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August 31, 2011

Abstract

The purpose of the paper is to provide integral representations of the Poisson kernel
for a half-space and balls for hyperbolic Brownian motion and for the classical Ornstein-
Uhlenbeck process. The method of proof is based on Girsanov’s theorem and yields more
complete results as those based on Feynmann-Kac technique.

1 Introduction

The purpose of the paper is to investigate some diffusions on subsets of R"™. More pre-
cisely, we present a new approach, based on Girsanov’s theorem, of calculating the basic
object of potential theory, that is, the harmonic measure of a ball of hyperbolic Brownian
motion or the Ornstein-Uhlenbeck process. The importance of the hyperbolic Brownian
motion stems from the fact that it is the canonical diffusion on hyperbolic spaces; it has
also some important applications in the risk theory in financial mathematics, see [12] and
[21]. Also there is a connection with the Brownian motion in hyperbolic halfspaces (see
e.g. [21], [3], [4]). In a series of papers ([6], [7], [22]) the harmonic measure and the Green
operator in hyperbolic spaces were investigated. The main objective of these efforts was
to find explicit integral representation of the density functions of these objects. Represen-
tations of this kind are crucial in obtaining estimates of harmonic measures and also the
Poisson integral [6]. Authors of all these papers use the Feynman-Kac formula as a main
tool in describing the distribution of a stopped multiplicative functional. The present
approach is based on methods related to Girsanov’s theorem (see [11]). As a result we
obtain representation formulas for the harmonic measure, different from those mentioned
above. The advantage of this approach is seen in Theorem 4, where we obtain the pre-
cise asymptotics of harmonic measure for large values of parameters. Another, important
result is the Theorem 6, where we provide adequate representation of harmonic measure
of a ball. The real hyperbolic Brownian motion is naturally related to the Ornstein-
Uhlenbeck processes. The importance of the Ornstein-Uhlenbeck processes in stochastic
modelization and financial mathematics is well known, see e.g. [19]. The potential theory
of Ornstein-Uhlenbeck processes was studied in [11], [2] and [15].
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The paper is organized as follows. In Section 2 we provide the general framework for
the next sections. Our approach is based on the paper [11], where the potential theory
for bounded sets D and the operator

1
GA+F-V (1)

was established. In the present paper we are concentrated on some special cases of the
vector fields F' and on D being a ball or a half-plane. In particular, we further assume
that we deal with potential vector field F' on D, orthogonal to the boundary, that is

F=VVonD and F isorthogonal to the boundarydD . (2)

In Section 3 we provide a closed formula for the density function P(x,,y) (Poisson kernel)
of harmonic measure of half-space for the hyperbolic Brownian motion on the real hyper-
bolic space H" (Theorem 3) and provide an asymptotic formula for P(z,,y) (Theorem
4). In Section 4 we provide an integral representation of Poisson kernel for centered balls
for hyperbolic Brownian motion on the ball model D”. We remark here that a similar
representation from the paper [7] depends on additional conjectures on the zeros of some
hypergeometric functions which so far remained unsettled. The important tool here, as
in the next section, is the skew-product representation of the n-dimensional Brownian
motion. In Section 5 we provide an integral representation for Poisson kernel of a ball for
the classical Ornstein-Uhlenbeck process. In Appendix we collect some useful informa-
tion on Bessel functions, hypergeometric and Legendre functions and on skew-product of
n-dimensional Brownian motion.

2 Change of measure due to Girsanov theorem

Notation: For n > 2 we denote by R" the n-dimensional Euclidean space, (x,y) denotes
the standard inner product of z,y € R™ and by |z| we denote the Euclidean length of
a vector x € R™. The ball with center at zero and the radius r is written as B, =
{z € R™ : |z| < r}; its boundary, which is the (n — 1)-dimensional sphere, is denoted
by S7»~1 = {2 € R" : |z| = r} and the spherical measure on S"~! is denoted by o”~L.
Furthermore, we write f(x) ~ g(z), when lim, ;, f(x)/g(z) = 1, as * — b. If for two
functions f and g there exist constants cj, ¢ such that ¢; < f(x)/g(x) < ¢y for every
x € D we will write shortly f ~ g,x € D.

Throughout the paper D will stand for a domain D C R™ with a smooth, connected
boundary 0D and F will be a bounded vector field which is defined on an open Lipschitz
set U containing D. We assume that F' is continuously differentiable up to the boundary
of U and continuously vanishes on the boundary of U. We further assume that F' = VV
on D for a scalar valued function V' and call the function V' a potential (and F' a potential
vector field on D). We set F' =V = 0 on the complement of U. We say that the vector
field F' is orthogonal to the boundary 0D of the set D if for every differentiable curve
I':[0,1) = dD we have F(I'(s)) - I'(s) = 0 for every s € [0, 1).

Lemma 1. Under the above assumptions, if the potential vector field F' is orthogonal to
the boundary of the set D then the potential function V' determined, up to a constant, by
the equation

is constant on the boundary 0D.



Proof. Set xg € dD. The potential V is described by the curve integral
V(x) = /F(r)dr + V(xp),
gl

where v is an arbitrary continuously differentiable path beginning at zy and ending at
x. For z € 9D we choose v to follow the boundary of the set D ie. ~ : [0,1] — 9D,
~v(0) = xg, v(1) = x. Then

1
Via) = Vi) = [ FO) -7/ (s = 0.

Since 0D is connected, we obtain the conclusion. O

Throughout the paper we work within the framework of the canonical representation of
the process, i.e. our basic probability space is the space of all continuous R™-valued func-
tions defined on [0, 00) with appropriate o-fields (see [17]). The standard n-dimensional
Brownian motion is denoted by W (t) = (Wy(t),..., Wy(t)).

Define the process X by the SDE

dX (t) = dW (t) + F(X (t))dt, (3)

under the conditions specified above. Then X is a local diffusion on U with the generator

L = 2A+F(z)-V. Since the field F is bounded, X can be defined as a local semimartingale

(see, e.g. [17]). Let 7 be the first exit time of the trajectory from the set D. The harmonic
measure w® on 9D, is defined as the distribution of X (7) under the distribution P* of

the process X starting at « € D. We define a local martingale M by the formula

MO = [ POV av(s). (1)

Its quadratic variation is then given by the formula

(M) (t) = /0 (W (s))ds.

