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Multistep DBT and regular rational extensions of the isotonic oscillator

Yves Grandati
Institut de Physique, FEquipe BioPhyStat, ICPMB, IF CNRS 2843,
Université Paul Verlaine-Metz, 1 Bd Arago, 57078 Metz, Cedex 3, France

In some recent articles we developed a new systematic approach to generate solvable rational
extensions of primary translationally shape invariant potentials. In this generalized SUSY QM
partnership, the DBT are built on the excited states Riccati-Schrodinger (RS) functions regularized
via specific discrete symmetries of the considered potential. In the present paper, we prove that this
scheme can be extended in a multistep formulation. Applying this scheme to the isotonic oscillator,
we obtain new towers of regular rational extensions of this potential which are strictly isospectral to
it. We give explicit expressions for their eigenstates which are associated to the recently discovered
exceptional Laguerre polynomials and show explicitely that these extensions inherit of the shape
invariance properties of the original potential.

PACS numbers:

I. INTRODUCTION

Since the pionnering work of Gomez-Ullate et al [4], the exceptional orthogonal polynomials (EOP) and their
connexion with rational extensions of solvable quantum potentials have been an active research subject [5-19, 21—
23]. The EOP appear to be the constitutive elements of the eigenstates of solvable rational extensions of the second
category primary translationally shape-invariant potentials (T'SIP) [1-3, 24] In a series of recent papers [21-23] we
have developped a new approach which allows to generate infinite sets of such regular solvable extensions starting
from every TSIP in a very direct and systematic way without taking recourse to any ansatz or ad hoc deforming
functions. This approach is based on a generalization of the usual SUSY partnership built from excited states.
The corresponding Darboux-Bécklund Transformations (DBT), which are covariance transformations for the class of
Riccati-Schrodinger (RS) equations [24], are based on regularized RS functions corresponding to unphysical (negative
energy) eigenfunctions of the initial hamiltonian. They are obtained by using discrete symmetries acting on the
parameters of the considered family of potentials. If the use of negative energy states has been already proposed
in early years of SUSY MQ development [25], such a systematic scheme has never been envisaged. In the case of
the isotonic oscillator, this gives the three infinite sets L1, L2 and L3 of regular rationally solvable extensions of
this potential, the L1 and L2 series potentials being strictly isospectral to the isotonic one and inherits of its shape-
invariance property. Very recently Gomez-Ullate, Kamran and Milson [43] introduce a new family of EOP built from
the classical Laguerre polynomials via two step Darboux transformations. In the present article we show that the
scheme developed in [21-23] admits a very natural n-step extension which allows to recover and generalize the result
of [43]. We obtain new infinite towers of rational extensions of the isotonic potential strictly isospectral to this last.
Their eigenfunctions are associated to the new EOP families, the one introduced by Gomez-Ullate et al corresponding
to the n = 2 particular case.

The paper is organized as follows. First we recall the basic elements of the method in its one step form and the
results obtained for the isotonic system. The regularity of the RS functions is here obtained in a self consistent way,
using a classical result of Bécher [46] without recourse of the Kienast-Lawton-Hahn theorem [48, 49]. Then we present
on a formal level the general m—step scheme and in the specific case of the isotonic oscillator, we give a criterion of
concrete application in terms of asymptotic behaviour near the origin. Next we consider in a detailed manner the
particular m = 2 case, initially envisaged by Gomez-Ullate et al [43]. We then prove by induction a sufficient condition
to be able to build a m—step chain of regular and strictly isospectral extended potentials. We finally show that the
shape invariance properties of the isotonic potential are hereditary and reached by all these extended potentials.

During the writing of this article, two papers on the same subject appeared. The first one [44] contains results
parallels to those developed here. The authors adopt a point of view similar to the one initiated in [21-23] and
extended in the present paper. The so-called ”virtual states deletion method” corresponding exactly to the use
of DBT based on unphysical eigenfunctions associated to regularized RS functions. The second one [45] discusses
quite extensively the 2 and 3 steps cases under a slightly different angle and proposes an interesting conjecture on
possible ”degeneracies” in the set of the new generated ELP. The content of the present article has been established
independently of these two works.



II. DARBOUX-BACKLUND TRANSFORMATIONS (DBT) AND REGULAR EXTENSIONS
A. General scheme

Consider a family of one-dimensional hamiltonians indexed by a multiparameter a

H(a) = —d?/dz® + V(z;a), a € R™, z € [ C R, (1)

with zero ground level Ey(a) = 0.

If 15 (z;a) is an eigenstate of H(a) associated to the eigenvalue Ej(a), then its logarithmic derivative wy(z;a) =
—h (x;a) /¥a(z; a), that we will call a Riccati-Schrodinger (RS) function, satisfies a particular Riccati equation of
the following form

—wh (2;0) + w3 (z;a) = V(z;a) — Ex(a). (2)

Eq(2) is called the Riccati-Schrédinger (RS) equation [24] for the level Fy(a). The RS function wy(z;a) presents
a simple pole at each node of the eigenstates 1y (x; a).

