N

N

Supplement paper to ’Online Expectation Maximization
based algorithms for inference in Hidden Markov
Models”

Sylvain Le Corff, Gersende Fort

» To cite this version:

Sylvain Le Corff, Gersende Fort. Supplement paper to ”Online Expectation Maximization based
algorithms for inference in Hidden Markov Models”. 2011. hal-00615615v1

HAL Id: hal-00615615
https://hal.science/hal-00615615v1

Preprint submitted on 19 Aug 2011 (v1), last revised 16 Oct 2012 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00615615v1
https://hal.archives-ouvertes.fr

Supplement paper to “Online Expectation

Maximization based algorithms for inference in
Hidden Markov Models”

Sylvain Le CorfP*! and Gersende Fortf

August 19, 2011

This is a supplementary material to the paper [6].

It contains technical discussions and/or results adapted from published pa-
pers: in section 2, we show that geometrically ergodic Markov chains satisfy the
assumptions H4b and H5; in sections 3 and 4, we provide results - useful for
the proofs of some theorems in [6] - which are close to existing results in the
literature.

It also contains in Section 5, additional plots for the illustration of comments
in [6, Section 3].

To make this supplement paper as self-contained as possible, we decided to
rewrite in Section 1 the model and the main definitions introduced in [6].

1 Assumptions and Model

Let Y = {Y:}+cz be the observation process defined on (2,P,,F) and taking
values in Y2 where Y is a general space endowed with a countably generated
o-field B(Y).

A HMM model parameterized by @, for 6 in a set © C R%, is fitted to
the observations: consider a family of transition kernels {my(z, z")d\(z")}yco
onto X x B(X) where X is a general state-space equipped with a countably
generated o-field B(X), and A is a bounded non-negative measure on (X, B(X)).
Let {go(x,y)dv(y)}oco be a family of transition kernels on (X x B(Y)), where
v is a measure on (Y, B(Y)).

It is assumed:

H1 (a) There exist continuous functions ¢ : © — R, ¥ : © — R? and
S:X x X x Y% - R?s.t.

log mg(z,2") +log go(', y) = ¢(0) + (S(x, 2", y),%(0)) ,
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where (-,-) denotes the scalar product on R%.

(b) There exists an open subset S of R that contains the convex hull of
S(X x X x YZ).

(c) There exists a continuous function # : S — © s.t. for any s € S,

0(s) = argmaxyce {A(0) + (s,9(0))} .
H2 There exist o_ and o s.t. for any (z,2') € X2 and any § € ©,0 < o_ <
mg(z,2’) < op. Set p defy (o_Joy) .
H3-(v) E, [Supz,z/EXZ |S(:z:,:1:’,Y0)|V] < +00.

H4 (a) Under P,, Y is a stationary sequence.

(
(b) The shift operator is ergodic with respect to P,.
(c) E, [[logb_(Yo)| + |logbi(Yo)|] < +00 where
ef .
b-(y) = infoce [ go(e,y)\d) (1)

by (y) o SUPgeco fgg(:c,y))\(dx) . (2)

For any sequence of r.v. Z ef {Zi}1ez on (Q,]T", F), let

FEE o ({Zubusk) and GF = o ({Zubuss)

be o-fields associated to Z. We also define the mixing coefficients by, see [3],

B%(n)=sup sup |P(B|FZ)—P(B),Yn>0. (3)
uw€Z BeGZ,

H5 There exist C € [0,1) and 8 € (0,1) s.t. for any n > 0, ¥ (n) < CB",
where 3Y is defined in (3).

H6 - () The block size sequence {7,},>1 satisfies ), - Tk—v/Z .

Define for any 6 € ©,

a def

5(0) = E, [Ey [S(X_1, X0, Y0)[Y]] . (4)
R(6) < 6(S(6)) - (5)
G(s) ¥'S(A(s), Vses, (6)

where 6 is given by H1(c).

H7 (a) G is twice continuously differentiable on S.

(b) s« = G(s4) and there exists 0 < v < 1 s.t. sp(I') < ~ where sp
denotes the spectral norm.



Set N
TndéfZTi, Todéfo.
=1

H8 (a) {7n+1/7n}n>0 converges to ¢ and vg < 1.
(b) limsup, >y, {| 7+ — Q’ Tk +log 7.} VT, < o0.

2 Checking H4(b) and H5
2.1 Checking H4(b)

The following discussion has been suggested by R. Douc' and E. Moulines?.
The authors would like to thank them for the fruitful discussions.

Assumption H4(b) can be easily proved when Y is a positive recurrent and
y-irreducible Markov chain. Assume first that Y is a one-sided Markov chain

{Y:}:>0 with invariant probability 7 defined on a probability space (Q, F,P,).

We may choose Q & YN and F % B(Y)®N, Y being the canonical process. To

prove H4(b), we show that Y is mixing (see [3, Chapter 13]) i.e.

Jim P.{Y € A,9%(Y) € B} = P.{Y € AIP.{Y € B} ,VA, B € B(Y)®" .
—+00
(7)

This is sufficient to prove (7) when A is a cylinder, i.e. when there exists p € N

such that 4 = {w ef {wi}iso € YN (wi, -+ ,w;,) € H}, where H € B(Y)®P

and (i1, - ,4p) is a p-tuple of distinct non-negative integers. For all sufficiently
large k, by the Markov property,

P{Y € A,9%(Y) € B} =E, [14(Y)15(0*(Y))]

=E, [1A(Y)EYip {EYHP [1B(Y)]H '

Under the stated assumption on Y, we can choose Yy such that n(Yy) = 1
and for any z € Yo, E, |:EYk ) [IB(Y)]} N P.{B}. The proof is then
—'p — 400

concluded by the dominated convergence theorem. This result implies that
if Y is a two sided Markov chain {Y;}tcz, with a positive recurrent and -
irreducible transition kernel, then Y is ergodic. Indeed, P, may be extended on
(Y®Z, B(Y)®Z) where B(Y)®% is generated by U< jezF;,;, with, for any integers

i<j, Fij def ({Yg;i <k <j}). For any integers i,j and k s.t. i < j and any

A7 B e ‘7:1'7]',
PA{ANO5(B)} = Pofo~*(A) N9~ H (07 (B))}

where 97¢(A),97%(B) € o ({Y;k > 0}). Then, we can conclude as above.