We further define the basic object of our study, namely

N = e (M) - 500 (1)) )

We now provide the basic formula for the harmonic measure of the process defined by (3)
under some additional conditions.

Theorem 2. Under conditions stated above, suppose that X is the process defined by the
system (3). Assume additionally
(i) The vector field F' is potential and orthogonal to the boundary of the domain D,
(ii) For everyt >0
E*[exp((M) (t A T))] < o0, (6)
{N({tAT)}+=0 s uniformly integrable. (7)
Then for x € D the harmonic measure w* has the density function expressed by the
formula

w*(dz) = V@DV (@) e [exp <_% /0 TNV () + AV(W(s)) d5> W () € dz] ,

where V is the potential function of the field F' and V(0D) is its value on the boundary
oD.



Proof. According to (4) the process
1 1
FW(0) - dW(t) — 5|F(W ) Pdt = dM(E) — S 01) (1)
is a local semimartingale. Writing, as in (5)

N(1) = exp(M(r) — 5 (M) (1)

we obtain, as an application of It6’s formula, that N(¢) is a local martingale. If we define
the measure Q% by
dQ*

ﬁ‘fmr - N(t/\T)7

then, as a consequence of Girsanov’s theorem, (W, Q%) and (X, P*) are different descrip-

tions of the same process, up to time 7, see [11]. Consequently, for a continuous bounded
function f defined on R™ we obtain

EXf(X(ENT)) = EX(N{EAT); f(W(EAT)))

Now, the condition (7) shows that the expression on the right-hand side converges to
E*IN(1); f(W(7))], as t — oco. The left-hand side converges to E* f(X (7)), by the conti-
nuity of the process X. This indicates that indeed w” has density given by

w”(dz) =E*[N(7); W(r) € dz] (8)

We now provide a further description of the function w®. Recall that F' is the potential
of the vector field B. Define

Applying the It6 formula we see that

2() - 2(0) = /0 V(I (s)) - dW (s) + 5 /O AV (W (s))ds =
M(t) — &

S LOD W+ On M)+ /0 AV (W (s))ds.

Consequently

N() = exp(M(r) ~ 3 (M) ()

= o (200~ 200~ 5 [ [VVOVEP +aveve)]as). )

Remark that Y (7) = V(W(r)) = V(9D) since the vector field F is orthogonal to the

boundary of the set D. Hence, stopping at ¢ A 7 and taking expectation we get, when
t — o0

W (dz) = V@D V@ps [exp <_% /
0

This, together with (8), finishes the proof.

T

[[VV(W(s))]* + AV (W (s))] d5> W(r) € dz} .



3 Harmonic measure of hyperbolic horocycle in
H’n

For every a > 0 we define H, = {r € R" : =z, > a}. In this section we consider the
harmonic measure w of the set H, for the operator

LA P
ALB:anW_(n_Q)xnaT’ 7122
i=1 n

The motivations for studying this operator comes from hyperbolic geometry. More pre-
cisely, this operator is the Laplace-Beltrami operator associated with Riemannian metric
in the half-space model H" of the real n-dimensional hyperbolic space. From geometric
point of view, the set H, is an interior of the hyperbolic horocycle 0H, = {x € R" :
xn = a}. Let (B;(t))i=1..n be an n-dimensional Brownian motion on R™ with the gen-
erator % (and not %%) i.e. the variance E°BZ(t) = 2t. Then the Brownian motion
on H" Y = (Y;)i=1..n, can be described by the following system of stochastic differential
equations

avi(t) - Yo(t)dB (1)

dYs(t) = Y, (t)dBa(t) (10)
dY,(t) = Y,(t)dB,(t) — (n —2)Y,(t)dt.

By the It6 formula one verifies that the generator of the solution of this system is Arp.
The Laplace-Beltrami operator can be rewritten in the form A;p = Qx%Ll, where

1
L, = §A + Fl(.%') -V, (11)

with Fi(z) = (0,...,0,(2 —n)/(2x,)). Now, we make change of time. Namely, we write
Alw) = [ ¥R ds,
0

and

o(t) = inf{u > 0; A(u) > t}.
If we now write

. o(t/2)
B(t) = / Yo(s)dBi(s), k=1,...,n
0

then ch are martingales with mutual variations < By, B; > (t) = 6(k,1)t, k, | = 1,...n so
B = (By,) is the standard n-dimensional Brownian motion. Substituting

Yi(t) = Yi(o(t/2)), k=1,...,n
we obtain that (10) transforms into the following the system of SDE
() = 4By (1)
av(t) = aBs (1) 12
dY,(t) = Z,(t)dBy(t) — (n — 2)#’5@) .
égain, by Itd’s formula, we see that the operator L is the generator of the process

Y = (?k) Since the operation of change of time does not affect the exit place, the
harmonic measures of the operators Ayp and L are the same.



The potential of the vector field F} is given by Vi (z) = (2 — n) In(x,,)/2. Moreover, it
is easy to check that the vector field F} is orthogonal to the boundary of H,. Using (4)
and (9), we obtain

2—n [YdW,(s) n—2\? [t ds
o) = 552 [ 000 - ("52) [

Whn(0) (n=2)/2 nn—2) [t ds
N(t) = —
o= (@) = )
where W (t) = (Wi(t),...,W,(t)) denotes the standard Brownian motion in R" starting
from W(0) = z. If we put 7, = inf{t > 0: W(t) ¢ H,} we obtain

n— 2 tATq s
E*exp((M)(t A7a)) = E¥exp <(T2) 0 Wi@))

) 2 tATq d
E” exp <(717)/ —j) < 00.
4 0 a

Wa(0) "2 <@)<n72>/2
Wi (t A Tg) =

N

Moreover, we have

. t>0.