It is a well-known fact that the set of general Riccati equations is invariant under the group G of smooth SL(2,R)-
valued curves Map(R, SL(2,R)) [52, 53]. The particular of Riccati-Schrodinger equations is, as for it, preserved by
a specific subset of G. These transformations, called Darboux-Bécklund Transformations (DBT), are build from any
solution w, (z;a) of the initial RS equation Eq(2) as [24, 52, 53]

Awn) (v Ex(a) — Ey(a)
wa(wsa) " ) (w0) = —wy(wia) + =2 T, (3)
where Ey(a) > E,(a). Then wf\y) is a solution of the RS equation:
—w(u)/(:c' a) + w” (x;a) . VW (xz;a) — Ex( 4
A 3 A ) ) A a)v ( )
with the same energy F)(a) as in Eq(2) but with a modified potential
VW (z;0) = V(z;a) + 20, (23 a). (5)
This can be schematically resumed as
Alw) W)
oy (6)
A(“’V)
vV o= vw
The corresponding eigenstate of H®)(a) = —d?/dz® + V) (z;a) can be written
Vo) =exp (= [aruld (@) ~ oA r(s:0), )
Ex(a) — Ey(a)
where A (a) is a first order operator given by
A(wy) = d/dx + w,(x;a). (8)

From V, the DBT generates a new potential V(*) (quasi) isospectral to the original one and its eigenfunctions
are directly obtained from those of V' via Eq(7). If the initial system is exactly solvable, which is the case of the
translationally shape invariant potentials (T'SIP), this scheme allows to build new exactly solvable potentials.
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Nevertheless, in general, w, (z; a) and then the transformed potential V*) (z; a) are singular at the nodes of ¥, (z; a).
For instance, if v, (z;a) (v = n) is a bound state of ﬁ(a), V(") ig regular only when n = 0, that is when ,—¢ is
the ground state of H , and we recover the usual SUSY partnership in quantum mechanics. Starting from an excited
state, that is for n > 1, the transformed potential presents exactly n second order poles and a priori we cannot use
A (wy,) to build a regular potential. We can however envisage to use any other regular solution of Eq(2) as long as it
has no zero on the considered real interval I, even if it does not correspond to a physical state. As shown in the case
of the isotonic oscillator, we can obtain such solutions by using specific discrete symmetries I'; which are covariance
transformations for the considered family of potentials

{ N ada )
V(z;a) 3 V(z;a;) =V(x;a)+U(a).

I'; acts on the parameters of the potential and transforms the RS function of a physical eigenstate w, into a
unphysical RS function vy, ;(x;a) = T'; (wp(x;a)) = wy(z;a;) associated to the eigenvalue &, ;(a) = T'; (E,(a)) =
U (a) — En(a;) < 0.

—vpi(@a) + vy i(wa) = V(wa) — Enia). (10)

We cannot ensure that V(x;a) > &, (a) on the whole interval I but we can make use of the following theorem of

Bocher [46]:
Bocher’s theorem

If there exists a continuously derivable function W (x) such that Vo € [A, B] C R

W'(z) + W3(z) < G(x), (11)
then every non zero solution of
(K(2)®'(z))" — G(z)®(z) =0, K(z) >0 (12)
admits at most one zero on [4, BJ.
Since Vx € I
—wp(w;a) +wi(z;a) < V(z;a) — Eni(a), (13)

we satisfy the condition Eq(11) with W (z) = —wo(z;a) and G(z) = V(z;a) — &,,:(a). Consequently

Gns(a; ) = exp (— / dmvn,i(:n;a)) (14)

being a solution of

Pni(@5a) = (V(w;a) — Eni(a)) dn.i(r;0) =0 (15)

on I, it admits at most one simple zero on every compact subset of I. In the case where it has no zero, v,(z;a) =
—@!(z;a)/dn(z; a) is regular on I. Then the extended potential (see Eq(5) and Eq(7))

y (i) (z;0) = V(z;a) + QU;M-(JU; a) (16)



is a regular extension of V(x;a) isospectral to this last and the eigenstates of which being given by (see Eq(3))

Ex(a)—En,i(a)

vn,i(x;0) —wk (z;a)

o ws) = exp (= [ dow @30)) ~ st A ) vnlaio)

w,i"’i) (z;a) = —vpi(z;a) +

(17)

for the respective energies Ej(a). If we suppose that this isospectrality is strict, by applying the same DBT to an
unphysical eigenstate ¢ ; we obtain an unphysical eigenstate qﬁé"]’-z) of V(™1 with the same negative energy Ek,j

n,i Er i(a)—En i(a
oy (w0) = —vnu(wia) + SEEGSC (18)
015 (w5 a) = exp (= [ davy" (@:0) ) ~ ——dees A (v01) b (a50).

If 1/¢y(x; a) satisfies the appropriate boundary conditions, then it is a physical eigenstate of HmD (a) = —d?/dx®+
V(9 (2 a) for the eigenvalue since the corresponding RS function —w,, ;(z;a) is a solution of

—w'(z30) + (w(z30)* = VI (250) - €,,4(a). (19)

In this case we only have quasi-isospectrality between V' (z;a) and V(i) (x;a) and the unphysical eigenstates can
a priori be transformed into physical ones. This construction can be summarized by the following diagram

A(Un,i)

E,>0: w, — w,i"’i) }Physical RS functions
Tl
Ani) () . . . (20)
Ekj<0: wg; — v, } Regularized (unphysical) RS functions
~~ A(vn,q v
v (H ) V() Potentials
with
1P}(cnlyi) = A(vni) Vr (21)
015" = A(Un) dr;-

The above procedure can be viewed as a “generalized SUSY QM partnership” where the
DBT can be based on excited states RS functions properly regularized by the symmetry TI;.

