*
associated with u,,.

First we remark that an eigenmode u,, associated to an eigenvalue z,, € D(1/2, Ch)
is semiclassically microlocalized on py*(1/2) = S*X. To state this property we need
to introduce energy cutoffs.

Definition 4. An energy cutoff will be function y € C ([1/2 £ 4], [0, 1]) for some
d > 0, and satisfies x(s) = 1 near s = 1/2. The cutoff yy is said to be embedded in
X1, and we note x1 = Xo, iff x1 = 1 near supp xo. From the cutoff x we construct
the (pseudodifferential) cutoff operator x(Fo(h)) € ¥~°(X).

Proposition 5. Take an energy cutoff x. Let w = u(h) be an eigenstate of P(h)
with eigenvalue z(h) € D(1/2,Ch). Then,

17 = x(Fo)) ull = O) [lul| -

This localization property explains why only the neighbourhood of S*X will be
important for us.

2.2.1. A factorization of the Schrédinger propagator

An easy way to realize how the skew-adjoint subprincipal term s Op;(q) implies a
“damping” is to analyze the propagator for the Schrodinger equation (2.2). The fol-
lowing Proposition adapts a more general result due to Rauch and Taylor [RauTay75].

Proposition 6. Assume ¢ € C°(T*X), and take P(h) as in (1.14). For any fized
t € R, decompose the Schridinger propagator Vt = e~*F/" into

Vi =U'B(t), where Ut = e~/ s the undamped propagator. (2.3)
The operator B(t) is a PDO in V(X)) of principal symbol

t
bit.p) = exp { [ g0 ®(p) ds} = exp{t (a)ulo)}
where the time averaged damping (q): generalizes (1.7).

The factor b(t, p) is the accumulated damping along the orbit {®*(p), 0 < s < t}.
If one starts from a Gaussian wavepacket uy microlocalized at a point p, then the
state V'ug is a wavepacket microlocalized at ®*(p), and the above statement shows
that the L? norms are related through this factor:

[ull = [uoll (b(Z, p) + O(R)) -

Applying an energy cutoff allows to extend the factorization (2.3) damping functions
q € S°(T*X) of noncompact support.

“From (1.11) we have Im z,, /i = Im 7,,4-O(%), so this denomination is (approximately) consistent
with the one of §1.1.
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Lemma 7. Consider P(h) with a damping function q¢ € S°(T*X). Take two embed-

ded cutoffs x1 > Xo supported in [1/2 %+ §], and the truncated damping G def x1(po) q-
Then, for any t > 0 fized, one has

VExo(Po) = Vi xo(Po) + Oras12(h™), (24)
where V' is the propagator corresponding to P = Py+ih Op;(§).

This identity uses the fact that the propagation V! does not modify the energy
localization properties.

2.2.2. From propagator factorization to a resolvent bound

We can now easily obtain a first constraint on the quantum decay rates. Applying
Proposition 6 to the function ¢ = x1(po)g of Lemma 7, we get for any fixed ¢ > 0:

[Vixo(R) = [B#&)xo(R)] ,,_ . + OB
= max B(t)x()(po) + O, (h) (2.5)

T*X

< exp {t max <cj>t} + Oy (h).

L2112

Supp X0°po

On the second line we used the sharp Garding (in)equality for the operator B(t) €
U%(X). The maximum maxp61([1/2i5])<5)t decreases when t — oo or when § — 0,
and converges to the asymptotic maximum on S*X|

def ;.
¢+ = lim max (g):(p). (2.6)

One similarly defines an asymptotic minimum ¢_. We then get the following norm
bounds for the propagator.

Proposition 8. Fiz e > 0. If the energy cutoff xo has a small enough support, and
T. > 0 is large enough, then for any (fived) t > T, and any small enough h > 0, the
following bounds holds:

[Vixo(P) <elatat - (27)

L2512 —

< el HV_tXO(Po)

L2—I12 —

From there one easily obtains the following resolvent and spectral bounds.

Theorem 9. [Leb93, Sjo00] Take any € > 0. Then, there exists h., C. > 0 such that
for h < he, the following resolvent estimate holds:

Ve D2, {2 mz/helo — g +d},  [|(P) —2)7"] < (;;

(2.8)
As a consequence, for h < h. all eigenvalues z, € D(1/2,Ch) of P(h) satisfy

Im 2z,
- €lg- —€,qr +¢€.

In the case of the damped wave equation (¢(z,&) = —a(x)) and in a situation of
geometric control (a— = —g4 > 0), the resolvent estimate (2.8) can be used to show
the uniform exponential energy decay (1.6) [Hit03].
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2.3. Questions on the spectral distribution

So far we showed that the quantum decay rates are bounded by the asymptotic
extrema of the time-averaged damping. The following questions were raised in [Sjo00,
AschLeb, Ananl0] concerning their semiclassical distribution.