N(Mm)<< -

Now, the results of Theorem 2 imply that

it = (2) 7 o (MR [T L8 Y wimyew]. )

The above-given formula enable us to find the density function P,(x,y), z € H,, y € O0H,,
of the measure w?(dy) with respect to the Lebesgue measure on 0H,. The scaling prop-
erty of n-dimensional Brownian motion implies the scaling property for Poisson kernels
Py(z,y) = a'"Pi(x/a,y/a), x € H,, y € OH,. Moreover, Brownian motion W (t) and
the set Hy are invariant under translations (Z,z,) — (Z + b, z,, + b), where b € R"~1,
Consequently, P;(z,y) = P1((0,2,), (g — Z,1)) for every z € H; and y € 0H;. We will
use these properties in further considerations to simplify the notation. We will denote by
P(zn,y) = P1((0,2,), (y,1)), where y € R* ! and 7 = 7.

Theorem 3. For every z,, > 1 and y € R"~! we have

L @ [ IO () — T (tze) Y (D)
Plen.9) | T200) T Y2()

= v—1gv+1 |y|1/71 tVKlffl (t|y|) dt’ (14)

where v = (n —1)/2.

Proof. Observe that the integral appearing in (13) as well as the hitting time 7 depend
only on the last coordinate of the Brownian motion W(t) = (W (t), Wx(t)). Since the
processes W (t) and W, (¢) are independent we obtain

Widy) = an? /O T B[ (s) € dy] B [exp <_“(n8— 2) /0 " Wj(ss)2> re ds}

n—2 % oxp(—|y|?/(2s
= ot ([P i) ) an (15)

where

11, (ds) = B [exp (_n<n8— 2) /0 g Wj(zy) re ds} .

6



The Laplace transform of p,,, is given by

- nn—2) [T ds T -
L, (w) = E*™exp <— S /0 TABE —w/o ds> = E"ey(r), w >0,

where ¢(z) = —n(n — 2)/(82?) — w. The function ¢(z,) = E%e,(T) is a gauge function
for an appropriate Schrodinger operator based on generator of W, (t). Consequently, ¢ is
a bounded solution of the equation

L) - <% + w> oz) =0, z>1

such that ¢(1) = 1. Making substitution \/z¢(xv/2w) = ¢(x) we reduce the above-given
equation to

202w (2v/2w) + 2V 2wy (2v2w) — <@ + 2wx2> PY(zV2w) = 0,

which is the modified Bessel equation (33) with v = "T_l Taking into account the general
form of solutions of (33), the boundary condition and boundedness of ¢ we arrive at

K, (z,V2w)
K,(v2w) ’
Since square root can be extended to a holomorphic function on C\ (—o0,0] and the
modified Bessel function K, has no zeros in the positive half-plane Rew > 0, the Laplace

transform Ly, (w) can also be extended to analytic function on C \ (—o0,0]. Moreover,
using the asymptotic expansion (34) we obtain that

< 20xp (—(an — DV/2wleos =5 (17)

Lpg, (w) = /zp w = 0. (16)

(mnfl)\/ﬂ 1 + E(,In V 2U})
1+ E(vV2w)

for every w € C\ (—00,0] such that |w]| is large enough. Note that here argw € [—m, 7.
In particular, Lu,,, (w) is bounded for |w| > 1. These properties of Lu,, and its analytic
continuation guarantee that we can apply the inverse Laplace transform to (16) (see [14],
Theorem 8.5, p. 267). More precisely, there exist a density function of u,, with respect
to Lebesgue measure on (0, 00) given by the inversion formula

L, (w)] < €™

1 1+ir
P, () = =— lim Ly, (w)e®™ dw.

270 r—o0 1—ir

To compute the limit we integrate the function fs(w) = Lug, (w)e*™ over rectangular

contour surrounding the branch-cut of f; which is negative real axis. Let I' be the

positively oriented contour consisting of four horizontal segments v = [—r + i/r,i/r],
Yo = [—r—1i/r,—i/r], y3 = [-r +ir,1 +ir|, v4 = [-r —ir,1 — ir], three vertical segments
v5 = [—r+i/r,—r +ir], v = [-r —i/r,—r —ir], 77 = [l —ir,1 + ir] and a semi-circle

vs = {lw| = 1/r,Rew > 0}. The formula (35) implies that fs is bounded for small w
such that Rew > 0. Consequently, the integral over g tends to zero when r — oo. The
boundedness of Lu,, (w) for large w implies that for r > 1 and every s > 0 we have

‘(/ / ) fs(w dw‘ 2 sup L, (w)re” " — 0,
5 6 |lw|>1

as  — oo. Finally, using (17), we obtain

o0

| </ " /) Futw)dn] < dexp(~(a, — Deos@r/8)VR) [ e o



as r — 00. The Cauchy Theorem together with previous considerations and (36) give

1 1+ir
x - a - l. T S'UJd = — l s
Pz (5) o A [ Lie, (w)e™ dw mrggo </% /m)f

1—ar

. S [* [Ky(_z\/ﬂxn) K’/(Z\/—x")] e Stdt
0

27 B

K, (—iV2t) K, (iv/2t)
= [ ()
_ / ( m;‘)>te—5t2/2dt

B Y, ( tmn) — Jy(tx,)Y, (1) o—st2/2
- / wrvem "

From (31) and (32) is easy to see that J2(t) + Y,2(t) ~t~1 v¢=2" and

Jy(t)Yu(txn) B Ju(txn)yu(t)
JE(8) + Y2 ()

‘<C(1+t), t>0

for some constant C' = C(z,,) > 0. With the use of (37) we verify
/ T ()Y (t2n) = T, (t2n) Vo (D], /OO eI/ 2s) e s%/2 dt
0 J(t) + Y2 (1) o (2ms)(n-D/2

< C/ (t+ D" K, _1(t|y|)dt
0

The last integral is finite by (34) and (35). Consequently, by the Fubini’s theorem we
obtain

_ twn) — J,(tx,)Y, (1) 00 o—[yl?/(25) p—5t2/2 g g
P(zn,y) = _/ 2(t) + Y2(t) t /o s (D2 dt

x¥ T, )Y, (txy) — Ju(trn) Y, (t)
= 'K, (t dt.
ov— 17Tu+1 ’y‘u 1 /0 JB(t) YVQ(t) 1( ‘y’)

This ends the proof. U

The integral formula presented in Theorem 3 can be used to obtain the asymptotics
of the Poisson kernel P(z,,y) as well as its sharp bounds for small x,, and large |y|. Note
that results given in the next theorem cover those obtained in [6] (see Theorem 4.9 and
Theorem 4.10, compare also with Theorem 5.3 in [10]). Moreover, the formula (14) allows
to omit very laborious and sophisticated computations used in [6] to examine the behavior
of P(zy,y) when |y| tends to infinity. Our approach is simpler and gives more general
results.

