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Abstract

Given a random variable F' regular enough in the sense of the Malliavin calculus, we are
able to measure the distance between its law and any probability measure with a density
function which is continuous, bounded, strictly positive on an interval in the real line and
admits finite variance. The bounds are given in terms of the Malliavin derivative of F'. Our
approach is based on the theory of It6 diffusions and the stochastic calculus of variations.
Several examples are considered in order to illustrate our general results.

2010 AMS Classification Numbers: 60F05, 60H05, 91G70.

Key words: Stein’s method, Malliavin calculus, Berry-Esséen bounds, weak conver-
gence, multiple stochastic integrals, diffusions, invariant measure.

1 Introduction

Let (2, F, P) be a probability space and (W});>0 a Brownian motion on this space. Let F' be
a random variable defined on {2 which is differentiable in the sense of the Malliavin calculus.
Then using the so-called Stein’s method introduced by Nourdin and Peccati in [7] (see also [§]
and [9]), it is possible to measure the distance between the law of F' and the standard normal
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law N(0,1). This distance can be defined in several ways, e.g. the Kolmogorov distance,
the Wasserstein distance, the total variation distance or the Fortet-Mourier distance. More
precisely we have, if L(F') denotes the law of F,

d(L(F), N(0,1)) < ey/E (1 = (DF, D(— L)~ F)2o.1)) ™. (1)

Here D denotes the Malliavin derivative with respect to W, and L is the generator of the
Ornstein-Uhlenbeck semigroup. We will explain in the next section how these operators are
defined. The constant ¢ in (1) depends on the distance considered: is equal to 1 in the case of
the Kolmogorov distance as well as in the case of the Wasserstein distance, ¢ = 2 for the total
variation distance and ¢ = 4 in the case of the Fortet-Mourier distance.

The Stein’s method related with Malliavin calculus has been generalized to Gamma and
Pearson distributions (see [10] and [5]). Our purpose is to extend the above bound to a more
general class of probability distributions. Actually, given a random variable F' regular enough
in the sense of the Malliavin calculus, we are able to measure the distance between its law and
any probability measure with a density function which is continuous, bounded, strictly positive
on an interval in the real line and admits finite variance. Our approach is based on the following
idea. Consider a given probability density function p which is continuous, bounded, with finite
variance, it is strictly positive on an interval (I,u) (—oo <! < u < c0) and it vanishes outside
the interval (I, ). This class includes almost all the commonly used probability densities. Then
we will construct an ergodic Ito diffusion which admits p as invariant density. The procedure
to construct such a diffusion is explained in [4] (see also [2] or [13]) and it will be recalled in
Section 3 in our paper. The diffusion associated with the density p (by associated with p, we
mean that it admits p as invariant density) has the form

dXt = —(Xt - m)dt + (I(Xt)th

where m is the mean of p, (W});>¢ is a standard Wiener process and the diffusion coefficient a
can be written explicitly in terms of the function p and of the constant m (see formula (5) in
Section 3). Then we will consider the generator of the diffusion X above and we will use the
properties of this operator and the integration by parts on Wiener space in the spirit of [7] in
order to obtain a bound between the law of an arbitrary random variable F' and the law with
density p. This bound, that we will call Stein’s bound, will involve the Malliavin derivative of
F and it reduces to the results contained in [7] and [10] in the particular cases of the Gaussian
and Gamma laws.

We mention that there already exists a scientific literature relating Stein’s method and
Berry-Esséen bound to diffusion theory. We refer to the survey [13] and the reference therein
(see among others [1], [14]) or to the recent reference [5]. The novelty of our approach is
related to the use of the Malliavin derivatives. This approach has several advantages. Firstly,
it is unitary, in the sense the Stein’s bound we give is available for several metrics between the
laws of random variables. Secondly, it is rather complete since, as we explain in Section 3, it
applies to almost every absolutely continuous probability distribution. And thirdly, it allows
us to characterize the random variables with a given probability distribution in terms of its
Malliavin derivatives (see Theorem 2).



Our paper is structured in the following way: Section 2 contains the basic notion
on Malliavin calculus. In Section 3 we construct our general theory to derive the Berry-
Esséen bound for the distance between an arbitrary random variable and a given probability
measure. In Sections 4 and we consider several examples (the uniform distribution, the Pareto
distribution, the Laplace distribution etc) used to illustrate our bound.

2 Preliminaries

This paragraph is devoted to introduce the elements from stochastic analysis that will be used
in the paper. Consider H a real separable Hilbert space and (B(y),p € H) an isonormal
Gaussian process on a probability space (2, A, P), which is a centered Gaussian family of
random variables such that E (B(¢)B(v)) = (¢,1%)3. Denote I,, the multiple stochastic inte-
gral with respect to B (see [12]). This I,, is actually an isometry between the Hilbert space
HO"(symmetric tensor product) equipped with the scaled norm \/—H ||lz¢2n and the Wiener

chaos of order n which is defined as the closed linear span of the random variables H,(B(y))
where ¢ € H, ||¢|l = 1 and H,, is the Hermite polynomial of degree n > 1 given by

o) = ey (2) £ (e (). wem

The isometry of multiple integrals can be written as: for m,n positive integers,

(NIn(9)) = nif,G)yen ifm=n,

(NIn(g) = 0 ifm#n. 2)

It also holds that I,(f) = I, (f) where f denotes the symmetrization of f defined by f(z1,...,z,) =
I3 ves, f(To(1) - s To(m))-

E(I
E(I

3

3

We recall that any square integrable random variable which is measurable with respect to
the o-algebra generated by B can be expanded into an orthogonal sum of multiple stochastic
integrals

F=> I.(fn) (3)

n>0

where f,, € H®" are (uniquely determined) symmetric functions and Iy(fy) = E[F].
Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl(fn)

n>0

if F'is given by (3) and it is such that Y0 n®n!|| fu[13,6. < oo



For p > 1 and a € R we introduce the Sobolev-Watanabe space DP as the closure of the
set of polynomial random variables with respect to the norm