1. What are the possible accumulation points of the quantum decay rates when
h — 07 In particular, are there sequences of decay rates (Im z(h)/h)n—o con-
verging to the extremal values ¢.7

2. Do the quantum decay rates admit an asymptotic distribution when A — 07
Namely, for a given interval I C [¢_,q+] and 1> ¢(h) > h, does the ratio

#{z € Spec P(h), |[Rez—1/2| <e, 2 ¢ [}
#{z € Spec P(h), |Rez —1/2| < ¢}

have a limit when A — 07 Is this limit distribution related with the value
distributions of the averages (g);?

3. Spectral estimates on Anosov manifolds

The above questions are open in general. In order to get more precise informations
on the spectrum of P(h), one needs to make specific assumptions on the geodesic
flow on X. For instance, the case of a completely integrable dynamics has been con-
sidered by Hitrik-Sjostrand in a sequence of papers (see e.g. [HitSjoO8|and reference
therein). The case of nearly-integrable dynamics including KAM invariant tori has
been studied by Hitrik-Sjostrand-Vi Ngoc [HSVNO7]. In these cases, one can trans-
form the Hamiltonian flow into a normal form near each invariant torus, which leads
to a precise description of the spectrum “generated” by this torus. A Weyl law for
the quantum decay rates was recently obtained in [HitSjol1] (for skew-adjoint per-
turbations i0(h) Op,(q), with (k) < k). On the other hand, Asch-Lebeau [AschLeb]
addressed Question 1 for the case of the 2-dimensional standard sphere. They show
that, if the damping function ¢ has real analytic real and imaginary parts, there is
generically a spectral gap v > 0: for i small enough, all eigenvalues z, € D(1/2,Ch)
have quantum decay rates

Irnzn/he [q7+77Q+_’7]

The proof proceeds by applying a complex canonical transformation, such that the
real part of the pulled-back damping function takes values in the above interval. In
this case, the range of the quantum decay rates is strictly smaller than the range of
classical decay rates.

We will see below that such a spectral gap may also occur in the case of Anosov
geodesic flows, thanks to a different mechanism, namely a hyperbolic dispersion
property due to the instability of the classical flow (see Thms 15 and 18 below).

In the next section we recall the definition and properties of Anosov manifolds.

3.1. A short reminder on Anosov manifolds [KatHas95]

At the “antipode” of the completely integrable case, one finds the “strongly chaotic”
flows, namely the Anosov (or uniformly hyperbolic) flows. Uniform hyperbolicity
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Figure 3.1: Structure of the Anosov flow near an orbit ®*(p)

means that at each point p € S*X there exists a splitting of the tangent space,
T,S'X = RH,(p) & E*(p) © B~ (p),

where H,(p) is the Hamiltonian vector field, E*(p) are the unstable and stable
subspaces at the point p; they both have dimension d — 1, and are uniformly trans-
verse to e.o.. The families { E*(p), p € S*X} form the unstable/stable distributions,
they are invariant w.r.to the flow, Holder continuous, and are characterized by the
following property: there exists C, A\ > 0 such that

Vp € S'X, Wu € B¥(p), ¥t >0, |[doEv]| <Ce ™ uf. (3.1)

As was shown by Hadamard, such a geodesic flow is obtained if the manifold (X, g)
has a negative sectional curvature. The long time properties of such a strongly
chaotic flow are well understood. In particular, Hopf proved that this geodesic flow
is ergodic w.r.to the Liouville measure on S*X.

Definition 10. Call p; the normalized Liouville measure on S*X. Then, the ge-
odesic flow ®' on S*X is ergodic (w.r.to ) iff, for any continuous function ¢ on
S*X,

for py — almost every p € S* X, lim (¢):(p) = Y 1r(q).

t—o00

The following quantities provide quantitative measures of the hyperbolicity:

e 1
the maximal expansion rate Apax 2 Jim sup - log Hd@tp‘ , (3.2)
t—o0 pES* X t
the unstable Jacobian J*(p,t) = det (dCI)t fE+(p)) , t>0,
of d
and its infinitesimal version ™ (p) &t 7 log J*(p,t) Ti=o0, (3.3)
def 1

1
lim min - log J¥(p,t). (3.4)

the minimal expansion rate vy, =
— 1 t—o0peS*X ¢

The Jacobian depends on the choice of norms on the spaces 7,5 X. However, its
long time asymptotics is independent of this choice. In variable curvature these
rates are related by Apax = Vmin > A > 0. In particular, if the positive Lyapunov
exponents are not all equal, one has Vi < Anax.

A particular class of Anosov manifolds consists in quotients of the d-dimensional
hyperbolic space H? by co-compact subgroups of its isometry group. These manifolds
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have a constant curvature® —AZ2. Using the natural norms on 7,5*X, one then has
J+(p7 t) = et(d_l)Aa 90+(p) = A<d - 1)7 )‘max = Vmin = A.