Theorem 4. For every xg > 1 we have

2
I'(n/2) - -
P(xTL?y) 2n 271'"/2 Z |2n 27 xn — 330, |y| — OQ. (18)
Moreover, for every yo > 0 we have
c(yo)

P(zn,y)

1(n+3)/29(n—5)/2 (v — 1), @ — 1, |yl = yo, (19)

8



where

1-n [ $YK,_1(syo)ds
prg 2 _—
(w0) = lvol /O T

Proof. Making a substitution ¢|y| = s in (14) we can rewrite the Poisson kernel in the
following way

1 (xn,y)|y|4y Ty, / 3
K ds,
zy, — 1 pvtigv=1 [ R | | v-1(s)

where

1 J, ()Y, (xt) — J,(tx)Y,(t)
t2v(z —1) J2(t) + Y2(¢) ’

gu(,t) = z>1,¢t>0.

Since s%K,_1(s) is integrable on [0,00) and (41) gives boundedness of ‘gy <mn, \y|>‘ for
z, < R, we can apply Lebesgue dominated convergence theorem to get

1 - == - — VKV_ d =
($n7|y‘l)r£(1700) Ty — 1 7TV23V_2F2(V) 0 § 1(8) s WVFQ(V)
and
lim P(zn, y)lyl*™ o /OO m(x§’ — 1) K, _1(s)ds
(,]y])— (z0,00) Ty —1 avtiov=1 [0 22 (zo — D)I'(v)T'(v + 1)z}
n—2 kL
(z3" —DI'(2v) < k=0 5'30) I'(2v)
™ (zo — DT ()zy™t  7val T(v)

whenever g > 1. Here we used formula (39) from Lemma 8 and relation (38). The
duplication formula for gamma function gives (18). In the same way, using (39), we get

Plan,y)ly™ _ 1 /°° 25" |yo|* K,_1(s)ds
(@nly)—=(Lyo) o —1 mttr=t Jo (J2( S >+Y2( s >>
[yol v\ lyol

which, by substitution s = tyg, proves (19). O

As a consequence of Theorem 4 we obtain the following sharp bounds for the Poisson
kernel for small z,, and large |y|. Similar results have been obtained recently (see Theorem
11 in [9]). The results are more general (there is no restriction for z, and |y|) however
the methods of proof are much more complicated.

Corollary 5. We have
Ty, — 1

Proof. Existence and positivity of the limits proved in Theorem 4 imply that for every
x € [1,2] there exist €, > 0 and Y, > 0 and strictly positive constants c;(x), ca(x) such
that

-1 -1
q(@w < P(a',y) < @(@W

for every o' € [1,2] and y € R"! satisfying |[v — 2'| < &, and |y| > Y,. Since the
family of intervals (x — e,z + €,) is an open cover of [1,2], we can choose the finite

9



subcover {(x; — €4, @i + €4,),7 = 1,...m}. Putting ¥ = max{Y¥, : i = 1,...,m},

¢ =min{e(z) i =1,...,m} and co = max{ca(x;) : i =1,...,m} we get
T, — 1 Ty — 1
qW < P(zn,y) < CQW (20)

for every x,, € [1,2] and |y| > Y. Observe that formula (15) implies positivity of P(x,,y).
Moreover, by (19), we get that the function P(z,,y)|y[*” 2/(x, — 1) can be continuously
extended to the strictly positive function on the compact set [1,2] x [1, Y] and consequently
(20) is true also for |y| € [1,Y] (with possibly different constants ¢; and ¢z). This ends
the proof. O

4 Harmonic measure of hyperbolic balls in D"

In this section we consider the harmonic measure of the balls associated with the operator

_ (o)’ 5~ 92 L[z g~ 0
A=) ;(%? +(n—2) Z;x (21)

This operator appears naturally as the Laplace-Beltrami operator on the ball model of
the real hyperbolic space D™ (see [7] for more details).

In particular, if B = (By) is the standard n-dimensional Brownian motion then the
following system of SDE:

dYy(t)

Ty @p = 9B +20n = DVi(0)dt, k=1,....n.

describes a diffusion with values in the real hyperbolic space D™ | with the generator
2A1p. As in the case of half-space model, we perform a change of time defined by:

A(u):/ouu—yX(s)P)ds, and  o(t) = inf{u; A(u) > 1}

Then the process defined by )
Yi(t) = Yi(o(1))

is the diffusion with values in D™ with the generator L.

As in the case of H™ in Section 4, the harmonic measures of the operators Arp and
Lo are the same.

We consider now the harmonic measure wy of a ball B, = {x € R" : |z| < r}, r <1,
supported on the boundary of B, which is the sphere S?~! of radius . We denote by
P.(z,y) the Poisson kernel of B,, i.e. the density of the measure wy with respect to the
(n — 1)-dimensional spherical measure ¢~ !. As in the previous section we can write the

(1—[z[?)?

Laplace-Beltrami operator in the form *~—5—Ls, where

1
Ly = §A +F2(CE) -V,

with Fy(z) = I"thQ(xl, ceey Tp).

The positivity of the factor (1 — |z|?)?/2 implies that the harmonic functions on the
ball B, for the operators (21) and Lo are exactly the same and consequently the harmonic
measures coincide.