1Ellap = (1 = L)% Fll o0

where I represents the identity. We denote by D the Malliavin derivative operator that acts on
smooth functions of the form F' = g(B(¢1),...,B(py)) (g is a smooth function with compact
support and ¢; € H)

DF = Zl gji (B(¢1), .-, Blgn))¢i-

The operator D is continuous from D*? into D*~1? (H) . The adjoint of D is denoted by ¢ and
is called the divergence (or Skorohod) integral. It is a continuous operator from D 1P (H)
into D®P. The following key relation provides a connection between D, L and ¢ and plays an
important role in the so-called Stein’s method: for any centered random variables F' € D2 it
holds that F = LL™'F = —§DL™'F

3 The general theory

3.1 Ito diffusion with given invariant measure

In this paragraph we will describe the construction of a diffusion process with given invariant
measure 4 that admits a density p with respect to the Lebesque measure. We refer to [4] and
[2] for more details and proofs. Assume that the density p satisfies the following conditions:
it is continuous, bounded, admits finite variance and p is strictly positive on the interval (I, u)
(=00 <1 < u < o0) and it is zero outside (I, u). Denote by m the expectation of u and consider
the stochastic differential equation

dXt = _(Xt — m)dt + a(Xt)th, t> 0 (4)

where (W)¢>0 is a standard Brownian motion and the diffusion coefficient is defined by

_ 2" (m—yp(y)dy _ 2mF(x) =2 [;" yp(y)dy
p(x) p(z)

a(z) ., ze(lu) (5)

where F(z) = f_moo p(y)dy,z € R is the distribution function associated with the density p.
Then the following holds (see Theorem 2.3 in [4]):

e The stochastic differential equation (4) with diffusion coefficient given by (5) has a unique
Markovian weak solution.

e The diffusion coefficient a (5) is strictly positive for z € (I, u) and satisfies

Ea(X) = /lu a(x)p(z)dr < 0o

where X ~ p (this notation means that the random variable X follows the law ).



e The solution X to (4) is ergodic with invariant density p.

e If —0o <l orwu < oothen (4) is the only ergodic diffusion with drift —(z —m) and invariant
density p. If the state space is the whole real line, then (4) is the only ergodic diffusion
with drift —(z —m) and invariant density p such that ["a(z)p(z)dz < cc.

Table 1 in [4] provided many examples of diffusion associated with a given density p. We will
use some of them in our paper (the normal distribution, the Gamma distribution, the uniform
distribution, the Beta distribution, the log-normal distribution, the Laplace distribution, the
log-normal distribution) and we will recall the diffusion coefficients associated with this law.
Besides these examples, many others can be found in [4] and the list is not exhaustive. In
principle for any density that satisfies the rather general assumption described at the beginning
of this section, one can associate a diffusion process. For some classes of distributions it is not
possible to determine an explicit expression for the squared diffusion coefficient a similar to
(5). In this case, some approximation method can be applied (see Section 3 in [4]).

Remark 1 The construction of the diffusion process presented above is a particular case of a
more general result. That is, given a density p as above and given a drift coefficient b such
that there exists a real number k € (I,u) such that b(z) > 0 for x € (I,k) and b(z) < 0 for
x € (k,u), bp is continuous and bounded on (l,u) and

/ b(x)p(z)dr =0
l
then the stochastic differential equation

dXt = b(Xt)dt + (I(Xt)th, t Z 0

2 [i" b(y)p(y)d

with a(x) = (@) Y has a unique Markovian weak solution which is ergodic with invariant

density p.

This way is not the only one to construct a diffusion process with a given invariant density.
Another method for constructing such a diffusion is given in [3].

3.2 Stein’s method of invariant measures associated to one-dimensional sec-
ond order differential operators

The purpose of this paragraph is to derive the bounds for the distance between the law of an
arbitrary random variable Y and a given continuous probability distribution. We will situate
ourselves in the general context described in Remark 1.

Let S be the interval (I,u) (—oo < [ < u < 00) and p be a probability measure on
S with a density function p which is continuous, bounded, strictly positive on S, and admits
finite variance. Consider a continuous function b on S such that there exists k € (I,u) such
that b(z) > 0 for z € (I, k) and b(x) < 0 for x € (k,u), bp is bounded on S and

/lu b(x)p(z)dz = 0. (6)
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Define
_ 2 b(y)p(y)dy

(@) , xebl. (7)

a(z) :
Then, the stochastic differential equation:

dXt = b(Xt)dt + \V4 G(Xt)th, t> 0

has a unique Markovian weak solution, ergodic with invariant density p (see Remark 1).
In the next result we express the density p in terms of the coefficients a and b. The
equation in the following proposition is same as the formula (6.22) on page 241 in [6].

Proposition 1 Take c € S, then

Proof: Relation (7) implies that

a@mu»:2[%uwp@My

Note that the left-hand side of this equality is differentiable, since the right-hand side is dif-
ferentiable. Differentiating both side, we have

d 2b(x)

45 ()] = T a()p(a).
Hence, it holds that
2b(x)
1 =27
(g a(a)p(a)) = 5
By integrate both sides from ¢ to x we have the assertion. |

For f € Cp(S) (the set of continuous functions on S vanishing at the boundary of S),
let my := [} f(x)p(z)dz and define g by, for every z € S,

@) = s [ () = mop()dy 0
2 u
= o [ G = monan 9
Then, by Proposition 1 we have
AWy [TE) N
i = [ 2 e (- [ e an wes 1o

Then, gf(x) := fox Gf(y)dy satisfies that f —my = Agy and by the definition of m; we have

F(x) ~ BIF(X)] = ga(e)d) (@) + )iy (z) ()

where X is a random variable with its law pu.



Remark 2 Relation (11) is called Stein’s equation and it is a general extension of the Stein’s
equation for normal and Gamma distributions considered in [7], [10] or [13]. Indeed, when the
measure  is the standard normal distribution N(0,1), the state space is S = (—o0,00) and
the coefficients of the associated operator are defined by a(x) = 2 and b(x) = —x. Therefore,
(11) becomes, for X ~ N(0,1)

f(x)—Ef(X)zg}(x)—ng(x), z € R.
When we deal with the Kolmogorov distance and take f(r) = 1_( ,(x) then
x a2
gr(x) =e= / [L(—00i(a) = ®(2)] ™ 7 da

which is the solution of the Stein’s equation presented in [7] or [13] for example.
We also retrieve the results in [7] in the case when p is the Gamma distribution. We
refer to Section 4 for details.

