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Abstract

We prove the convergence in law, in the space of continuous functions ([0, T']), of the Wiener integral of a deter-
ministic function f with respect to the fractional Brownian motion with Hurst parameter H to the Wiener integral of
f with respect to the fractional Brownian motion with parameter Hy, when H tends to Hj € (0, 1/2].
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1. Introduction

Consider the laws in €'([0, T]) of the family of processes {B, H € (0, 1)}, where each B = {B", t € [0,T]}is a
fractional Brownian motion with Hurst parameter H. It is easily seen that these laws converge weakly to that of B0,
when H tends to Hy € (0, 1) (for a proof of this result, see the Introduction of Jolis and Viles (2007b)).

It is an interesting question to study if some important functionals of the fractional Brownian motion conserve this
property. That is, we ask if the law of the functional of B remains near to that of the same functional of B, when
H is near to Hy. It is worth to mention that this kind of results justify the use of B” as a model in applied situations
where the true value of the Hurst parameter is unknown and A is some estimation of it.

In the previous works Jolis and Viles (2007a) and Jolis and Viles (2007b), we have considered this problem for
the functionals given by the multiple fractional integrals with H € (1/2, 1) and the local time, respectively.

In Jolis and Viles (2007a), as a first and easy step to prove the weak convergence of the multiple It6-Wiener and
Stratonovich integrals, we have proved the convergence in law, in €([0, T']), of the family of Wiener integrals of a
deterministic function with respect to B with H € (3, 1), when H — Hy € [, 1).

In this note we study the weak convergence of the Wiener integrals when H € (0, %). We do not consider the
problem of the convergence of multiple integrals, because the domains and the norms involved in the multiple integrals
are much more complicated in this case (see Bardina and Jolis (2006), for instance).

We will prove in our main result (see Theorem 3.5) that for f belonging to the domain of the Wiener integral with
respect to B, with 0 < H’ < Hy, the Wiener integral of f with respect to B¥, with H € [H’, 1/2] converges in law to
the Wiener integral of f with respect to B,

We have organized the paper as follows. In Section 2 we give some preliminaries about the Wiener integral with
respect to the fractional Brownian motion with Hurst parameter H < 1/2, following Bardina and Jolis (2006). Using
the characterization of the domain of the integral given in this last paper, we prove in Section 3 the result about the
convergence in law of the Wiener integral of a function with respect to B”, in ([0, T]), when H — H.
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2. Preliminaries

Let B = {BH,t € [0,T]} be a fractional Brownian motion with Hurst parameter H € (0,1). That is, B is a
centered Gaussian process with covariance function given by

2
— s|*).

1
e .

Ry(s,t) = E[BYBH] = 5

Next, we introduce the Wiener integral with respect to B and, from now on, we only consider the case H < 1/2,
although Hj can be also equal to 1/2. Consider the space of simple functions & in [0,T] of the form

N
F=) Fliapy, where [a,b)c[0,T].
i=1

The Wiener integral of f as above with respect to the fractional Brownian motion B" is defined in the natural way as

N

H H
L= fiB, -
i=1

One can easily see that 1 f (f) does not depend on the particular representation of f as a simple function and that / f is
a linear map from & into a subspace of L*(Q).
For any f, g € S one define the following scalar product

¥, (f.8) = EIL (NI} (9)].

The Wiener integral can be extended in a standard way to the Hilbert space £ that is the completion of S with respect
to the inner product ¥,,. This completion is called the domain of the Wiener integral. This space is well-known and
can be characterized in terms of fractional derivatives (see, for instance, Alos et al. (2001), Decreusefond and Ustiinel
(1999) or Pipiras and Taqqu (2001)).