Moreover, the vector field F; is orthogonal to the sphere S~ ! and its potential function
is Va(z) = 352 1In(1 — |2|?). We denote by 7 = inf{t > 0; W (t) ¢ B, } the first exit time

10



of Brownian motion W(t¢) from a ball B,. Note that 7, depends only on the Euclidean
norm of W.
The martingale M, related to the vector field F5, and its quadratic variation are

" Wi(s)dWi(s) o2 [ W(s)Pds
e 00=0-2 [ s

Observe that the condition (6) is fulfilled in this case, since
AT W (s))ds r2(t A7)
E? exp [(n —2)? / —} < E%exp [(n — 2)2771] < 00.
o (1=[W(s)P) (1—r2)?
By (9), the kernel N(¢) is of the form

v = (R0 e (72 [ )

and it is now evident that {N (¢ A ) }4>0 is uniformly bounded in ¢ so the condition (7)
holds. Applying Theorem 2 we obtain

wi (dy) = <11__‘ﬂ2> T [eXp (—”("2_ 2 /OTT = \5[/8(3)12)2> W (n) € dy] . (22)

From now on we assume that x # 0. For x = 0, from the rotational invariance of the
Laplace-Beltrami operator, we easily obtain that w® is just o7~ !/o7~1(S?~1). Recall the
skew-product representation of the Brownian motion

W(t) = R¥ (1)0(A" (1)),

M) = (n—2)

where R™) is the Bessel process with index v = 5 — 1 staring from |z| and © is spherical
Brownian motion on S{L*l independent from R®*) (see Appendix). Using the fact that 7,
depends only on R we get that W(7,) = R¥)(7,)0(A®) (1)), where © is independent
from R (7,) and A®)(r,). Applying this decomposition to formula (22) we get

n—

2
1— 2\ 2 0o, Tr
wr(dy) = ( . _‘il ) /o PT1(0, € dy)El"! [exp </0 q(Rg”))ds> AW (1) e dt] ,

where q(y) =

—%. Rotational invariance of spherical Brownian motion implies that
the harmonic measure wy is axially symmetric with axis . As a consequence we get that

its density P,(z,y) depends only on the cosine of angle between starting point x and the

point y, i.e.
~ x7
o~ 1 (s 5.
|z[ly|

If we consider the sets of the form A = {n € Sy : o) ¢ (a,b)}, where —1<a<b<1

||

we get (for a definition of the process S see Appendix)

P(0, € A) = P(S, € (a,b)) = /b

a

b
pts(l’z)m(dz) = 2/ pf(laz)(l - 22)(n73)/2d2’

where p; is defined in (51). From the other side, using the spherical coordinates we obtain

wy(rd) = /A Pr(;c,y)daffl(y) :7‘"10?2(5?_2)/ seton pr(:c,cosqﬁ) sin" 2 ¢ do
r cos p€(a,
nmwoz b .

11



Comparing both sides we get the following formula for the Poisson kernel P, (x,y)

Py(a.y) = i@%g)(ﬂiﬁf>%ﬁéwpfoﬂ@*”)mﬂwm 23

w2 nrn-l || |y|

where
1y (dt) = Y [exp ( /0 " q(R(”)(s))ds> AV (1) € dt} . ye(0,r).

The formula for pts can be computed from the appropriate formula for the transition
density function for ©, which is given in terms of spherical harmonics and that approach
leads to the series representation for P.(z,y) presented in [7]. However, we want to
compute the Laplace transform of pf which is so called A-Green function of the process S

Gre.) = [ M) e (-1,0)
0

and we do it directly. From the general theory (see for example [5] Chapter II for short
resume) a function G is described by solutions of the second-order differential equation

1— 22 n—1

5 zu'(z) = Mu(z), =€ (-1,1). (24)

u//(x) _

Note that the expression on the left-hand side is just Gu(z), where G is just the generator
of S described in (50). More precisely, we have

1

G)\(.%',l) = Ma HAS (_17 1)7

W
where ¢y is a decreasing and ¢ is an increasing solution of (24) such that ¢, (1) =0
and ¢} (—1) = 0. The boundary conditions for the derivatives follows from the fact that
non-singular points —1 and 1 are reflecting. Here f™ and f~ denote the right and left
derivative with respect to the speed function s(z). The Wronskian wy is given by

wx = Yy (2)pa(z) — a(z)ey (z)

and it does not depend on x. Putting z = 1 in the above-given formula and using the
boundary conditions we obtain that

pa (D)o (x) _ (=)
Uy (Mea(l) —va(Dey (1) oy (1)

This implies that G)\(z, 1) is uniquely described as a solution of (24) such that u™(—1) =0
and v~ (1) = 1. Making a substitution u(z) = f (z) with z = £ in the equation (24) we
reduce it to the following hypergeometric equation

Gz, 1) = z € (~1,1).

n—1

2(1—2)f"(2) + < —(n— 1)2) f'(z) = 2X\f(z) = 0.

with a = 252—A()), B = 2524+ A(N), v = 5L, where A(A) = 11/(n — 2)2 — 8\. Consider

2
the function

n—2 n—2 n—11+=x
AN .
AN )

12



The above-given computation implies that the function hy is a solution of (24). Using
(44) and (45) we compute the derivative of this function with respect to the scale function
s(z) in the following way

n-1 d n—1 2\ n n+1 1+x2
(1—2%)" i) = (1—2%)" — 12F1 <——A(A),§+A(>\); s )
n+1
272\ 1 1 n+1 1+4+=x
— 1 Fil=+AN\), = — A(\); : .