Irandal.douc@it-sudparis.eu
2eric.moulines@telecom-paristech.fr



2.2 Checking H5

1) Combining [9, Chapter 9] and recent results on the control of the ergodicity
of Markov chains by coupling technique, see [4], it can be proved that H5
holds for w-irreducible, aperiodic and geometrically ergodic Markov chains.

2) Upon noting that, for all n > 0, £Y (n) < B&Y)(n), we can similarly prove
that H4(b) (and H5) hold when Y is the observation process of a joint -
irreductible and aperiodic Markov chain (X,Y) (e.g. (X,Y) is a hidden
Markov model). In this case, irreducibility, aperiodicity and geometric er-
godicity have to be established for the Markov transition kernel @ of the
X x Y valued Markov chain {(X¢,Y}) }iez.

3 Detailed proofs of [6]

Recall the following definition from [6]: for a distribution y on (X, B(X)), posi-
tive integers T, 7 and 0 € O, set

1 TH41

SET0.Y)E — Y el (SY) (8)
t=T+1

where S is the function given by H1(a) and
(I)gsr +(S,y)

def fX (dz,.) {Hz Tma(xz,a:z+1)gg(xl+1,yz+1)}S(Jcs_l,xs,ys)d/\(x7-+1;t) 9)
[ x(dz ) {TTi) mo (@i, iv1)go(@irt, Yir1) } AN(@rs1:t)

3.1 Proof of [6, Theorem 4.4]

We check the assumptions of [5, Proposition 9] and [5, Proposition 11| with

T(6) © R(0) (see (5)), Fu(8) X 0 (SxT:(6,,Y)) and £ {6 € ©; R(8) = 0}.

Tn+1
We start by checking the conditions of [5, Proposition 11]. Under the stated
assumptions, (a) holds. For (¢) we prove that for any compact subset I C O,

Tn+1

W oR(6,) — Wod(55T(8,,Y)) llgne,c — 0 P.—as.  (10)

By Theorem 4.1, the function S given by (4) is continuous on © and then
S(K) f {s € 8;30 € K,s = S()} is compact and, for any § > 0 (small
enough), we can define the compact subset S(KC, d) et {s e R%d(s,S(K)) < 6}
of §, where d(s, S(IC)) = mfs resiey |8 =8| Let 6 > 0 (small enough) and

£ > 0. Since Wo# is continuous (see H1(c) and [6, Proposition 4.2]) and S(K, §)
is compact, W o is uniformly continuous on S(K, §) and there exists n > 0 s.t.,

Vo,y € S(K,0), |r—y|[<n=|Wolb(z)—Wol(y)|<c. (11)



Set o % 5 A n and AS, & 1S(0,,) — ST (0,,,Y)|1g, cxc. We write,

Tn+1

P {|W o B(S(8.)) = W o 0(SXT: (0 V)| 10,cx 2 <}

Tn+1

— P, HW 0 0(S(6,)) — W 0 §(5xTn (9n,Y))) Lo, cxc > & AS, > 5}

Tn41
+ P {[W o 0(S(8.)) = W o 0(S T (60, Y))| 1o,exc = A8, < 6}
<P, {AS, > 6} + P, {AS, >n} < 2P, {AS, > a} .

By the Markov inequality and [6, Proposition 6.5], since 2 < p; < Pa, there
exists a constant C s.t.

Tn+1

P, {‘W 0 0(5(6,)) — W 0 (5% Tn (Gn,Y))‘ 1o, cxc > e}

2
<
- bt

Tn+1

1 :|pl/2

Tn+1

£ [8(6.) - 8570, 0 < |

(10) follows from H6-(p;) and the Borel-Cantelli lemma. The proof of the
condition (b) follows the same lines. By [5, Proposition 11|, this implies that
limsup,, p, < +o0 P, — a.s and that {6, },>0 is a compact sequence P, — a.s.
For the other statements, we apply [5, Proposition 9]. £LNK is compact since £
is closed and K is compact. We now prove that for any compact subset K C ©,

(W(0r41) —WoR(0,)1lg,ex — 0 P,—as. (12)
n—-4o0o

Since limsup,, p, < +oo P, — a.s, it is sufficient to prove this convergence on
the set {w € Q;limsup,, p,(w) < +o0}. For any w s.t. limsup,, p,(w) < +o0,
there exists (a random) ng s.t., for any n > ng, pp(w) = pnpy1(w) and then
Ons1(w) = O, 41/2(w), see [6, Eq.(4)]. Therefore (12) follows from (10).

3.2 Proof of [6, Proposition 6.6]

We start with rewriting some definitions and assumptions introduced in [6].
Define the sequences Sy, tinpn, n > 0 by

So & 5X0(0,Y) and S, % 5XT(6,,Y), ¥n >0, (13)

Tn+1
where SXT' is given by (8); o =0, pg = Sp — s, and

def def
fn = Thn_1+en,  pn = Sp—se—pin, n>1, (14)

where,

en €8, —S(0,), n>1, (15)

and S is given by (4).



