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A polaron is an electron interacting with a polar crystal, which is able to form a bound state by
using the distortions of the crystal induced by its own density of charge. In this paper we derive
Pekar’s famous continuous model for polarons (in which the crystal is replaced by a simple effective
Coulomb self-attraction) by studying the macroscopic limit of the reduced Hartree-Fock theory of
the crystal. The macroscopic density of the polaron converges to that of Pekar’s nonlinear model,
with a possibly anisotropic dielectric matrix. The polaron also exhibits fast microscopic oscillations
which contribute to the energy at the same order, but whose characteristic length is small compared
to the scale of the polaron. These oscillations are described by a simple periodic eigenvalue equation.
Our approach also covers multi-polarons composed of several electrons, repelling each other by
Coulomb forces.
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Introduction

In vacuum, N electrons cannot form a bound state, because of their Coulomb repulsion and
the dispersive nature of their kinetic energy. Confining the electrons in a given region of
space is only possible by applying an external field. In atoms and molecules, this field is
the electrostatic attraction of the (positively charged) nuclei. The situation is completely
different when the electrons are placed in a polarizable medium like a dielectric crystal.
There, the N electrons induce a lattice distortion by repelling a bit the negative ions of the
crystal and attracting the positive ones. When the resulting polarization is strong enough,
the electrons are able to overcome their Coulomb repulsion and to form a bound state, called
an N -polaron.

Polarons have been widely studied in the physics literature. The main difficulty is to ad-
equately describe the behavior of the polar crystal and of its distortions. The simplest model
was obtained by Pekar [39] [40] who proposed to approximate the crystal by a continuous
polarizable medium, described only by its static and high frequency dielectric constants. For
the polaron, composed of only one electron, one gets the energy functional [2, [5]
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Here v is the wave function of the electron, D = —Vw is the displacement field of the
continuous medium, ey is its static dielectric constant, in units such that the high frequency
dielectric constant is g = 1 and such that the charge and the mass of the electron are
normalized to e = 1 and m,.- = h?. For simplicity we neglect the spin of the electron in the
whole paper. Minimizing the above functional with respect to D at fixed v, we obtain the
following energy functional for the polaron alone in the continuous polarizable medium

en V] =5 /R3|vw< )[? da IC /RS /RB W@l L e dy. (0.2)
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The last nonlinear term in (02]) is an effective Coulomb self-interaction. When ey > 1,
this nonlinear term is attractive and it has been shown by Lieb [27] that the Pekar energy
functional (0.2]) admits a unique minimizer up to translations (under the normalization
constraint [y || = 1). This ground state is radial and solves the corresponding Euler-
Lagrange equation

(-5 + (e = Dol Lol ) v = Bw. 03)

This nonlinear equation is ubiquitous in Physics and it is sometimes also called the
“Choquard” or “Schrodinger-Newton” equation.

Pekar’s theory can be easily generalized to the case of IV electrons, as was first suggested
for N = 2 by Pekar and Tomasevich [41]. Taking into account the electrostatic repulsion



between the electrons, one arrives at the following many-body energy functional:
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The many-body wave function ¥ must be antisymmetric with respect to exchanges of the
variables 1, ..., z, due to the fermionic nature of the electrons. Also, py is the total density
of the N electrons, defined by

pw(zr) =N dxg---/ dey |¥(x, 29, ..., xn)|?. (0.5)
RS RS

There is now a competition between the many-body electronic repulsion and the nonlinear
attraction due to the polarizable medium. It has been shown recently by one of us [25] that
when ey is sufficiently large (depending on N), the many-body Pekar functional ([I.4]) admits
at least one minimizer, hence infinitely many by translation invariance. On the other hand,
it can be deduced from the results of Frank, Lieb, Seiringer and Thomas [I5] [14] that when
em < 1+ a (with a independent of N), SEPM has no ground state for N > 2.

Pekar’s functional is not the only one used by physicists to describe (N-)polarons in-
teracting with a continuous medium. In [I6], 7], H. Frohlich has proposed to replace the
classical polarization field D of (0.1J), by a quantized (phonon) field with which the electrons
interact [2]. Frohlich’s model has been mathematically studied in several works. In partic-
ular, Donsker and Varadhan [12] and then, with a different approach, Lieb and Thomas
[32], have proved that Pekar’s polaron can be recovered from the strong coupling limit of
Frohlich’s model. This was later extended to bi-polarons by Miyao and Spohn in [36]. For
other recent works on Frohlich’s and Pekar’s theories, see for instance [37, [19] [15] 14! [6].

Both models assume that the medium in which the particle evolve is continuous. In a
crystal, this can only be valid when the size of the electronic system is much bigger than
the typical lattice length, that is, the diameter of the unit cell. One then speaks of large
polarons. For smaller polarons, this approximation is not good enough and the electrons
start to see the detailed structure of the crystal.

The purpose of this paper is twofold. First, based on previous works by the first author
with Cances and Deleurence [8] [0l [T0], we write a simple mean-field model describing small
multi-polarons in a quantum crystal. Second, we show that in a macroscopic limit where
the system lives on a scale much larger than the size of the lattice cell, we again recover the
Pekar(-Tomasevich) theory. We now explain the main lines of our approach, before turning
to a more detailed presentation of our results in the next section.

Our crystal is assumed to be extended over the whole space. At rest, it is composed
of classical nuclei, described by an Z-periodic charge density ngr > 0, and of quantum
electrons which are modelled by an Z-periodic density pger. The lattice £ is a discrete
subgroup of R? whose fundamental domain I' (the unit cell) is compact, for instance . = Z3.
The system is locally neutral in the sense that [. 0., = [i fihe,- The unperturbed crystal

induces an Z-periodic electrostatic potential Vpoer which solves Poisson’s equation

_AVO = 47T(pger - :u’ger) .

per

This electrostatic potential is felt by any other particle which is added to the system.



When the additional particles are inserted, the nuclei and the electrons of the crystal
can be displaced a little bit. This distortion is described by (local) perturbations du and
dp such that the nuclear and electronic densities become p = p., + dp and p = pS., + dp.
The inserted particles then feel the electrostatic field (§p — du) % |z|~! induced by these
displacements. For the single polaron, we are thus led to an energy functional of the form

el doou =5 [ IV@P do+ [ Vi@l do

(0p(x) = dp(@)) [P(y)

where Fepys[0p, o] is the energy cost to perturb the crystal by moving the nuclei of §p and
the electrons of dp. Note that the periodic density pger — uger is locally neutral, and that
the displacement densities dp and éu should satisfy

/}R3 op(x)de = /R3 Su(x)dx = 0,

at least formally (see Remark [Tl below). As expected, the polaron effectively sees an elec-
trostatic potential induced by a field of dipoles.

Our two subsystems (the polaron and the crystal) are uncorrelated in this simplified
theory, hence it is possible to completely eliminate the crystalline degrees of freedom, by
minimizing over du and Jp for any fixed state ¥ of the polaron. This leads to an effective
nonlinear functional for the electron alone, of the form

faldl = 5 [ IVo@P dr+ [ VA @WEPde+ P 0B, 0)

where the nonlinear effective energy Fi,ys is defined by

Fags[[0F] = it </Rd /W (6p(x) — op(x))|4(y)| Qi dy + Forss 69, 5#])- 0.8)
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The case of the N-polaron is obviously similar, leading to the effective nonlinear many-body
functional

1Y U (21, ..., 2n)|
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where Fg,ys is the same nonlinearity as in ([0.S).

Of course, the main difficulty in this context is to find an energy functional Fe,ys[dp, du]
quantifying the cost to move nuclei and electrons in the crystal, which is both physically
relevant and mathematically amenable. It turns out that there is a well-defined mean-field
theory [§] for the electronic perturbation dp for every fixed value of §u, but that allowing the
nuclei to move freely is too involved for the present mathematical technology. If the crystal
is not globally stable with respect to the positions of the nuclei, the latter will want to relax
to better positions, changing thereby the total energy per unit volume and rendering our
above effective energy Fi.,s infinite.



To face this problem we could add some stability conditions on the nuclear structure
of our crystal, but this would complicate our exposition dramatically. Since in this paper
we are more interested in the derivation of Pekar’s polaron from a microscopic model than
in proposing a quantitative theory, we will make the (very strong) assumption that the
nuclei cannot move, u = 0. As we will see, the distortion of the electronic Fermi sea of the
crystal is in principle enough to bind polarons, although its effect is weaker than when the
nuclear displacements are taken into account. As far as the derivation of Pekar’s polarons
is concerned, this simply means that we will only obtain the electronic contribution to the
dielectric constant ey.

In Section [[.T] below, following [8], we define an appropriate functional F,ys obtained in
a Hartree-Fock-type approximation, when only the electronic Fermi sea is allowed to move.
In this introduction we assume that Fi,ys is given to us without giving its precise expression,
and we now discuss the derivation of Pekar’s polarons in a macroscopic limit. Of course the
precise form of Fi,ys is very important, since it is at the origin of the dielectric constant ey
seen in Pekar’s theory.

We now explain our derivation of Pekar’s energy functional in the case of only one electron
(polaron), the argument being similar for the N-polaron. We have to let the polaron live
on a much larger scale than the typical size of the lattice cell or, equivalently, to make the
crystal live on a much smaller scale than that of the polaron. To this end, we introduce a
small parameter 0 < m < 1 which is interpreted as the ratio between the microscopic and
the macroscopic lengths. At the macroscopic scale, the lattice becomes m.Z and the energy
functional of the polaron is now

Euli) =5 [ IVo@E drtm™ [ Vi a/mlta)? o m P [m im) . (0.10)

The scaling is chosen to make all the terms of the energy contribute the same at the macro-
scopic level. As for the periodic potential of the crystal, we have that V;, := m_leoer(:E /m)

is the unique solution of Poisson’s equation

7Avm = m73 (pger(z/m) - Mger(z/m)) .