In this case the contraction/expansion are both homogeneous (independent of the
point p) and isotropic (independent in the direction).

Let us finally notice that the study of the operator P(h) on an Anosov manifold
belongs to the field of “quantum chaos”. The methods we will use below occur in
various problems of this field, e.g. the study of eigenstates of the Laplacian Py(h)
on such manifolds [Zel09].

3.2. Fractal Weyl upper bounds for the quantum decay rates

In this section we address Question 2, that is the asymptotic distribution of the
quantum decay rates, for the case of Anosov manifolds.

3.2.1. Typical quantum decay rates for ergodic flows

A basic property of the geodesic flow on any Anosov manifold is ergodicity. Sjostrand
has studied the asymptotic disribution of the quantum decay rates for any ergodic
geodesic flow [Sjo00], and obtained the following result.

Theorem 11. [Sjo00] Assume the geodesic flow on S*X is ergodic w.r.to the Liou-
ville measure. Then, For any C' > 0, € > 0, one has as h — 0,

# {z € Spec P(h) N D(1/2,Ch), Imi;bz Zlg—eq+ e]} — o(h~ 4.

Comparing this bound with the Weyl law (2.1) shows that, in the semiclassical
limit, almost all the quantum decay rates are close to the phase space average q.
The latter could be called the typical value for quantum decay rates, while values at
finite distance from ¢ are atypical. The asymptotic distribution is simply the delta
measure 0.

Remark 12. As was noticed in [Ananl0], this concentration result could be seen
as a “nonperturbative version” of quantum ergodicity. The latter property states
that almost all the eigenstates u® of Py(h) with eigenvalues 20 € D(1/2,Ch) sat-
isfy (u2, Opp(q)ul) = q + on0(1). A naive perturbation theory argument would
predict that, when switching on i Op,(q), the eigenvalues 20 move to z, = 20 +
ih(u?, Op;(q)ul)+O(h?), so that the quantum decay rates Im z,,/h = (u®, Op,,(¢)ud)+
O(h), the RHS being equal to ¢ + o(1) for almost all n. Of course, this argument
does not apply because the perturbation i Op,(q) is much stronger than the mean
spacing between successive eigenvalues.

To prove the above theorem one relates the counting of quantum decay rates with
the value distribution of the quantum averages (q); on S*X, that is the volumes

pr{p € S*X, (g)i(p) > a}, a€R, t>0. (3.5)

SUsually one normalizes the metrics on H¢ so that the curvature is —1. We prefer to keep track
of the curvature in our notations.
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Indeed, the main intermediate result in the proof is the bound

I
4 {z € Spec P(1) N D(1/2, Ch), % > a} < Cosh ™ {p € S*X, (qh(p) > a— 6},

(3.6)
which holds for any fixed ¢ > 0 and § > 0 (this bound holds independently of the
ergodicity assumption). Ergodicity then implies that the value distribution of (g),
converges to d; when ¢ — oo; in particular, for any a > ¢ the volume (3.5) decays
to zero when ¢ — co. We have then obtained the bound o(h~%!) for the quantum
decay rates > « > ¢. The case of values < a < ¢ is treated analogously. U

3.2.2. Large deviation estimates for Anosov flows

For an Anosov flow, one has more precise estimates for the volumes (3.5), which can
then induce sharper bounds on the number of the atypical quantum decay rates.
These volume estimate take the form of large deviation estimates. Let us introduce
some notations. We call M the set of ®'-invariant probability measures on S*X.
For each such measure p, we denote by hgs(u) its Kolmogorov-Sinai entropy: this
is a nonnegative number, which measures the complexity of a u-typical trajectory
[KatHas95]. Then, we define the rate function H : R — R as follows:

Vs €R,  H(s) = sup {his(p) — ("), pe M, plg)=s},  (3.7)

where we recall that ¢ is the infinitesimal unstable Jacobian (3.3). We are now
ready to state our large deviation result.

Theorem 13. [Kif90]Assume the geodesic flow on S*X is Anosov. Then, for any
closed interval I C R and for any q € C*(S*X), the time averages (q); satisfy

1 )
limsup —log 1z {p € S™X. {q)+(p) € I} < sup H(s). (3.8)
t—o0

sel

The rate function H is continuous on [9—,q+], smooth and strictly concave on
(q-,q+), negative except at the point H(q) = 0, satisfies H(s) > —sup,c p(¥™)
for s € [q_,q4], and is equal to —oo outside [¢_, ¢.|. As a consequence of (3.8), for

any a > q and € > 0 arbitrary small, there exists T;, . > 0 such that

V> Toe, noip € S°X, (ghilp) = a} < (@), (3.9)

Due to the negativity of H(a) for @ # §, we see that the probability of (g); taking
atypical values decays exponentially when t — oc.

