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PRESCRIBING THE MOTION OF A SET OF PARTICLES
IN A 3D PERFECT FLUID

0. GLASS AND T. HORSIN

ABSTRACT. We establish a result concerning the so-called Lagrangian controllability of
the Euler equation for incompressible perfect fluids in dimension 3. More precisely we
consider a connected bounded domain of R? and two smooth contractible sets of fluid
particles, surrounding the same volume. We prove that given any initial velocity field,
one can find a boundary control and a time interval such that the corresponding solution
of the Euler equation makes the first of the two sets approximately reach the second
one.

1. INTRODUCTION

1.1. Presentation of the problem. In this paper, we are concerned with the La-
grangian controllability of the three dimensional Euler equation for perfect incompressible
fluids by means of a boundary control. The problem under view is the following.

Let © be a smooth bounded domain of R* and let I" be a nonempty open part of its
boundary 0€2. Given T' > 0, we consider the classical Euler system for perfect incom-
pressible fluids in €2:

(1) Ou+ (u-V)u+Vp=0 in (0,7) x €,
(2) divu=0 in (0,7) x €,
(3) Ut=0 = Ug in Q.

As boundary conditions, one usually considers the impermeability condition on 0€:
u-n=0 on (0,7) x 0L,

where n stands for the unit outward normal vector field on 0€2. However, in the problem
under view, the impermeability condition is merely imposed on 99 \ T":

(4) u-n=0 on (0,7)x (0Q2\T).

Consequently, since we do not prescribe boundary values for u on (0,7) x I, the problem
stated as above is underdetermined. It is in fact an implicit control problem; in other
words, we consider the boundary values on I' as a control on this system, i.e. a way to
influence the fluid in a prescribed way. If one wants to close the system, as shown by
Khazhikov [14], one may consider as boundary conditions on T" the following ones:

u-non (0,7) x ' and curlu An on {(¢t,z) € (0,7) x I' such that u-n < 0},

that is, the normal part of the velocity field on I' and the tangential entering vorticity. We
refer to [14] for more details on this notion of boundary values. Due to the complexity of
this formulation of boundary values, and as in the literature concerning the controllability
of the Euler equation (see e.g. [3], [4], [8], [9]), we prefer not to refer to them explicitely
and to look for the solution (u,p) itself. Once a solution of (1)-(4) is given, its suitable
trace on (0,7") x I' can be thought as the control.

Date: 17/08/2011.
2000 Mathematics Subject Classification. Primary .
1



The question that we raise is the possibility of prescribing the motion of a set of particles
driven by a fluid governed by (1)-(4). It is classical in fluid mechanics that one can
describe the motion of a fluid from two different points of view. One possibility, referred
as the FEulerian description of the fluid, is to describe the velocity of fluid particles that
pass “through” a given point. The other possibility, referred as the Lagrangian description
of the fluid consists in following fluid particles along the flow. To that purpose one has
to solve the differential equation associated to the velocity field.

The notion of controllability that we consider in this paper is different from the usual
notion of controllability and, in some sense, closer to the Lagrangian description of the
fluid than the usual notion of controllability. The standard sense of controllability would
refer to the possibility of driving the velocity field (the state of the system), from one
prescribed value to a fixed target. The study of the controllability of the Euler equation
has been initiated by J.-M. Coron in [3] and [4], and then studied by the first author
in [8] and [9]. Also related to the boundary control of the velocity field, the question
of asymptotic stabilization of this system around zero was studied by J.-M. Coron in
2-D simply connected domains (see [5]) and by the first author for what concerns more
general 2-D domains (see [10]).

In this paper, we consider the problem of prescribing the displacement of a set of
particles, rather than the velocity field in final time. In [11], the authors showed that in
2-D, one can indeed prescribe approximately the motion of some specific sets of fluids.
The goal of the present paper is to consider the case of the dimension 3.

1.2. Notations and definitions. In this section, we fix the notations and give the basic
definitions.

In the sequel, smooth curves, surfaces or maps will mean C'* ones. We will denote by
C*“ the class of real analytic curves/surfaces. The volume of a borelian set A in R? will
be denoted by |A|. Given a suitably regular vector field u, we will denote by ¢* the flow
of u, defined (when possible) by

(5) 09" (t, s,x) = u(t,¢"(t,s,z)) and u(s,s,x)=x.
For A a subset of R? and 1 > 0, we will denote:
Vo(A) == {z €R* / d(x, A) < n}.