Nevertheless, along this paper we will use another characterization of the domain proved in Bardina and Jolis
(2006) because it is related in a more direct form with the usual fractional Sobolev spaces. This characterization is
based in the following result:

Lemma 2.1. (Lemma 2.1., Bardina and Jolis (2006)) For all f, g € S, we have that

T (f(0) = FONE) — g() dxdy

| — yPP=2H

1 T
¥, (f.8) = 3 H(1 ~ 2H) fO

T
1 1
+ Hj(; S(x)g(x) [xl—ZH + T x)l—zH] dx.
It can be given also a compact form of the above equality as follows (see Bardina and Jolis (2006)):

(f(0) = FONE®) - 8O

¥ (f.g) = —H(l -2m) || p—E dxdy, (1
where
= | f), ifxel0,T]
fx) = { 0, otherwise.

For all measurable f : [0, T] — R, we introduce the following, possibly infinite, quantity:

2
A, = [H(l ZH)f " U@ - 1o Y@= 1OF 4

x — y2=2H

VH f f(x>2( L 1 )dx}l/z @)
0 xl—ZH (T _ x)l—ZH )

In the following theorem (see Theorem 2.5, Bardina and Jolis (2006)) the characterization of the space £ is given.
2




Theorem 2.2. (Theorem 2.5, Bardina and Jolis (2006)) The domain of the Wiener integral IT is given by
T ={f e 210, TD : IIfll, < +oo).

If we provide this space with the scalar product

T T
(1.0 = o [ [T LSO 0,

=327

1
T— x)l—ZH} o

then the Wiener integral If is an isometry between L™ and a closed subspace of L*(Q).

T 1
+H fo f(x)g(x)[xl_z,, +

We recall also here the definition of the Sobolev spaces of fractionary order on an interval [0, T'].
Let @ € R and p € (1, +00), for any measurable f : [0, T] — R define the following (possibly infinite) quantity

P 1/p
1AL, = (ff [f(x) - lfg)l d a’y) '
orp X —yliter

For a > 0, the Sobolev space W*?([0, T']) is defined as
WEPAO, T = Af : 1l pgory + A, < +ooh.

This space provided with the norm |||, ., + Ifll,, is @ Banach space.
When p = 2, W*2([0, T]) is a Hilbert space with scalar product defined by

o ff (0= SOVED 8D i
[0.77?

|x_y|l+2ar

In the following section we will work with the fractionary Sobolev spaces w'

_ 2
(0.7 = |f € L2q0. ] : f (@ - f6)?

oI 1x— y-2H

([0, T]) of order a = % — H, that is,

]/2 H2

dxdy < +oo}.

Remark 2.3. Owing Theorem 2.2, we can give the following characterization of the domain of the Wiener integral
with respect to the fractional Brownian motion when H € (0,1/2) :

g 1 1
(0, 7D : fo f(x)? (x'—2H + T x)l_ZH)dx < 400}

and, using the compact expression of Yy given in (1), we have also this other characterization of the space .E: :

1/2-H2

f={few

1/2-H,2

L ={fel)(0.T): feWw @}
where W' (R) is the Sobolev space defined by

2
W R) = {f e P®R) - ff CAC b AV)) S dxdy < +oo),

Ix — yP2-2H

We will need also the following Sobolev Embedding Theorem (see Theorem 5.4, Adams (1975)).

Theorem 2.4. (Sobolev Embedding Theorem) Suppose that 0 < a < % with p € (1, +c0). Then,
WEP0, T]) — LU0, T)),

p
l-ap*

where p < q <

Applying the above Sobolev Embedding Theorem with p =2, = 5 — Hand g = = Hp = %, we obtain that

1/2 H2

([0.77) = L" ([0, 7)),

and, as a consequence,
£ Lo, ).
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3. Convergence in law of the Wiener integral

3.1. Results in order to obtain Tightness
Along this section, we will denote by

' =t (f 1), 1 €10, T,

the Wiener integral of f with respect to B7 as a process.
Next, we state some technical results in order to prove the tightness of the family of laws of {7 7 (N, for H
belonging to a neighborhood of Hj. The first one, is a very simple inequality.

Lemma 3.1. Let T, k > 0 positive real numbers, then for any x € R such that |x| < T and 0 < «, < a, < k, there
exists a constant C,, (only depending on T and k) for which we have

x> < C,y Ix™.