The scaling of the density is chosen such as to keep constant the number of electrons
and nuclei per unit cellll There are similar arguments in favour of the chosen scaling
M Fopys (m3|w(m-)|2) for the nonlinear term.

Changing variables b =md/ 24h(m-) we can express the same functional at the microscopic
scale

Enli) = (5 [ Vi@t [ Vi@l do s o 67]) . 01)

2m R3

From the perspective of the crystal, a large polaron can therefore be obtained by inserting
a particle whose mass m is very small, and which thus tends to be very spread out in space.

For an isotropic crystal described by the nonlinear energy Fi, s defined later, we prove
in Theorem [Tl below that in the limit m — 0, any ground state of (.I0) behaves as follows

Ym(z) = ube(n/m) GL, (2), (0.12)

1That i57 we have fml" m_gpger('/m) = fl" p]o;)er and fml" m_gu’]o;)er('/m) = fl" H’]O;)er'



up to a well-chosen translation of the system in space. Here 7,/1§M

of Pekar’s functional (2], em > 1 being the macroscopic dielectric constant of the crystal,
which will be defined in Section [Tl On the other hand, uP" is an .#-periodic function,
which converges to 1 uniformly as m — 0. It is defined by minimizing the functional

is the unique ground state

1
gper — _ 2 VO 2
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with periodic boundary conditions on OI' and under the constraint that [, |ub®[* = |T[,
where we recall that I" is the unit cell of the lattice. Extended by periodicity over the whole
of R3 it solves

A
(g W) ) (o) = BB b ). (0.13)
The precise behavior of ub" as m — 0 (as well as the value of EP®") can be determined by
usual perturbation theory, as we will explain later in Section [2l The corresponding energy
of 1., tends to the sum of the energies of the two functions ub" and wa:

EM

lim Em[tom] = EP + £, [v2,] (0.14)

where EP®" is the limit of m ™' EP®" when m — 0 and & is Pekar’s energy ([I2).

Let us emphasize that the limit studied in this paper is completely different from existing
results on Frohlich’s model [12] [32] 36]. In Frohlich’s theory, ey is a parameter to be chosen.
The goal is to show that in the strong coupling limit the polaron tends to decouple from
the quantized field, leading to Pekar’s ground state with the given e). In this paper the
correlations between the polaron and the crystal are already neglected and our purpose is to
derive Pekar’s model in a macroscopic limit. Our derivation provides a certain value for the
dielectric constant ey, in terms of the structure of the chosen microscopic quantum crystal.

In this introduction we have explained the simplest situation of an isotropic crystal whose
dielectric tensor )y is a constant. Below we consider the general case and, in the anisotropic
case, we obtain a generalized Pekar functional in which ey is a 3 x 3 real symmetric matrix.
The corresponding expression for EEM will be given in Section below. Also, the results
discussed here for the single polaron hold similarly for N-polarons.

The paper is organized as follows. In Section [l we describe our small polaron model in
detail. We then recall some facts about Pekar’s theory and state our main results relating
the latter to the reduced Hartree-Fock theory of quantum crystals. Their proofs rely on
two main ingredients. First, in Section [2] we separate out the contribution of the microscopic
oscillations, by using a simple energy decoupling argument and the properties of the periodic
eigenvalue problem. The second, more involved, step is the detailed analysis of the limit of
the perturbed crystal model of [8]. Section Bl proceeds with improving some results of [10]
and applying them to the context of the polarons. Finally, we complete the proofs of our
main results in Section [l

Acknowledgment. The research leading to these results has received funding from the Eu-
ropean Research Council under the European Community’s Seventh Framework Programme
(FP7/2007-2013 Grant Agreement MNIQS No. 258023).
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1. Main results

In this section we introduce some preliminary tools which are necessary to properly define
our model, and we state our main theorems. Proofs will be given in the next sections.

1.1. Energy to perturb the interacting periodic Fermi sea

In this section we quickly present the model that Cances, Deleurence and Lewin have in-
troduced in [8, @] to describe the distortions of the electrons in a quantum crystal, using
a Hartree-Fock-type theory. We will define the effective nonlinear energy Fe,ys felt by the
polaron, and also quickly recall the definition of the macroscopic dielectric tensor ey which
will later appear in Pekar’s functional. We provide some additional technical details later in
Section B.11

We fix an #-periodic density of charge uger for the classical nuclei of the crystal, with £
a discrete subgroup of R3. It is enough for our purpose to assume that uger is a locally-finite
non-negative measure, such that | ,uger = Z € N, where I' = R3/.% is the unit cell.

In reduced Hartree-Fock theory [45], the state of the electrons in the crystal is described
by a one-particle density matriz, which is a self-adjoint operator v : L?(R3) — L?(R?) such
that 0 < <1 (in the sense of operators). When no external field is applied to the system,
the electrons arrange in a periodic configuration v = vger, which is a solution of the reduced
Hartree-Fock equations

Toer = L(cooer) (= A/2 4 Vi),

7Avpoer = 47T(pVBcr - Mger)’ (1.1)

0
/p'}/ger :/Mper'
Iy I

Here p4 denotes the density of the operator A which is formally given by pa(z) = A(x,x)
when A is locally trace-class. Also, 1(_o c.)(H) denotes the spectral projector of H onto
the interval (—oo,ep). The real number ep in () is called the Fermi level. It is also the
Lagrange multiplier used to impose the constraint that the system must be locally neutral
(third equation in (). It should not be confused with the dielectric constant £y which will
be defined later. Existence and uniqueness of solutions to the self-consistent equation (L)
was proved in [IT], [§] (see also [38] at positive temperature).

By the Bloch-Floquet theory [42], the spectrum of the .#-periodic Schrédinger operator
HY = —%AnLVO (z)

per per

is composed of bands. When there is a gap between the Zth and the (Z + 1)st bands, the
crystal is an insulator and ep can be any arbitrary number in the gap. Like in [§], in the
whole paper we will assume that the host crystal is an insulator.

Assumption 1.1 (The host crystal is an insulator).
The periodic Schrodinger operator ngr has a gap between its Zth and (Z + 1)st bands, and
we fix any chemical potential er in the corresponding gap.

When the quantum crystal is submitted to an external field, the Fermi sea polarizes. The

new density matrix v of the system now solves the nonlinear equation

Y= 1oy (= A/24 Vi + (py g, — ) el 1)+, (12)



where v denotes the external density used to perturb the Fermi sea, and where the operator
J (satisfying 0 < 6 < 1) lives only at the Fermi 1eveﬂ Existence of solutions to this equation
was shown in [8]. In general there is no uniqueness of v, but the density p, is itself unique.
The perturbed state « is such that @ := v — fyger is Hilbert-Schmidt and locally trace-class,
and pg € L?(R?). In general, Q is not even a trace-class operator [10]. This motivates the
introduction of a particular functional setting, some of its elements being recalled below (see
also Section B.T]).

The method used in [8] to construct solutions is variational and it relies on an energy
functional which we want to use in our polaron model. The idea is to define the energy cost
to move the electrons from WSer to v as the (formal) difference between the (infinite) reduced
Hartree-Fock energies of v and of VSer- Denoting by

F(k)g(k
D(f,g) := // F@I) gy = 4z &92() dk (1.3)
R3 xR |T — Y| rs |k
the Coulomb interaction, the formal calculation is
rHF rHF[. 0 7« 9 1 1 0 0
EM ] = €M yped “ =7 | 5 Tr(=A = er)y + 5 D(py = figers Py — Fper)

1 1
_ (5 TI'(—A — EF)’yger + §D(p'ygcr - ,upo)er’ p'chr - Mger)>

1
“=7 Tr(nger - EF)Q =+ §D(pQ7pQ) (14>

with again Q = v — VSer- Note that @ satisfies _WSer <E<1- VSera which is equivalent
to Q* < QT —Q~ with QT := (10,)7Q(15.,) " = 0 and Q™ := 10,Q49,, < 0. This
allows to properly define the kinetic energy in (I4]) as follows [§]:

TrO(HO —ep)Q =Tr |ngr — 5F|1/2 (Q'H' — Q__)|ngr — 5F|1/2. (1.5)

per
More generally, one can define the generalized trace as
TroQ=TrQ Tt +TrQ~ "~ (1.6)

when Q1 and Q~~ are trace-class.
The relative energy (L)) is > 0 for every e in the band gap. The total energy to go
from ~3,, to 7 is defined as

Ferl Q@) = Tro(HSey — 1)@ + 3 D(p pe) (17)

and it is also non-negative since we have

|p(k)|*
D(p,p) = 47r/]RS TE dk > 0.

Taking into account the term involving the chemical potential er in the total energy allows
to have a non-negative energy functional (the reference periodic Fermi sea now has energy
zero). The precise value of ep in the gap does not matter at this stage.

2This means Ran(§) C Ker(—A/2 JrVgelr +(py_n0
Ber

by the reader, as in the macroscopic limit that we will later consider, we will always have § = 0.

—v)x[x| 7! —eR). The operator § can safely be ignored
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When we submit the crystal to an external density v, the state of the Fermi sea is
obtained by solving the following minimization problerré

Fall = dnf  (D(v,pq) + Ferss[Q])- (1.8)

N AL BT

As shown in [8], for any v € L'(R?) N L?(R3), this minimization problem has at least one
solution Q@ = v — Vger (in an adequate function space that we recall in Section B2), with
7 solving the nonlinear equation (L2). The corresponding density pg is in L?(R?) but in
general it has long range oscillations which are not integrable at infinity [10]. The total
energy Fi.ys[v] of the crystal submitted to an external density v is the one which we will
use later, with v = |¢|? (polaron) or v = pg (N-polaron).