The first equality and the fact that the hypergeometric function oF} is equal to 1 at zero
implies h)(—1) = 0. Using the second equality and (43) we obtain

_ 2"\ 1 1 n+1
) = 2 (5 AN g - A1)
2 r? (25

D (222 - AN T (332 + 40)

Moreover, using once again (45) and the definition (47) we can express function h) in
terms of the Legendre function of the first kind

3—n

1—x2 T n—1 3-m
= ( 3 —n ( >PA(2>\)_1(_'%')'

Finally we have just obtained that

Gix.1) = By(N(1-2?)TP2 (),
where

Bn()‘) = = 1

The second part of the formula (23) relates to the measure p,. Observe that u,
depends only on the Bessel process R"), which is one-dimensional diffusion. For every
w > 0 the Laplace transform Ly, (w) is

E¥ exp <_n(n2_ . /0“ 1- (}%C(lf>(,s))2)2 - /0” Mﬁ) = Felm),

2?1@;22))2 - y% The function ¢(y) = EYe4(7,) is by definition the gauge
function for the Schrédinger operator based on the generator of the process R®) and the
non-positive potential g. From the Feynman-Kac formula ¢ is a solution of the Schrédinger
equation. Using (49) we obtain that ¢ is a bounded solution to the following second-order

differential equation

where g(y) = —

%w”(y) + n;ylw’(y) - (L_f)g + %) o(y) =0, yel0,r),w=>0, (25)

13



with the boundary condition ¢(r) = 1. Substituting p(y) = y'~"/%¢ (Hy > we obtain
B 1+y 4y2fn/2 1 +y2
/ — n/2 /
P ( ) ¢< y>+(1—y2)¢ 1—-y?)’
n —1-n/2 1+ Y 163/37”/2 " 1+ y2
2(E
2<2 ) ¢< >+K1—f¥¢ —y) "

ay' /2 2y (LY
+m(3—n+(n+l)y ) )

Putting the above given formulas to the differential equation (25) and dividing both sides

by the factor —% give

0 = o (7%) - (T0) +
e )

2
Moreover, putting » = 22 and using the equality 1 — % = %y;g lead to the
y P g 1—y?)

1—y? 1-y

following differential equation for 1
A(—w)?
1— 22

(1— 229" (2) — 229 (2) + <1/(1/ +1) — ) P(z) =0, z>1

with v = 2 — 1 and A(—w) = %\/ (n—2)2+8w. This is the Legendre’s differential
equation (46) Thus, the general solution of (25) is given by

—n —A(—w 1+ -n —A(—w 1+ §
ww:qylﬂaA<>Q_y)+c 1ﬂ@ﬂ<>65%),yemm

where ¢; and ¢ are absolute constants. Using (47) and (48) one can easily check that

the function y*”Py_A(_w) %) is bounded on the interval [1 1+7"2) in contrast to the

function y*”Q;A(_w) (Hy ) which is unbounded in the neighborhood of 1. Thus ¢; =0
and the boundary condition ¢(r) = 1 gives

oy pA(-w) (14[af?
E r /2 1Py (1_|$|2) < >0 26
:U'|a:|( ) |£C| |£C| srhw=U. ( )

P (1)

_5\2
Now observe that for every complex number w such that Re(w) > —"2—2 = —%

. nin—2) ™ ds ™ ds
[Luai(w)] < E[exp (— S oGl <Rgv>>z>]

< Ellexp <”—2)2/” s\ _ glelexp V_Q/” ds :<£>”,
8 0 (RgV))Q 2 Jo (R(V))Q x

The last equality follows from (see [5] 2.20.4 p.407)

o0 ([ s o) - ) S (- oo

14




In particular E,um(—lﬂ /2) is finite. This implies that the formula

£M\x\(w) = /OOO e_wtlu'|:r|(dt)

defines a holomorphic function in the complex half-plane Re(w) > —v?/2. Moreover, for
|z| < 1 the function oF} (e, B;7;2)/I'() as a function of « is analytic function on C.
Using this fact and the representation of P} in terms of hypergeometric function »F; we
deduce that the function on the right-hand side of (26) is a meromorphic function in the
half-plane Re(w) > —v?/2. In fact, the equality (26) implies that the ratio of Legendre
functions is analytic for Re(w) > —v2/2 and consequently the function in the denominator
has no zeros in this region. Compare this result with Conjecture 5.2 in [7]. Moreover, we
have just proved that (26) holds whenever Re(w) > —v?/2.

Now let ¢ = — ("162)2. We have

1ot (et = [ (o0 (L remens) o

1 c+ioco 00 <.%' y>
= — L5 (z </ e*p? <1, . >dt> dz
o J, i S G S P E y

1 c+i00
= — L)) (2)G <1, (m,y>> dtdz.

2mi c—100 \xHy!

Taking into account the previously found formulas for the Laplace transform Ly ,|(z) and
the Green function G,(1,z) we finally obtain

Theorem 6. For every x € B,, x # 0 and y € SP~! the Poisson kernel P,(z,y) is given
by the following formula

v . 8o o prACR) (Lal
2r (%) <1—le2L> Sin%so/‘:“wp” <1—|$|2>B P
C

-1\ 1 —1r2 |z 27 —ico p;A(*z)<1+r§) n(2) A(2)-1
1—r

P(ER2 A2 +4()
GO

where A(z) = 31/(n —2)2 — 82, By(z) = c=—v?/4 and ¢ is an

angle between x and vy,

5 Harmonic measure of Ornstein-Uhlenbeck pro-
cess

As in the previous chapter for fixed » > 0 we denote B, = {x € R" : |z| < r}. Consider
a vector field F3(x) = Az, where A > 0. Fj is a potential vector field with the potential
function V3(z) = A|z|?/2 and as in the previous cases it is orthogonal to the boundary of
B,.. The corresponding martingale M and its quadratic variation are

n t t
M) =AY [ Wilsawits), (1) ()= [ W),
=10 0
The validity of (6) in this case follows from

E*lexp (M) (t A7)] = E* [exp/O " )\2|W(s)|2ds] < E*[exp[Ar2(t A 7)]] < o0,
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where 7, = inf{t > 0: W(t) ¢ B,}. Since

N(t) = exp AW (@)]> = [W(0)P) [exp <—%/OT()\2|W(5)|2+2n)\)ds>},

2

all the assumptions of Theorem 2 are satisfied and consequently we obtain that the har-
monic measure w; (dy) of B, for the operator

1

is given by

A2~ Jaf?