B. Isotonic oscillator

Consider the isotonic oscillator potential (ie the radial effective potential for a three dimensional isotropic harmonic
oscillator with zero ground-state energy)

2
-1
V(z;w,a) = wzch + (1(&72) + Vo(w,a), = >0, (22)
x
with a =141 > 1 and Vy(w,a) = —w (a—|— %) Its physical spectrum is characterized by the (unnormalized)
eigenfunctions (z = wz?/2, a = a — 1/2)
E, (a) = 2nw, ¥, (z;w,a) = x“e_Z/QLg (2), (23)

or, equivalently by the associated RS functions [24]



wp (23w, a) = wo(z;w, a) + Ry (z;w, a), (24)
with
wo(T;w,a) = %:c - % (25)
and
o d) = —2nw 2n—j+ 1w 2w
B30, ) wr — (2a+1) /z— " wr—(2(a+j)—1)/x— "t wx—(2(a+n)—1)/x
— o (log (I (=) (26)

We have three possible discrete symmetries (see Eq(9) ) given by

)

w Dt (—w), { V(z;w, Cll“) o V(z;w,a) + w(2a+ 1) (27)
wp (23w, a) = U1 (2w, a) = wy(r; —w, a),
2)
o5 1a,{ V(m;w,ra) 5 V(z;w,a) + w(2a — 1) (28)
Wp(T;w,a) = U 2(T;w, a) = wy(r;w, 1 —a),
3)
(@, 0) Pa=Tol'- (—w,1— a) V(z;w,a) Iy V(z;w,a) + 2w (29)
’ ’ wy (W, a) Iy Un 3(T;w,a) = wp(z; —w, 1 — a).

In the (w, @) parameters plane, I'y and I'_ correspond respectively to the reflections with respect to the axes w =0
and a = 0.

To each of these symmetries is associated family of DBT A (v, ;) which generate the three infinite series L1, L2
and L3 of regular rationally solvable extensions of the isotonic potential, the physical eigenstates of the L1 and L2
series being expressible in terms of exceptional Laguerre polynomials of the L1 and L2 types respectively.

C. L1 series

For the L1 series we have, writing ¢ 4 (x;w, a) = exp (— [ dzvg 4 (x5 w, a))

ﬁ(w,a)quJr(m;w,a) = gn, (w,a)q§n7+(ﬂc;w,a) . _
T B T 5 @ = P <0 G0)

where (z = wz?/2, a =a —1/2)

¢n,+ (:c;w, a) = z“ exp (2/2) Lf{ (72) (31)
Un 4+ (23w, @) = vo 4 (T30, ) + Qn 1 (T3w, @)
with
Vo4 (T30, 0) = — oz — = (32)

2 T



and

B 2nw R 2(n—j+ 1w » 2w
wr+ (2a+1)/z+ 7 wr+Q2(a+j)-1)/z+ T wr+2(a+n)-1)/z
— (o5 (15 (—2)))'-

Since the eigenvalue &, 4+ (w, a) associated to ¢, +(z;w, a) is negative, this last not a physical state and, ¢, + being
non oscillatory, it has at most one node on the positive half line. Since we have

Qn,+(z; W, a‘) =

I () - Aetles

n.

r—0t NS , (34)
1) o~ S
then
n+ (r;w,a) — Z£oo
Gn+ ( ) eotee (35)
On+ (T;w,a) — 0,
z—0t

and ¢, + keeps a constant sign on ]0, +oo[ which means that v, 4 (z;w, a) is regular on this interval. Note that this
result implies in particular that L% (—z) has no zero on the positive half line which agrees with the Kienast-Lawton-
Hahn theorem [48, 49].

w,gn’+)(x;w, a) and 1/),2"’+)(:E; w,a) = exp (* J dzw,in’+)(x;w, a)) satisfy then

}AI(”’"’)(M, a)z/J,(c"’Jr)(x;w, a) = B, (w) ,(Cn’Jr)(:E;w, a)

2 , 36
—uf Y (@sw,0) + (0P (@50,0)) = VO (@30,0) - B (@) %

with

V("*Jr)(:c;w, a) =V(z;w,a) + 2v;1+(z;w, a). (37)

For every n > 0, V™) (2;w a) is regular on the positive half line and strictly isospectral to V(z;w,a)
(1/¢pn +(x;w,a) = exp (f dxvg 4+ (z;w, a)) is not a physical eigenstate although it is an eigenfunction of H"4) (w,a) =
—d?/dx? + VD (2;w, a) associated to the eigenvalue &, 4 (w,a) < 0)

VO (2w, a) = V(e w,a_1) + 2Q,, 4 (z;w,0) = V(z;w,0a). (38)

180

All the (unnormalized) physical eigenfunctions of H™+) are then of the form

W (3w, 0) = A (vn4) Yi(a3w,a), k>0, (39)

More precisely, using the identity L2 (z) + L3t (2) = Lot (2)

O (@3 w,0) = (Un 4 (350, a) — wi (w50, ) Vg (50, a) (40)
B gatl exp(—z/2)
= e Ty
where
L o (2) = L8 (—2) Lg* (2) + Lo+ (—2) L (2) (41)



which is a polynomial of degree n + k, namely an exceptional Laguerre polynomial (ELP) of the L1 series. From the
orthogonality conditions on the eigenstates for fixed values of n and a, the L1 ELP L:; k.o (z) constitute an orthogonal
family with respect to the weight

29 exp(—2)

W (2) = (42)
(Lg (—2))°
which is complete in L?/w [0, +o0].
D. L2 series
For the L2 series we have, writing ¢, _ (z;w, a) = exp (— [ dzvy, — (z;w, a))
H(w,a)pn,- (70, 0) = En - (0, a)pno(w;0,0) _
L e ey e = B, 1)
where
b, (v;w,a) = 21" %exp (—2/2) L;* (2) (44)
Up,—(T;w,a) = vy, - (T;w,a) + Qn,— (T;w,a)
with
-1
vo,—(z;w, 1) = g:c +2 (45)
and
—2nw 2(n—j+ 1w 2w
n—(r;w,a) = o r - r.r 46
@n,—(@5w,a) wx + (2a — 3) Jz— wr+ (2(a—j)—1)/z— wx+ (2(a—n)—1) /x (46)