Remark 1.1. Instead of working in a grand canonical formalism where e has a fixed value,
we could impose that no charge can be added to the crystal which, in this context, means
Tro(Q) = 0 (recall that pg is not necessarily integrable at infinity). It has been shown in [10]
(Lemma 5) that when the external density v is small enough, e.g. D(v,v) < 7, then we have
automatically Tro(Q) = 0 for every ep which is at a distance > C\/n of the edges of the gap.
The value of Ferys[v] is independent of e in this range.

In the macroscopic limit that we consider later, the polaron induces a charge defect in the
crystal which, at the microscopic scale, is very spread out in space and we will automatically
have that the Fermi sea stays neutral, Tro(Q) = 0. As for the derivation of Pekar’s polaron,
the precise value of ex in the gap therefore does not matter.

Remark 1.2. Using well-known ideas from Density Functional Theory [28], one can express

the whole problem only in terms of the perturbed density dp = pg, as we have done in the

introduction. The energy cost to perturb the Fermi sea by a density dp is defined as
FeryslOp] = inf Ferys|Q)s

0 0
~Tper <Q< 1_’Yper
pPQ=0p

such that Ferys[v] can also be expressed as
Foil =t (00000 )
When the crystal is submitted to the external density v, the corresponding total energy

Ferys[V] satisfies the following simple estimate.

Lemma 1.1 (A uniform estimate on F,y).
We have for all v € L*(R?) N L5/5(R3)

1
- §D(V, v) < Foryslv] <0. (1.9)
Proof. The upper bound is obtained by taking @ = 0 as test state in (LJ)). For the lower
bound we neglect the positive kinetic energy of @, complete the square and use that D(,-)
defines a scalar product. O

3In the whole paper we use a sign convention for the external density v which is opposite to that of [8] [10].
In these works v was interpreted as a nuclear defect density, whereas in our case it will be that induced by
our polaron, which are negatively charged particles.
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The estimate ([9) already has interesting physical consequences for the polaron. The
fact that Fi,ys is non-positive means that the interaction of the electron with the crystal will
always be attractive. On the other hand, the lower bound means that Pekar’s interaction
(with ey = 00) is always a lower estimate to the total interaction with the crystal.

However, we will see below that (L)) is not optimal in the macroscopic limit, correspond-
ing to density v’s which are very spread-out in space. The correct macroscopic behavior was
studied by Cances and Lewin in [10]. In particular, they have derived the (electronic) di-
electric matrix €)1 of the crystal, which is a 3 x 3 symmetric real matrix such that ey > 1
in the sense of matrices.

The dielectric matrix epr can be expressed in terms of the Bloch transform of Hg see

Eq. (36) in [10]. The formula of ey is well known [T, 48] but it is not really important to us.
More important is Theorem 3 of [10], which says that ey can be obtained by a macroscopic
excitation of the Fermi sea: If we take an external density of the form

Vm(2) = m® v(ma)

and call @, one corresponding solution of ([L2]), then the rescaled self-consistent potential
W i=m™ " (v —pg,.) *| |7 (z/m) (1.10)
converges weakly to the unique solution W, of Poisson’s equation
—div(emVW,) = 4rv. (1.11)
The matrix ) is the one which will appear in Pekar’s theory below. The main reason for
this is the fact, not derived in [10] but proved in this paper, that the energy behaves as
lim 1™ Fonys [m®(m)] = 2 /R (k)2 (%Mk - #) dk, (1.12)

m—0

for any fixed v, see Theorem [[L4] below.

1.2. Pekar’s polarons in an anisotropic continuous medium

In this section we introduce the Pekar functionals which will describe the macroscopic behav-
ior of our (N-)polaron. Since we want to consider anisotropic crystals, we have to generalize
the formulas quoted in introduction ([@2)) and ([@4]) to the case of ey being a 3 x 3 symmet-
ric matrix. In the macroscopic limit considered later, the matrix ey > 1 will be that of the
reduced Hartree-Fock crystal derived in [10] and recalled in the previous section.

We start with Pekar’s generalized functional which we define as

en W= [ [Vuid+ FL, [oF] (113)
with
P — 5(k)12 1 1
FF [p] = 27r/RS 15(k)] (kTng |k|2> dk. (1.14)

Alternatively we can define SEM and F, ;’w by considering the solution W, of Poisson’s equation

-V (emVW,) = 4mp. (1.15)

We then have

1 1
o= g [ Vodee g [ (Wi = 0 <] 7). (1.16)
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We define the corresponding ground state energy as

Br, ) =it {e5, 01, [ =1, (117)
The following deals with the existence of minimizers for the variational problem (LIT).

Theorem 1.1 (Ground states of Pekar’s functional, N = 1, [27, [33]).
We assume that ey > 1 in the sense of symmetric matrices.

(1) (Existence). The minimization problem ([(LIT) admits at least one minimizer L. . It
satisfies the nonlinear equation

1 2 -
- iA’l/)EM + (W|T/J§M|2 o ‘1/}2“’ * | ’ | 1) EM =A dij' (118)

(2) (Convergence of minimizing sequences). All the minimizing sequences (1) for
EfM(l) are precompact in HY(R3), up to a translation. That is, there exists a sequence
(1) C R? and a minimizer Yt of ELY (1) such that iy, (- — k) — L strongly in

EM EM
H'(RY).

This result is a standard statement on which we will not elaborate. It can be proved by
using well known techniques of nonlinear analysis, which are similar to what we do later
in Section 3.4l When e); is proportional to the identity, Theorem [[LT] was proved first by
Lieb in [27], and in this special case the minimizer is unique (up to translations). Other
functionals very similar to £ have been considered by Lions in [33] for N = 1. To our
knowledge, uniqueness for an anisotropic €y is not known.

Of course, the main reason why EfM(l) always has a minimizer is that the resulting
potential is attractive at long distances. This is the case even when e\ has 1 as an eigenvalue,
as soon as ey # 1 (we have kTenk > [k|? except on a set of measure zero).

We now turn to Pekar’s multi-polaron problem, whose energy functional in an anisotropic
medium is

N

1 V(zq,...,zn)|?
sfM[xp]:/RSN Ve, U, n) P+ Y [n, )Y

2 J=1 1<k<t<N |2k — ]

+FP [pu] (1.19)

where FEPM is defined above in ([LI4) and with pg the density of the many-body wave
function ¥ (see (@3))). The corresponding ground state energy is obtained by minimizing
this functional amongst antisymmetric N-body wave functions :

EY (N) = inf {5;;{ [P], / |¥|? = 1, ¥ antisymmetric } . (1.20)
R3N
We recall that an N-body wave function is antisymmetric if
\I/(,CCl,...,.’L'i,...,.’L'j,...,,CCN):—‘I’(.’L‘l,...,QEj,...,,CEi,...,ZEN) V’L?éj (121)

For the N-polaron there is a competition between the electronic repulsion and the effec-
tive polaronic interaction Fi.ys. There does not always exist minimizers to the variational
problem ([20). Indeed, Frank, Lieb, Seiringer and Thomas have proved in [14} [15] that when
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em < 14 a (with a independent of N), SEM has no bound state when N > 2. The following

theorem deals with the question of existence.

Theorem 1.2 (Ground states of Pekar’s functional, N > 2, [25]).
We assume that eny > 1 in the sense of symmetric matrices. The following assertions are
equivalent

(1) (Binding). One has
EL (N) < EL (N —k)+ EL (k) forallk=1...N —1. (1.22)
N)

are precompact m H 1(R3N ), up to a translation. In particular, there exists a minimizer

(2) (Convergence of minimizing sequences). All the minimizing sequences for EM(

aM for aM( ), solving the many-body nonlinear Schridinger equation

N

1 1 P
Z(gAWerWEPM(%) pur *|-1” <:cj>)+ D ] Tam A
j=1 1<k<{<N

(1.23)

Furthermore, for every fized N there exists a constant cy < oo such that (L22) is satisfied
for all eny > cn .

The above theorem is a particular case of Theorem 25 in [25] (see also Theorem 28 and
Remark 15 therein). Frank, Lieb and Seiringer have shown recently [13] that there is also a
minimizer if ey is the limit of dielectric matrices e, — ey for which (L22) is valid for all
n. The binding inequality (I22]) is a necessary condition for the compactness of minimizing
sequences, but not for the existence of minimizers.

1.3. Derivation of Pekar’s N -polaron

In this section we state our main results on the convergence of the polaron in the macroscopic
limit. As motivated in the introduction, we define the energy functional for an electron
interacting with a microscopic quantum crystal by

=5 [ IV0@P dotm™ [ Vi@ datm P [ im) ], (124
with VO and F,ys as in Sectionlﬂl The corresponding ground state energy is

E,.(1) = inf {gm[w], /Rz [y)? = 1} : (1.25)

Similarly, for N > 2 the N-polaron energy is defined as

En|W] = /RSN

N

V(zq,...,zn)|?
Z VIJ\I/ L1yeeey T N)|2+ Z % dl‘l dl‘N
=1 1<k<(<N ke

[\3|H

+m™ Vﬁer(w/m)pw(w)dw+m_1Fcrys[m3|pw(m-)l2], (1.26)

and the associated ground state energy is

Em(N) := mf{gm[\lf], /]R

3N

U2 =1, ¥ antisymmetric . 1.27
Y
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Similarly to Theorems [Tl and [[.2] it can be shown [26] that there always exists at least
one minimizer to the small polaron variational problem (L20]), and that binding inequalities
imply the existence of a ground state for the N-polaron problem (27)). Here we do not need
this and we simply introduce the concept of approximate minimizers.

Definition 1.1 (Sequence of approximate minimizers).
Let N > 1. We say that a sequence (V,,) of L*(R*N)-normalized antisymmetric N -body
wave functions is a sequence of approximate minimizers for E,,(N) if

lim (& [Wpn] — Em(N)) = 0. (1.28)

m—0

In order to properly state our main result, we need to introduce an .Z-periodic function
uP®" which will describe the fast oscillations of our polaron, at the microscopic scale.