3.2.3. Fractal Weyl upper bounds on Anosov manifolds

Using these large deviation estimates, Anantharaman [Ananl0] improved Thm 11

by letting the averaging time grow with A in a controlled way. The optimal time is

the Ehrenfest time

log1/h
)\max

where A, is the largest expansion rate (3.2) and € > 0 arbitrary small. What is the
signification of this time? For any f € S™°°(T*X) supported in an e-neighbourhood

T:TEhr = (1 —26)

: (3.10)
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of S*X, the classically evolved observable fo®* remains in the “good” symbol class®
S1ja (T X) uniformly for times [¢| < Tpp, /2. In turn, the symmetric averages
t/2

<f>t,sym - 1/ f o ®°ds (3]_]_)

—t/2
belong to Sy (T X) for [¢| < Tinr, and this time is sharp.

Let us insist on the fact that controlling the time evolution up to times ¢ =<
log 1/h is a crucial ingredient in order to obtain refined spectral estimates on Anosov
manifolds. This will also be the case in Sections 3.3 and 3.4 when proving hyperbolic
dispersion estimates and spectral gaps.

The pseudodifferential calculus on W? /2_6(X ) allows to extend the validity of the
bound (3.6) up to the Ehrenfest time. The large deviation estimate (3.9) then leads
to the following fractal Weyl upper bound for the number of atypical quantum decay
rates.

Theorem 14. [Ananl0]Assume the geodesic flow on S*X is Anosov. Then, for any
a > q and € > 0, one has for h small enough

I g «
# {z € Spec P(h) N D(1/2,Ch), 122 > a} < h*frfxai“l*d)*e, (3.12)

where H is the rate function (3.7). A similar expression holds when counting quan-
tum decay rates smaller than o/ < q.

Since —H (a) > 0 for all & > g, this upper bound improves the bound o(A~%+1) of
Thm. 11 by a fractional power of A (the name “fractal Weyl upper bound” takes its
origin in the counting of resonances of chaotic scattering systems [SjoZwo07]). For
any a € [q, q.] one has H(a) > — sup,, (") > —Amax(d — 1), so the exponent of h
in (3.12) is negative, allowing the presence of (many) quantum decay rates arbitrary
close to q,.

These fractal upper bounds are not expected to be sharp in general [Anan10]. In
the next sections we will be able, under certain conditions, to exclude the possibility
of quantum decay rates near ¢, (or near q_).

3.3. A pressure criterium for a spectral gap

The result of Thm 9, namely the fact that all quantum decay rates belong to the
interval [¢_ — o(1), ¢+ + o(1)], was obtained by studying the norm of the propagator
Vt = e #P/7 for times |t| > 1 independent of A. Indeed, the sequence of equalities
(2.5) directly leads to the upper bound

Imz,/h < q; +e. (3.13)

The crucial semiclassical ingredient in (2.5) is the second equality connecting the L?
norm of the PDO B(t)x(Fy) with the supremum of its (principal) symbol. Hence,

OFor any k € R, 6 € [0,1/2), the symbol class SE(T*X) consists of functions g(x,&; k) which
may become more and more singular when A — 0, but in a controlled way:

Va, B € NLYp € T'X,  |020g(p)| < Co i 001D (1 4 gy 1P,

In this class one can still use pseudodifferential calculus, and the expansions in powers of A make
sense [EvZw, Sec. 4.3].

IX-12



one cannot hope to improve the bound (3.13) as long as B(t)x(P,) remains a “good”
PDO, which is the case if the time ¢ < Tgy,/2. To improve on (3.13) we will inves-
tigate the propagator V* for “large logarithmic times”, namely

t ~Klogl/h, withIC >0 large (but independent of h). (3.14)

For such times, the function b(t)x(po) oscillates on scales much smaller than 7, so
it cannot belong to any decent symbol class. As a result, the norm of B(t)x(Pp) is
a priori unrelated with that function. However, using the hyperbolicity of the flow
one can prove an upper bound for the propagator V' in terms of a certain topolog-
ical pressure depending on the damping and the hyperbolicity, and then obtain a
constraint on the quantum decay rates.

Before stating our bound, let us first introduce the notion of topological pressure
associated with the flow ®* on S*X. For any observable f € C(S*X), the pressure
P(f) = P(f, @' |s-x) can be defined by

P(f) < sup {hrs(p) + pu(f), pe M}. (3.15)

Notice that the definition (3.7) of the rate function H(s) is very similar. The pressure
is also given by the growth rate of weighted sums over long closed geodesics’:

P(f)zlimilog > et
Toe T repErn

The pressure appearing in the next theorem is associated with the function f =
q — @1 /2, where ¢ is the infinitesimal unstable Jacobian (3.3), it thus mixes the
damping and hyperbolicity.