= —wa (log (L, (z)))/

Only for & = a — 1/2 > n, the eigenvalue &, _(w,a) associated to ¢, —(x;w,a) is negative and this last is not a

physical state of H (w,a). Moreover, ¢, _ is non oscillatory and has at most one node on the positive half line. Since
we have (see Eq(34))

T—r+00
On,— (T3w,a) — Foo, (47)
x—0

{qﬁn,_(a};w,a) — 0F

where + = (—1)", ¢,.— keeps a constant sign on ]0, +-o0o[ which means that v, _(z;w,a) is regular on this interval.
Note that this result implies in particular that L, * () has no zero on the positive half line when « > n and again we
recover the content of the Kienast-Lawton-Hahn theorem [48, 49].

w,gn’_)(z;w, a) and 1/}](:’_)(1';&], a) = exp (— fdxw,g"’_)(z;w, a)) satisfy

H ) (w, )" 7 (20, a) = By, (0) 97 (20, a)

2 , 48
—w,(c"’f)/(x;w, a) + (w,(cn’f)(:n;w, a)) = V("’_)(:I:;w, a) — By (w) (48)

with

V(”’f)(:c;w, a) =V(z;w,a)+ 2“;,—(50;007 a). (49)



V=) (2;w,a) is regular on the positive half line and strictly isospectral to V(z;w,a) (1/¢n _(z;w,a) =
exp ([ davg,—(x;w,a)) is not a physical eigenstate although it is an eigenfunction of H™ Nw,a) = —d?/dz? +
V=) (25w, a) associated to the eigenvalue &, _(w,a) < 0)

V(”’f)(:c;w,a) =V(z;w,a-1) + QQ;L’Q(:c;w,a) = V(z;w,a). (50)

All the (unnormalized) physical eigenfunctions of H™=) are then of the form

B (@50, 0) = A (vn_) i (0, ), k> 0. (51)

More precisely, using the identity 2L} (2) = (n + a) LS, (2) — nL& (2)

T (@wa) = (- (w3w,0) — wi(@5w,0)) Yr(w;w, ) (52)
1 x4 Lexp(—z/2)

—L
9 .k, (Z) L;“ (Z) ’

where

Ly g (2) = (k+n+a) Lif (2) L, (2) = (=04 @) L (2) L, % (2) = (B + o) Ly (2) L, (2) (53)

is a polynomial of degree n + k, namely an exceptional Laguerre polynomial (ELP) of the L2 series. From the

orthogonality conditions on the eigenstates for fixed values of n and a (with o > n), the L2 ELP L,  (z) constitute
an orthogonal family with respect to the weight

z%exp(—2z)

W)= e (54)

E. L3 series

For the L3 series we have, writing ¢ 3(x;w, a) = exp (— [ dzvy 3(x; w, a))

H(w,a)pn3(7;w,a) = En3(w, ) pn 3 (75w, a)
’ ’ B L Enalwsa) = B, .
{ 7”’11,3(1';(*]5 a) + v’r21,3(z;wa a‘) = V(z,w, a) - En,3(w) ’ ¢ 73(w a) (1) (W) <0 (55)
where
bn3(r;w,a) = 21" %exp (2/2) L;* (—2) (56)
Un3(T;w,a) = vo3(z;w,a) + Qns(r;w,a) ’
with
w a—1
vo3(z;w,l) = -3¢ + (57)
and
2nw 2(n—j+ 1w 2w
: = r.r ..
@na(w; ;) wz — (2a — 3) Jz+ wr— (2(a—j)—1)/z+ wr—(2(a—n)—1)/x (58)

— (log (L, (~wa?/2)))’ .
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The eigenvalue &, 3(w) associated to ¢, 3(z;w,a) is always negative and this last is not a physical state of H (w,a)
. Moreover, ¢, 3 is non oscillatory and has at most one node on the positive half line. Since we have (see Eq(34))

r— 400
On.3 (T;w,a) — oo, (59)
x—0

{qﬁn,g(:n;w,a) - 40

where + = (—1)", ¢, 3 keeps a constant sign on ]0, +o00[ when n is even (in which case v, 3(x;w,a) is regular on this
interval) and presents one node on |0, +oco[ when n is odd (in which case v, 3(z;w, a) has a singularity). Note that

this result implies in particular that LS“) (—z) has 0 or 1 zero on the positive half line in relation with the parity of
n. This result is again coherent with the Kienast-Lawton-Hahn theorem [48, 49]

wf™ (@, 0) and v (@, 0) = exp (— [ daw™” (z:10.a) ) satisly

HO (w, a)p"? (5w, a) = By () " (w0, )

; , 60
"™ (23w, a0) + (w,(c"’g)(x;w, a)) =V (2;0,a) — By (w) o
with
V(nvg)(x;w’a) = V([I],w’a) +2’U,:l,3($;w,a). (61)
For n even V(™3 (z;w, a) is regular on the positive half line and quasi isospectral to V(z;w, a)
V("’S)(x;w, a) =V(r;w,a_1) + 2Q;L73(:c;w, a) = V(zr;w,a). (62)

180

Indeed, in this case 1/¢,, 3(x;w,a) = exp (f dzvg,3(x;w, a)) is normalizable and then admissible as physical eigen-
state of lowest eigenvalue for H™?3) (w, a) = —d?/dx? + V(™3 (z;w,a). All the (unnormalized) physical eigenfunctions
of H™3) are then of the form

,l/)(_n,?)) (1" w, a) = 1/¢n,3(1‘a w, a) = exp (f dZL"Uk73(SC;CU, a)) (63)
O (@5 w,a) = A(vn3) Yr(z50,a), k>0,

for the corresponding energies
n,3
E™ (W) = E_(nay) (w) <0 (64)
E"Y (w) = By (), k> 0.