Definition 1.2 (The function ul).

We denote by ubs* the unique positive solution of

Bt = {20 < v € H (). [ 1P = 0] = enlupe
I
with
1
£rerly] = /F Vol + VS ol (1.20)

By periodicity uP" is extended to the whole of R®.
In Section 2] below, we will show using first-order perturbation theory that ub®" — 1 in

L>(R3) when m — 0, and that

EPe™ := lim m™'EP®" = lim m ™ 'EPT[ube"] = / Ve /P (1.30)
I

m—0 m—0
The function fP°* € L>°(R3) is the unique -#-periodic solution to
Afrer =20,
Jo =0
It appears in the perturbative expansion of uP":
[ubs™ =1 = mfP| o sy < Cm®. (1.31)

The following is our main result on the behavior of approximate minimizers for E,,(N) in
the macroscopic limit m — 0.

Theorem 1.3 (Derivation of Pekar’s N-polaron, N > 1).
We denote by eny > 1 the electronic dielectric matriz which was derived in [10]. Let N > 1
be any positive integer.

e (Energy asymptotics) We have

lim E,,(N)= N EP* + EF

m—0 EM

(N) (1.32)

where we recall that EP®" is the periodic ground state energy defined in (L30), and
EY (N) is Pekar’s ground state energy defined in (LIT) for N = 1 and in (L20) for
N > 2.
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e (Convergence of states) Let (V,,)m be a sequence of approximate minimizers for
E,.(N), in the sense of Definition [Tl We define WP by the relation

N
U (@1, ) = [ [ ub (2 /m) W (21, ... 2n). (1.33)
j=1

Then (¥PY),. is a minimizing sequence for Pekar’s variational problem EEPM (N).
If N =1 orif N > 2 and the binding inequality (L22)) is satisfied, there exists a sequence

of translations (1,,) C R* and a minimizer WL of EY (N) such that
TPy — Ty ey TN — i) = UL (21, ..., 2) strongly in H'(R3)N (1.34)

along a subsequence when m — 0.

Remark 1.3. For this result, the fermionic nature of the electrons is not essential. The
same theorem holds if the wave function ¥ is supposed to be symmetric, i.e. if the electrons
are replaced by bosons.

From (I.33]), we see that the polaronic wave function ¥,,, has a multiscale behavior. The
state is at the largest scale described by Pekar’s polaron function \IIEM which only depends on
the macroscopic dielectric constant ) of the crystal. It also has a fast oscillatory behavior
encoded in the (m.%)-periodic term ul"(x/m). According to (L31]), this factor tends to 1 in
L% (R?) when m — 0, but it contributes to V¥,, and to the kinetic energy, yielding the term
N EP°" in the total energy. The function «P¢* depends on the detailed microscopic structure
of the crystal via the electrostatic periodic potential Vp?er or, equivalently, the nuclear and
electronic densities 10, and p9,.

In the theory of homogenization, one often multiplies the microscopic periodic potential
by m~?2 instead of our m~?! (see, e.g., [3,[46]). The physical motivations leading to the factor
m~" in front of V3, automatically place us in a perturbative regime for the periodic equa-
tion (@I3). Actually, we could replace uP*(z/m) in (L33) by its first-order approximation
1+ m fPe*(x/m) without changing the result.

For this reason, we need not use elaborate tools to analyze the contribution of the fast
oscillations to the ground state. A simple energy decoupling method allows to separate the
energy into the contribution of the oscillations and a functional where the fast potential
Vpoer is absent but ubs" appears as a weight. The main point is that no derivatives of ub®"
appear in the latter functional. Then (L3I]) ensures that one can ignore the weight «P¢* and
simply consider a small polaron functional where the potential Vpoer has disappeared, i.e. the

two scales of the problem completely decouple. The details of this procedure are provided
in Section

The main difficulty of our work is to deal with the highly nonlinear functional Fe,ys
which is at the origin of the dielectric matrix ey and of the possible binding of polarons.
Our main contribution in this direction is the following result, in which we show that, in a
macroscopic regime, Fi,ys can be replaced by FEPM under fairly general assumptions.

Theorem 1.4 (Macroscopic behavior of Fi,y).
Let ¥ = () be a bounded sequence in H*(R3) for some s > 1/4. Then, we have

limy (10 Ferys [ [ ()] = F, [ ] ) = 0. (1.35)

m—r
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It is rather easy to deduce our main Theorem [[3] from this result (with s = 1), once the
fast oscillations have been removed from the energy. The argument is provided in Section [4]
below.

Theorem [[4] is based on a perturbative expansion of the energy in the macroscopic
limit. In the case where v, = v is a fixed function, perturbation theory was used in [10] to
compute the reaction of the Fermi sea of the reduced Hartree-Fock crystal on first order (this
is the content of Theorem 3.1 of [10], recalled above). The corresponding leading order of the
energy was not computed however, the missing ingredient being an asymptotic expression of
the kinetic energy that we provide in Section below. As we will see, (L35]) easily follows
from this calculation when ), = .

When v,,, depends on m, then (L35 is much more subtle. The Pekar interaction FEPM isan
electrostatic interaction (similar to a simple Coulomb term) and, by the Hardy-Littlewood-
Sobolev inequality [30], it can be controlled by the L'?/°(R?®) norm of ,,. By (L3J), the
same is true for the crystal interaction Fgys. It is therefore natural to assume that (¢y,) is
bounded in L'?/°(R?). However, for the macroscopic limit (I35) to be true, it is also crucial
that v, stays spread over a macroscopic region. The sequence (¢,,) could be bounded in
L'?/5(R3) and still concentrate on a scale of order m. A counter example to (L35) when
() is only bounded in L'?/°(R?) is provided later in Section B3, Eq. (B.43).

The role of our assumption that (¢,,) is bounded in H*(R?), is precisely to ensure that
(¥m) stays locally compact in L12/5(R3) and does not blow up at a scale of order m, by the
Sobolev inequality and the Rellich-Kondrachov theorem. The constraint s > 1/4 is necessary
to have that 12/5 is subcritical, that is, below the Sobolev exponent 6/(3 — 2s).

The proof of Theorem [[.4] being the technical core of our paper, it is worth outlining its
main steps :

e In Section [3.2] we show by perturbation theory that one can replace the exact density
matrix v, = Vger + @, of the crystal by its first order approximation, without changing
Ferys to leading order. More precisely we write

Qm =01+ R>

where Q1 = O(m) and Ry = O(m®/?) in an appropriate norm, allowing to take into
account only @)1 when computing the leading order of the energy. This leads to an
auxiliary functional Fy,x where the effect of the polarizable medium is expressed through
a complicated but explicit operator K studied in [I0] and defined below. This step
relies on the application of the Cauchy formula and a resolvent expansion to (L2,
complemented with quite a bit of algebra using the Bloch-wave decomposition of Hg

er*

e We then prove in Section B3] that (L3H) holds, when ), — 1 strongly in L'2/5(R?).
Using the perturbative result of the previous step, this is essentially an application of
Theorem 3.1 in [I0].

e We finally consider the general case. In order to quantify the intuitive fact that a se-
quence (1, ) which is bounded in H*(R?) has to stay spread over a macroscopic region,
we use a so-called bubble decomposition. This means that we split 1, into a sum of
pieces receding from each other in space and converging strongly in L'?/°(R?), plus
a rest that is small in L'?/ °(R3), using standard tools of nonlinear analysis as devel-
oped by Lieb [29], Lions [33] [34] and others. The goal is now to show that both terms
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M Forys [mP ¢ (m+)?] and FY

EM
piece, up to a controlled error. Since each piece of mass converges strongly in L'?/5(R3),

[|thm|?] are equal to the sum of the energies of each

the previous step then implies that the difference between these two sums is small when
m — 0. This technical argument is detailed in Sections and [3.4

Clearly, Theorem (4] cannot follow from simple weak limit arguments because of the
translation-invariance properties of Fe;ys and Ffl’w. The term involving F¢,ys does not change

if 4y, is replaced by ¥, (- — 7o) with 7., in the rescaled lattice m.%, whereas FEP;[ is itself

fully translation-invariant. In particular, one can easily construct a sequence of functions

such that 1, — v (e.g. in H*(R?)), but with

: -1 3 2 P 2
Tim ™ Py [ (m) 7] # FE, [P
The natural counter-example is of the form v, = ¥ + ¢(. — 7,,,) where ¢ and ¢ are fixed
compactly supported functions and 7, is a translation, |7,,| — oo when m — 0. It is thus
clear that our method of proof must in particular accommodate such type of behaviors and
this is precisely what the bubble decomposition does.

Remark 1.4. The sign of the macroscopic density vy, = |tm|?> > 0 considered in The-
orem was only motivated by our application (the polaron). As can be seen from our
method of proof, the same result remains true if (|1m|?) is replaced by a (real-valued) se-
quence (vp,) with no particular sign, but with appropriate Sobolev bounds ensuring strong
local compactness in L%/°(R?).

The rest of the paper is devoted to the proof of our main results, Section [2] dealing
with the periodic problem and the associated energy decoupling, Section [ with the proof
of Theorem [L4l The final steps in the proof of Theorem [[L3] are presented in Section Ml

Notation : In the whole paper, C' denotes a generic positive constant whose value may
change from line to line.

2. The microscopic oscillations and scale decoupling

As we have explained, our polaron has a multiscale structure. The macroscopic scale is
described by Pekar’s theory, which only depends on the macroscopic dielectric tensor ey.
The microscopic oscillations are described by a simple linear eigenvalue problem which we
study in this section. We also explain here how to decouple these two scales.