Now we consider the bounds for the functions g; and g}.

Proposition 2 Assume that there exist I',u' € (I,u) such that b is non-increasing on (I,1')
and (u',u). Consider f: S — R such that gy is well-defined and || flloo = sup,eg |f(x)] < oo.
Then we have

197lloc < Chllflloo and [|agy|leo < Cal|flloo

where C and Cy are strictly positive constants.

Proof: Note that the condition imposed on b implies lim, ., b(z) < 0 and lim,_,; b(z) > 0.
By (6), (9) and (7) we have

() - mf)p(y)dy‘
[owpy)dy |

197 (x)| =

By L’Hopital’s rule we have

M\ < CF 111100

b(x)

where Cfr is a strictly positive constant. Similarly we have

T [ («)| < T

T—U T—U

lim g (z)| < CT||f]oo
z—l

where C is a constant. Hence, the continuity of g; yields the first assertion. In view of (11),
to show the second assertion, it is sufficient to prove

16g¢1loo < Cs][f]oc- (12)

7



By (6), (7) and (9) we get

[6(2)g 5 ()] < 2[[f]oo

b(z) J, p(y)d ‘
2 by)p(y)d
Since b(z) is non-increasing on [u/, u), we have

b(x) / up(y)dy > / ’ b(y)p(y)dy, =€ U u).

Hence, since b is positive on (k,u), limy sy [b(@)g¢(x)] < 2[|f|lso- and similarly we have
limg . |b(2)gf(x)| < 2||f||oc- Therefore, (12) holds from the continuity of bgy. |

Remark 3 The hypotheses assumed on b are satisfied for all the distributions considered
throughout our paper. This is true because in all the examples the function b is of the form
b(x) = —(x — m), m being the expectation of the law p.

The estimates in Proposition 2 are sufficiently good when a is uniformly bounded and
strictly positive. But, when a degenerates at the boundary of S, we need another estimate
instead of the second estimate.

Proposition 3 Assume that if u < oo, there exists v € (I,u) such that b is non-decreasing
and Lipschitz continuous on [u',u) and lim, ., a(x)/(u —x) > 0; if u = oo, there exists
u' € (I,u) such that b is non-decreasing on [u',u) and lim,_,, a(x) > 0. Similarly, assume that
if | > —o0, there exists ' € (I,u) such that b is non-increasing and Lipschitz continuous on (1,1]
and lim,_,; a(z)/(x —1) > 0; if | = —o0, there exists I € (I,u) such that b is non-decreasing on
(1,U'] and lim,_,; a(xz) > 0. Then we have

1G4 11oe < Calllflloe + I1F1lo0)
for f € C}(S) where Cy is a constant.

Proof: When u = oo, we have lim, 197 (z)| < C2|fl| by a similar argument to that in

the proof of Proposition 2. Similarly, when [ = —oo, we have lim,_, 197 (2)] < Co|f|oo- In
view of continuity of g} it is sufficient to show that

Iim [g7(2)] < Cs(l[flloe + [1f'lloc),  when u < oo, (13)
lim g7 (@)] < C5([[flloo +[1f'[loc),  when 1> —o0, (14)

where Cj is a constant. Consider the case that u < co. Choose € > 0 such that b(x) < —¢ for
x € [u/,u) and K > 0 such that |b(z) — b(y)| < K|z —y| for z,y € [v/,u). By (6), (7), (9) and
(11), we have

2

i) = oo { (@) = m) -

b(z) [ (fly) — mf)p(y)dy}
L2 o(y)p(y)dy '



Hence, for z € [u/,u)

u

7o) = 2 z)—m ' — (f(x) — mys)b(z
5@ = T | - me [ e - 1@ - me) [

T

u u

+(f@) = mpoie) [ plo)dy = o) [

x x

(f(y) - mf>p<y>dy'

u

—m) [ “[bly) — b@)lp(y)dy + b(a) INCE f(y)]p(y)dy‘

9
a(z) | [} b(y)p(y)dy| ‘(f(x)

2 / B
) [ o) [QKHfHoo(u—m)/x p(y)dy + b(x)]| '] oo (u )/m
2(u — )

= Tea) 2K+ 0@ ]

u u

IN

p(y)dy]

This estimate and the assumption on @ implies (13) with a constant C5. When | > —oo, we
can show (14) by similar argument. ]

There are many examples when our argument applies in Table 1 on Page 8 in [4].
Several examples will be discussed in details in the next section. We make below just some
general comments.

We are now able to derive the Stein’s bound between the probability measure p and
the law of an arbitrary random variable Y. The following result extends the findings in [7],
[10] in the case where p is standard normal law and the Gamma law respectively. We mention
that (-, ) denotes the scalar product in H.

Theorem 1 Assume X ~ u and let Y be an S-valued random variable in DY? with b(Y) €
L2(Y). Then for every f: S — R such that gf,g} are bounded,

BY) — fX) < |l)]E H1a<y>+<D<—L>—1{b<Y>—E[b(Y)]},DwHH

2
Hlasl BB | (15)
and
BUW) - S]] < a7B [ B [5000) + (D20 (003) = BB DY) v] |
Hlasl BB | (16)
Proof: First, by (11)
BIF(Y) ~ (X)) = B | 3a(Y)3) (V) + bV )35 (1) (17)

Recall that LF := —D*DF for F' € D2 centered. Then, since (—L)~{b(Y)—E[B(Y)]} € D42,

B | 3(1)7(Y) + b))



=B 5a(Y)F) (V) + (D(-1)" 1) = BB} (VDY )| + B )] B (351

Hence, by (17)

B/ ()~ (X))
~[& [0 (o) + o0 ) - BOON DY )| + Bl VBRI (19
< 3711 || 300) + (D) (V) ~ B DY) | + 11 B 1Y |

It is possible to give an alternative bound for the distance. Actually, the above calculation can
be refined as follows.