More precisely, using the identities 22211 (2) = (n 4+ ) LY_, (2) — nL2 (2)

n—1

O (@5 w,a) = (vna(@5w,0) — w230, a)) (250, ) (65)
_ - o) B lexp(=2/2)
= (DL 40 (x) == E——
where
L3 po (2) = 2L§ (2) Ly (—=2) + 2L301 (2) Ly (—=2) — aLg (2) Ly (—2) (66)

is a polynomial of degree n + k + 1. From the orthogonality conditions on the eigenstates for fixed values of n and a,
the L3 . (z) constitute an orthogonal family with respect to the weight

_ 2%exp(—2) (67)
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III. MULTI-STEP DBT AND NEW ELP
A. General formulation

The question of successive iterations of DBT is very natural and is at the center of the construction of the hierarchy
of hamiltonians in the usual SUSY QM scheme [30]. Staying at the formal level, it can be simply described by the
following straightforward generalization of Eq(6)

Awn) o) AWED) L a@le)y
wy wg 2 ; wg nv2) — wg\ L) (68)
Aw, A w'(/ul) wgul ,,,,,, V1)
V (>_>1) V(Vl) (>_$ ) V(V17V2).__ Alwr, — ) V(Vla---,l/m),
where wf\ul""’ym) is a RS function associated to the eigenvalue E of the potential
m—1 ,
[CZT Vm,) — . (V1 4yeeey vi—1)
V) (@i0) = Vwsa) +2 3 (w5 (z;0)) (69)
j=1
The corresponding eigenfunction is given by
L) (ra) = A (wire) ) gD (@a) = A (w0 LA () da (s o), (70)

(l/1 ----- Vm) (1/1 RN 7 1) (Vla---al’WLfl) (V17~~~7Vm,71) W (1/),92""’””*1), E\thﬂumril) | :L')
X (x;a) = (wym’ Ym-t(xya) — wy (J:;a)) (N (x;a) = C—— ,

Vm (‘T? a’)

(71)
where W (y1, ..., ym | ) is the wronskian of the functions y1, ..., Ym

vi(@) o ym(2)
W(?h,---,ym |‘T): (72)

S o
W (@) ey (@)

Other useful representations for the extended potentials and of their eigenfunctions are possible. From Sylvester’s
theorem we can deduce [47] the following property for the Wronskians

WW o ym), WY1, - ym—1,9) | )

w Y, s Ym, Y | ) = 73
(o1 <) W (1, st | 2) (73)
Using the identity [47]
W (uyn, .o, uym | ©) = "W (Y1, ooy Ym | ), (74)
this gives
W(y1,..., Ym) W(y1,..., Ym—1,Y)
W (yla ey Ymy Y | :C) — W (W(y17~--7ym—1)’ W(yla---aymfl) | :L') (75)

w (ylv o Ym | ZL') W yreeosymlz)

and comparing to Eq(71), we obtain
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V1,... V. W(’l/)l/ ;-'-;wv 71/))\|1')
P (3 ) = o : 76)
O CORST E (
which is the well known Crum formula [26, 29] for the eigenfunctions.
Inserting this result in Eq(69), we then deduce the Crum formula for the potential [26, 29]
V) (g:a) = V(za) + 2 (log W (Y, ooy, | 7)) (77)

Since all the functions 1., implied in the wronskians in Eq(76) and Eq(77) are eigenfunctions of the same hamil-
tonian H (a), the properties of the determinants allow us to replace in these wronskians the even derivatives 1/1,(,?“ by
(—Euj)l ¥y, and the odd derivatives wglﬂ) by (—Euj)l !

For instance ’
1/11/,1 Ex;ag 1/11/,21 Ex;ag
v (T30 vy (T30 21
W (1/11/1’ ---awum | (E) = l—.l.. l—.ln = A(Vh.“’um) (:L'; a) H Q/Jl/j (‘T; a) ) (78)
(_El/1)l71 wlfl (‘r; a’) (_Esz)l71 wllzl (‘r; a’) Jj=1
(=E) 4y, (5a) .. (=Ew) ¢y, (z50)
where
1
( ) . wy, (z;a) Wyy, (T3 0)
Al 2) (z:a) = (—1) o o (79)
(Ew) (Bva)
(Evy) wy, (m3a) oo (Buy) Wy, (730)
and
1/)71 Ex;ag 7/’721 Ex;a;
v xT;a Vo xT;a 21+1
w (7/)1/1; s Vugigs | z) = -1 = Alovar) (z;a) H Yy, (230),
(_Eul)l 1 L (T5a) .. (_Eu21+1) l /V2L+1 (x;a) j=1
l
(_EV1) wm (‘T;a) (_E’/2l+1) ¢u21+1 (‘T;a’)
(80)
where
1 1
wy, (z;a) Wy, (T50)
AW (30g) = (fl)l%rl*l o L ) (81)
(EVI) lel (SC,(I) (El/zl) wl’2l+ll (ZL',(J,)
(EVI) (EV21+1)