(proof) Let p € (2,p2). By (14), for all n > 1, p,, = ZZ;S I'*e, . By H7
and the Minkowski inequality, for all n > 1, [|u ||, , < 2232 0" len—kll, - By
(13) and [6, Proposition 6.5], there exists a constant C s.t. for any n > 1,

all,, <C
[ Zv =

By [7, Result 178, p. 39] and H8(a) (upon noting that ¢ > 1 so that /gy < 1),
this yields /7 pin = O, (1).
By H7, using a Taylor expansion with integral form of the remainder term,

G(Sp-1) = G(sx) =T

—~

Snfl - S*)

(Sn—l,i - 5*,1‘) (Sn—l,j - 3*,]’) Rn—l(iaj)

Il
ng_

S

&
Il
—_

.M&

(=1, + Pn—1,i) (tn=1,j + Pn—1,j)Rn-1(¢,7) ,

7,7=1
where z,, ; denotes the i-th component of z,, € R¢ and
e 0%G
Rn(i,j)df/ (1= 1) (5, 4 1(Sn —s))dt, neN1<ij<d.
0 85288]

Observe that under H7, limsup,, |Ry|11im, 0, =9, < 0o w.p.1. Define for n > 1
and k < n,

d d

H, déf 2(2:“%,2' + pn,i)Rn(iv ) ) Tn déf Z Rn(i7j)ﬂn,iﬂn,j ’ (16)
i=1 i,j=1

8 ' S8(0,) — G(Sn-1) G(nk) S (D + Hy)---(C+ Hy)  (17)

with the convention ¥ (n,n + 1) 4. By (14),

n—1 n
pn=1(n—1,00p0+ Y t(n—Lk+1)rg+ Y th(n—1,k) . (18)
k=0 k=1

Since \/Tpptn = Or, (1), H6-(p1) implies that p, — 0 P, —a.s. Then, by

n—-+00

(14), pnliim, s,=s, — O P, —a.s and by (16) lim |Hy,|ljm, s,=s, = 0
n—-4o0o

n—-+4o0o
P, —as. Let ¥ € (v,¢71), where « is given by H7 and ¢ by H8(a). Since
lir_’I_l |Hp| 1im, s, =s, = 0, there exists a P, —a.s finite random variable Z; s.t.,
—+00

foral0<k<n-1,

|¢(n -1 k)l Liim, s,=s, < ,yn— Z1Ltim,, S, =s, - (19)



Therefore, |¢)(n —1,0)p0| Liim, 5,=s, < 7"Z1 |po| Px — a.s, and, by H3-(p2),
(9), (8) and (13) E, [|po|P?] < +o0o which implies that py < +oo P, — a.s. Since
gy < 1, the first term in the RHS of (18) is 7,, tors (1)Oas(1).

We now consider the second term in the RHS of (18). From equation (19),

n—1 n—1
> =1k + Drg| Lim, s,=s, < Z10 Y A" rk| Liim,, 5,5, Pu—as.
k=0 k=0

By (16) and H7, there exists a P, — a.s finite random variable Z; s.t.

d

7] Liim,, S, =s, < Z2 g Mkifth,j Py —a.s .
ij=1

In addition, since /7, pn = OL, (1), there exists a constant C' s.t.

n—1 d n—1 ﬁn—k—l
~n—k—1
> > bkt <C > —
— A — k
k=0 i,j=1 “p)2 k=0

Applying again [7, Result 178, p. 39| yields that the second term in the RHS
of (18) is 7, ' 0. 5(1)Oy, ,(1). We finally consider the third term in the RHS of
(18). By H1(c), on the set {w € Q; nli)rilen(w) = 54} we have ngrfwé(sn(w)) =
0(s,). Hence, for any w € €, the set {0(S,(w)},>0 is compact and 6,1 (w) =
Op11/2(w) for all large n. By (6) and (4), there exists a random integer no(w)
s.t. for all n > ng(w), 6,(w) = 0. Then, there exists a P, — a.s-finite random
variable Z3 s.t. for all n > 1,

> (n = 1,k)0k Liim,, 5,5, | < 7" Zs -
k=1

Since under H7 lim,, 7,7, = 0, this implies that the third term in the RHS of
(18) is 7,, Loas(1).

4 General results on HMM

In this section, we derive results on the forgetting properties of HMM (sec-
tion 4.1), on the asymptotic behavior of the normalized log-likelihood (sec-
tion 4.2) and on the normalized score (section 4.3).

We consider a HMM with kernels m(z, ' )dA\(2") onto Xx B(X) and g(x, y)dv(y)
on (X x B(Y)). X is a general state-space equipped with a countably generated
o-field B(X), and A is a bounded non-negative measure on (X, B(X)); v is a
measure on (Y, B(Y)).



For any initial distribution y on (X, B(X)), any r < s < ¢ and any sequence
y € Y2, define the probability measure ®X7/ (-, y) by
3y (h,y)
aer [ X(dz ) {ITim, M@ @) (@i, yisa) } h(Ts—1, 2o ys) M@ 410) (20)
I x(@z ) {TTZ, m(@i, 2i41)9( @i, yis1) } AN (@rg1:t)

for any bounded function h.
For any s € Z and any A € B(X), define

Ly(w, 4) % / m(z,a')g(', ysr1)La(2)A(de) (21)
and, for any s <t denote by Ly s.; the composition of the kernels defined by
Lee @ Lo, Lewpi(z,4) Y / Lu(w,d2") Ly 1 (2, A) .

By convention, Ls.s—1 is the identity kernel: Lg.s_1(z, A) = 0,(A). For any
sequence y € YZ and any function h : X2 x Y — R, denote by h, the function
on X2 — R given by

ho(w,a') = hiz,’,y,) . (22)

With these notations, equation (20) becomes

f X(dxr)Lr2572(msv dmsfl)hs(xsflv xs)Ls:tfl('rsv X)

fx(de)Lr:tfl(xr,X> (23)

oY/ (hy) =

4.1 Forward and Backward forgetting

For any y € Y%, any probability distribution y on (X, B(X)) and for any integers
such that r < s < ¢, let us define two Markov kernels on (X, B(X)) by

def | Lg(2,dzeq1)1a(zss1)Logri—1(Toq1, X)

S t(x A) Ls.t—l(I7X) ’ <24)
o def f¢s|rs dzg)la(zs)m(zs, )
By o) e (25)
where
;(I,IS(A) déf fX(dxr)Lr:s—l(xradzs)lA(xs)

f X(dxr)Lr:sfl (wra X)

Finally, the Dobrushin coefficient of a Markov kernel F : (X, B(X)) — [0,1] is
defined by:

SRS L sup IF@) - @, gy -



Lemma 4.1. Assume that there exist positive numbers o_,o such that o_ <
m(z,2') < o4 for any x,2’ € X. Then for anyy € Y2, §(Fs4) < p and
d(BX") < p where p def o_Joy.