BIf(Y) - f(X)]
— B[(V)F (V) + (D(-1) 1) ~ BBV )DY )| + B )] B 35V )]

= B0 | (o) + (DL (60) = BRI DY) )| v || + BB B 3701
and thus
Bl () - £(X))

< 71l | [ B | a0) 4 (D(-1) 000) = B DY) ¥] | + 37 BBV
|

Remark 4 a) Theorem 1 is applicable for functions f € C3(S). Also the hypothesis b(Y) €
L3(Q) holds for b(x) = —(x —m) once Y € D12

b) In the case p = N(0,1) (recall a(x) = 2,b(x) = —x) we obtain from Proposition 2
that for a centered random variable Y € D2

sup [E[f(Y) — f(X)]| < CE[|1 = (D(~L)"'Y, DY )y|]
feCo(S)

where C' is a constant independent of Y. Notice that in this case we don’t need f € C}(S) due
to Proposition 2 and Remark 4 since infyer a(x) = 2. We mention also that is well known
from [14] that gf,g} are bounded under different assumptions on [ (see also Lemma 2.1 in

[7]).

The Kolmogorov distance dg between the L£(F') and L£(G) (the laws of the random
variables F,G) is defined by

dg (L(F), L(G)) = Sup [E[f(F)] - E[f(G)]].

10



where Fx = {1(.;2 € (l,u)}. For x € S and f(z) = 1(;;(x), we can choose f,, € Cyp(S) such
that {f,} is an increasing sequence and f,(z) converges to f(z) for all z € S. Hence, by the
dominated convergence theorem it holds that

Tim_ [B[f,(F)] ~ Blf(G)] = [BIf (F)] - BIf(G)]].
This implies the following estimate:

dg (L(F), L(G)) < sup [E[f(F)] - E[f(G)]l.
FECH(S); I flloo=1

If inf ,cg a(z) > 0, then by this estimate, Theorem 1, and Proposition 2 we obtain an estimate
for Kolmogorov distance between X and Y as follows:

Ak (£(Y), ) < CF Héam +(D(-L) {b(Y) — Ep(Y)]} ,DY>HH +CIEPO]| - (19)

where C is a positive constant. Note that if p is the normal distribution, we can choose
a(x) =2 and b(x) = —=.

Generally, consider a distance between distributions of random variables F' and G on
S defined by

dn(L(F), L(G)) := sup [E[f(F)] — E[f(G)]], (20)
feHr

where H is a set of functions on S. If for all f € H there exists a sequence f, € F such that
fn converges to f in suitable sense, we have

dn(L(F), L(G)) < sup [E[f(F)] - E[f(G)]]

Hence, by this estimate and (15) we obtain an estimate for the distance between X and Y as
follows:

2
+sup ||g o[ E [b(Y)] ] (21)
feF

du(L(Y), p) < ;ggllﬁ}llmE HEG(Y) +(D(=L)" {b(Y) - E[p(Y)]} ,DY>HH

There are many kind of distance between distributions defined by (20). For example,
by taking H = {f : ||f||z < 1}, where ||-||r denotes the usual Lipschitz seminorm, one obtains
the Wasserstein (or Kantorovich-Wasserstein) distance; by taking H = {f : || f||sr < 1}, where
|- ller. = || - Il + ||  ||oc, One obtains the Fortet-Mourier (or bounded Wasserstein) distance;
by taking H equal to the collection of all indicators 1p of Borel sets, one obtains the total
variation distance.

In the case of the Wasserstein distance or the Fortet-Mourier distance, for all f € H we
can choose F := {f € C3(S);||f'||loo < 1}, because we can choose f,, € {f € C&;||f|lc < 1}

11



such that f,, converges to f uniformly in every compact set. Hence, (21), Theorem 1 and
Proposition 3 implies that

du(L(Y). 1) < OB [

S0(¥) + (D(-L) 7 {o(Y) ~ B[p(v)]} ,DY>HH +CIEB() |

where C' is a positive constant. Note that we do not assume inf,cga(xz) > 0 in this case.
This means that, even if u has the Gamma distribution, the Wasserstein distance and the
Fortet-Mourier distance are dominated.

In the case of the total variation distance, we choose F := Cy(.S), because we can choose
fn € Co(S) uniformly bounded and such that f,(z) converges to f(x) for each = € S. Hence,
the similar argument to the case of the Kolmogorov distance is available, and if inf,ecg a(xz) > 0
we obtain the same estimate (19) for the total variation distance.

We will discuss in the next section the significance of the bound given by (15) and
(16). The above computation leads to an interesting characterization of the random variations
whose distribution is the invariant measure p of the semigroup associated with the operator

A.

Theorem 2 A random variable Y € DY? with its values on S has probability distribution
and satisfies that b(Y) € L*(Q) if and only if E[b(Y)] = 0 and
1
E §a(Y) + (D(—L)_lb(Y),DY>H‘ Y] =0. (22)
Proof: Suppose that E[b(Y)] = 0 and (22) holds. Then, due to (15), the distance between
the law of Y and p is zero and then Y ~ p. Suppose now that ¥ ~ p. (6) implies that
Eb(Y)] =0. Let h € C32(S). Define

~ 1 d

f(z) = 2p(0) &z [a(x)p(x)h(x)], = € S.

Note that (7) implies that ap € C 1(S). Since h has compact support in S, we have fe Co(S)
and mj := [ f(@)p(x)dz = 0. Hence, the definition of f and (8) implies that h = g} where
J 7 defined by g; with replacing f by f. This argument yields that for h € C(S) there exists
f € Cy(S) such that h = g}. Thus, (18) implies

E [h(Y)E Ba(Y) + (D(—L)lb(Y),DY>H‘ Y” =0, heCP(9).

This finishes the proof, because C°(S) is dense in Cp(S) and the functions in Cy(.S) approxi-
mate the indicator functions. |

Remark 5 a) The same result has been obtained in [11] or [15] in the case of the Gaussian
distribution.

b) When the random variable (DY, D(—L)~1(b(Y)) — Eb(Y))) g is measurable with re-
spect to the sigma algebra generated by Y the bound (15) and (16) coincide. But, as it can be
seen in the sequel, this is not always the case.