The following proposition is the main result of this section since it provides an estimation of the second order
moment of the increments I ': (f) that will give the tightness of the family of laws of the Wiener integral processes for
H in a neighborhood of H.

Proposition 3.2. Let f € L% with H' € (0, %). Then, for H) € (H', %), there exists a positive constant C = C
only depending on H', Hy, f and T, such that

H g
sup ElL (f1js0)F < C(t = s>, 3)
He[H).})

H' H{.fT’

forall0 < s<t<T.

Proof. Let H € [H|, %). In order to simplify the notations, and taking into account that we are only interested on the
possible dependence on H of the constants, from now on we will use C to denote all the constants in this proof, except
those that depend on H.

Using expression (2) we have that for all s < ¢

EIL (flp)P = £ sl

1 " (f(x) = fO))? f f f)?
= —H 1-2H ———————dxdy —— —dxd
( )(f s lx =y " 0. Nsa X = Y2 o
f(x)? 1
L)T]\[”]f P 2dedy) + Hj; f(x)? [xl_ZH + = x)l_ZH}dx. @

Applying Holder’s inequality with measure u(dx,dy) = (f(x) — f(y))*dx dy, taking p = % > 1 and ¢ its conjugate,
we majorize the integral of the first term of (4) in the following way:

t 1 _ 2 1 ! _ 2 1-H/1-H'
f () - fO) dxdy <( f (fx) - ) dx dy)

e =22 =y
t s H-H'/1-H'
x ( [ [ww- f(y))zdxdy) .
Since H > H;, we have that
t t 2 1-H/1-H'
(f) = fO) 2 4=
(j: AT dxdy < max(L I, ,,,Z(OT]) A

Since, due to the Sobolev Embedding Theorem, f € LI/H,([O, T1]), and applying again Holder’s inequality, with p =

317+ 4 = a7 We obtain

_ H-H’

rort TH f ' 2H' =L
(f f f(x)dedy) g(f (f If(x)ll/”/dx) (t_s)l—ZH’dy]

2 (457)
([ eoras T - g

< C(t — 5)2H-H),
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In this way, we have an wupper bound for the first summand of (4) of the form
C(t — 5)*H-H),

The remaining terms can be handled easily. In fact, the second and third summands of (4) coincide.

Computing the integral with respect to x of the second term and making some simple majorizations,

t 2
f f —f(yz_z 7 dxdy
s JI0,T\[s.1] lx — ¥l

U FOY(G = 7" =y hdy + f FOP(@ =7 = (= )y

( f FOR0 - 921 dy + f f(y)za—y)wldy).

1
1-2H
1
1-2H

Using again that f € L7 ([0, T]), applying Holder’s inequality to each summand of the right-hand side of the last

inequality and using that the exponent ff’z;; > —1, due to the fact that H > H; > H’, we have that

1-2H'

t t 2H' t
f f(y>2<y—s)2”‘1dy<( f If(y)l”H'dy) ( f (y—s)z”‘”““’dy)

, \1—2H

1-2H »

SClgo——== (-9 .
2(H - H)

1-2H"

t f 2H' f
[ o=yt < ([ronma] - ( [[a-yrra)

-2\ ,
<Cl—~="—- t— 5)2HH,
(2<H—H’>) =9

So, taking into account these inequalities and using that H — H' > H; — H’ > 0, we obtain that

1 ‘ 2 /
“H( - 2H)f f Oy < €l 2,
2 01N Js X =

In a similar way we deal with the fourth summand of (4). Indeed, first using that f € L ([0, T]) and then applying
in a convenient form Holder’s inequality, we obtain that

f 1 1
fs f(x)z[xl_ZH + (T_x)l_zH]dx
' Mt 128’
é(f |f(x)|1/H/dx) (f XZH—I/I—zH'dx)
b ‘ o .
+ (f |f(x)|1/H’dx) (f (T _x)ZH—l/]_QH'dx)

g C[t2(H7H’) _ SZ(HfH') + (T _ S)Z(H*H') _ (T _ I)Z(HfH’)]. (5)

1-2H'

Since forO < a < 1,
=yt < (x -y,
we have that:

o QH-H) _ 2H-H') (4 _ o2H-H"),

° (T _ S)Z(H—H’) _ (T _ t)Z(H—H') < (t _ S)2(H—H’).