We introduce an energy functional where uP" (that we extend to the whole of R? by
periodicity) appears as a weight. In the case N =1, it is

Eult] =5 [ 1/ m)l? (90@) do+ ™ P [l Plom ] . (21)

In the case N > 2 we introduce

N
UP (a1 ... an) o= | [ ube (i) (2.2)

=1
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and the corresponding weighted functional is now

N
& 1 er |U7};>16r(/m)\p|2 — ~
Enlv) =305 [ wpmemP e e S LR Lt i )]
=1 < /RN (it R =]
j <k<e<
(2.3)
with the modified density

N
pu(x) = |ugfr(x/m)|2/ - H|u$7fr(xi)|2|\If(x,x2,...,xN)|2 dxs ...dxy. (2.4)
R3(N—-1 i—2

The link between these energy functionals and our original problem will be made clearer
in Lemma

As mentioned above, the two scales appearing in our problem, namely that of the crystal
lattice and that of the minimizer of the generalized Pekar functional decouple. Mathemat-
ically this means that the factors involving P in the “tilde” functional introduced above
can be ignored because ub" ~ 1 on the macroscopic scale. This is demonstrated in the

Lemma 2.1 (The periodic problem).
Let fP°" be the solution of

1
AP = Vo inT

per

/Ffper i (2.5)

with periodic boundary conditions on OU'. There holds

[uby™ =1 = mfP| ooy < Cm? (2.6)
and
EPr = m/ VI;,Oerfper + O(m2). (2.7)
r

Proof. The arguments here are standard so the the following is voluntarily kept at the level
of a sketch. We first remark that V9 € LP(T) at least for any 1 < p < 3 since it is defined

per

as —AVS = dm (ud,, — p,,) with xS . a non-negative finite measure, and p0,. € L*(I).

On the other hand, simple upper and lower bounds yield EP®* = O(m). From the equation

1
_ - per 0 , per __ per, per
2Aum +mVpeup, =mER up

we then deduce that |[ulf* — 1[[ 1y = O(m). Writing u}7" =1+ mf it is then easy to see
that necessarily [ f = O(m) and
1
—§Af = EP — VO 4+ Ops(m)

per

for any 1 < p < 2. This implies that ||f — fP([ o) < Cm (recall that EFF* = O(m)) by
standard elliptic regularity and the conclusion of the Lemma follows. O

The following lemma is the key tool allowing us to effectively decouple the two different
scales of the problem. Such decoupling techniques have already been used in several contexts,
e.g. Gingburg-Landau theory [23] and the derivation of Gross-Pitaevskii theory from many-
body quantum physics [31].
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Lemma 2.2 (Energy Decoupling).
Let W € HY(R®*N) be a normalized wave function, [psn |¥|? = 1. Define ¥ by the formula

U = UP(-/m) WF (2.8)
where uP* is extended to R3 by periodicity and UP*(xq,...,xn) = H;\le Upet(x;). We have

Em[¥] = Nm~LEPe 4 £, [WF]. (2.9)

Proof. Let us first remark that ¥ is well defined by formula ([2.8), because uP®" is strictly
positive (it is the ground state of a Schrédinger operator).

We only write the proof for N = 1. Using that pw = pyrer(. /m)w, the argument is exactly
the same for N > 2. The only input of the lemma is the variational equation satisfied by
uber:

1
- iAuffr + mVI?eruﬁfr = mEPTubr. (2.10)

From the definition (2.8]) and an integration by parts, we have
/ VU2 = m? [ (Db (- /m)) ube(-/m) TP + / B () PV TP .
R3 R3 R3

Hence, using (ZI0) and the normalization of ¥, we obtain

1
3 L IVUP ™ [ VR + P ()]
R3 R3
B [ B m) IV By [ b ).
R3

This gives the result in the case N = 1. O

3. Derivation of Pekar’s interaction: proof of Theorem [I.4

In this section we provide the proof of Theorem [[L4] which is our main result relating, in the
macroscopic limit, the exact crystal interaction Fi.ys to the generalized Pekar interaction
P

We start by recalling in Section [3.] several properties of the crystal model that we use
in our analysis. In particular we introduce an auxiliary model that is ‘halfway’ between the
full interaction via the crystal and the Pekar macroscopic interaction. In Section we
explain how to go from the crystal model to the auxiliary model. The latter is a Coulomb-
type interaction involving a complicated but explicit operator denoted K. This operator K
is nothing else but the linear response of the crystal in the sense that, if pg denotes the
perturbation of the crystal density in presence of the defect v, one has pg ~ —Kv for v
small enough (see ([BI8) below). Results about K proved in [10] (alluded to briefly in the
introduction and recalled below) suggest that the intermediary model naturally turns into
a Pekar theory in the limit. Namely, they allow, in combination with the analysis of Section
B2 to prove (LIZ). However, the proof of Theorem [[4 requires to implement these ideas
under much more general assumptions than was done in [I0]. This is done by using a bubble
decomposition for the sequence (t,,), which is the content of Sections and [3.4
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3.1. Useful properties of the crystal

In order to realize our program, we first recall several useful facts about the polarized crystal
in an external density v, whose proofs can be found in [8] [10].

3.1.1. Linear response of the Fermi sea
We denote by
‘Fcrys[va] :D(VapQ)+fcrys[Q] (31)

the total energy of the crystal in presence of the defect v, with Ferys[Q] as in (7)), and we
recall that

Fcrys[V] = inf fcrys[Qv V]- (32)

706, SQL1-78,,

The proper functional setting for the minimization problem (3:2)) is detailed in [§], we only
sketch it here. Any operator @ satisfying the constraint

~Yper S Q1= 7y (3.3)

is decomposed as
Q=Q +Q "+ +Q" (3.4)
where Q77 = 75, Q7pe @ = 70,,Q (1 —7).,), and so on. It is proved in [§] that for

Q satisfying B3) and v € L'(R3?) N L?(R3), Ferys[@, v] is finite if and only if Q is in the
function space

o-{oee?Q=-q.|VIeee® Q*,Q " c &\ VIRV [VIQ V| € &'}
(3.5)
The space Q is endowed with its natural norm

IRle =lQllez + QT ller + Q™" ler + IVIQlls2 + IVIQTH|VIller + [IVIQ™7|VIlle-

The symbols &' and &2 denote the Schatten classes of trace-class and Hilbert-Schmidt
operators on L?(R?) respectively (see [44] and [43]).

An important fact is that, although the operators in Q are not necessarily trace-class,
they are always locally trace-class and thus have an unambiguously defined associated den-
sity pg € Li,.(R?). In Proposition 1 of [8], it is even shown that pg belongs to L*(R?) and
to the Coulomb space

C= {p ’ D(p,p)"/* < OO} : (3.6)
By definition, there holds
0(VQ) = [ Vrg (3.7)
for any V' € C’ (the generalized trace Trg is defined in (IL6])). Moreover the inequality

lpal gy + Dlpa:p) /2 < ClIQllo (3.8)

holds uniformly for Q € Q, showing that the linear map @ € Q +— pg € L*(R®*) NC is
continuous.
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The existence of Q@ € Q minimizing (2] for fixed v is proved in [8], Theorem 2. For ease
of notation we will not emphasize the dependence of the minimizer of (3.2]) on v. Minimizers
are found to satisfy the self-consistent equation

Q=1(cocr) (Hper + (@ + 1) % | |7) = L a0 ep) (Hper) +6 (3.9)
where ¢ is a finite rank self-adjoint operator with
Ran(8) C Ker (HY,, + (pg +v) *|.|71).
On the other hand, there holds

1
0> ]:CTyS[Qa V] > D(anpQ) + D(V’ pQ) > D(pQ’pQ)1/2 (§D(pQ’pQ)1/2 - D(V’ V)1/2)

1
2
where the upper bound is obtained by using a trial state @ = 0 and the lower bound by
dropping the positive kinetic energy term and using the Cauchy-Schwarz inequality. We

deduce the uniform estimate

D(pq. pq) < 4D(v,v). (3.10)
An easy consequence of the bound B.I0) is that the difference between H)., and HJ, +
(pg +v) x| .|7! is controlled by D(v,v), in the resolvent sense. In particular, if D(v,v) is

small enough (depending on ey, see [10] Lemma 5 for the short proof) then Tro(Q) = 0 and
er ¢ 0(HDor + (pg +v) | . |71). Then 6 = 0 in (BI) and Q is unique:

Q=1(coorr) (HYor + (o + V) % | |7") = LCooer) (Hper) - (3.11)

Since eF is not in the spectrum of the mean-field operator when D(v,v) is small enough,

it is possible to express ) using Cauchy’s formula. Let € be some curve in the complex

plane that encloses the spectra of both Hp,, and HY., + (pq + v)*|.|™" in (=00, ef). Using
the resolvent formula one can then decompose () as

Q=Qi+ Ry (3.12)
with
2
1 1 1 1 1 1
@ 2iﬂ%€ZH8er Z*ngr, ? 2i7rf;a”ZngrV ( Zngr) ( )
and
V= (pg+v)*|-|7" (3.14)

We again refer to [10], in particular Section 6.3, for a more precise discussion of these facts.
When D(v,v) is small, V is also small in an appropriate sense because of [B.I0). One can
then prove (see the proof of Lemma 3 in [10]) that

1Qi1llg < ClIVIl 2y < CD(v,v)'V2,
[B2llg < ClIVIIz24er < CD(w,w), (3.15)
for all D(v,v) small enough.

The main idea is now to just discard the second-order term Rs and only keep () in our
energy functional, leading to the auxiliary interaction F,,x. This is done as follows. First we
consider the first order linear operator

1 1 _ 1
L(p) = =pQ. (>  where Qi(p) = %ém (x| ™) =0 (316)

per per
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It was proved in [10] (Proposition 2) that £ is a bounded non-negative self-adjoint operator
on the Hilbert space C. Explicit formulas can be found for the operator £ in [10] but they are
not needed here. Assuming that D(v,v) is small enough, we can rewrite the self-consistent
equation as follows

pQ = —L(pq +v) + pr,
or, equivalently,
pe=—(1-0+L)7) v+ 0+L) " pr,.