We will also use the notation LP(0,T; X (Q(¢))) or C*([0,T]; X (2(t))) of time-dependent
functions with values in a space X of functions on a domain depending on time Q(t) C
R3. This refers to the space functions that can be extended to LP(0,T; X(R?)) or
C*([0,T]; X (R?)).

We now recall some definitions from differential geometry (see e.g. [13]).

Definition 1. A Jordan surface v in R? is the image of S? by some homeomorphism h.
According to the Jordan-Brouwer Theorem (see [2] or [12]), R? \ 7 has two connected
components, one of which is bounded and will be denoted by int(y). Moreover when the
homeomorphism h is a diffeomorphism, we have a unit outward normal vector field on ~,
which we will denote by v.

Definition 2. Two Jordan surfaces vy and ~; embedded in R? are said to be isotopic in
Q, if there exists a continuous map J : [0,1] x S* — © such that J(0) = o, J(1) = 1
and for each t € [0, 1], J(¢,-) is an homeomorphism of S? into its image. When, for some

k € N\ {0}, this homeomorphism is a C*-diffeomorphism with respect the space variable,
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J will be said to be a C*-isotopy, or, when k = oo, a smooth isotopy. A one-parameter
continuous family of diffeomorphisms of €2 is called a diffeotopy of €.

When their regularity is not specified, the geometrical objects are considered to be
smooth in the sequel. We are now in position to define the Lagrangian controllability
(the corresponding two-dimensional notion was introduced in [11]).

Definition 3. Let T" > 0 be a given time. We will say that the exact lagrangian con-
trollability of (1)-(4) holds if given two Jordan surfaces 7y and v, included in Q such
that

(6) o and 7y, are isotopic in §2,
(7) |int(70)| = [int ()],
and given a regular initial data ug satisfying

(8) divug =0 in €,

(9) up-n=0 on ON\T,
there exists a solution (u, p) of (1)-(4) such that one has
(10) vVt € [0,T], ¢“(t,0,70) C £,
(11) ¢"(T',0,70) = 7.

up to reparameterization.

Let us say a few words concerning the regularity of u. In general, strong solutions of
the Euler equation are considered in a Holder or Sobolev space with respect to x, which
is included in the space of Lipschitz functions. In the sequel, the solutions will be taken
in the Holder space C*%(Q), k > 1.

If the exact Lagrangian controllability does not occur, one may try to weaken this
definition as follows.

Definition 4. We will say that the approximate Lagrangian controllability of (1)-(4)
holds in time 7 and in norm C* if given 7y, v; and ug as above, and given any £ > 0,
there exists a solution (u,p) of (1)-(4) such that (10) holds and that

(12) H(bU(T’ OvVO) - ’71”0’9(82) <g,

up to reparameterization.

Remark 1. It is easy to see that the conditions that vy and 7, should be isotopic and
enclose the same volume are necessary in order that a smooth volume-preserving flow
drives vy to v1. In particular |int(vy)| = |int(y;)| comes from the incompressibility of the

fAuid.

Remark 2. Condition (10) allows to make sure that one “controls” the fluid zone for
all time by making it stay in the domain; Conditions (11) or (12) would not have a clear
meaning without it.

1.3. Main result. The main result of this paper is the following, establishing an ap-
proximate Lagrangian controllability property.

Theorem 1. Let o € (0,1) and k € N\{0}. Consider ug € C**(Q;R3) satisfying (8)-(9)
and vy and vy two contractible C™® embeddings of S* in Q0 satisfying (6)-(7). Then for
any € > 0, there exist a time T > 0 and a solution (u,p) in L>=(0,T;C**(;RY)) to
(1)-(4) on [0,T] such that (10) and (12) hold (up to reparameterization).

3



Remark 3. Let us check that, as in the two-dimensional case (see [11]), the exact lagra-
gian controllability does not hold. As is classical, in 3-D the vorticity of the fluid

(13) w = curlu,
satisfies the equation
(14) Ow+ (u-Vw = (w- V)u.
Denoting w(t, x) = w(t, ¢*“(t,0,x)), we see that
Ow = (w - V)u(t,¢"(t,0,x)).