wf (dy) = exp 2 ) [exp <_% /O TT(A2|W(5)|2+2nA)d5> W) € dy}

Computations in this case mimic those introduced in the previous section so we omit

some details and present only a sketch of the argumentation. For x # 0 the skew-product
representation of the Brownian motion allows us to write

W (dy) = €301l /OOO PTI (0, € dy)E! [exp </0 q(R(”)(s))ds> ;/OTT (R(j)lﬁ c dt} ,

where ¢(y) = —>‘72|:r3|2 — nA and consequently the Poisson kernel P,(z,y) is given by

or (L A2 > xz,
1%(90,?/):#62(7"2 xQ)/O Py <1y<m—y>> tiz|(dt),

m(n=1)/2ppn-1 [y

where

1y (dt) = EY

Tr Tr d
exp </ q(R@)ds) ;/ (75) edt|, ye(0,r].
0 0 (Rs7)?

As previously, the Laplace transform Ly, (w) given by

von | (2 (R0 w y
EY exp _E(Rs )T —nA— RON ds = E¥ey (), (27)
0 (Rs )2

where g(y) = —%QyQ —n\— y%, can be identified (by applying the Feynman-Kac formula)
as a bounded solution of the following Schrédinger equation

2

1, n—1, A, w
- (& At — — >0,
59 () + 5 ¢ (y) <2y +n +y2 oy) =0, ye(0,r),w=0

with the boundary condition ¢(r) = 1. Setting ¢(y) = vy 2f(M\y?) we reduce this
equation to the Whittaker equation

16



where M and W are Whittaker functions (see [1] 13.1.32, 13.1.33 p.505). The boundedness
of ¢ implies that co = 0 and the boundary condition ¢(r) =1 gives

r\2z M k, 1, A\y?

If we look at (27), the probabilistic definition of Ly, (w), by the same argument as pre-
viously gives that Ly, (w) can be extended to holomorphic function in the complex half-

plane Re(w) > —%. Since the Whittaker functions are well defined in this region the

formula (28) is also satisfied in this region. As before we use the Laplace inverse formula
(n—2)*
16

ety = [T (V) (o [ ) a

1 c+ioco 00 <.%' y>
= — L5 (2 (/ ey (1, : )dt) dz
omi Jo e PSP )

1 c+ioco

N cmﬂ(z)GZ( ‘< ”‘ >>dtd

2mi c—100 ’

Theorem 7. For every x € B, x # 0 and y € S*~! the Poisson kernel P.(x,y) is given
by the following formula

ar n+1 1— 2 nT_Q % . 3=n c+ioco M(k Y 2 3-n
n—l( 2 \xi R 2. (P/ Mk, 1 Ay°) )Bn(Z)P 2 (—cosp)dz,
-1 \ 1 —7r || 27 c—ico M (K, p, Ar2)

obtain

and for ¢ = —

> S
/ pt (15
0

where ¢ is an angle between x and y, A(z) = % (n—2)2 -8z and

27211 (T

~—

6 Appendix

For convenience of the Reader we collect here basic information about Bessel functions,
hypergeometric functions and other special functions appearing throughout the paper.
Mainly we follow the exposition given in [1] and [13], where we refer the Reader for more
details (see also [20] and [16]).

6.1 Bessel functions
The Bessel functions J,(z) and Y, (z) are independent solutions of the Bessel equation

2y (2) 4+ 2y (2) + (22 = vP)y(z) =0, veR.

The Wronskian of the pair (J,(z),Y,(z)) is equal to 2/(7z) (see [20], p.113). The deriva-
tives of Bessel functions can be expressed by itself in the following way

T (zx) = Jy,l(x)—g L(x), x>0, (29)
Y!(z) = yy,l(x)—g (z), > 0. (30)

17



For every v > 0 we have (see [20] 5.16 p.134-135).

x¥ 2'T'(v) 1
(@)~ — V() ~ — = + 31
Jy(z) T+ 1) () — o T 0 (31)

2 vmwm 2 . vmm
Ju(x) ~ 4/ Ecos(m -5 Z) , Yo(z) ~ 4/ gsm(az —5 Z), r — 00.(32)

The modified Bessel functions are independent solutions to the modified Bessel equation

2y (2) + 2y (2) = (v + 2%)y(2) = 0. (33)

The following asymptotic expansion for the function K, holds (see [16] 8.451 (6))

K,(z) = 1/% e *(1+ E(2), |E(2)|=0(z") as |z| = cc. (34)
whenever |arg z| < 37/2 . The behavior of K, near zero is described by (see [1], 9.6.9)
2v-Ir
K,(z) = ﬂ, Rez > 0. (35)
ZV

The connection between modified Bessel function of purely imaginary argument and Bessel
functions is given by

T

K, (iz) = —?e_i””/Q(J,,(x) —iY,(z)), z>0. (36)
Finally, we recall the integral representation of K, (see [16], 8.432 (7))
9 oo t 2 t
Ky(z) = Z—/ exp <—+TZ/> t707dt, 2> 0,9 €R, (37)
0

as well as the formula ([16] 6.561 formula 16, p. 676)

0 1 14—
/ 2K, (z)dx = 2°7'T (#) T (%) . ut+1l>v>0. (38)
0

For every v > 1/2 we introduce the following function of two variables

1 L)Y, () — J,(t2)Y, (1)
=1 RO+Y2E

gu(x,t) = 2 x>1,t>0.

It is obvious that g, is a continuous function on (1,00) x R;. However, the most crucial
for the considerations given in Chapter 3 are the following asymptotic properties of g, .

Lemma 8. Set xg > 1, tg > 0. Then

im g(ed) = - Tik=0b (39)
(2,£)—(20,0) AL = 22T (v)I'(v + 1)z’
9
li Sz, 1) = . 40
(et (1t0) (1) wtg” (J2(to) + Y2 (to)) (40)

Proof. From the Lagrange theorem, there exist 61,602 € (1,z), depending on x and such
that

J, ()Y, (tx) — J,(tx)Y,(t)
tex —1

Jy(t)—y"(tg = Z/”(t)

= T ()Y, () — T, (t02) Y, (t).