Therefore, the term (5) can be bounded by
C(t — s)?HH),
Finally, using the above inequalities and Lemma 3.1, we deduce that

sup  ElL (fli PP < Ct = 21D < C(1 = 5)2H=H),
He[H,.})

with C a positive constant. O

3.2. Results for the convergence of the finite-dimensional distributions

An important tool in the proof of the convergence of the finite-dimensional distributions is the following general
lemma, that we state in our particular setting.

Lemma 3.3. Let (G, || - ||) be a normed space, and let {J " }HE‘,0 (where Vy is an interval that contains Hy) be a family

of linear maps defined on G and taking values in (L°(Q))", the space of m-dimensional finite a.s. random vectors.
Denote by | - | the euclidian norm in R™. Suppose that there exists a positive constant C such that, for any f € G,

(©) sup ELT" () < CIIfIl.

HeVy

Suppose also that, for some dense subset D C G, we have that
H < H
g Hh—T ) forall f € D, when H — H,.

Then, T"(f) <> T (f), when H — Hy, forall f € G.

Next, we will prove this lemma; though it can be found around in the literature, we have not been able to find an
explicit proof.

Proof. Let h € €' (R™) having bounded partial derivatives. We want to prove that for any f € G

\ELT " (F)] = ETRT " ()]

tends to zero when H — H,.
Since h € €' (R™) and it has bounded partial derivatives, there exists a constant C, such that for all x, y € R

|h(x) = h()| < C,lx —yl.
As D c E is dense in E we have that for any f € E and any € > 0 there exists a function g € D such that
lf — gll < 58z, where C is the constant that appears in the hypothesis (C). We will write
- h
EIT ()] = ELT " ()] < A + As + As,

where ., .,
A =CENT () -T (@),
Ay = [EIT " (e)] - ETh(T " (@),
and ., )
Ay =CENT @) - T ()

By condition (C), the term A, can be bounded in the following way

A <C,sup E(T (f) =T (@) < C, sup EQT" (f - )
HeV, HeVy

£
<CClf-glli < 3



Similarly, we can show that the term Aj; is bounded by £.
Finally, using that for g € D we have the convergence in law
z
T ©>I" @

we get that the term A can be also bounded by £ if H is sufficiently close to Hy.

To check that our family of processes satisfies the condition (C) of the above lemma we need the inequality stated
in the next lemma.

Lemma 3.4. Forany f € L% and H € [H’, %], there exists a constant C_, (only depending on T and H’) such that

T.H'

2 2
AP < C, 112,

Proof. We distinguish the two cases 0 < H < § and H = 1.
1).
1. Case H € (0, 5).
As 0<1-2H < 1-2H'forH € [H’, %), and applying Lemma 3.1 we obtain that:
o x—yPH >, Ix -y,
o X1 > I
° (T _ x)l—ZH > CTTH' (T _ x)l—ZH’.

Applying these inequalities to each summand of the expression of || f||,, we have that:

N " - fo)? RN !
111 = 5 =2 [ [ SOLE vyt [ £ +

T ~T 2 T
(f(x) = f) 1 1 1
< CT,H’ L‘ d.xdy + _CT.Hl jo\ fz(x) [xl—ZH’ + (T _ x)1_2Hr ] d'x

0 lx—yP2H 2

Jas

From here, we deduce that
2 2
AL, < €, AL, -
2. Case H = %:
Given that x = % is the minimum of the function

1

+ T * €[0,T],

g(x) = P

3 2
L fz(x) l(z)ﬁ

we have that

’ 1 1
2
dx gfo ! (x)[xl—ZH’ + (T_X)I—ZH’}dx

2

T 1/T 1-2H’' T 1 1
2 2
fo P < 5(3) fo f(x)[xl_m, " (T—x)l‘ZH'}dx

So, taking into account this last inequality, we obtain easily the bound

2 2
IfI2, < €, lIfIE,.

or equivalently,




3.3. Main result

We finally prove the convergence in law in €([0, T']) of the processes {Z 7 ()}, when H — Hy € (0, %], for all
fe L for some H' < Hy.