Thus if initially curlug = 0 in a neighborhood of vy then curlu = 0 in a neighborhood of
¢"(t,0,7) as long as (10) is true.

Now, since u satisfies (2), for each time ¢, in such a neighborhood of ¢"(t,0,~,) and
away from 09, u(t,-) is locally the gradient of a harmonic function, and hence is real
analytic . Therefore, if ~, is a real-analytic submanifold, so will be ¢*(¢,0, ) for each
t € [0,T]. Tt follows that the exact Lagrangian controllability does not hold in general,
since one may take v; smooth but non analytic.

Remark 4. As will be clear from the proof, the time T" whose existence is granted by
Theorem 1 can be made arbitrarily small. The result does not require a time long enough
in order for the controllability property to take place, but a time small enough to make
sure that no blow up phenomenon occurs.

Let us now briefly describe the strategy to prove Theorem 1. First, we use a construc-
tion due to A. B. Krygin [16] to obtain a solenoidal vector field X € C5°((0,1) x Q; R3),
such that

Vt € [07 1]7 ¢X<t707/70) C Qa
QZ)X(]-)O?’YO) =71

Then we will prove that there exist potential flows (that is, time-dependent gradients of
harmonic functions in ), which approximate suitably the action of X on 7y. This gives
us a solution (@, p) of (1)-(4) with up = 0 and 7" = 1 such that

1670, ¢,70) = & (0,2, 70) lers2) < e

Then we will use a time-rescaling argument due to J.-M. Coron [4] (see also [8]), to get
the result for non trivial uy and T" small enough.

The rest of the paper is divided as follows. In Section 2, we consider the existence of
the above mentionned vector field X, and then of the potential flows. In Section 3, we
prove Theorem 1 by constructing the solution (u,p) taking the initial condition wg into
account.

Acknowledgements. The authors are partially supported by the Agence Nationale de
la Recherche (ANR-09-BLAN-0213-02). They thank Jean-Pierre Puel for many useful
discussions leading to this paper.

2. POTENTIAL FLOWS

2.1. A solenoidal vector field mapping -, onto ~;. The vector field X is obtained

as a direct consequence of the following result due to A. B. Krygin.
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Theorem 2 ([16]). Ifvo andy1 are as in Theorem 1, then there exists a volume-preserving
diffeotopy h € C=([0,1] x Q;Q) such that O;h is compactly supported in (0,1) x €,
h(0,7) = 70 and h(1,7v) = 7.
A direct consequence is that the smooth vector field
(15) X(t,z) = 0,h(t,h (z)),
is compactly supported in (0,1) x £ and satisfies
¢X<17 07 70) =M,

and

divX =0 in (0,1) x Q.
2.2. Moving the fluid zone by potential flows. In this subsection we prove the
following.

Proposition 1. Let vy be a C* contractible two-sphere embedded in §) and consider
X € C°([0,1]; C=(Q;R?)) a solenoidal vector field such that

(16) vt € [0,1], ¢*(t,0,7) C ,
and let

N = ¢X(170770)' o
For any ¢ > 0 and k € N there exists 0 € C§°((0,1) x ;R) such that

(17) Vte[0,1], A0 =0 in Q
(18) g—i =0 on [0,1] x (OQ\T),
(19) vt € [0,1], ¢V°(t,0,7) C Q,
(20) ”¢V9<17 0770) - fyl”Ck(SQ) < €,

up to reparameterization.

As in [11] we prove this proposition by assuming first that vy is an embedded real
analytic 2-sphere and that X is real analytic in z. Then we progressively reduce the
assumptions to the framework of Proposition 1.

2.2.1. Case of an analytic 2-sphere moved by an analytic isotopy. The goal of this para-
graph is to prove the following proposition.

Proposition 2. The conclusions of Proposition 1 are satisfied if we assume that o is an
analytic 2-sphere (i.e. vy is the image of S* by a real-analytic embedding fo) and that X
is moreover in C°([0,1]; C*(2; R3)).