Theorem 15. [SchelO|Let X be an Anosov manifold, and q € S°(T*X) a damping
function.
Assume the following (purely classical) inequality holds:

Pla—9"/2) <. (3.16)
Then, for any € > 0, there exists N > 0 such that, for h small enough, the following
resolvent bounds:

¥z € D(1/2,Ch) N{Imz/h>Plg—¢*/2)+e},  |P(h)—2)7"| <n™.
(3.17)
As a consequence, all quantum decay rates for z,(h) € D(1/2,Ch) satisfy
| h
mz};‘” <P(g—pt/2) +e (3.18)

in particular we have a spectral gap.

In the next subsection we present situations for which the inequality (3.16) is
satisfied. The proof of this theorem was inspired by a similar result in the case of
resonances in chaotic scattering [NZ2, NZ3|. We give some hints of the proof in
§3.3.2.

Let us now apply this bound to the damped wave equation, that is take ¢(z, &) =
—a(z).
"The sum over long closed geodesics is analogous to a partition function in statistical mechanics,

with the time T corresponding to the volume of the system. This explains why the growth rate is
called a “pressure”.
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Figure 3.2: Spectral gap in case the pressure P(q — p1/2) < q..

Corollary 16. [Schel0] Consider the DWE on X with nontrivial damping a > 0.
Assume that the GCC fails (a— = 0), but that the condition P(—a— ™ /2) < 0 holds
true.

Then the DWE has a spectral gap, and the energy decays exponentially for reqular
initial data, as in (1.10).

3.3.1. Conditions for a spectral gap

The inequality (3.16) can hold only if the damping function ¢ varies “sufficiently”
around its average value ¢. Indeed, one always has P(—p*/2) > 0 for an Anosov
flow, so by adding a constant dampint ¢ = ¢ one gets

P@—¢"/2) =q+P(=¢"/2) > 1= g,

The pressure depends continuously of ¢ (in the C° topology), so if ¢ = g + d¢ with
10¢|| ;o small, the inequality (3.16) will not be satisfied.

Let us consider the case of the DWE as in Corollary 16. The failure of the GCC
is equivalent to the fact that the set of undamped trajectories K (1.9) is nonempty.
This set is flow-invariant and closed, so one can define the pressure P(—¢™ /2, ' [f)
associated with the flow ® restricted on K. It was shown in [Schell] that if we
multiply the damping a(x) by a large constant C' > 0 (this does not modify the set
K), then

Jim P(=Ca— " /2) = P(—=¢"/2,®" [k).
If the set K is thin enough, the pressure P(—p™ /2, ® | ) is negative (for instance, if
K consists in a single closed geodesic, the pressure is equal to the average of —p™ /2

along the geodesic, which is negative). In that case, the above limit shows that the
pressure P(—Ca — @1 /2) is also negative if C' > 1.

3.3.2. Proof of the pressure bound: decomposing into “symbolic paths”

In this section we explain the strategy of proof of Thm 15. As mentioned before,
we want to bound the norm of the propagator for large logarithmic times. We will
prove the following
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Lemma 17. Choose € > 0. Then, for an energy cutoff xo of small enough support,
and a large enough constant IC > 0, for h < h. one has the bound

[Vixo(Po)|| < f(Pa=e/2%) ¢ Klog 1/, (3.19)
From there, obtaining the resolvent estimate (3.17) is relatively straightforward.

Proof. Our aim is to bound the norm ||V || for a normalized state ug microlocalized
inpy* ([1/2 % 8]), and a time ¢ ~ K log 1/h. We may assume that u, is microlocalized
in an open subset W of diameter < §. We will first decompose ug in an adapted
basis of local “momentum” modes {en, n e R |nl < 5}. Here the parameter 7 is
the “momentum coordinate” in a Darboux coordinate frame {(y, n), |y| < 4, |n] < 4}
in W, chosen such that 7, = py — 1/2 represents the energy, y; the time, and the
“momentum” Lagrangian leaves A,, = {(y,n0)} are close the unstable foliation. The

momentum states e, are Lagrangian states supported by the leaves A,, of norms
O(1). The decomposition of ug in this “basis” reads
d
wo= | fo(n) ey — 4 O(K), (3.20)

In|<é (7 T (2mh)1/2

where the factor (2h)~%2 ensures that ||dg|/,; = O(1). The reason for this de-
composition is that we are able to precisely control the evolution of each indi-
vidual state e,, up to times ¢ ~ Klog1/h. The state V'e, is a Lagrangian state
supported on the Lagrangian leaf ®*(A,). Due to the hyperbolicity of the flow,
when ¢ grows the leaf ®*(A,) expands exponentially fast along the unstable direc-
tions, and converges to the unstable foliation. To analyze the state V'e,, we can
view as the combination of many local Lagrangian states associated with bounded
pieces of ®'(A,). A convenient bookkeeping consists in using a partition of unity
in po* ([1/2 4 8]). One first covers this region by a finite family of open subsets
{W;,j=1,...,J} of diameters < ¢, and then constructs a smooth partition of
unity {7, € C:*(W;,[0,1]), j =1,...,J} adapted to this cover: Z;I:l 7; = 1 near

po " ([1/2 £ 6]). This partition is quantized into {Hj ot Opy(m;), 5=1,..., J}, such
that, for any energy cutoff x any supported in [1/2 £ §],