Proof. Let r, s, t be such that < s < ¢t. Under the stated assumptions,
/ Ls (st, d$5+1)1A(xs+1)Ls+1:t71($s+17 X)

>0 / (@t Yos 1)L a(@ss) Dottt (2osr, KON (A1)

and

Ls:t—l(zs;X) S U-‘r/g(xs+17ys-‘rl)Ls—i-lzt—l(l's—i-hX))‘(dxs-&-l) .
This yields to

Py (g, A) > 0';fg(merlvys+1)Ls+1:t71(xs+1aX>1A(xs+1))\(d$s+1)
PR oy J 9(@st1, Ys+1) Lsg1it—1(Tsg1, X)N(d2s41)

Similarly, the assumption implies
BY" (201, A) = =67 (A) |
(o )
which gives the upper bound for the Dobrushin coefficients, see [2, Lemma
4.3.13]. O

Lemma 4.2. Assume that there exist positive numbers o_,o such that o_ <
m(z,2') < oy for any x,2’ € X. Lety € YZ.

(i) for any bounded function h, any probability distributions x and X and any
mtegers r < s <t

J x(dzy) Lyis—1 (2, dzs)h(2s) Ls:—1 (25, X)
J x(dzy) Ly 1 (20, X)
_f)Z(da:T.)L,.;S_l(xr,dacs)h(xs)Ls:t_l(a:s,X)
S X(dzy) Ly 1 (2, X)

< p*Tosc(h)
(26)

(i) for any bounded function h, for any non-negative functions f and f and
any integers r < s <1

fX(d‘rS)h(xS)Lsrtfl(xSa day) f(24)
fX(dxs)Ls:tfl(xsadmt)f(xt)
_fX<dx8)h($S)LS:t71(xS7dmj)f(wt)
fX(dxs)Ls:tfl(ﬁrsvdﬁrt)f(xt)

< p'Sosc(h) .

(27)



Proof of (i). See [2, Proposition 4.3.23].
Proof of (ii) When s = t, then (ii) is equal to
J x(dzi)h(ze) f(2) _ fX(dxt)h(xt)f(xt)
Jx(@a) (o) J x(dzo) f (o)

This is of the form (n —7)h where n and 7 are probability distributions on
(X, B(X)). Then,

1 ~
(7 =) k| < 5 |ln = Allpy ose (h) < osc(h) .

Let s < t. By definition of the backward smoothing kernel, see (25),

f x(dzs)la(zs)m(zs, vs41) -

BX:S s ’A =
S (x +1 ) fx(dxs)m(xsamS"!‘l)

Therefore,
J R CERTERTAREN PRV

= /X(dxs)Ls(%,d$s+1)B§’sh(l”s+1)Ls+1:t71($s+17dUCt)f(CUt) .

By repeated application of the backward smoothing kernel we have

/X(de)h(xS)LS:tfl(xwdft)f(xt) = /X(d$S)LS:t71(~T57dft)B?islzsh(mt)f(xt) )

where we denote by BX'% . the composition of the kernels defined by induction
for s<u

By UBY L B )Y [ By dBy

u—1:s

(', A) .

Finally, by definition of ¢t|s 4

|fx (dz)h(ws) Lar (@, dze) f(z) [ x(dwo)h(re) Luems (s, doo) f2)

X(dzs)Ls—1(zs, day) f(z4) fX(dxs)Ls:tfl(xmdmt) (2¢)
_ ;<|’sst [(Bicisltsh) f] _ iﬁft [(Bi(;sl:sh) -]A{:|
et F o 7]

This is of the form (n — 7)) B)X%.,h where 7 and 7] are probability distributions
n (X, B(X)). The proof of the second statement is completed upon noting that

L .
‘UBt “Lsh =B 15h’ < §||77—77||Tv0SC (Bi(il:sh)

1 ~ s _s
< 5 = Allry 8 (Bi,) ose(h) < p""osc(h)

10



where we used Lemma 4.1 in the last inequality.

4.2 Limiting normalized log-likelihood

Define for any r < s,

r def Re T
g5 (¥) = L5 ca(y) =455 (v) 5 (28)

where €50, (y) is defined by

s+1
Eg,’;‘+1(Y) déf log (/ X(dxr) H m9(xu—1’xu)90(xuqu) )‘(dxr-i-l) T )‘(dxs-i-l)) .

u=r-+1
(29)
For any T > 0 and any probability distribution x on (X, B(X)), we thus have
T-1 T-1
0GR = (Bl - 62m) = Y ok (30)
s=0 s=0

It is established in Lemma 4.3 that for any # € ©,y € Y%, s > 0 and any initial
distribution x, the sequence {3y " (y)}r>o0 is a Cauchy sequence and its limit
does not depend upon x. Regularity conditions on this limit are given in Lem-
mas 4.4 and 4.5. Finally, Theorem 4.6 shows that for any 6, limp Tflfg’g(Y)
exists w.p.1. and this limit is a (deterministic) continuous function in 6. 7

Lemma 4.3. Assume H2.
(i) For any £,7,s > 0, any initial distributions x,x’ on X and any y € Y*
2
1—

5= s—r—t
sup (0570 " (y) — 057" (Y)‘ < J
0cO )

(ii) For any 6 € ©, there exists a function y — 0g(y) such that for any initial
distribution x, anyy € YZ and any r,s > 0,

sup (07" (y) — dg(9° 0 Y)‘ S0
0co —p

Proof. Proof of (i). Let s > 0 and r and 7’ be such that ' > r. By (29) and
(28), we have [0, "(y) — 05" " (y)| = |log a — log | where

acr S X(dzo— ) TIES -, 1 mo(@im1, @i)go (i o) A(di)
X ) Ty gy me (i, i) go (2, yi) A(das)
def J X (dws—p) Hfislfrfﬂ mo(Ti—1,%;)90(xi, yi)Nd;)
e TT g (i1, i) go (i, yi) Mdai)

(31)

11



We prove that
an82 0 [ goee A dres) (32)
@ =81 <200 [ go@asrpr)Mdran). (33)

and the proof is concluded since |loga — log 5| < | — B|/(a A B).