It is clear that in that case, ¢¥ is volume preserving real analytic isotopy between g
and ;. The first step to establish Proposition 2 is the following.

Lemma 1. Let t — (t) be a C°([0,1]; C¥(S?)) family of contractible 2-spheres in Q and
X € C([0,1];C*(Q)) be a family of vector field such that

(21) / X -vdo =0,

then there exists n > 0 and ¢ € C°([0, 1]; C°°(V, [int(y(t))]; R)) such that

(22) Vt € [0,1], Ayyp =0 in V,[int(y(1))],
(23) vt € [0,1], g—i} =X v on y(t).
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In other words, Lemma 1 expresses that the solution of the Neumann system

{ Az =0 in int(y(t)),

9% — X-v on y(t),

(24) _
ov

can be extended across the boundary (¢) uniformly in ¢.

Proof. An equivalent lemma in dimension 2 is given in [11]. By means of real analytical
local charts (see e.g. the analytic inverse theorem in [15]), v(¢) is locally mapped to the
plan {x3 = 0} by some ¢ with ¢(int(v(¢))) C {z3 > 0}. Moreover, we can require that

d¢(v) is normal to 3 = 0 on {z3 = 0}.

To obtain this property, consider

<ZA5 (@1, w2, w3) = (21, 22,0) + T3dPy—1(2, 20,0 (V)-
Then ¢ is analytic and invertible (locally) in a neighborhood of {z3 = 0}. Now, replace

o by g?)fl o ¢ to obtain the requirement.
Now call

9= Ony (o d7");
it satisfies
a-V?g+b-Vg+cg=0,
with a real-analytic Dirichlet boundary condition given on x3 = 0 and analytic coefficients

a, b and c. We use the following result of Cauchy-Kowalevsky type (see e.g. Morrey [17,
Theorem 5.7.1°])

Theorem 3. Let f, a, b and c be real analytic functions on
Gr:= Bpn (0, R) N {(21, ..., xN), 5 > 0},
and y € H*(GR) satisfying
a-Vy+b-Vy+c=f in Gp and y=0 on xy =0.
Assume that for some constant A and L we have
(25) VPa(z)|, [VPb(2)], [VPe(z)], [VPf(2)] < LAY,

for any multi-index p. There exists then R' < R depending only on N, A, L and R such
that y may be extended analytically on Brn(0,7) for any r < R'.

Thus for each x € (t), V¥ - v can be analytically extended on a neighborhood U,
of x across y(t). Integrating Vi - v along v we deduce that 1 is real analytic and by
unique continuation its extension is also harmonic on U,. Moreover, using the continuity
of v in the variable ¢ from [0, 1] to C*(S?)! (so that the coefficients satisfy (25) uniformly
in time), we can find U, so that 1 is analytically extended on in U, for each s in some
neighborhood of ¢. Using the compactness of U {(,7(t))} we see that we can choose
n > 0 uniform in ¢, such that for all ¢, ¢ can be analytically (and hence harmonically)
extended in V,(y(¢)). Lemma 1 follows. O

IWe refer to [15] for a definition of the topology on this space.
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Back to the proof of Proposition 2. We take v(t) = ¢~ (¢,0,7,). Due to the regularity of
X, 7(t) is analytic for any ¢, and applying Lemma 1 we deduce a function . Reducing
n > 0 given by Lemma 1 if necessary, we may assume that V,(y(t)) does not meet 0€2.

By compactness of [0, 1], for a given € > 0 we can choose 0 < t; < --- <ty < 1 and
01,...,0n such that

[0,1) € UN (t; — 05, t; + &),
VE € [t — 0iti + 0], (1) C Viypal(y(ts)),

(26) Vs,t € [ti — 0iti + 61, [[(s,) =¥ M er @y < &
For each i =1,..., N, we consider
Ki := Vyyolint(v(£:))] UV, 2(0Q\ T),
Vi = P(ti, ).

Reducing n again if necessary, we may assume that the connected component of Q\ K; in
R?\ K; meets R?\ Q. This is possible since the connected component of Q \ [int(y(¢;)) U
02\ )] in R\ K; does meet R?\ €, since I' # ). It follows that each connected
component of R?\ K; meets R? \ €.