12



4 Significance of the bound

The purpose of the section is to check the significance of the bound (15). By ”significance
of the bound” we mean the following: given a random variable whose probability law is the
invariant measure X, then the distance between its law and X is zero. We will prove that
this is true in the case of several continuous probability distributions: the uniform distribu-
tion, the log-normal distribution and the Pareto distribution. But it fails in the case of the
Laplace distribution. That means, for an explicit random variable Y which follows the Laplace
distribution, we will prove that the right hand side of (15) does not vanish almost surely. On
the other hand, as we have showed in Theorem 2, the right hand side of (16) vanishes almost
surely. This fact can be interpreted as follows: when the random variable (DY, D(—L)™'b(Y))
is not measurable with respect to the sigma-algebra generated by Y, the correct Stein’s bound
is the inequality (16).

In order to compute the right hand side of (15) we need to calculate the random
variable (DY, D(—L)~'b(Y)). This random variable (and its conditional expectation given Y")
appears in several works related to Malliavin calculus and Stein’s method (see [7], [15], [16]).
In general, it is difficult to find an explicit expression for it Y for general Y. But in the case
when Y is a function of a Gaussian vector we have a very useful formula proved in [11]: if
Y = h(N) — Eh(N) where h : R® — R is a function of class C! with bounded derivatives and
N = (Ny, ..., N,,) is a Gaussian vector with zero mean and covariance matrix K = (K; ;)i j=1,.n
then (we will omit in the sequel the index H for the scalar product)

Oh o Oh

(D(-L)"Y (Y —EY),DY) = /OOO e "duE' ) Kivja—xi(N)axj

i,j=1

(€N ++v1—e2uN"). (23)

Here N’ denotes and independent copy of N and we assume that N, N’ are defined on a product
probability space (2 x Q') F ® F, P x P') and E' denotes the expectation with respect to the
probability measure P’. Formula (23) is a consequence of the Mehler formula (see e.g. [12])
and it has been proved in [11], subsection 3.2.1. In the rest of this section the following context
will prevail: (W3).ejo,r) Will denotes a standard Wiener process on (2, F, P), by W (h) we will
denote the Wiener integral of h € L?([0,T]) with respect to W and W’ will be an independent
Wiener process on a probability space (', F', P').

4.1 The Gamma distribution

The case of the Gamma distribution is already known. The Stein’s bound (15) has been
obtained in [7], [10] and already discussed in Section 3. We prefer to discuss it further in order
to compare the bounds (15) and (16). We will consider the random variable

Y =W (h)?

and A\ = L. This is actually the

which has Gamma distribution with parameters a = % :

chi-square distribution and its associated coefficient are

a(z) = 4z and b(x) = —(z — 1).

13



Proposition 3 implies that (note the assumptions are satisfied by the functions a,b above
defined on the state space (0, c0)

[ES(X) =Ef(Y)] < C(|fllo + [1/ll)E [2Y = (DY, D(=L)"}(Y = 1))| + |[BY —1] (24)
for any f € C(0,00). Note that EY = 1 for our choice of Y.

Remark 6 The bound (24) is a variant of inequalities (3.48), (3.49) in [7] which are stated
for the centered Gamma law and different classes of functions instead of C}(0,00).

We can easily compute the scalar product (DY, D(—L)~1(Y — 1)) using (23) with h(x) = 2.
1
(DY, D(~L) Y (Y —1)) = 2W(m)/ da2E/ [aW(h) +/1- a2W’(h)}
0
1
= 4W(h)2/ ada = 2W (h)? = 2Y.
0

We can notice that the random variable (DY, D(—L)~!(Y — 1)) is measurable with respect to
the sigma algebra generated by Y. Therefore the bound (15) and (16) coincide and Theorem 2
provide an interesting characterization of the chi-square distribution random variables in terms
of the Malliavin derivatives: that is, a random variable Y has chi-square distribution (with one
degree of freedom) if and only if (DY, D(—L)~*(Y — 1)) = 2Y almost surely.

4.2 The Uniform distribution

We will discuss the case of the uniform distribution U([a, b]) with oo < a < b < co. The density

of this law is p, () = ﬁl[a,b] (x) and the mean of pq,p is “TH’. We will actually restrict to the
particular case a = 0,b = 1 and let p(x) := po,1(x) = 1o 1j(w). This density is associated with

the stochastic differential equation

1
dXt == _(Xt — §)dt + V Xt(l - Xt)th

in the sense that the solution X to the above equation is ergodic with invariant measure
w~ U(]0,1]). The diffusion coefficients a and b are in this case defined on (0,1) and given by
(see Table 1 in [4])

a(x) =z(1 —z) and b(z) = —(x — %) (25)

Let Y be a random variable in the space D2 such that
1
EY = EU[0,1] = 3

In this case the Stein’s bound (15) becomes, for any function f € C3([0,1]) (we mention that

a satisfies the assumptions in Proposition 3 since lim,_.q % = lim,_.q % =1)

EF(Y) - Bf(U01)| < C[BLa(Y) — (D(-L)7(¥ - 1), DY)

14



= C E%Y(l ~Y)-ED(-L)" (Y - %), DY)|.

Let us check "how good” is this bound on an example. Let f,g € L?([0,7]) such that

£l 2o,y = Nl9llz2 o,y = 1 and (f, g) 2(jo,r) = O-

Then W(f) and W(g) are independent standard normal random variables. Define the random
variable Y by
Y = e s(WH+W(9)?) (26)

Then it is well-known that Y has uniform distribution U([0,1]) since the random variable
—3 (W(f)? + W(9)?) has exponential distribution with parameter 1. It is also clear that
Y € D'2. Note also that Y can be expressed as a function of the Gaussian vector (W (f), W (g))
whose covariance matrix is the identity matrix Io. Indeed, Y = h(W(f), W(g)) with

h:R> 5 R, hz,y)=e 307+,
The function h satisfies the assumption in order to apply (23). Applying this formula to the
random variable (26) we get

(D(-L)7 (¥ ~ 3), DY)

W (e BV W@ gy / ~ etdu(e PRV p—ny
0

=3 [T W () +VI=e=2W' (f))?+(e "W (9)+V 1—6’2“W’(9))2]

Xe
LW (g)e SV W /OO e Udu(e "W (g) + VI — e W' (g
0

w3 [€T W (N HVI=e W/ ()2 +(e™ W () +VI-e"2W/ (9))?]

u

We made the change of variable e™ = @ and then

(D(=L)"H(Y - —) DY) = W(f)e‘%<W<f>2+W<9>2>E’/ da(aW (f) + V1 — a2W'(f
=3 [(@W (H)+VI=a®W'(£))?+(aW (9)+V1—a®W'(g))?]