The minorization on o and [ is a consequence of H2 upon noting that o and
B are of the form [ pu(dzs)me(zs, Ts+1)g0(Ts41, Ys+1)A(dxss1) for some proba-
bility measure p. The upper bound on |a— 3] is a consequence of Lemma 4.2(i)
applied with

s—r—1

X(dxsfr%—/ X/(dmsr’>{ 1T 99($i7yi)m9(37i;37i+1)} ANdzs—pr41:5-7)
xr/—r

i=s—r’

and h(u) < [ go(zsi1, Yst1)mo(u, Top1) A (dzsi1).

Proof of (ii). By (i), for any y € Y%, the sequence {5 "(¥)}r>o0 is a Cauchy
sequence uniformly in 6: there exists a limit denoted by dy(y) - which does not
depend upon x - such that

. s o] =
i sup [5557 () = 0o(y)| =0 (34

We write for r < r/
0577 = 80 0 y)| <[0T = T )| + [T ) — 8007 0y -

Observe that by definition, ;""" (y) = 055, " (9° oy). This property, combined
with Lemma 4.3(1), yield

s—r s 2, -7’/ qs s
sup |37 (y) = 89" 0 y)| < T+ sup |8¥y T (970 y) — 869" 0 y)| -
6cO -p 6cO

When " — 400, the second term in the rhs tends to zero by (34) - for fixed y, s
and x -. This concludes the proof. O

Lemma 4.4. Assume H2. For anyy € Y and s > 0,

supsup (857" (v)| < log 7 by (ye1)| + log e b (ys11)]
r>00€©

and, for any r > 0,

2
(1=p)

where by and b_ are defined by (1).

sup 100 (y)] < p"+logoy by (y1)| + [logo_b_(y1)| ,
€

12



Proof. For any 0 <m < A/B < M, |log(A/B)| < |log M| + |logm|. Note that
by definition, 6§”£(y) is of the form log(A/B) and under H4(c), 0_b_(ys1+1) <
A/B < 04by (yst1). The second upper bound is a consequence of Lemma 4.3(ii).

O

Lemma 4.5. Assume H1, H2, Hj(a) and Hjf(c). Then, 0 — E, [6p(Y)] is
continuous on ©. If in addition © is compact,

limE, sup 106(Y) — o (Y)|| =0 P, —as. (35)
n—0 {0,6'c©;/0—0"|<n}

Proof. By the dominated convergence theorem, Lemma 4.4 and H4(c), 6 —
E, [65(Y)] is continuous if § — Jy(y) is continuous for any y € YZ. Let y € YZ.
By Lemma 4.3(ii), lim;—, 1 o0 Supgeg |05 ' (¥)—00(y)| = 0. Therefore, 6 > do(y)
is continuous provided for any r» > 0, 6 — 5;‘7’04(y) is continuous (for fixed y and
x)- By definition of 65" (y), see (28), it is sufficient to prove that 6 +— (37" (y)

is continuous for s € {0,1}. By definition of £, " (y), see (29),
G (y) = log/x(dx,r) H mo(i-1, ;)90 (@i, yi)A(dz;) -
i=—r—+1

Under H1(a), 6 — Hfzfrﬂ meg(xi—1,2;)ge(xs,y;) is continuous on O, for any
Z_rs and y. In addition, under H1, for any 6 € ©,

S

T me(i,ziza)ge(wia, yita)

i=—r+1
= exp ((5 +7)o(0) + <¢(9), > 5($i,$i+1,yz‘+1)>> -

i=—r+1

Let K be a compact subset of ©. Since by H1 ¢ and 3 are continuous, there
exist constants C7 and Cs such that,

sup

S
H mg(xi, Tiv1)g6(Tit1,Yis1)
oek

i=—r+1

< Crexp (CQ Z SUP|S($’$,/,}’¢+1)|>-

!
. T,z
1=—r+1"

Since the measure x(dz_,) ] A(dz;) is finite, the dominated conver-

?:—r—l—l
gence theorem now implies that £3°"(y) is continuous on ©.
For the proof of (35), let us apply the dominated convergence theorem again.

Since © is compact, for any y € Y%, § — &p(y) is uniformly continuous and

13



lim sup |dp(y) — dor(y)| = 0. In addition, we have by Lemma 4.4
770%10~0"|<n

sup 100 (y) — dor (¥)]
{6,0'€0:10—0"|<n}

4
< 2sup |0p(y)| < Z—— +2{[logoy by (y1)] + [logo—b_(y1)]} -
0€0 (1-p)
Under H4(a) and H4(c), this upper bound is P,-integrable. This concludes the
proof. O

Theorem 4.6. Assume HI1, H2, Hj. Define the function ¢, : ©® — R by

e (0) def E, [00(Y)], where dp(y) is defined in Lemma 4.4.

(i) The function 8 — c.(0) is continuous on ©.

(ii) For any initial distribution x on (X, B(X))

— 0 P,—as. (36)

1
0 -0

T

where E;"’%(Y) is defined in (29).