Theorem 3.5. Let f € L% with H' < Hy and H € (0, %]. Then, the family of processes {If(f)}
law to I’:ﬂ (f), in the space €([0,T)), when H — H,.

| converges in
He(H' . %]

Proof. The first step is to prove the existence of a continuous version of the Wiener integral 7 111 (f). Taking into
account that T (f) is a centered Gaussian process, we only need to apply Proposition 3.2 and Kolmogorov’s continuity
criterium.

Using again that the processes J ;’ (f) are centered and Gaussian, by Proposition 3.2 and Billingsley’s criterium
(see (Billingsley , 1968, Theorem 12.3)) we obtain the tightness of the laws of the family {7 T( f), H € [Hy, %)} in
€([0,T]), forall 0 < H' < Hy < 3.

It only remains to show the convergence of the finite-dimensional distributions of the processes 7 T (f). We prove
this by applying Lemma 3.3 taking G = L:, endowed with the norm || - [|,,, and

J" 6 — (LO@))"
fe (If(fl[o,z,]% . Jf(fl[o,r,,l]))-

By Lemma 3.4, the linear maps J ! satisfy condition (C) of Lemma 3.3. Moreover, for f € S (that is a dense
subspace of G), the convergence in law of I 7 (fHto I '110 (f) is obtained from the fact that the integrals IT (fLjo4;) are

. . . . H H . H,
linear combinations of increments of B, and B converges in law to B . as H — H,. O

Acknowledgement

The authors are supported by the grant MEC-FEDER Ref. MTM?2006-06427 from the Direccién General de Investi-
gacion, Ministerio de Educacién y Ciencia, Spain.

The authors would like to thank an anonymous referee for helpful suggestions.

References

References

Adams, R. A. Sobolev spaces. Academic Press, New York-London, 1975. Pure and Applied Mathematics, Vol. 65.

Alos, E., Mazet, O., Nualart, D. Stochastic calculus with respect to Gaussian processes. Ann. Probab., 29, no. 2, 766-801, 2001.

Billingsley, P. Convergence of probability measures. John Wiley & Sons Inc., New York, 1968.

Bardina, X., Jolis, M. Multiple fractional integral with Hurst parameter less than % Stochastic Process. Appl., 116, no. 3, 463-479, 2006.

Decreusefond, L., Ustiinel, A. S. Stochastic analysis of the fractional Brownian motion. Potential Anal., 10, no. 2, 177-214, 1999.

Jolis, M. On the Wiener integral with respect to the fractional Brownian motion on an interval. J. Math. Anal. Appl. 330, no. 2, 1115-1127, 2007.

Jolis, M., Viles, N. Continuity with respect to the Hurst parameter of the laws of the multiple fractional integrals. Stochastic Process. Appl. 117,
no. 9, 1189-1207, 2007.

Jolis, M., Viles, N. Continuity in law with respect to the Hurst parameter of the local time of the fractional Brownian motion. J. Theoret. Probab.
20, no. 2, 133-152, 2007

Pipiras, V., Taqqu, M. S. Are classes of deterministic integrands for fractional Brownian motion on an interval complete? Bernoulli, 7, no. 6,
873-897, 2001.

Rudin, W. Real and complex analysis. McGraw-Hill Book Co., New York, third edition, 1987.

Samorodnitsky, G,, Taqqu, M.S. Stable non-Gaussian random processes. Stochastic Modeling. Chapman & Hall, New York, 1994. Stochastic
models with infinite variance.