Introducing the operator

K=1-(+07" (3.17)

which is bounded and non-negative on C, we deduce from (B.8)) and BI3]) that
lpe + Kvle < lprile < ClR2lg < C D(v,v) (3.18)

for D(v,v) small enough. The leading order for pg is therefore —K v, which is interpreted
as the linear response of the nonlinear Fermi sea.

We now define the auxiliary interaction F,ux by retaining only second order terms in the
energy, which corresponds to keeping only the first order terms for @ (the first order energy
automatically vanishes). The correct formula turns out to be

Fauxl] = —%D(V,ICV), (3.19)

as we will prove in Section below.

3.1.2. Macroscopic dielectric matrix
Other results of [I0] will prove useful in our context. We define the dilation operator U,

and its adjoint U, in L*(R3) by

Upv)(z) = m> v(mz), U v)(x) =v(z/m). (3.20)

m

We then introduce the potential
Bn(v) = m— U, (| 0 (1 + L) U y)). (3.21)

The above formula means that given a charge-defect v, we first scale it using U,,, apply the
operator (1 + E)_l, consider the corresponding electrostatic potential (convolution with the
Coulomb kernel) and then scale back the total result using U*,. An easy computation shows
that

m ! Faux[m®v(m-)] = L </R B (v)v — D(v, y)) . (3.22)

Using that £ > 0 as an operator in the Hilbert space C (Proposition 2 in [10]), implying
that (1+ £)~! <1, we obtain

0< /Bm(u) v=m"DUnv, 1+ L) Unv) < m ' DUpnv,Uv) = D(v,v). (3.23)
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This proves that B,, is continuous from C to C’, with a norm independent of m:
IBmleo_er <1 (3.24)
Moreover, from the analysis in Section 6.10 of [I0], we have for any fixed v € C that
B,(v) =W, (3.25)

weakly in C’, where W, is the dielectric potential depending on the dielectric matrix ey,
which we have defined above in (ILIH) by

-V (emVW,) = 4. (3.26)

This result is a step of the proof of Theorem 3.1 in [10], whose main conclusion was recalled
in Section [L.1]

The connection between the full interaction with the crystal and Pekar’s model goes
roughly speaking as follows :

m ™ FerysimPv(m.)] = m™ Foux[mPv(m.)]
1

-1 (/R Bo(v) — D(v, u))

1

. < [ W =D, V)> = F2,[v].

Q

Section is devoted to the proof the first ‘equality’. The second equality is a simple
scaling. The convergence ([B.20]) then proves that the third ‘equality’ is justified when v does
not depend on m. To allow the m dependence specified in the assumptions of Theorem [I.4]
we need other ingredients, that are provided in Section 3.3l and 341

3.2. Perturbation theory and the auxiliary interaction F,ux

In this section we use perturbation theory to approximate the nonlinear reaction of the crys-
tal (described by the operator @), by its first order approximation, obtained by considering
that the defect v is small. This will allow us to replace the complicated nonlinear interaction
energy Fi.ys by its leading order F,.x. For completeness, we consider an abstract defect v
(for instance in L%°(R3)) and we provide uniform error bounds.

We will come back later to the case of a sequence v, = m?|1,, (m-)|? with (¢,,,) bounded
in H*(R3), as is considered in the statement of Theorem [[L4 As was already explained and
used in [I0], the correct norm measuring the size of a given defect v is that given by the
Coulomb term D(v,v). Saying differently, one can prove that the terms in the perturbation
series of pg can all be controlled by powers of D(v,v). Fortunately, we have

D(m3|wm(m')|2a m3|wm(m)|2) = mD(l"/Jm|2a |"/’m|2) <Cm ”"/Jm”im/s(W) <Cm, (3'27)

when (¢,,) is bounded in H*(R3) with s > 1/4. The macroscopic limit m — 0 thus auto-
matically places us in this perturbative regime, which is why we will be able to only keep
the leading order term.

The following proposition justifies the introduction of the auxiliary interaction functional
by quantifying its difference with the full interaction with the crystal.

Proposition 3.1 (From Fys to F,,x via perturbation theory).
There exist two positive constants C' and n such that for any v € C with D(v,v) < n, we
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have

FryslV] = Faux|v]| < C D(v,v)*/? (3.28)

where Faux was defined above in (B.19).

The rest of this section is devoted to the proof of Proposition Bl In the first step we
rewrite the kinetic energy following [4, 20].

Lemma 3.1 (Rewriting the kinetic energy term).
Under the assumptions of Proposition [31], we have

Qtt-Q T =@ (329)
and consequently
Tro ((HYer — €7) @) = Tr (| Hp,, — 7| Q7). (3.30)
Proof. Recall that there holds

Q = ]l(—OO,EF) (Hl(a)er + (pQ + V) *| * |71) - II‘(—OO,EF) (ngr)

when D(v,v) is small enough. We write this as Q = Il — II; for short, with obvious
definitions. Then Q% = II, + II; — I, 11, — II,II; using H% = II;. But in this notation we
have Q__ = [I;II,11; — II;, and Q++ = I, + I 1111 — 1111 — 111115 which yleld (m)
Then (B:30) is obvious from the definition of the kinetic energy term Tro ((HS,, —er) Q) =

per

Tr(]ngrst] QT —Q ). |

The second step is less easy. It uses the decomposition @ = @1 + R2 and the special form
of Q1. As we explain below, the result should be true in a more general framework, but we
present its proof in our context only, using the Bloch decomposition of ngr and the fact
that the spectrum of this operator has a gap as crucial ingredients.

Lemma 3.2 (Leading order of the kinetic energy).
There holds

1
Tr (|HY,: — ev| QF) = —§TrO(Q1V) (3.31)
where V' and Q1 are defined in (3.14).

To make the result plausible, let us present first a calculation which is valid for matrices.
Let C be an hermitian matrix and let us denote

o = 1(—s,0)(C).
Writing for any operator Q
Tr(CQ) = Tr (|C] (1 - Te) Q (1 — T¢) — HeQIle))
it follows that
Tr (C(I - Ile)) = Tr (|C|(I - Ic)?) (3.32)

for any operator C' and projector II. The proof goes along the very same lines as that of
Lemma [B.1] with the fact that IT = II? as only input.
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Let us now consider two operators A, B and denote
Q=1aymp —1a.
We will assume that m € R is a small parameter and that @Q can be expanded as
Q =mQ+ O(m?).
In the context of Lemma [3.2]
A=H), —ep, m=Dwv)'? B=m"'V, Q=Qi/m

per

with V defined in (314) and @ in BI3). Using B32) with C' = A+ mB and II =114 we
first compute

Tr ((A4+mB)Q) = —Tr (JA+mB|Q?) .
Inserting the expansion of ) we thus have (at least formally)
Tr (A +mB)Q) = — Tr (|4 + mBIQ%) = ~m> Tr(|A|G?) + O(m®).  (3.33)
On the other hand, by linearity and using [332) with C = A and II =144, we have
To (A + mB)Q) = Tr (AQ) + m T (BQ)
= Tr (|AIQ%) + m Tr (BQ)
= m? Tr (JAIQ2) + m? Tx (BQ) + O(m®). (3.34)
Comparing (333) and ([B:34]) we obtain, to leading order in m
o (407) L (a0
which is (33T)).

It is elementary to justify the previous calculations for finite matrices, when 0 is not in
the spectrum of A, that is when A has a gap in its spectrum [22]. In the infinite dimensional
setting of this paper, the operators are not bounded and the trace Tr has to be replaced
by the generalized trace Try. This generates serious difficulties if one tried to put the above
sketch on a rigorous basis. For this reason we do not follow the simple strategy presented
above and provide instead a proof of Lemma relying on computations in a Bloch basis
diagonalizing A = HJ),, — €p..

Proof. We use the Bloch-wave decomposition of HJ,, [43]:
(o)) = f._((F)afi) e (3.35)
with
+oo
(ngr)q(z) = Z An,g |@n,q) (@n.q - (3.36)
n=1
Then we have (recall (1))
+oo
('Yger)q(x) = Z L(—ooer) (Ang) [an,q) (@nq]
n=1

+oo
(1- 'VSer)q(x) = Z Lep,+00) (An,q) [an,g) (@n,ql - (3.37)
n=1
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We remark that as V' is a multiplication by a potential there holds [V], , = (V),—, which
allows to compute the components of the Bloch matrix of @, starting from BI3)

[Ql]pyq = i %g . — (Il_lo )p (V)P a, (Il_lo ) (338)

per per

1 1 1
= % . (; Ay |ai,p) <al,p|> (; %~ Ang |(V)p—qan.q) <an,q|>

-3 (35§ T ) (@l Vs lan) et o

1
= Z ]l(EFq‘f’OO)()\lap)]l(*OO,EF)()\"aq)A Y <al,p| (V)p—q |an,q> |al,p> <an,q|
In mg — ALp
1
+ Z 1(_W75F)(Alyp>ﬂ(5F7+OO)(Anyq)ﬁ (a1p] (V)p—qlan,q) larp) (anq|
I n,q D
= [O]Wz + [D]zxq- (3-39)

We have used the residuum formula to evaluate the integral over the curve . We then note
that the operators C' and D defined in the above formula satisfy Ran(C) C Ker(C) and
Ran(D) C Ker(D), so Q? = CD + DC.