Then we obtain the representation of the 7,/15\”1""’” in terms the so-called Crum-Krein determinants A®1:-¥m)

26, 27, 33]

Vi, AWLvmN) (g0
) (25.0) = (50) S (;a)? )

Until now, all these results are purely formal. The central problem is now to choose in an appropriate way the
family of eigenfunctions (¢, ..., um) from which the successive DBT are built (see Eq(76) and Eq(69)) in order to
ensure the regularity of the successive extended potentials V (#1:¥m).
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A first answer has been given more than half a century ago by Crum [26]. The Crum proposal [26] is to take the
successive eigenstates of the discrete bound states spectrum starting from the ground state

(V1 ey Vm) = (0, .ccym — 1) (83)

Krein [27, 33, 34] extended this result showing it is possible to choose sets of unnecessarily successive eigenstates if
they satisfy a given condition, namely

(V1 ey Um) = (N1, ooy ) € N (84)

with

(n—n1)(n —ng)...(n —ny) >0, ¥n € N. (85)

This last is verified if the set (ni,...,n.;,) is constituted by ”aggregates” of an even number of eigenstates. The
possibility to employ sets of two juxtaposed eigenstates has been rediscovered later by Adler [28]. These results have
been used extensively in the context of higher order SUSY (see for instance [25, 30-33, 35-41]). In [37], Samsonov
has still extended the Krein-Adler result. Note finally that Fernandez et al [38] employed the specific " Wick rotated”
eigenfunctions of negative energies introduced by Shnol’ [21, 35, 42] to build successive extensions of the harmonic
potential.

Our aim is to consider the possibility to generalize our construction in a multi-step version on the basis of the
regularized RS functions (or unphysical eigenfunctions) obtained above. Staying at a formal level, it would correspond
to the following generalization of the diagram Eq(20) (see Eq(68))

(nq,i1) (nl,il ,,,,,, ”'mflvimfl)
A(vnyig) ; A('Unz,-;Q ) . . A(vnm,im ) ) )
Ep>0: wg — w(m,u) 2 w(m,zl,nz,m) N w(nlﬂllﬂ"wnﬁhlm)
k k L
il
(nq,i1) (nl,il ,,,,,, "’m—lvim—l) 86
A(Vny,iq) (n1,21) (UnZsiQ ) (n1,i1,m2,i2) A(’Unm,im ) (10150 Tl sim) ( )
i < U vgy — vy, — Uy ; — v,
5k,z 0 ki ki ki k,z
\ , N’ (n1,i1)y » (nl,il ,,,,,, ”'mflvimfl)
A(Unl’il) i A(vnz’iQ ) ; . A(vnwn,im, ) . .
\% — v (n1yin) — v (niinaiz) s Vit i i)

with v,g"") = vy,. Under this way, at, we generate chains of isospectral extensions V ("1:71:mm:im) of the potential V/,
the w,(cm’“”“""'""z’"') and the v,(v";’“””""m’l”ﬂ being RS functions of the extended potential (see Eq(69) and Eq(77))

m—1

. . . . Pi1 /
vt (ga) = Vi) +2 3 (ol @ a) (87)
j=1
= V(z;a) +2(10g W (¢ iy s s D i | )" (88)

associated respectively to the eigenvalues Ej, and & ;.
The corresponding eigenfunctions are given by (see Eq(71) and Eq(76))

W [CEREER M —1vm—1) LS RXS RIS M —1vm—1) .
<¢ Wi l N W(d’nl,il,---,¢nm,¢mﬂ/lk|l)

(n1,81 50 myim) (L nmoim
1/% (.’L',G/) - ¢(n,1,il,...,nm,l,im,l)(l_a) - W(d)’nl,ilﬁ---ﬁd)’nm,im'I)
nm,im ’
(n1si1,ees N—1sim—1) ,(P1,81,- Moy —1im—1) (89)
(nhil’.“’nmdim')(l"a) _ nm,tm 7k _ W(¢n1,i17~~~7¢nm,,im,a¢k,ill)
i ’ ¢$::;Yii:,;”"nmfldm*l)(m;a) W((Zb"l’il""’d)"m’im‘z)

Suppose that at the step m — 1 all the extended potentials in the chain are regular and strictly isospectral.

The problem is now to control the regularity of the potential V("1:i1:mmsim) and of its physical eigenstates
1/),2"1’“”“""’""%) as well as its strict isospectrality with V(1.4 -mm—14m-1) Thig is achieved if the unphysical eigen-

function qﬁg::zl"“’"m"l’im”l) is nodeless and if 1/¢£12:2:"""m"1’im”1) is not in the set of physical eigenstates.

m
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(M1,81,0 M —1,85-1)
Nyl
extended potential V ("1:1:--mmsim) and its strict isospectrality with the preceding one in the chain are then satisfied as

(77’177:177“'7"777,7177:77171)

soon as the unphysical eigenfunction associated to the DBT A(”nm,zm ) satisfies the appropriate boundary

conditions, which was laready the argument used above in the one step case. Namely, the strict isospectrality and the
(nl,il,...,nm,l,

Mm ,m

The Bocher’s theorem guarantees that the v is at most singular in one point. The regularity of the

regularity are satisfied when ¢ =1 tends to infinity at a limit of the interval and to zero at the other

limit of the definition interval.