Xe
1
+W (g)e WUV / da(aW (g) + V1 —a®W'(g
0
w e~ 3 [(@W (N FVI=aZW'(f))*+(@aW (9)+VI-aZW'(9))?] (27)

At this point we need the following lemma. It will be widely used throughout the paper.

Lemma 1 Let K > —1, C € R and a € (0,1). Suppose Z ~ N(0,1). Then

1

Ee K(C+V1-a 27)? L 7C2K1+2K(17a2)
\/1 +2K(1 — a?)
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and
E <C V1o a2Z> o~ K(C+V1=a?2)? _ C 3 67021(71”}{(117&2)‘
(1+2K(1—a2))2

Proof: The proofs for the two equations are almost same. We only show the second one.

E <C /1= a22> o~ K(C+V1=a?2)?

1 p
=— [ (C+ V1 o K(C+V1-a?2)? d
Vor / ’

2K202(1-a?) 2KC\V1—a2

2

l —_—

_ 1 ke oy / (C + V1= atx)e L(1+2K(1-a ))(x+1+2K(1_a2)) .
V2T

_ 1 (C— 2KCO(1 — a?) >602K1+2K(11_a%
V1+2K(1 —a?) 1+2K(1 - a?)
— ¢ 6702K1+2K(117a2).

(1+2K(1—a2))?

|
Now, using Lemma 1, we have
a2 2
e @V +VIma@W (@) _ "3'G58 (9 _ g2)=}
?w(f)?
E'(aW(f) +V1—a2W'(f))e” $(@W (H)+V1-a?W'(f))? W(f)eié (2-a%) (2 — az)—ga.
By inserting the above two identities in (27) we obtain
1
<D( L) (Y . _) DY> (W(f)Q + W(g)Q)/ e*%(W(f)QJrW(g)?)ﬁ(Q B a2)_2ada.
0
Since for any constant ¢
et _ et 200
da B (2 — a?)?
we get (with ¢ = —(W(f)? + W(g)?))
(D(—L)"L(y — _) DY) =+ (efé(W(f)QJrW(g)Q) _ef(W(f)QJrW(g)Q))_ (28)
2
On the other hand, using (25),
aY)=Y(1-Y) (29)

and by (28) and (29) we concluded that the right hand side of (15) is zero.

Remark 7 It is interesting to note that 3a(Y') — (D(—L)~Y(Y — 1), DY) is zero and not only
the expectation of its absolute value. That is, this quantity is zero for every w € Q. We will
also mention that in this case the random variable (D(—L)~'(Y — 3), DY) is measurable with
respect to the sigma-algebra generated by Y. Therefore the bounds (15) and (16) coincide.
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4.3 The Beta distribution

Using the computations in the previous paragraph, it is immediate to treat the case of the
beta distribution with a particular choice of its parameters. Recall that the density of the
beta distribution with parameters a, 5 > 0 is py g(x) = Dlath) (1 - 56)6_11(071)(56). The

I'(a)T'(B)
mean of this law is aL—f—B while the coefficient of the diffusion associated with the beta law are
a(x) = ﬁx(l — ) and b(z) = —(z — ;%5). Similarly to the case of the unform distribution

we can check that a and b satisfies the hypothesis of Proposition (3). We will restrict here
to the special case a = %, [ = 1. The distribution ﬁ(%, 1) is a power-function distribution.
It is well-known that if X ~ U[0,1] then X? ~ B(3,1). Consider the random variable ¥ =
e~ (WUPH+W(9)*) | Then obviously Y ~ B(3,1). Using formula (23) with h(z,y) = e,
Lemma 1 we get

(DY, D(~L)7 (¥ ~ 3)) = za(¥)

Again the random variable (DY, D(—L)~'(Y — 1)) is measurable with respect to Y.

W=

4.4 The log-normal distribution

We analyze here the case of the lognormal distribution. Let us first review some basic prop-
erties of this probability distribution. A random variable Y has lognormal distribution with
parameters § and o if log Y has normal distribution with mean § and variance o>. The density
of the log-normal distribution with parameters 6 and o2 > 0 is

1 Bfﬁ(log :1:75)21

N (0,00 () (30)

and the coefficients of the associated diffusion are defined on (0, 00) and given by

b(z) = —(x — 737)

() () w

(see [4], page 8)), where @ denotes the cumulative distribution function of the standard normal
law, p is given by (30). We check the significance of the bound in the case of the lognormal

distribution with parameters § = 0 and o = 1. The function a satisfies lim, _,~ a(x) = oo and
2
_a(;f) — 9p3(log)? ﬁ?ffq e~ T du > 2.
Let us consider the random variable

and

Yy =V

where h € L%([0,7]) has L? norm equal to 1. Then obviously Y follows a lognormal law with
mean § = 0 and variance 0 = 1. Let us first compute the scalar product

(NI

(DY, D(—L)"Y(b(Y) — Eb(Y))) = —(DY,D(—L) (Y —e2)).
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Using formula (23) we get

=

(DY,D(=L)" (Y —e7)) = / due=teV WE/ [eef“wwnmmh)}
0

1
_ eW(h)/ JaE [eaW(h)—i—\/l—a?W’(h)}
0

where W’(h) denotes an independent copy of W (k). Since

eaW(h) 1—a?)