Jy(tz) — J,(t)

—Yu(?) tr —t
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Obviously, when  — 1 then 61, 05 also tend to 1. Furthermore, since the Wronskian of
(Ju(2),Y,(2)) is 2/mz we get that

: ()Y, (tx) — J, (tx)Y, (1) , 0
I = Jl/ to)Y)! J(t t —,
(@) (1to) tr —t (to)Y, (to) — J,,(to) Y (to) = —

which proves (40). If we use the recurrent formulas for the Bessel function derivatives
(29) and (30) we obtain that J,(¢)Y,(t61) — J.(t02)Y,(t) is equal to

Jy(t)YV_l(té?l) _ % (Ju(t)zf(tal) . Ju(taéiyu(t)> i Jy_l(té?g)Yy(t)

Multiplying the last expression by t, taking (x,t) — (1,0) and using (31) it is easy to see
that first two summands tends to zero and the last one tends to 2/7. Since, by (31), we
have lim,_, o+ 2 (J2(t) + Y,2(t)) = 22 T2%(v) /72 and consequently

lim g,(z,t) = %,
(z,t)—(1,0) 22v=1T2(y)

which is (39) for zyp = 1. For xy > 1 relation (39) follows directly from (31)

: m(xg —2") Ty hso T
1 1Y v ,t = = .
(x,t)i(xo,O)g (,¢) v22'T2(v) 22T (v)T'(v + 1)zf

O

Note that Lemma 8 together with (31) and (32) imply that the function g, can be
extended to the continuous function on [1,00) X [0,00) which is bounded whenever z is
bounded, i.e. for every R > 1 there exists C'(R) > 0 such that

lgu (2, t)| < C(R), (z,t) € [1,R] x [0,00). (41)

6.2 Hypergeometric Function and Legendre Functions
For v # —1,—2,... the hypergeometric function is defined by

oo
2F1(a, B35 2 Z Yool <,
—0

Here (a)r = T'(a + k)/T'(a). Function 9 F} is a solution of the hypergeometric equation
21— 2(2) + [y — (@ + B+ D)2 (2) — abu(z) = 0 (42)
regular at z = 0. Whenever Re (7 — a — ) > 0 we have (see [13] vol.1 p.104 2.8(46))

Iy —a—p)

2F1(a, B5;1) = T — o)l = 5) (43)
The derivative of o F} is given by (see [13] vol.1 p.102 2.8(20))
d%zFl(a,ﬁ;%Z) ZO;—ﬁ2F1(a+1,ﬁ+1;7+1;2)- (44)
and the following elementary relation holds (see [13] vol.1 p.105 2.9(2))
2F1 (e, B3752) = (1= 2)" Pl (y — o,y = 3575 2). (45)
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The Legendre functions are solutions of Legendre’s differential equation
(1 — 29" (2) — 220/ (2) + [a(a + 1) — b*(1 — 22) " Hu(z) = 0. (46)

Making appropriate substitution it can be reduced to the hypergeometric equation (42)
and consequently its solutions are given in terms of hypergeometric function. More pre-
cisely, the Legendre function of the first and second kind are defined by (see [13] vol.1
p.122 3.2(3) and p.143 3.4(6))

1 1+2\Y? l—z
Pl(x) = P (- 11— b —— ~1.
a(x) P(l—b) (’1—%”) 2 1( a,a+1; b, 5 ), T > ( 7)
bim,1/2 T
b e (a+b+1), , b2
b b 1 1
O G e a+3/2—), @>1,

2 )

respectively. The functions P’ and Q% are independent solutions of (46).

6.3 Skew-product representation of Brownian motion

We now introduce the spherical Brownian motion on the unit sphere S{L*l C R" as a
diffusion on S{‘_l with the generator being the one half of the Laplace-Beltrami operator
A sn1 of the manifold S’ffl. It is well-known that the following formula holds

0 0
5l(Eme) ™ 5 4 (sin ) P Ags

where the angle ¢ is the angle between the pole and the given point on the sphere and
2
Asl =3 d)g Now, if we consider the action of Asn 1 on function depending only on ¢,

AS;L_l = (sing)?™"

this reduces to the generator of the Legendre process LEG(d):

1 I P P Y T 0
§AS;L—1 = §(sm¢) 8¢[(Sln¢) 8_¢] = 58—¢2 + T cot ¢a¢

Changing variable cos ¢ =t we obtain
—t20> n-1 0
2 a2 2 ot
We now invoque the classical skew-product representation of the n-dimensional Brownian
motion (see, e.g. [18] 7.15) stating that it can be represented as the product of R*) =

{Rg"); t > 0} - the Bessel process BES(n), v = n/2 — 1 with the generator

16> n-120

AR L 49
2072 " 2r or’ (49)
and independent spherical Brownian motion © = {©(t);¢ > 0} on ST ! with time changed

according to the formula
Amﬂ_/i_EL_
~Jo (RW)(s))?

Moreover, for  # 0, we introduce the process S = {S(t);t > 0} defined by S(t) =
(e, g‘(t». The process S describes the cosine of the angle between the starting point z
and the spherical Brownian motion ©. Consequently, the cosine between the starting

point = and W (t) is just S(A(t)). The skew-product representation and the previous
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given considerations imply that S is independent from the Bessel process R*) and the
generator of S is given by

1-t29*> n—-1,0
9= e 2 o (50)
with a domain Dg = {u € C?[—1,1]; v/(—1) = /(1) = 0}. Three basic characteristics of
the diffusion: the speed measure, the scale function and the killing measure are described
by the following relations (see also [8]) m(dz) = 2(1—z2)"=3)/2dz, §'(z) = (1—x2)1-)/2,
k(dz) = 0. Moreover, the points —1 and 1 are non-singular reflecting points. We denote

by pf (z,y) the transition density function with respect to the speed measure, i.e.

PP(S(t) € A) = /Apf(x,y)m(dx), AcBl-1,1] (51)
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