B. Application to the isotonic oscillator

In the case of the isotonic oscillator, there are three type of regularization transformations I';, i = +, —, 3 associated
respectively to the three series of EOP L1, L2 and L3. At each step we can a priori use any of the three type if
regularized RS function. However, since the use of DBT associated to RS functions of the L3 series leads only to quasi
isospectrality, the argument above is no more valid. Consequently, in the following we exclude this case and consider
only DBT built from the RS functions of the L1 or L2 series. Note that for j = 4+, —, we can write synthetically (see
Eq(31) and Eq(44))

{ Enj(w,a) = —2w(a+j(n+ 1/2?) (90)
Pnj(T;w,0) = do j(x;w,a) 37 (—jz)
with
¢o,; (3w, a) ~ 27t 2 exp (j2/2), (91)
where « is supposed to statisfy the constraint a > —jn.
As for the corresponding RS functions, they are
LjCH-l o
Ui (T w, a) = v j(z;w,a) fjw, j ==, (92)
Ln® (=jz)
with
1
Uo,j(.r;w,a)z—;(j (z+a)+1/2). (93)

We have then to ensure the regularity and the strict isospectrality of the potentials V (71:71,-mm,im) (x;w,a) on the

M1 3T1 eeeyj—1,05— . .
fljlijl Imbl 1)($;w,a) satisfies the appropriate

boundary conditions on ]0,4o00[, that is, if it tends to zero at one end and +oco at the other end of this interval.
Indeed, in this case its inverse cannot be a physical eigenstate and, from Bocher’s theorem it cannot have any zero
on )0, +o0[. From Eq(82), we see that in the present case

positive half line. As mentioned above, this is achieved if each ¢

¢(n171_'1,...,nm—1,im71)(:E;a) _ ¢O,im (m;a) R(nl,il,,...,nm,im) (m;a), (94)

MNm s tm,

where

A(nlqilyywwnmqim) (1.; a)

A(nhil yree s Mm—1,%m—1) (.’L'; a)

ROwitseonimsin) (g 0) = Lin® (~ip2)

(95)

is a rational function. Due to the presence of the exponential in ¢ ;,, , the behaviour at infinity of ¢£:: ’fl""’"m’l’im’l)

is the same as for ¢g ;,, , namely
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(b(nlalla 177'7‘@7117:7‘%*1)(:1/.; w, a) z—>_->|-oo Eee)
(n1,21,..ey Nom—1,bm—1) [ .. 0 (96)
O (z;w,a) I_j_oo .

(n1,515m—1,0m—1)

Nom ,m

The absence of node for ¢ and the strict isospectrality between V(7121 mm—1im-1) apd

V (it nmsim) Care simultaneously ensured if and only if we have

d)(nl JE15eeny N —1,8m — 1)(x;w,a) N 0

¢(n17111 177/7n711i7n71)($; w, a) N j:oo
z—0

Mo, —

C. Two-step DBT

Before to consider the general case, we first consider the two-step case. We then have to check that the unphysical

eigenstates gbfglzle)

satisfy the appropriate boundary conditions. Using Eq(78), we have

w (¢n11i17¢n21i2 | :C) = ¢n11i1 (:L'; a) ¢n2,i2 (:C; a’) A(nl,il,nz,h) (:L'; a) (98)

with a > —i;n;, j = 1,2 and where

(¢

A(nl’ihnz’h) (1'; a) = (vn27i2 (:C; a’) — Uny,ig (:L'; a))
2 i . ; . Lie (—ilz) Lize (—igz)
— i _ o Lo (_ igo ny no
(511,12 (20 L (i) L (=ioz) -2 i Lt (—iaz) i LR (—izz)

a L™ (—i12) LY (—izz)
. . ni+iia na+izq
2 N ni +i1a (ng + i L (nmzz (n Zo)t
I%O x(n1+11a) (n2+12a) ’ ny N9 i ( 1+%1 ) i ( 2+2 )

nlfl ne— 1

+O0(z ))

since

k k . (1
L2 (0) = +a) _(k+a)..( +a). (100)
k k!
If il = i2 = i, then
( ) ) n1+ia) (n2+ia)
ni,t,n2,? . ~ . ni. no. ~
AT Byt () (nfe) |50 o)
and (see Eq(82))
¢§Zl{1) (T30,a) = by (30) A9 (g:.q) ~ piots/2, (102)
z—
that is,
("11"") . a+1 :
Tiw,a) ~ T —0,ifa>1
Q?:Z’f) i) o (103)
it (wyw,a) ~ 2T — 00, ifa>2
’ z—0
If i1 = —ip = —i, then
(n1 —1i,n2 Z) 2
AMHTE2Y) (prg) ~ —a (104)

x—0
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and

O (5w, 0) = Gy (w3 w,0) AT ()~ gioTl/2, (105)

n2,? x—0

that is,

(n1,=) .. a—1/2 _ ,.a
Gy v (Tyw,a) ~ =2"=0
: (z;w,a) 3_2?_0‘_1/2 =27% =00 fa=>1 (106)

(nl 7+)
¢ z—0

nz,—

When a > sup(2,—iini) , we have the correct asymptotic behaviour which ensures the regularity of
V(inneia) (. a) and V"1 (25w, a) as their strict isospectrality with V (z;w,a) for every choice of (n1, i1, n2,i2)
with ny # no.