Now we use the following harmonic approximation theorem (see [6, Theorem 1.7]):

Theorem 4. Let O be an open set in RY and let K be a compact set in RY such that
that O* \ K is connected, where OF is the Alexandroff compactification of O. Then, for
each function u which is harmonic on an open set containing K and each € > 0, there is
a harmonic function v in O such that |[v — ul|o < € on K.

Recall that the Alexandroff compactification of O is obtained by adding a point, say
{o0} to O and to consider the topology generated by the open sets of O, and the sets of
the form {oo} U (O \ K), with K a subset of O.

Remark 5. One may state the same result with the C* norm instead of the uniform one.
It suffices to consider a compact K whose interior contains K, apply the above result on
K and use standard properties of harmonic functions.

We choose points Y7, ..., Yp in each connected component of R? \ K;, outside Q. We
apply the preceding result with O = R*\ {Y},...,Yp} and K = K;. In that case, O* can
be thought as the quotient of S* = R3 U {oc} by the identification of Y7, ...,Yp and oco.

Therefore, for any v > 0, we get a map 1; in C®(R3\ {Y1, ..., Yp}; R) such that Uy is
harmonic on R3\ {Y1, ..., Yp} and such that

(27) [4hi — @Z)z‘HCkm(m) <

(28) ”%Hckﬁ(m(m\r)) <.

Since @ZA), is harmonic in €2, there holds

(29) Vi - ndo = 0.
o0N
In order for (4) to be satisfied we consider d; in C*°(9€2; R) such that
(30) d; = Vib; - n on O\ T,
(31) I dillcr+100) < CIIVY; - nllcran),

(32) / d; do = 0.
o0

7



and introduce the harmonic function h; in Q by the Neumann problem

(33) Ah; =0 in €,
h.:

Q

Note that in particular that by standard elliptic estimates,
(35) [hill grrrqy < Cr.

We introduce

(36) Ui = by — hy.

Taking a partition of unity y; associated to the covering of [0, 1] by the intervals (t; —
di, ti + 6;), we define

(37) 0(t, x) == ZXz(t)%@)

Due to (30) and (34), 6 satisfies (18). Moreover according to (26), (27), (28) and (35) we
have for v small enough with respect to ¢ and for some C' > 0

(38) sup VO = Vollerq, ope < Ce

t€[0,1]
In particular by supposing € small enough, we have a uniform estimate
(39) VOl cr6vo0,600)) < IV llersve 0,000 + 1-

As long as ¢V9(t,0, o) remains in Vj3(y(t)) one has, using Gronwall’s lemma,

”(bve(ta 07 70) - (bV(b(tu 07 70) HOO
< |IVO(E, ) = VoL, )l cogo ;0w 5 e XPUNV D 110,120V, b)) -

Then by reducing ¢ if necessary, we get thanks to (38) that this is valid for all time in
[0, 1]. Differentiating ¢ with respect to x up to the order k, we obtain in the same way
that for all ¢ € [0, 1],

”(bve(ta 07 70) - (bV(b(tu 07 70) HC’“([OJD
< Hve o vgb”C’O([O,l];C”“(Vﬂ{/g('y(t))) eXp(C”vw”Ll((0,1);Wk+1’°°(Vn/g,[’y(t)})))'

This ends the proof Proposition 2. U

2.2.2. Case of a smooth 2-sphere moved by a special analytic isotopy. In this paragraph,
Proposition 2 is extended to the following.

Proposition 3. The conclusions of Proposition 1 are satisfied if we assume that o is
a smooth 2-sphere (i.e. 7y is the image of S* by fo a C* embedding) and that X is
moreover in CY([0, 1]; C*(Q; R?)).
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Proof. Due to a result of H. Whitney (see [19]), o is imbedded in a smooth family of
surfaces 7, v € (—vy, 1), with 49 = 7, for v = 0, v, Ny, = 0 for v # V' and ~, real
analytic for v # 0. It follows that either for v > 0 or for v < 0, one has

(40) Yo C int[y,].