1
= 62( s

B [eaW () +V1-a? W’(h)}
we obtain

1
(DY, D(-1) (Y = b)) = W) [ etV e-a
0
! W(h
= GW(h)BéGW(?h)Q/ dae~2(@=WH)? :eW(h)eéeW(;)Q/ " efédx
0 W(h)—1

where we used the change of variables W(h) — a = x. Let us now compute

1 1 _
JaY) = exp(Y) (@ (log(Y)) — @(log(Y) — 1))
o log(Y) . W (h) =
= eéyelgg)Q/ e_;dwze%ew(h)ewgh)g/ e_;dm
log(Y)—1 W (h)—1

where we use the formula (30) for the density of the lognormal distribution and the expression
of the operator a. We can see that

%a(Y) — (DY, D(~L)" (Y —e2)) =0.

Remark 8 Again the quantity a(Y) — (DY, D(—L)"}(Y — e%)> vanishes and not only its

expectation. Also (DY, D(—L)"(Y — e%)> is measurable with respect to the sigma algebra
generated by Y.

4.5 The Pareto distribution

Let us recall some basic properties of the Pareto distribution with parameter o > 1 (denoted
in the following by Pareto(«)). The probability density function of this law is

p(z) = a(l +2) 7!

and its expectation is m = ﬁ The functions a and b associated to the diffusion equation

whose invariant measure is Pareto(a) are given by
2 1

a(z) = a_lm(l—i—x) and b(z) = —(z — 01

), x € (0,00).
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It is standard to see that a, b verifies the statement of Proposition 3.
We recall a well-known fact: if the random variable X follows a Pareto distribution
with parameter o > 1 then
log(Y +1) ~ Exp(«).
Let us consider the same context as in the previous examples. That is, we are on a probability
space (2, F, P) and let (Wt)te[o,T] be a Wiener process on this space. Consider two orthonormal

elements hy,hy € L%([0,7]). Then W (hy), W (hs) are independent standard normal random

variables and ) )
W (h1)? + W (hg)® ~ Bap(3) =T(1, ).

Consider the random variable
YV = ei(Wh)?+W(h2)?) _

Then, since $(W(h1)? + W(hs)?) ~ I'(1,2) = Eap(2), we can see that Y follows a Pareto
distribution with parameter o = 2. Clearly, we have

La(Y) = V(1Y) = OO0 W 0 _ GO0 )

Using (23) with h(z,y) = e1 (@) _ 1 we will get (we recall that W’ is an independent copy
of W, see the beginning of this section)

(DY, D(~=L)"'(Y = 1))
1

1
_ lW(hl)eaW(hl)%W(hz)Q)/ dat
2 0 2

B (W (1) + /T = @2 () e (@0 (VI )l )+ a0 1))

1
T (s V(47 02 / dag
0

B [(aWV (h2) + v/T = @2 (e (01 () T () Pl () /T2 0|

and by Lemma 1 with K = = and C = aW (hy),aW (hs) respectively, we can write

(DY,D(—-L) Y (Y = 1)) =Y(1+Y) = %a(Y).

4.6 The Laplace distribution: Failure of the bound (15)

The Laplace distribution with parameter o > 0 (denoted by Laplace(a)) is a continuous
probability distribution with density po(x) = %e*am, for every x € R. The mean of the law
is m = 0 and the diffusion coefficients (5) are

a(z) = %(1 +alz)), bz) = —a. (32)
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Is is known that if X, Xs are two independent random variables such that X; ~ Exp(a), Xo ~
Exp(a) then Xy — X9 ~ Laplace(a).
Let us analyze the case of the Laplace distribution with parameter o« = 1. In this case,
(32) reduces to
b(z) = —z and a(x) = 2(1 + |z|).
Here the state space is whole real line (—oo,00) and we can apply Proposition 2 in order to
obtain the Stein’s bound. Consider the random variable

Y = (W () + W (ha)? — W (hs)? — W (ha)’)

where as above h; (i = 1,..,4) are orthonormal functions in L?([0,77]). Since

% (W (h)® + W (hy)®) ~ Ep(1) and % (W (hs)? + W (hs)®) ~ Exp(1)

it can be easily seen that Y ~ Laplace(1). It is easy to compute the quantity (DY, D(—L)™'b(Y))
using formula (23). We obtain,
(DY, D(~L)"'b(Y) DY, D(~L)"1Y)

(W (h1)? + W (ha)® + W (h3)® + W (h4)?) . (33)

—

N | =

It is obvious that is this case the difference a(Y)+ (DY, D(—L)~'b(Y)) does not vanish almost

surely. This signifies that the bound given by inequality (15) is not good in this case and it
has to replaced by (16). Theorem 2 ensures that the right hand side of (16) vanishes almost
surely. The reason why the bound (15) fails is given by the fact that the random variable
(DY, D(—L)~'b(Y)) is not measurable with respect to the sigma-algebra generated by Y.
The case of the Laplace distribution can be discussed on an other examples. Consider
four independent standard normal random variables W (hy), W (ha), W (hs), W (hy) and define

Y1 =W (h1)W (h2) + W (h3)W (h4).

Then again Y; follows a Laplace distribution with mean zero and variance 1. And we can see
that again the expression (33) holds for the random variable Y;. Then

1
§a(Y1) + (DY, D(—L)"'b(Y7))
1
= 1+ |W(h)W (ha) + W (ha)W (ha)| = 5 (W (h1)? + W (h2)* + W (hs)? + W (ha)?)
and this does not vanish. On the other hand, we know from Theorem 2 that

E (%a(Yl) + (DY,D(—L)lb(Y1)>‘ Y1> =0.
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in this way we will obtain some interesting (and somehow unexpected) identities for functions
of the Brownian motion, which are difficult to be proven directly. That is

. (% (W(R)? + W (ha)? + W (hs)® + W (ha)?)
=14 |W(h))W (hg) + W (h3)W (hs)]

W (h1)W (hg) + W(hg)W(h4)>

and

E (% (W (h1)? + W (ha)? + W (h3)? + W (h)?) % (W (h1)? + W (hg)? — W (hg)? — W(h4)2)>
1

(W (h1)? + W (hs)* — W (h3)* — W (h4)?)]|.