(i) If in addition © is compact, for any initial distribution x on (X, B(X))

— 0 P,—as. (37)

1
SO —e0)] —

SUp | -

0€O

Proof. (i) is proved in Lemma 4.5.
(ii) By (30), for any T' > 0, we have, for any y € YZ:

L x,0 1 -« X,0
T%’,T(Y) = T 50,5 (¥)
s=0
1 T=1 =
_ = X0 o s - s
=7 2 (@) =00 09)) + 7 (0 0).

By Lemma 4.3(ii), for any 0 < s < T —1, 52{’80(Y) — (0% o Y)’ < 2%. Since

p € (0,1),
=
. - X0 _ s — _
Tlgl;o T ; (59,5 (Y)—dp (0 oY)) 0 P,—as.
By Lemma 4.4
2
E. [60(Y)] < a=p + Ey [[logob1(Y1)| + [logo_b_(Y1)]] ,

14



and the rhs is finite under assumption H4(c). By H4(a-b), the ergodic theorem,
see [1, Theorem 24.1, p.314], concludes the proof.

(i4i) Since © is compact, (37) holds if for any € > 0, any 6’ € O, there exists
1 > 0 such that

lim sup ‘T_lfé";(Y) — T_l%c,’OT(Y)‘ <e, P, —as. (38)
T—=+00 (9:10—0"|<n}nO© ’ ’

Let e > 0 and #’ € ©. Choose 1 > 0 such that

E.

sup - [9g(Y) — 59/(Y)] <e; (39)
{6cesjo—6'|<n)

such an 7 exists by Lemma 4.5. By (30), we have, for any § € © such that
0 —06"| <n

T—
1 1 .
R0 - L) < 5 LS -] . o)
5=0
In addition, by Lemma 4.3(ii)
Z [35000) = a2 Y)|
SQZSUp 5Y00Y) = (" 0 Y)| + Z|59 oY) — by (970 Y))|
—; 0€©
T-1
p)2 +Q EW
s=0

—_ ef .. .
where Z(y) e SUP{pee;|0—0/|<n} 190(Y — o/ (y)|. This implies that

T— T-1
1
lim = ‘5’<’QY — &Y< lim =Y E@WoY).
T—+o0 {96@ ‘0 ‘9/|<,7 T ZO o, ( ) o, ( ) T—+o0 T ;0 ( )

Under H4(a-b), the ergodic theorem implies that the rhs converges P, a.s to
E, [E(Y)], see [1, p.314]. Then, using again (39),

lim sup ‘5 — 5",’09 Y) <e P,—as.
T—+oo {0€©;16—06"|<n} T Z o' ( )

Then, (38) holds and this concludes the proof. O
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4.3 Limit of the normalized score

This section is devoted to the proof of the P, —a.s convergence of the normalized
score T*1V9€§’:2(Y) to Vgci(#). This result is established under additional
assumptions on the model.

S1 (a) Foranyy € Y and for all (z,2") € X2, 0 — gg(z,y) and § — my(z, ")
are continuously differentiable on ©.

(b) We assume that E, [¢(Yo)] < +o0o where

o(y) Ysup sup |Vglogme(z,2') + Velogge(z',y)| . (41)
0€O (z,x")eX?

Lemma 4.7. Assume S1. For any initial distribution x, any integers s,r > 0
and any 'y € Y% such that ¢(y,) < +oo for any u € Z, the function 0
057" (y) is continuously differentiable on © and

S

Volys T (y) = D @8 (Ye,y)

where Yy is the function defined on X2 x Y by

Yo : (2,2",y) = Volog{me(z,2")ge (2", )} -

Proof. Under S1, the dominated convergence theorem implies that the function
6 — €37 "(y) is continuously differentiable and its derivative is obtained by
permutation of the gradient and integral operators. O

Lemma 4.8. Assume H2 and S1.

(i) There exists a function & : YX — R, such that for any s > 0 and any
r,r' > s, any initial distribution x,X’ on X and any y € Y% such that
d(yu) < +oo for any u € Z,

X,8—T x’,s—r' 16p71/4 (r'Ar)/4
sup |Vgdp's  (y) — Vedy ; (y)‘ < =, " £(y)
9€0 -

where

E¥) =S plya)plt (42)

UEL

(ii) For anyy € Y7 satisfying £(y) < +oo, the function 6 — S¢(y) given by
Lemma 4.3(i1) is continuously differentiable on ©; and, for any 6 € O, any
initial distribution x and any integers r > s > 0,

—1/4

s—r s 16 T
sup VQ‘%(,’S (y) — Vgdo(y 0 9%)| < 1'070 /4 £(y) -
9O -p
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Proof. (i) By definition of 577" (y), see (28) and Lemma 4.7,

VodS i (y) — Voo (y)

= v9€§,78g;{(Y) - Végg:;_r(y) — V9€>9<,;1_1r (y) + vge;(’s,s—r (y)
=2 (‘I’Z‘,’i;i_ll(Te,y) —~ <1>;§;j§‘1(r97y))
U=8—7T

! s—r'—1 ! s—r'—1
o Z ((I)é(7u)s+1 (Te’y) - (I)§7u,s (Tgay)>

u=s—r’
js—r—1 fs—r'—1
+ (I)g,j-l—f,s—&-l(TGa y) - (I)g,sj-lfs+1 (TGa Y) .
We can assume without loss of generality that " < r so that
Vodg " (y) = Vody," " (y)
s—r'—1

,s—r—1 ,s—r—1 ,s—r—1 's—r'—1
= D0 {® 0 y) — B O y) R (e, y) - (T, y)