Without loss of generality, we assume that (40) holds for v > 0. The family v, being
smooth with respect its parameters, one has

(41) Y, — 7 in C°(S?) as v — 07,

We can then apply Proposition 2 to X on v, for v > 0 small. We construct a 6. such
that (17), (18), (19) and (20) apply for =, instead of vy. The construction also generates
a family 1 satisfying (24) in int[¢* (¢, 0,7,)].

Now we have uniform bounds on the [[Vi[|ck(gvv(1,0,,)) With respect to v, because
the constants of the elliptic estimates (see e. g. [7, Theorem 6.30 and Lemma 6.5]) are
uniform with respect to v thanks to (41). We deduce from (39) that we have uniform
bounds on ||Ve||ck(yvoe 1,0,,)) as v — 07. By Gronwall’s lemma one gets

0¥ (£,0,50) — ¢V (¢, 0,70) | s2) <

1
Crllvo = W llow(s2) exp ( / IVOell i intsvee (1.0) dt) :
0

Hence we deduce the claim by taking v small enough. Of course by reparameterizing X
and thus 6 in time we can always assume that 6 is compactly supported in time. U

2.2.3. Case of smooth embedded contractible two-sphere moved by a smooth isotopy. We
now prove Proposition 1.

Proof of Proposition 1. In the general case, we assume that X is merely C®°(Q; R?). Let
A > 0 such that

max dist(¢™ (¢,0,7), 0Q) > 2.
t€[0,1]
We define U, := V) (int(y(¢))). Reducing X if necessary, we can obtain that for all ¢, U; is
diffeomorphic to a ball.
Now we can use Whitney’s approximation theorem (see e.g. [15, Proposition 3.3.9]),
for any 1 > 0 and any k € N there exists X, € C([0, 1]; C*(R?)) such that

HXu - XHC([O,l];CkH(ut)) < [
Moreover, we can ask that
divX, =0 in [0,1] x R®.

To see this, we use the fact that U, is a topological ball; hence its second de Rham
cohomology space is trivial, and any divergence-free vector field (in particular X') on U,
is of the form curl A. Hence for each time t one can apply Whitney’s approximation
theorem (at order k+2) on pA where X = curl A and ¢(t, z) is a smooth cutoff function
equal to 1 on U; and to 0 for d(z,U;) > 2)X. We obtain an approximating vector field
B, and define X, := curl B,,. Using as before the compactness of the time interval [0, 1]
and a partition of unity (as for the proof of Proposition 2), we can obtain a smooth
approximation uniformly in time.

Now we apply Proposition 3 with X u» apply Gronwall’s lemma and get the result for
1 small enough. U

9



3. PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1. As in [4, 8, 11], we start with the
case where g is small, and then treat the general case.

3.1. Preliminaries. First we introduce some functions on €2 in order to take its topology
into account, more precisely to describe its first de Rham cohomology space. We recall
the following construction.

Let ¥4, ..., 3, be g smooth manifolds with boundaries of dimension n —1 inside Q such
that:

e for all 7 in {1,..., g}, 0%; C 9 and X; is transverse to 02,
e for all 4,5 in {1,...,¢}* with i # j, ¥, and ¥, intersect transversally (which, by
definition, includes the case of an empty intersection),
e O\ UL Y, is simply connected.
Fori=1,..., g, we consider
X, :={pe H'(Q\U]_,3), [p; = constant, [p]; =0, j # i},

where [p]x = P — Ps; is the jump of p on each arbitrarily fixed side of ¥ in €2. Then
by Lax-Milgram’s Theorem there exists a unique ¢; € X; such that for all p € X

/ V¢, - Vpdz = [pl;,
Q

which leads to the existence of a unique p; such that
Ap; =0 in Q\Uj_ %y,
Onp; =0 on 01,
[pil; =1 and [pi]; =0 for j#i,
[811Qi]z‘ =0,
and we take
Qi == Vp;,
which is regular in €2. Then we have the following result.

Proposition 4 (see e.g. [18], Appendix I, Proposition 1.1). For any X € L*(Q;R?) such
that curl X = 0 in Q, there exist x in H'(Q;R) and a, ..., o, in R such that

g

i=1
3.2. A fixed point operator. Now we introduce an operator, whose fixed point will

give a solution of our problem when taking wg (suitably small) into account.
We introduce R > 0 such that

Q C B := Bgs(0, R).