We compute the components of the Bloch matrix of CD using the formula (the symbol
f =|*|7! [.. denotes the mean value over the Brillouin zone I'*)

[CD]pyq :][ prp/Dp’,q
p/

and obtain

1
p )‘l,p)()‘n,p’ - )‘n’,q)

X <al,p| (V)p—p/ |an,p’> <an,p’| (V)p’—q |an’,q> |al,p> <an/,q| .

[CDlp,q = Z 11(81«*,-1-00)(Alyp)]l(—oo,sp)(An,p’)()\

l,n,n'

Now [|Hper eF| C’D} = |HY per — EF‘ [CD], » and thus, recalling (3:35) and (3.36]),

Tr (|HY,, —er|CD) = ][ Tr(|Hper75F| [C’D]M)
A
][][Z]IEFJH)O )‘lp]l( oosp)()‘ ,p)(| Le |

)‘l,p)

x [{arp| (V) p—pr |an7p/>|2

where we have used that (a; | (V)p—p/ |anp) = (@np | (V)p—p |a1p). A similar computation
leads to

[ Anp — €F|
Tr (‘HSGT - EF’ DC) = ][][ Z ]l(EF,Jroo) (ALP)]I(*O(D,EF)(ATLP,) P 5
PP ()‘l,p - )‘mp’)

2
X |<al,p| (V)p—p’ |an,p/>| .
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Summing the two contributions and noting that for A;, > er and A\, < erp we have
[A\i,p — €r| + [Anp —€F| = Ai,p — Anpr, We conclude that

1

Tr (|Hper — 2| Q%) = ][][ D e o) Mp) o) P ) ——5—
pJp Lp = An.p

X Hapl (V)pmp lang ). (3.40)

An independent computation starting from ([B.38) yields

To(VQ) = f 3 (@l (V) (@) o)
pYp’ 4
1
= ][][ Z ]I(EFHrOO)()‘l,p’)]l(*ooysp)()‘n,p))\i |<al,p’| (V)p’—p |an,p>|2
r/p 1, !

n,p /\lyp

1
+][][ Z ]l(sFHroo) ()‘n,p)]l(foo,sp) ()\l,p’ ) >\17
p /

N )‘n,p

1 2
][][ Z]l (ew,+00) )\lp ]l( oosp)()‘ n,p )>\l DY |<al,p| (V)p—p’ |an,p’>|
Ng n,p’

[arpl (V)p—pr |an,p’>|2

and proves the lemma. O

We are now ready for the
Proof of Proposition [B.l With Lemmas B.1] and at hand it essentially remains to

bound the contribution of Rs to the kinetic energy. This is done by using the estimates

Tro (|HY)

per

—ep| AB) < C||Allo||Bllo-
and

Tro(UA)| < CllAllg Ul 2 4er

that hold true for any operators A, B and any potential U(z), see []. Using these in com-
bination with (ZI0) and (3I0) leads to
[T (| Hper — er|Q%) — Tr (|Hpe, — er|QF)| < OD(v,0)*/?
ITro(VQ) — Tro(VQ1)| < CD(v,v)%/2,

Using that by definition of V, Tro(V Q) = D(pq, po + v), and combining Lemmas B1] and
B2 we infer

1 1
Fcrys[l/] = ]:Crys[QaV] = _§D(anpQ + V) + D(V, pQ) + §D(anpQ) +0 (D(l/, V)3/2)

= %D(pQ, v)+ O (D(V, 1/)3/2) . (3.41)

Now, because of [B18), we can replace pg by —Kv in (.41)) at the expense of an other error
controlled by D(v,v)3/2. We thus obtain

FerysV] = %D(y, Kv)+ 0 (D(y, y)3/2) ,

as was claimed. 0
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3.3. Towards the effective interaction FEM: two lemmas

Coming back to our main question, we have by Proposition Bl and the estimate (B.27])

M Ferys[m® [ (me) 2] = m ™ Fux[m® (i (m) ] + O(m/?), (3.42)
for any bounded sequence (¢,) in H*(R3) with s > 1/4. It therefore remains to study the
limit of the right side of ([3.42).

For a fized defect v € C, we deduce from (342) and (320 that

m—0 m—0 2

lim m ™! Fopys[m?v(m:)] = lim 1 (/

_ - ( [ W= D(v, u)) = FI V).

We are now interested in proving the same kind of result for an m-dependent sequence of
the form v, = |1,,|?, which is of course much more complicated. This is indeed not true in
general, without appropriate assumptions on ().

For instance, only assuming that (v,) is bounded in C is certainly not sufficient to get
the limit. Consider the example

V2 =3y (x/m) (3.43)

Um =M

for a fixed density v, where the scaling is chosen such as to have D(vy,, V) = D(v,v). In
this case we have by (3.23)

/ B (Vi )Vm = M DU, (1 + L) Upmvrn) = D(v, (1 + £)"tv)
RS

which is not close to

/ Wy, . Vm = W, v.
R3 R3

In this example the sequence v,,, actually lives at the microscopic scale because of our chosen
scaling and a macroscopic behavior cannot be expected.

In order to be able to approximate m ™! Fi,ys[m3vy, (m-)] by its macroscopic counterpart
m~ FY [m3v,,(m-)], we have to make sure that vy, stays spread over a macroscopic region
when m — 0. One way to ensure this is to impose that 1, is locally compact in L%/°(R?).

For vy, = |0y, |2, this follows when 1, is bounded in H*(R3) for some s > 1/4 :

Proposition 3.2 (From F,, to FEP;VI in the locally compact case).

Let (¢) be a bounded sequence in H*(R3), s > 1/4. We have
lim (1 Faae [ ()] — F, [5f?]) = 0. (3.4

m—0

Combining [3:42) and (344)) concludes the proof of Theorem [[.4 In the context of our
polaron model, natural a priori H' bounds will be satisfied by minimizing sequences, so the
result will be applied with s = 1.

The proof of Proposition uses the local compactness by resorting to standard tech-
niques of nonlinear analysis. We write 1,,, as a sum of pieces converging strongly (up to trans-
lation) in L'?/5(R?), and receding from each other, plus a rest that is small in L'?/5(R3) (a
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method that is usually called a bubble decomposition in the literature). In order to conclude,
we then need to prove two things :

(1) that one can pass to the limit for each compact piece of mass
(2) that the interaction energy between two such pieces is negligible.

In this section we prove two lemmas going in this direction, deferring the bubble analysis in
itself and the conclusion of the proof of Proposition to the next section.

Our first lemma deals with the case when v, converges strongly to some v in C, up to a
translation.

Lemma 3.3 (Self-interaction for strongly convergent sequences).
Let (vp,) be a sequence of functions such that

Um — v strongly in C (3.45)

when m — 0. Let (x,,) C R® be any sequence of translations. There holds

lim By (U (- — @) U (- — 2m) = W, v. (3.46)
m—0 Jp3 R3
Proof. Using the fact that B,, : C — C’ is bounded uniformly in m by B.24]), we deduce
from the strong convergence of v,

B (V- — ) (- — ) = / Bun(v(- — )W+ — 2m) + 0(1).
R3 RS

The lattice spacing of the crystal is of order m in our scaling, thus it is always possible to
write

Tm = Tm + Ym

where 7,, € m.Z is a translation of the scaled lattice and |y,,| < Cm. Tt is clear from
the definition of £ in [§] that £ commutes with the translations of the original (unscaled)
lattice, and this implies by our definition (B21]) that B, commutes with the translations of
the scaled lattice m.Z. Thus

[, Bt =2 =) = [ Bl = )l = i)

Note that v(- — y.,,) — v strongly in C, hence we arrive at

[ Bttt = waont =) = [ Bt ol

R3

and there only remains to use the result (3.25]) proved in [10] to conclude the proof. m|

We now provide the basic result allowing to neglect the interaction of two pieces of mass
receding from each other. Note that the Pekar interaction of two such pieces of mass is easy
to estimate because of the explicit form of its kernel, but the auxiliary interaction Fj,.x has
no such simple form and the argument is more involved. We actually have to come back to
the technique of [10] used in the proof of ([B.23)).

Lemma 3.4 (Interaction of two pieces of mass receding from each other).
Let (V1) and (Vim,2) be two sequences of functions such that

Um.i — v strongly in C, (3.47)
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fori=1,2 when m — 0. Let (2y,.1) and (z,,2) be two sequences of translations in R3 such
that |Tm,1 — Tm,2| = +o00. There holds

lim B (Vm,1 (- — Tm1))Vm,2(- — Tm,2) = 0. (3.48)

m—0 R3

Proof. As in the proof of the previous lemma, the uniform boundedness of B,, and the
strong convergence ([3.47)) yield

/ Bt (- = 2wt — mz) = | Bun(r(- = 2ma) ol — mz) + o(1).
R3 R3

For the rest of the proof, we re-use some arguments of Lemma 7 in [10]. We define for i = 1,2
Jim = 02/21/1-( — Zm.i) € L*(R?)
where v, is the Coulomb operator:
ve(v) =vx|. |7

By density of regular functions in Fourier space, we can assume that both 73 and 75 are in
C2°(R?\ {0}). Following [10] Lemma 7 we then have, for m small enough,

/ Bm(lll(- —xm,l))llg(. —.ng) :/ dk/’<(&:_1)mk 60;€O>g/1-,7\n(k)g/2-,7\n(k7)
R3 R3

- /3 dk <(‘§_1)mk €o, €O> -é\l(k).@(k)el(mmz_mml)ka
R

with ¢ = v. (1+ L)v L & = Ugl/2avé/2 and g; = Ui/

that v. commutes with multiplications in the Fourier space (it is itself such a multiplication).
The factor ((£71)  eo,eq) is uniformly bounded and tends to [k|?/kTen k a.e., as proved
in [10], Lemma 6. By the dominated convergence theorem and Riemann-Lebesgue lemma,

2 .
v;. In the second line we have used

we thus have

LR E) i amaik o (3.49)

li B - — .= =1
Jim | Bu(a( = zma)va—om2) = lm | dk=7n
because e!(#m2=%m.1)k converges to 0 weakly-* in L>°. This concludes the proof. O

3.4. Completion of the proof of Theorem

The proof of Theorem [[4] uses some classical tools of nonlinear analysis [29] [33] [34] [35],
which are for instance recalled in the appendix of [24] whose notation will be used here. The
starting point is the ‘highest local mass’ of a sequence u = (u,,), following ideas of Lieb [29].