(NN

5 Example

We will illustrate the bound obtained via Stein’s method through an example. Consider (h;)i>0
a sequence of orthonormal elements of L?([0,77]) and define for every i > 1

X, = o~ (W(hi)*~1) (34)

(the minus sign is added in order to have finite expectation) and

1

Y = (X1... XN) VAR = ¢ VaF S (W (hi)*~1)

(35)
Then, applying the central limit theorem to ﬁ SN (W (R;)? —1), we have that Yy converges
in distribution, as N — o0, to the log-normal distribution with mean zero and variance equal
to 1. Let us compute the bound given by the right hand side of (15) and (16). Define a, b and
p same as in Section 4.4. In this case we have

[Ef(Yy) — Ef(X)| < CE E(Yy —e?)

La(¥) — DYy, D(=L)* (Y - e%)>' e,

Since, with Z ~ N(0, 1)

-N
N 1 N N 2
EYN:e\/:<Ee mZQ) V(e
V2N

we can see, by studying the asymptotic behavior as N — oo of the above sequence, that
VNEbW(YN) = Nooo C with C a strictly negative constant. We compute now a(Yy) where a

is the function given by (31) with pu = e%,6 =0 and o = 1. Denote by
N . N
Sy=> W(h)? and Zy=——Y (W(h)?*-1).
2 v &
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We will have

—a(Yy) = / Sdr = eze Ne3 N/ e 2dx
2" POYN) Jiog v — T —Zn—1
Z Zn+1
. / Y % iy = b1 / et (36)
—Zn—1 Zn
. . —2_ SN (22-1) .
Now, using (23) with h(z1,...,zy) = e V2N <=1 we can write
1
(DY, D(—L)~L (b(Yy) — Eb(Yy))) = (DYy, D(—L)~! <YN—e§>>

_Zf%

X / day/ NEI <aW(hi) + V1 - GQW/(hi)) ¢~ VR [ 2t (@W (i) +V 1= W (h))? 1]

1
x / day | %E’ <aW(hl-) +v1- a2W’(hi)) o o [@W (h)+VI=aW (hi)? 1]
0

N
| ] meelermim ) (37)
=i

By applying Lemma 1 with K = \/2— and C' = aW (h;) we obtain

g2 2
a*W(hy) \/71+

o 7w @W () V=W (h))? _ ! . )

\/1 1 —a?)
E' <aW(hi) +V1—a2W' (k) )e m(aW( Jh/ﬁmﬂ(m-))?

_ aW (h;) e*“QW(h) rlw__ﬁ

<1 + \/%(1 - (12))g

Using the above two identities and (37)

(DY, D(—L)™! <YN - e%>>

N 1 LA A7) L R S— ER
2 2 —Zn Y V2N 1+ —2(1-a2) 2 2
=~ E W(h;)“e “NeV 2 /0 daa <i1;[16 V2N 1+ N(l —a”)
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N+2

2
92 1 —Zn (1+a? 1 = ) ( . — Wy 9 2
= (%]\;ZN +2)/0 daae " an ar 0ed Vi 1+4/ 70 —a?)

Since
log (1 + \/%(1 — a2)> = \/%(1 —a?) — %%(1 —a®)? +o(N7h)

where o(N~!) is of Landau notation, and hence

_N+2
(1 - Cf)) I )

we will have

2 ! —ZN(4+a® o)
<DYN,D(—L)*1 <YN — e%>> - L—ZN _|_2)/ daae L 2 (=a?)
0

VN

1—

( 2))\/7 N2 \/>(1 a?)—1 2 (1-a?)2+o(N1)) = Ay + By,
where

1 a? N
AN o 2\/_ZN daae*ZN(lJraQ1+\/%(1_a2))e(171+\/%(1 a2 \/; N+2(\/>1 a2)—— (1—a?)2+o(N~1))
_ 2 1 _ a? N
By = 2/1 daae ot 1+\/%“_“2))3(1 1+\/§_N(1_a2))\/:e_¥(\/%(1_‘12)_%%(1_‘12)24'0(]\[71)).
0

We will first show that
E ‘\/NAN‘ —N-oo Co

where Cj is a strictly positive constant. We can write, using the change of variables a® = b
with 2ada = db

@

—Zn(1+4b

1 1-b—A~A———(1-b)
E(\/NAN( = V2E|Zy| / dbe VT { VE e e9n (®)
0

where gy (b) = e2(10)*t()) Therefore

1
o VFan| = Vs [ o
0

—Zn(1+

1 Niqj_p— 1 (1-p
+v2 | E|Zy| / dbe e T ﬁ{l TRV TRTEA N0
0
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1
_E‘ZN‘/ dbeZN(ler)eb(lb)egN(b))
0
Since Zy converges in law to N(0,1), the first summand above converges as N — oo to
1
Co = V2 'E|Z| / dhe—Z010) b(1-1) B (12
0

while the second summand converges to zero as N — oo by the dominated convergence theo-
rem. Let us handle the summand denoted by By. Actually, we will prove that

JNE‘BN-%MYNw-+Nﬁm1% (38)

with Dy a strictly positive constant. First, we write

1 - p— 1 Nilj_p 1 gy
By = /dbe w1+ 1+\/E<1b))e\/j{l 1/ (1-0) " )ng(b)
0

1
_ / dbe—Zn (1+b) b(1-b) LA (1-b)?
0

N
2

— -1 N N S
+/1db e ZN(HbH\/%U—"))e\F{l b1+\/%<1—b) “ b)} eIN() _ o= Zn(1+4D) b(1-b) , 5 (1-b)°
0

.= By +BY

and the limit (38) follows since (see (36)) B](\}) = La(Yy) and for N large,

1 /2 1
l—-b——————(1-0b)=b(1 = b))/ = + o(—=)
144/ 2(1-b) N VN
and )
e—ZN(l—l—bi1+ %(1—1))) _ e*ZN(ler) < C|ZN| .

- WN

As a conclusion of the computations contained in this section, the distance between the law

of Yy given (35) by and the log-normal distribution with mean 0 and variance 1 is of order of
1

N
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