We introduce a linear continuous extension operator 7 : C'(Q;R3) — Cy(Bg;R?) such
that Vk € N and all 3 € (0,1), 7 is continuous from C*#(Q; R?) to C5”(Bg; R?).

Let § € (0,1), and consider u € C5°([0,400); R) with support in [0, §] and with value
1 on a neighborhood of 0.

Given € > 0 we denote



the potential flow obtained by Proposition 1 with X obtained from Theorem 2. For some
v € (0,1) which will be small in the sequel we define with a € (0, 1):

X, = {u € L®((0,1); (4 R?)), divu = 01n (0,1) x Q, [Ju — || oo (o, 1,000 () < y}.

It is straightforward to check that X, is a closed convex subset of L>((0,1) x Q).

We extend ¢ by 7 and still denote y the extended function. Now, given u € X,, we

associate F'(u) as follows. First, we introduce
=y+7(u—y)=mr(u).

Next we consider w, € L*>(0, 1; C*1%(Bg;R3)) as the solution of the following transport
equation:
(43) wy(+,0) = curlm(ug) in B(0, R),
(44) Owwy + (U - V)wy, = (wy - V) — (diva)w, in (0,1) x Bg.
Due the support of @, one sees by using characteristics that the system (43)-(44) is well-
posed and that indeed w, has the claimed regularity (details for obtaining the regularity
can be found in [8]).

Now observing that

curl (a Ab) = (divb)a — (diva)b+ (b- V)a — (a - V)b,
we easily deduce that
div (w,) =0 in Bpg,

so that w, can be written in the form curl ¢ in Bg. Hence it is classical (since f a0 Uorndo =
J5q ¥ - ndo = 0) that there exists a unique v € L>=(0,1; C**(€; R?)) such that

(45a) curlv = w, in [0,1] x €,
(45b) divo=0 in [0,1] x Q,
(45¢) v- u(t)ug-n+y-n on [0,1] x 99,

(45d) _/ Qidr =0, i=1,.

According to Proposition 4, we can determine ¢ time-dependent functions Ay, ..., A, such
that, if we define
(46) = v+ Z Ai(£)Qs,

we have forall j =1,...,¢

(47) /QV(O)-dex: /Qu0~dex: 0,

and for all ¢ € [0, 1],

(48) /QV(t, ©)-Q;(x) dx—/ﬂuo(x)-Qj(x) de = — /Ot /ﬂ(u(r, ) Awa(T 2))-Q, () dar dr.

This is possible in a unique way since the matrix ( fQ Qi-Qjdx); ; is invertible, as a Gram
matrix of independent functions.
Now we finally define
F(u) :=V.

11



3.3. Finding a fixed point. Our goal is to prove hereafter:

Proposition 5. Given v > 0, if ||ug||ciew) is small enough, ' admits a fixed point in
X,.

We will use the following lemma (see e.g. [1, Theorem 3.14]):

Lemma 2. Let j € N, a € (0,1). Let f, v, and g be elements of L>=(0,1; C»*(Bg;R?))
satisfying
8tf+ (’UV)f =9,

with v and f(0,-) compactly supported in Bg. Then for some C > 0 depending on j and
a only, there holds

1Yo < exp (o [ v ds)
0
0, Y —c | V(s)d ) esais dr] |
150 sy + [ o0 (=€ [ V6185 e s

with

V(s) :== ||Vu(s, )|ci-ramy if 7=1 and V(s):=|Vo(s,:)|remy if 7=0.
Proof of Proposition 5. We establish Proposition 5 and find a fixed point of F' in X,
via Schauder’s fixed point theorem. Accordingly, we prove that, v being fixed and for

||uo|| ok small enough, F' sends X, into itself, that F' is continuous and F'(X,) is relatively
compact for the uniform topology on X,.

e Using Lemma 2, we see that

with as before
V(s) :=||Vaf(s, ')HC'k—Q,a(BR) if £k>2 and V(s):=|Vau(s, -)HLoo(BR) if k=1.

We apply Gronwall’s lemma to

t

t = |wu(t, ) ||or-10(8,) €XP (—C/ V(s) ds) ,

0
and deduce i
”Wu<t>HCk—1’a(BR) S ku<0>HCk_l’a(BR)eC||U||Loo(o,1;ck’a(BR)).