J
ST X (Po) = X(Py) + Oz (h), (3.21)

=1

We use this quantum partition to split the propagator V™ into “symbolic paths”:

J
Vie, = > Vajeantn + O(F®), Vaya, =11, VI, -+ VIL,, V.  (3.22)
Q,...,an=1

For each symbolic sequence @ = «; -- -y, the state Ve, is a Lagrangian state
supported on the Lagrangian leaf A}y obtained from A, by a sequence of n evolutions
by @' and truncations on Wy, . The full evolved leaf is given by ®*(A,)) = Ujajzy AT If
Ag is empty Vae, = O(h>). Otherwise (o “admissible”), Ay is a leaf of diameter < 4,
close to the unstable foliation. One can compute the amplitude of the Lagrangian
state Ve, to any order in h. It is governed by both the accumulated damping and
accumulated instability along the “path” «, leading to the norm estimate

[Vaen|l < Cb(a) T ()12, where (3.23)
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b(a) = [ blow), b(j) = max b(1,p), and similarly for (J+)71/2 . (3.24)
puiet peEW;

Applying the triangular inequality to (3.22), we obtain a bound on the norm of V"¢,

which can be related with the topological pressure:

J
Vel <C 3 ba) T ()2 <exp{n(Plg—¢"/2)+ 00))} . (3.25)
aadmis.
Inserting this bound in the expansion (3.20) we get the same bound for V"u, with an
extra factor A~%2; however, this factor is smaller than e™ if we take n ~ Klog1/h
and /C large enough, in which case the bound (3.25) also applies to ||V "ugl|. This
ends the proof of the norm bound (3.19). O

Had we inserted (3.23) in the expansion (3.20) before summing over e, we would
have obtained the following hyperbolic dispersion estimate:

IVl < min (b(e), Ch=*?b(a) J*(a)7?),  |af < Klog1/h.

This type of estimate was first proved in the case of the undamped operator Py(h)
on an Anosov manifold [Anan08, AN1]. The adaptation to the case of the damped
wave equation was written in [Schel0]. A similar estimate was also shown in [NZ2]
in the case of chaotic scattering.

3.4. A “thickness” condition for a spectral gap

In this section we present a spectral gap condition expressed only in terms of the set
of undamped trajectories (1.9), but independently of the strength of the variations
of the damping (as opposed to the “pressure condition” (3.16)). A proof of this
result will appear in a forthcoming publication.

To state our result in the context of a damping function ¢(z, ), we introduce the
set of “least damped trajectories”

K =J{suppp, p € M, u(q) = ¢4}, (3.26)

which generalizes® the set (1.9). Our condition for a spectral gap depends on a

topological pressure associated with the flow ®¢ . We use quantities defined in
63.1.

Theorem 18. Let X be an Anosov manifold, and q € S°(T*X) a damping function.
Assume the following condition holds:

P(—¢*, @' k) < (d—1) (Vzm - Amax> . (3.27)

Then, there exists v > 0 (“the gap”), C > 0 and N > 0 such that, for h > 0 small
enough, the following resolvent bound holds:

¥z e D(1/2,Ch)n{lmz/h>q. -},  [(P(h) =27 <ChY.  (3.28)
As a consequence, all eigenvalues of P(h) in D(1/2,Ch) satisfy

Imzn/hé q+ — 7

so we have a spectral gap.

8The two definitions are not strictly equal [Schell], but this subtlety will be irrelevant here.
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In the framework of the damped wave equation with (nontrivial) damping function
a(x) > 0, this gives the following

Corollary 19. Assume that the set of undamped trajectories (1.9) is such that the
condition (3.27) holds. Then, there exists v > 0, C' > 0 and N > 0 such that

H(T—A)_l <cTV, Vre{|Rer|>C, Im7 > —7}.

L2—[2 —

As a consequence, the energy decays exponentially for reqular initial data, as in
(1.10).

On a manifold of constant negative curvature —A?, the condition (3.27) takes the
form

Biop(®' 110) < (d —1)A/2, (3.29)

where hy,, is the topological entropy of the flow on K. It is usually interpreted as
a measure of the “complexity” of the flow on K; we rather see it as a measure of
the “thickness” of K. This bound is reminiscent of the lower bound obtained by
Anantharaman when describing the localization of eigenstates of the Laplacian on
Anosov manifolds [Anan08]. In constant curvature, she shows the the support of any
semiclassical measure associated with a sequence of eigenstates must have a topo-
logical entropy greater or equal to (d — 1)A/2, thus forbidding the eigenstates from
being too localized. Following the thread of Remark 12, the spectral gap condition
(3.29) could be seen as a “nonperturbative analogue” of this delocalization result.