Definition 3.1 (Highest local mass of a sequence).
Let u = (uy,) be a bounded sequence in H*(R3). We define

M(u) = sup { /]RS lul?, I(xg) CR® up, (- —21) = u

weakly in H*(R3) for some subsequence (nk)} (3.50)
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As first noted by Lions [33] [34], the above quantity plays a central role when controlling
subcritical LP norms of the sequence, see Lemma 8 in [24].

Lemma 3.5 (Control of subcritical L”? norms).
There exists a constant C, depending only on s, such that

: 2448 2 2
limsup [ [u,[""3 < CM(u)3 limsup |[un| 7 gs)- (3.51)
R3 n—o00

n—oo
We now recall a classical result allowing to locate the “compact pieces of mass receding
from each other” we were alluding to before. Such bubble decompositions are ubiquitous in
the literature (see, e.g., [47, [7, B5] [18]). The following statement is taken from [24].

Lemma 3.6 (Bubble decomposition of a bounded sequence in H*(R?)).

Let u = (uy), be a bounded sequence in H*(R3) with 1/4 < s < 3/2. For any € > 0 and any
sequence 0 < R,, — +oo, there exists J € N, sequences of functions uj = (ujn)n, j=1...J
and Uy = (Ujn)n, sequences of translations xXj = (x5 )n, j = 1...J such that, along some
subsequence (we omit to change indices)

J
Up — Zu]n( —2jn) — Usn — 0 strongly in H*(R?). (3.52)
j=1

Moreover we have

(1) wjn — u; # 0 weakly in H¥(R*) and strongly in LP(R?) for any 2 <p < 6/(3 — 2s)
(2) supp(ujn) C B(0,Ry) for any j=1...J and anyn € N

(3) |Tjn — Tkn| > SRy for any j # k and anyn € N

(4) Supp(Usn) € B\ UL, Bz}, 2Ro)

(5) M(Uyg) <e.

We now complete the proof of Theorem [[4 The only missing ingredient is the

Proof of Proposition We applyH Lemma to the sequence (¢,,), and denote
Um = |{m|?. We thus have, along some subsequence

J
[¥m — omllprs@ey = 0, With @, = Z%,m(. — Zjm) + VU gm. (3.53)
j=1
The functions ¢;m, j =1...J, ¥, and the translations x; ., satisfy Items (1) to (5) in

Lemma 3.6 for some ¢, R,,,. We denote ¢, o the limit of the sequence ¢; . We further note
that, as the functions appearing in (8:53)) all have disjoint supports, there holds

J
2 2 2
ml” =D 1ejm (- = @jam)|* + W gml” (3.54)
j=1
Notice that the assumption s > 1/4 implies that 12/5 < 6/(3 —2s) hence we have |¢; ,|* —

|¢0j.00|? strongly in C, by the Hardy-Littlewood-Sobolev inequality [30]. Also, using (B.51)
and an interpolation argument, we can control the L'?/> norm of the rest ¥, by

0s 1,& 0s
150D 19 125y < O M) 558 limsup [0, 527 < Co385 (359)

n—oo n—oo

4Strictly speaking we first extract a subsequence so as to consider a discrete set of m’s.
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where 6 > 0 is such that 5/12 = 36/(6 + 4s) + (1 — 0)/q with ¢ = 2 for 3/10 < s < 3/2 and
g =06/(3—2s) for 1/4 < s < 3/10. The number ¢ is that appearing in Item (5) of Lemma
0.0l

We now claim that (along the appropriate subsequence)

5 5 J 9 20s
[ BallonPlonl =3 [ Wi, o lsoel?| < o345 40l (350)
R3 = R3
To this end we use the decomposition (3.53)) and (3.54]) to obtain

m 7712 m 'm2 m\" T 'm2 Bm \Ilm2 \Ijmz
[, Ballm Pl §j/ (193m(: = 3m)) Wi = 23+ [ B (900 W
+Z/ (I25m( — 23m)I2) | (- — Tm)

J#k
+ Z/ (Jejm(- = Zjm)?) ¥ rm|® + o(1). (3.57)

Now, using the continuity of By, from C to C’ and the Hardy-Littlewood-Sobolev inequality,
we obtain from (B.53])

_40s
/ Bm (|\Il.],m|2) |\IIJ,m|2 S CD(|\IIJ,m|2; |\IIJ,m| ) <C ||\Il]m||L12/o (R3) < 053+25
R3

Similarly,

Ej/‘ (193m = 23m)) [

_20s
<O l@jm( = zim)l 19 m 17 1255y < CE3425. (3.58)

L6/5(R3)
In the second line we have used ([.54) to infer that

> lpian(: — im)P <[ om P orsguny <
= L6/5(R3)
independently of J. On the other hand
. 2 2 _ 2
tim [ B (i = 2300 s = 2= [ Wi, ol

and, for j # k,

lim ) B, (|50j,m(' - xj,m)|2) |50k,m(' - xk,m)|2 =0

m—0 R3

by a direct application of Lemmas and [3.4] respectively. We have thus proved the claim

(3.50).

A similar (but simpler) argument shows also that

20s

J
/Rz WW"LPW’"'Q - Z /Rz Vv‘w,oc\z |(pj,<x>|2 < Ced+2s +o(1)m—o- (3.59)
j=1
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Indeed, one can decompose [ps Wy, j2[¢m|* like in B.57), and for any v, u we have

1 1 1. N
L] = [ 90| < € [ Gapmam] < Clolisn lilyorses -

All the terms can then be dealt with exactly as before.
As a conclusion, comparing ([B.56]) and ([359), we have shown that

20s

1imsup‘/ |7/1m| |"/’m|2 / W|wm‘2|’l/)m| ‘<C€m.

m—0

Since € can be chosen as small as we want, this proves the statement (for a convenient
subsequence, but standard arguments yield the result along the whole sequence). O

4. Proof of Theorem [1.3|

We have now all the tools needed for proving our main result. Let (¥,,,) be a sequence of
approximate minimizers in the sense of Definition [LT} We write

= UPe (- /m) TPl (4.1)
and use the energy decoupling of Lemma to obtain
Em|Upm] = Nm ™ ERT + £,[WP0).

As a consequence of the L™ estimate ([2.6]) we deduce

Em[Um] = Nm™LERS 4 EPOWPON (1 4 O(m)). (4.2)
with
|2
EPOI / [V )% 4 / | +m Fopys [mPpg (m-)
Z 1<k§<N ron [ — ] | ]
(4.3)

The meaning of ([£2)) is that the polaronic problem encoded in the functional [@3]) has been

completely decoupled from the microscopic oscillations due to Vpoer

We now proceed to obtain a priori bounds on WP°' allowing to employ Theorem [L4l An
upper bound to the energy is easily derived by taking a trial function of the form
Upe(-/m)w
1Um" (-/m) ¥ L2 many

with ¥ € H'(R3Y) normalized in L?(R3") independent of m. Using the results of Section
as above we obtain

\I]trlal

(4.4)

Em [T = Nm T ERST 4 PN W) (1 + O(m)). (4.5)

As U does not depend on m we can use (LI2) to replace the complicated interaction Fepys

by the generalized Pekar interaction F.,

En[U] = N ER 4 € [W)(1+ O(m)) + o(L).
As this holds for any ¥ € H'(R3*Y), we clearly have proved that

limsup E,,(N) < NEP + EF (N). (4.6)

em
m—0
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A rough lower bound to &,,[¥,,] is obtained by dropping the Coulomb term in (£2) and
using Lemma [I.T] to bound the interaction with the crystal from below :

NE%er a 1 ol|2 1 3 3
Enl U] > == + ;:1:5 / IV = 2D (mpg (me), mpypa(m) ) (L4 O(m))
NEPer N g borz | 1
ST J-Z_li/w VU5 + 5D (pagsrspags) | (14 OGm))
N g 1
+Cs E —/ |Vj\11%)1|2 — =D (plllpol7p\1,pol) (1 + O(m)) (47)
= 2 R3N 2 m m

where Cq and Cy are two positive constants. The third term in the right-hand side of (£.7])
is given by the Pekar functional with a non optimal constant and is thus bounded below
independently of m. Combining with the upper bound (&6) we infer

N1 1
>3 /Rw Ve o (pwl,pwl) <c. (4.8)
j=1
In the one-body case, this reduces to
1 1
5 [ IV 5D (U ) <
R3

i.e. (UP°!) is a bounded sequence in H'(R®). In the case N > 2, the Hoffmann-Ostenhof [21]
inequality

2

N

ol|2
Z/RSN ViR PdX > /R IV /P
i=1

allows to deduce from (@) that (,/pypar) is a bounded sequence in H HR3).
We can now apply Theorem [ to the sequence (¥P°!) when N = 1, or (W ) when
N > 2, and obtain from (£2]) and (@3]

EmlUm] = Nm ™ ERT + €2 [UR](1 + O(m)) + o(1).
On the other hand it is not difficult to see that
H\I]E;)IHLz(]RSN) =140(m)
so, writing
\ilanl = ||\Il$?$1H;21(]R3N) \Ilfnol
we have

EmUpm] = Nm ER 4 £F [xpgﬁ} (1+ O(m)) + o(1). (4.9)

Recalling @8], we deduce that (¥P°!) is a minimizing sequence for E? (N) and the conclu-
sions of Theorem [[3] follow by using Theorems [[.T] and O
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