U=S—T

S
5T js—r—1 fs—r' =1 s/ —1
3 e ey = @ T T y) — @ () + 83T T (e}

u=s—r'
Under H2 and S1, Remark A.2 can be applied and for any s —r < u < s—71'—1,
@ (o y) = @ (X0, y)| < 20 0(v.0),
where ¢, (y) is defined in (41). Similarly, by Remark A.2
;s—r—1 fs—r'—1 »
’(bg’s—‘,-l,s-{—l(fre? y) - ég,s+17s+1 (T97 y)‘ S 2p +1¢)(y8+1) .
For any s — ' < u < s, by Remark A.2,
O (Tay) = O (Tay) + 0 (Tay) — 030 (X))
S ’q)g”jgizl(frea y) - (I)gﬂf;:lil(TQa Y)‘JF‘(I);{LS,:T 71(T93 y) - q);(775;r71('r97 y)’
<4p"TT T (ya)

and by Remark A.2,

6,u,s 0,u,s

O (Yoy) = @ (Tayy) + @30 (Touy) — @30 (To,y)|
js—r—1 js—r—1 Ls—r' =1 Ls—r' =1
= ’(I)g,ij,sjrl (Te, y> B q)z,;,sr (T97 Y)’—F‘(I)g,ufsfl (T97 Y) - (I)é(,ufs " (TGv Y)‘

<4p" " d(yu) -

17



Hence,

s—r'—1 s+1
(Vo) = Vods | <2 D2 p el DD (0 A ) élv) -
Furthermore,
s+1

> otva) (0 A )
< > POy D T T ()

s—r'<u<|s—r’/2] u>|s—r'/2]

<oy ey -

UEZL

> Z psfufr'/27|u|/4 + Z pu+7"’/2fsf|u\/4
u<ll|s—r’/2] ls—r"/2]+1<u<s+1
r'—1)/4

(
2% Z ¢(Yu)ﬂ|u‘/4 )

UEZL

where we used that sup,_,/<,<|s_r /2y [ul < 7" and sup|,_, /o) 41<u<sp [ul <
r" 4+ 1. Moreover, upon noting that —u/2 + (s +1)/2 < s — u — //2 when
u<s—r —1,

s—r'—1 s—r'—1
Z ¢(Yu stu < pr ' /2 Z ¢ P~ u—r'/2
u=s—r u=s—r
s—r'—1
<P PN dlya)p D
u=s—r
s—r'—1
<y '/2 (é+1)/2 Z oy |u|/27
u=s—r

where we used that s — 7’ — 1 < 0 in the last inequality.
Hence,

sup [Vod} s ™" (v) = Vod} " (v)| £ 7= N aya)o L (43)
0€O u€Z

(ii) Let y € Y% such that £(y) < +oo. Then for any u € Z, ¢(y,) < +oo. By
Lemma 4.7 and Eq. (28), the functions {6 > §3% " (y)}r>0 are C* functions on

©. By (i), there exists a function 8 — dg(y) such that

lim sup [Vgdyy " (v ) —da(y)| =0.

r—+00 9O

18



Furthermore, by Lemma 4.3,

lim sup’é )759(}’)’:0.

r——+00 0cO

Then, 6 — dy(y) is C* on © and for any 6 € ©, dy(y) = Vody(y).
We thus proved that for any y € Y2 such that £(y) < +oo and for any initial
distribution

lim sup |Vedyy " (y) — V(;(Sg(y)‘ =0. (44)
r—-+00 pcO

Observe that by definition, Voo, 7""(y) = Vedy, (¥° oy). This property,
combined with Lemma 4.8(i), yields

sup VQ(SX’S "(y) — Vgdg(9° o y)‘
0e©
16 —-1/4 - , ,
< P () + sup Vo (9% 0 y) — Vado (9 o)
—p 0cO ’

Since £(¥° oy) < 400, when 7' — 400, the second term tends to zero by (44) -
for fixed y, s and x -. This concludes the proof. O

Lemma 4.9. (i) Assume S1. For anyy € Y% such that ¢(y,) < +oo for
any u € Z, for any integers r,s > 0,

s+1
Sug Vg(%(”;_r(y)‘ <2 Z H(yu) -
c

U=8—1T

(ii) Assume H2 and S1. Then, for any y € Y% such that £(y) < +oc and for
any r > 0,

16p71/4

sup [Vo3s(y)| < 2 > ¢(yu)+fp£(y)pr/“,

where £(y) is defined in Lemma 4.8.
Proof. (i) By (28) and Lemma 4.7,

Vadys T )] = Vol () = Vol ()|

<2 il fX dxs r Lﬁs riu— 1(xs T;dxu)vﬁlog[mQ(l'u 1,$u)ge($u,Yu)] Lﬁus 1(xu7X)
U=s—1 fX dxsfr)LG,sfr:sfl(xsfmx) .

The proof is concluded upon noting that for any s —r < u < s+ 1,

fX dx.s T 99 Ts—ryYs— T)Leb riu— l(xs r7dxu)V0 10%90($u7Yu)L0u5 l(xuax)‘
fX dxs—r)QQ(xs—rvYS—T)LG,S—T:S—l(xs—mX)

is upper bounded by ¢(y.,).
(ii) is a consequence of Lemma 4.8(ii) and Lemma 4.9(i). O
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Theorem 4.10. Assume H2, H/(a-b) and S1.

(i) For any T > 0 and any distribution x on X, the functions 6 — E;‘y’g(Y)
and 0 — c.(0) are continuously differentiable P, — a.s.

(i) For any initial distribution x on (X, B(X)),

1 .0
TVMG,T(Y) o Ve (0) Py —a.s. (45)

Proof. By (30) and Lemma 4.7, for any y such that ¢(y,) < +oco for any u € Z,
E?j”% (y) and 6é‘”§ (y) are continuously differentiable and (30) implies

Volyip(y Z Vody: (y

This decomposition leads to

1 1 T-1

TV Pg(%( )= T Z (V@éé‘f(Y) —Vdg(9° oY) ) Z Vg (9 oY)
s=0
(46)
Consider the first term of the rhs of (46). Since Y is a stationary process,
assumption S1(b) implies that E, [£(Y)] < +oo, where £ is defined by (42).
Then, £(Y) < o0 P, a.s and by Lemma 4.8(ii), for any 0 < s < T — 1,

16 —1/4
‘vgaxo Y) - Vgég(ﬁSoY)‘gg(Y) P s/t

I—p
Therefore
T-—1
1 1 16p~ /% 1
— X0y) — Y‘ ey~
T;\v969,5< )= Vado0* o Y)| £ TEYV) -
and
1 T-1 o
3 _ X _ s —
Th_r)réng(Vgée’s(Y) Voo (¥ oY)) 0 P,as.