Thus with the definition of X, and the continuity of 7, we obtain that
(49) ||wu(t) ||Ck71,a(BR) S ||Wu(0) ||Ck—l,a(BR)GC(Hy”LOO(0’1;Ck7a(9))+1)'
Now by (48) we have

A < CUXO)] + tlwullcon B llullcresg),
and thus, with (47), (49) and the definition of X, we deduce

CUFll oo o 1.0k e —
(50)  [Xi(®)] < Clluollrags, (1+te (o0 0.1:0% m»*”[||y||Loo<o,1;ck,a<m>+VJ)-
12



Thus, by combining (49), (50), and the elliptic estimates given by (45)-(46), we infer that
(51) 1) = 9l oo 01,000 @)) < CUTNRQ) 0]l oo

for some constant C' depending on k, a and 3. It follows that for ||uol|¢k.«(q) small enough,
F sends X, into itself.

e That F'(X,) is relatively compact is seen easily: given (u,) € X', the sequence (F(u,))
belongs to X, and, following the construction, it is easy to see that (0, F'(u,)) is bounded
in L>°(0,1; C*~1(2)). The conclusion follows then from Ascoli’s theorem.

e Finally, that F' is continuous for the uniform topology can be seen as follows. Let
us be given (u,) € X converging uniformly to u € X,. The flows ®, associated to
U, converge uniformly towards the flow ® associated to @. Hence one can see that w,,
converges uniformly to w,. Due to the bounds on w,, this convergence also takes place
in L>=(0,1; C*~48(Bg)) for any 8 < a. We deduce in a straightforward manner the
convergence of (v,) and (A) corresponding to w,, towards v and A; corresponding to w,
and the conclusion follows.

It follows that F' admits a fixed point u in X,. This concludes the proof of Proposition 5.
O

3.4. Relevance of the fixed point. Call @ the fixed point obtained above.

1. Let us first check that @ is a solution of the Euler equation in [0, 1] x 2. From (44),
and since ¢ = u in [0, 1] x Q, we deduce that

curl (Quu+ (v - V)u) =0 in [0,1] x Q.

From (48) and (u - V)u = V% + (curlu) A u, we see that

/(&gu + (u-V)u)-Q;dx =0,
Q
which together with Proposition 4 proves the claim.

2. Now we prove that @ fulfills the requirements of Theorem 1 for ||ug||cr,« small enough.
Given = € Bg, we have

9" (t,0,2)="(t,0,x) = a(t, o"(t, 0, 2)) —g(t, ¢"(¢,0,x)) +y(t, ¢"(t, 0, 2)) y(t, 6" (t, 0, 2)).
We deduce easily that for a constant C' > 0 depending on 7 only,
[6%(t,0,2) = ¢7(1,0,2)| < v+ Cl¢"(t,0,2) — ¢(t,0, ).

Thus by Gronwall’s lemma we have |z(t) — y(t)|] < Cv where C' depends only on ¥.
Reasoning in the same way for the derivatives (up to order k) with respect to = of the
flows, we obtain

”(bﬂ<t7 07 ) - ¢y<t7 07 ')”Ck(BR) S Cv.
Hence taking v small enough (and hence ||ug||cr.« even smaller), we can obtain (10) and

12) for T = 1. In order words, there exists ¢ > 0, such that for any wu, in C** with
( : : y

|uo||cre < ¢, one can find a solution of the Euler equation for 7" = 1, satisfying (10) and
(12).
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3. Let us now explain how we can obtain the result without the condition of smallness
of ug (but for T small enough). Given uy € C**(€2), we rescale it by considering

Vo = pPuUo,

with p > 0 small enough so that vy satisfies ||vg||cre < €. Applying the above construc-
tion to vy gives us a solution (u,p) of (1)-(3) defined on ¢ € [0,1] with u(0,-) = vy such
that

[6“(1,0,%) — 7l <e.

1 t
up(t,x):;u ;,x ,

then w, is defined on ¢ € [0, p] and

If we define u, by

||¢up(p70a70) - 71” <E&.

This concludes the proof of Theorem 1.
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