How about the case of variable curvature?

For certain Anosov manifolds of dimension d > 3, the condition (3.27) can never
be satisfied. Indeed, the variational formula (3.15) shows that, for any closed invari-
ant set K’ C S*X, the pressure

P(=¢", @' [xr) > — sup (") > —(d = 1)Aax-
HEM
If the instability along E7 is very anistropic (meaning that the largest and smallest
positive Lyapunov exponents are very different), then (d — 1) Amax — sup e (™)

(d—1)Vmin
2

can be strictly larger than , in which case

P(—pt, @ ) > (d—1) <Vm2m — )\max> for any closed invariant set K'.
This remark hints at the fact that the condition (3.27) is probably not sharp (even
in 2 dimensions) in variable curvature. What could be a sharp criterion for a gap?
Riviere [Riv11] has recently improved Anantharaman’s lower bound on the semi-
classical measures for eigenstates of the Laplacian, and has also extended her analysis
to the case of the damped operator P(f, z) of (1.12). In particular, he shows that
if the undamped set K is “thin enough” so that the pressure P(—pt /2, @' k) is
negative, then we have a “logarithmic gap”: there exists Cy > 0 such that, for &
small enough, all generalized eigenvalues z,(h) € D(1/2,Ch) of P(h, z) satisfy

Im z,(h) - Co
h = |logh|’

Comparing Riviere’s result with Thm 18 and the discussion in §3.3.1, it seems
natural to expect the following
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Conjecture 20. If the set K of least damped trajectories satisfies
P(—pt/2,0" k) <0, (3.30)
then there is a spectral gap in the spectrum of P(h), in the sense of Thm 18.

In constant curvature the condition (3.30) is equivalent with (3.29). In variable
curvature, it is weaker than (3.27), and in any metric of negative curvature, there
exist invariant sets satifying this condition (e.g. any closed geodesic).

A proof of the above conjecture should make use of local expansion rates, instead
of the globally defined rates A\, and v, like in Riviere’s work on 2-dimensional
Anosov manifolds [Riv10].

In the next subsection we sketch the proof of Thm 18.

3.4.1. Sketch of proof for Thm 18

As was the case for Thm 15, the proof proceeds by bounding the norm of the
propagator Viyo(Fp) for some logarithmic time (now the double of the Ehrenfest
time, see (3.38)). In the course of the proof we will also need to control the evolution
of a certain type of “microscopic” Lagrangian states. The novelty compared to the
proof of Thm 15 is that we will now distinguish between two types of phase space
points, the “weakly damped” vs. “strongly damped” points.

Without loss of generality”, we may assume that the damping function ¢(x, £) is
compactly supported inside py" ([1/2 £ €]). From now on we denote the Ehrenfest

time by T & Tghy - We fix some level a € (g, ¢, ), and consider the set of “weakly

damped points”

ef *
Qo « {peT"X, (D T,sym(q) = a}

(remember that (g) sym is the symmetric time average (3.11)). The large deviation
estimate (3.9) provides a bound on the volume of £, , N S*X:

pp(Qpa N S*X) < B O, (3.31)

From the definition (3.7), H(qy) is equal to the pressure P(—¢™, ®* [x) appearing
in (3.27). If we assume (3.27), then, by continuity of H(s) on [¢_, ¢4 ], we may choose
a € (q,q+) large enough such that

Bla)  (d— 1) (”n;n _ )\max> _f(a) > 0. (3.32)

We will now associate a quantum projector to the set €2 ,. We first symmetrize the
factorization (2.3), by writing

Vt=U2B,(t)UY?, where B,(t) has principal symbol by(t) = e!@tsvm
(3.33)
Although this symbol is positive, the operator B,(t) may not be selfadjoint; we then
take its polar decomposition
(B,(t)*B,(t))** s definite positive,

) A(t) =
Bi(t) = W(t)A(t),  where { W (t) is unitary.

9Lemma 7 can be extended to logarithmic times.
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For the same reasons as in §3.2.3 (and due to the support assumption on g¢),
the operators Bs(T), A(T), W(T') remain “good” PDO up to the Ehrenfest time:
By(T), A(T) € h*C\I/?/Q_e(X), and W(T) € \I/?/Q_E(X).

The operators A(T) and B,(T) have the same leading symbol by(T) = eT{@T.sum,
Hence, to the set 1 , = {bS(T, p) > eaT} we associate the spectral projector

My =T 0 “ ygyseer,  and call T =1 —1II,.

We use these projectors to decompose the propagator at time 27": for some energy
cutoff yo we write

V2TXO(PO> = UT/zW(T) A(T) UTW(T) A(T) UT/2X0(P0) (3.34)
= UTPW(T) A(T) (T, + TI) UTW/(T) (T1, 4+ T1_) A(T) UT?x(Py).