Finally, consider the second term of the rhs of (46). By Lemma 4.9 (applied
with r = 1), E, [|[Vgdg(Y)|] < +o0o. Under H4(b), the ergodic theorem (see [1,
Theorem 24.1, p.314]) states that

T-1
lim lng(sg 9 0Y) =E, [Veds(Y)] P, as.

T—oo T
s=0

Then, by (46) and the above discussion,

o1 0
Thl};o fv"%(,T(Y) = E* [VQ(SQ(Y)] P* a.s .
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By Lemma 4.9, applied with » = 0,

%gVMAYngﬂa%y+wnﬂ+aYm”%

and the rhs is integrable under the stated assumptions. Therefore, by the dom-
inated convergence theorem, E, [Vgdg(Y)] = VoE, [06(Y)] = Voc.(0) . This
concludes the proof. O
4.4 Contrast and the limit set £

Theorem 4.11. Assume H2, H3-(1), Hj(a-b) and S1. Then, 0 € L if and
only if Ve, (0) = 0 where ¢, () = limp_, 4 o0 Tfl%‘,’%(Y) P, —a.s for any initial
distribution x on (X, B(X)).

Proof. For any initial distribution y, all # € © and all T' > 0,

py (o1, Y1)
[ g (zo.r, Y1.r)A(dz0.1)

where py is defined in (22) in [6]. Under Assumption H1(a)

1 1
FY00) = 1 [ Vologp (. Yi) A(dzor)

1
T Ve log pis (0.7, Y1.7) = Ve (0) + Vo' ( { ZS T 17$t,Yt)} ;

t=1

and then, by definition of @’ T(S7Y) (see (9)),

’ﬂ \

%W%{’%(Y) = Vo (0) + Vo' () {

T
ZZMT }. (47)

Under the stated assumptions, Theorem 4.1 in [6] and Theorem 4.10 can be
applied. Therefore, (47) becomes, as T' — +o0,

Voc.(0) = Vod(0) + Voo (0) {E, [Ey [S(X-1, Xo, Yo)| Y]]} .

The proof follows upon noting that by definition of 6, the unique solution
to the equation Voo(1) + Ve T (1) {E, [E, [S(X_1,X0,Y0)|Y]]} = 0is 7 =
R(6). O
5 Additional experiments

In this section, we provide additional plots for the applications studied in [6,
section 3|.
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5.1 Linear Gaussian model

Figure 1 illustrates the fact that the convergence properties of the BOEM do
not depend on the initial distribution x used in each block. Data are sampled
using ¢ = 0.97, 02 = 0.6 and 02 = 1. All runs are started with ¢ = 0.1, 02 = 1
and 02 = 2. Figure 1 displays the estimation of ¢ by the averaged BOEM
algorithm with 7,, ~ n and 7,, ~ n'%, over 100 independent Monte Carlo runs
as a function of the number of blocks. We consider first the case when y is the
stationary distribution of the hidden process i.e. x = N(0, (1 — ¢?)"t02), and
the case when Y is the filtering distribution obtained at the end of the previous
block, computed with the Kalman filter. The estimation error is similar for both
initialization schemes, even when ¢ is close to 1 and for any choice of {7, }n>1.

1 _ i - - — - — —
L1 = = - +
T o +
4
3

oo | LD

0.8F 4 |

-

0.7r b
0.6 i
o5t | | .

25
Number of blocks

(a) Th ~m

T T T
e

T
— — | —] E : ‘T‘ -+ -
o9 I E t‘ T T .

0.81

I
o
. ¥

0.7 ’ + |

0.6 | ! i

o5 | | .

04l || |
! ! ! !

L
5 10 25 50 150
Number of blocks

(b) 7, ~ nld

Figure 1: Estimation of ¢ after 5,10,25,50 and 150 blocks, with two different
initialization schemes: the stationary distribution (left) and the filtering distri-
bution at the end of the previous block (right). The boxplots are computed
with 100 Monte Carlo runs.
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5.2 Finite state-space HMM

In the numerical applications below, we give a supplementary graph to compare
the convergence of the averaged BOEM with the convergence of the Polyak-
Ruppert averaged RML procedure. The experiment is the same as the one in [6,
section 3]. Figure 2 displays boxplots of the estimation of m(1,4) after different
numbers of observations n; the boxplots are over 100 independent Monte Carlo
runs. The variance of the estimation given by the averaged BOEM is smaller
than the one given by the averaged RML. Same conclusions can be drawn for
the estimation of the other entries of the transition matrix m.

04F | ]
0.3F - R

0.2

0.1

Nh e He Ao 0.
T os v Py

.
.

1 1 1 1
10000 25000 100000 150000

50000
Number of observations

Figure 2: Estimation of m(1,4) using the averaged RML algorithm (left) and
the averaged BOEM algorithm (right), based on n = {10k, 25k, 50k, 100k, 150k }
observations.

5.3 Stochastic volatility model

We report in Figure 3, the boxplots for the estimation of the parameters 32 and
o2 for the Polyak-Ruppert [8] averaged Online EM and the averaged BOEM.
Both average versions are started after 20000 observations. Data are sampled
using ¢ = 0.8, 02 = 0.2 and 32 = 1. All runs are started with ¢ = 0.1, 02 = 0.6
and $2 = 2. This figure illustrates the similar behavior of both algorithms.

We now compare the two algorithms when the true value of ¢ is (in absolute
value) closer to 1: we choose ¢ = 0.95, 3% and o2 being the same as in the
previous experiment.

As illustrated on Figure 4, the same conclusions are drawn for greater values

of ¢.
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