The RHS splits into four terms. Three terms contain at least one factor II_: for
them we use the obvious bound

JA(T) T || = T- A7) < e (3.35)
The remaining term contains the factor
Ul C L, uTw(n) 1L,

The norm of this operator will be bounded by the following hyperbolic dispersion
estimate, the proof of which is sketched in §3.4.2.

Proposition 21. Assume that for some o € (G, q) the condition (3.32) holds. Fix
some € > 0. Then, if the energy cutoff x1 has small enough support, for h > 0 small
enough one has

< Bimas 0, (3.36)

L2—L2 —

HU-;::- XI(PO)

Since propagation does not modify the energy localization, if choose in (3.34) a
cutoff xo < x1, we then have

A(T)UTPx0(Py) = x1(Py) A(T) UTx0(Py) + O(F™).

Inserting this identity and the bounds (2.7), (3.35) and (3.36) in the identity (3.34),
we get

[V2Txo(P)| < €31@+00) (T80 4 (Taau) 4 2Tlaan)) (3.37)

We may optimize this upper bound over the level a: the optimal value of the expo-
nent is reached for the (unique) parameter a. € (g, ¢4 ) solving

Bla) =q+ —a.

For any v > 0 satisfying ¢, — v > L;m, we get (for A > 0 small enough) the
following norm bound for the propagator:

HV2TX0(P0)H < Tl (3.38)

The proof of the resolvent estimate (3.28) is then rather straightforward.
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3.4.2. Proof of the norm bound for UL,

In this last subsection we sketch the proof of Proposition 21, that is obtain an upper
bound for

HUI-‘F x1(Fo)

We recall that I, is the projector associated with the region €2y ,. Let us indicate
that a similar type of dispersion estimate was used by S. Brooks, when studying
the delocalization of the eigenstates of quantized hyperbolic automorphisms of the
2-dimensional torus (the so-called “quantum cat maps”) [Brol0].

To estimate this norm, it will be useful to replace this projector by a smoothed
microlocal projector obtained by quantizing a symbol x1 = X+ € S5 (T7X),
such that Op,(x4) “dominates” I1:

I x1(Fo) = Opy(x+) Ixa (Fo) + O(R).
The norm (3.39) can then be bounded by:

HUI+X1(P0>H < | sup ’<Oph(X+)U2a UtW(T) OPn(X+)U1>’ + O(h™).

|t [|=lluzll=1

= HH+UTW(T)H+X1(P0)

s . T =Tep (3.39)

The symbol x can be chosen supported inside a set of the form Q. ,_c.Npy*([1/2+
€]). This set is quite irregular, and the main information we have on it is an estimate
on its volume (using large deviation estimates like (3.31)). It is then convenient to
use an anti- Wick quantization scheme for Op, (x4 ), that is use a family of coherent
states (Gaussian wavepackets) {e,, p € T*X }'°, to define

dp
O e / — €, ®)€E,.

Each coherent state e, is normalized, and is microlocalized in a “microscopic ellipse”
around p. This ellipse is chosen to be “adapted” to the flow. Let us describe it
using the local Darboux coordinates {(y,n)} as in §3.3.2. The ellipse is “short” in
the energy direction, An, ~ A'~/2 and “long” in the time direction, Ay, ~ kA2
The spread along the transverse directions is chosen isotropic: Ay; = An; ~ hY/2,
j=2,...,d.

The scalar product (Op™ (x4 )ug, UTW,(T) Op™ (x4 )u1) can now be expressed as
a double phase space integral

dp; dps ~T/2 T/2
J ey oy o) o) X 02) s (U772 4, U (),

The state W (T)e,, is approximately identical to e,,. We can then precisely describe
the (undamped) evolutions of the coherent states e,, up to the times £7'/2. The
state UT/%¢,,, (resp. U T/%¢,,) is a (microscopic) Lagrangian state along a leaf of the
weak unstable manifold of volume ~ =192 1, (p)) centered at ®7/%(p,), (resp.
a leaf of the weak stable manifold of volume ~ AU=1F9/2JE (®=T72(py)) centered

at ®~7/2(p,)). Using the sharp energy localization of these states and the fact that

10Because x; is supported inside py*([1/2 — d]),it is sufficient to construct a family of coherent
states with p in this (compact) region.

IX-20



stable and unstable manifolds intersect transversely to each other, one gets the
following bound:

0 (m(pl)l—_m (P2))
(U e, UPW(T)e,,)| < ———=—t
V() I )5 (27T2(p2))

for some # € C([—1,1]). The denominator is bounded below by emin(d=D7/2_ [p.

serting this bound in the above double integral and using large deviation estimates

similar with (3.31) for the support of x, one finally gets (after some manipulations)
the bound (3.36). O

+ O(h™),
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