We then obtain a chain with two strictly isospectral regular successive extensions of V'

Ao, s L A@Y) o
Cri) i) T2 i )| (107)

Under the above condition, the eigenstates of V ("1:71:72:%2) are given by

ni,t1,Nn2,1% W(d)n 7 5¢n 7 51/}]6 | 1')
1/}( 1,41,M2,12) ria) = 1,01 2,92 , 108
b ( ) W(¢n1,i1;¢n2,i2 | (E) ( )

where, using Eq(74)

w (¢n1,i13¢n2,i2awk | 'T) =W ((bo,il (:L'7wa a)L’illlDé (_’le) ) ¢0,i2 (:L'7wa a)L;ilea (_’LQZ) ) 1/10($7 w, a)Lg (Z) | 'T) (109)
= (Wo(w;w,a))* W (80,0, (#) L™ (—ir2) , 60,4, (2) L2 (—in2) , L (2) | ),

with
¢0,;(T;w, a) e*, if j =+
8o i(z) = 22 P a 110
2 = o) (@) i = o
Using [47]
dz m(m—1)/2
Wt |2 = (F) Wi |2) (111)
this gives
W (Gnris s Braios Yk | @) = (warho (w3 w, a))> W (80,5, (2) L™ (—i12) , 00,1, (2) L2 (—inz) , Lt (2) | 2) - (112)
In the same manner
w (¢n11i17¢n21i2 | :C) =W (¢07i1 (x;w, G)szlla (71‘12) ) ¢0,i2 (x;w, a)L:an (71‘22) | :C) (113)

w (do,i(z5w,a))* W (8;,4, (2) LI (—i12) , 0, (2) L2 (—in2) | 2)

i =+, with



16

¢0,i(z;w, a) 1, ifj=1
0ij(2) = 2o 3 = oo i 114
5J (Z) (boj(l'ﬂx),@) (%) wazefzz7 lf] — 71 ( )

We can make use of the following identities [50]

I\

) = —Li* (2)
(n+a) 2271 Le7 1 (2)

(5 (
(L5 (2))

(€212 (2)) = —e L2 (2) (115)
(213 (2)) = (n+1) 22 Le—* L35 (2)
to obtain
W (bny s Gria s Ui | ) = P2 Ve™322W (210 (—2),e* LS, (=2), L (2) | 2) (116)
Ly, (=2) Ly, (=2) Ly (2)
= Wit e2/2| Lot () [oF1(—z) —LoFl(2)
Lyt (=2) Lyf? (—2) Li*3 (=
and
atl x| Lo (== Ly (==
W b | 2) =wretter | (7)) g (2 o
that is,
Ly (== L, (== LY (2)
Lyt (=2) Lof' (=2) =Lt (2)
1/)(erﬂan)(z.a) ~ p0t2o—2/2 gj_2 (_Z) Lg;ﬂ (_z) Lg+22 (z (118)
‘ | Iy (-2 I (—2)
Lil—l( 2) L%Z—l (—2)
Proceeding in a similar way we find
w (¢n1,—a¢n2,—awk | :E) (119)
—2«
2 at1) —32/2 30 Ca —a ara
= (;) g3atl) =32/2,-3 W (L% (), L2 (2), 2% L (2) | 2)
Ly (2) Ly (—=) 2L, (2)
-~ z3(a+1)e—3z/22—3a 7L;1a7+11 (z) *L;zfjl (72) (kJra)Za—ngfl (z)
L2 (z) Lt (z) (k+a)(k+a—1)2072027% (2)
1,-32/2 ngJr(f) Loz’ (;Z) ZQL% (042)1
~ gpratle—3z/ _Ln1721 (2) —L;;"jg (—2) (k+a)zLy™ ' (2) .
Ly (2) Lt () (k+a)(k+a—-1)L7%(2)
and
—oa —»| Li%(z)  L;*(z2)
W Gy s by, — | @) ~ 22077 | 0 e , 120
(i 1) L) 1 ) 120
that is,
Lt () L (=2) 2IR ()
*Lnf‘;% (2) *L;;'%Q (—2) (k+a)zLy (Z)2
e — L "5 (2 L2 (2) (k+a)(k+a—1)LF % (2)
(n1,—n2,—)/ . ~ 702 —z/2 ny—2 no—2 k 121
et e e L7 () Lo 2
Lot (2) Lnst(2)
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Also
W(¢n1,+7¢n2,77’¢)k | SC) (122)
2 —
= o (—) g3t e=32/2y, (eZL%1 (—2),2 "L, (2), Ly (2) | z)
w
Ly (=) 221, (2) L (2)
~ x| Lt (—2) (n2 — @)z L, 24 (2) Ly (2)
ng2 (—2) (n2—a)(ng —a— 1)L;2a+2 (2) Lgfg (2)
and
2\ —a,—z7—
W (fny 4+ Py — | 2) = w (;) 22t er W (Lf{l (=2),27 % *L,% (2) | z) (123)
Ly (==) 2Ly, (2)
Lyt (=2) (ne+1Lot (2) |
that is,
Ly (—2) 22,2 (2) L (2)
Lyt (=2) (n2 — )2 L2t (2) Ly (2)
BT (4 0) o g2 L8F2 (=2) (n2—a)(np —a—1)L;0%2 () L{T2 (2 . (124)
k ’ Ly (=2) 2Ly (2)
Lt (=2) (e + DI (2)

If a > 2, all these states satisfy the physical boundary conditions w,(cnl’il’nz’i2)(0;a) = w,(cnl’il’m’”)(—i—oo;a) =0.
They are of the following form

(n1,i1,n2,i2)
(nasin,mayia) N i Y (x;a)
(G (z3a) = to(w;a+i1 + ”)Q(m,il,nz,z‘z)(z;a)’ (125)
the Q(m1:#1:m2:82) and P,S"l’il’nz’”) being polynomials given by
Lo (=2) L% (—=2)
(n1,+,n2,+) T a ‘ o o
N (r0) = ot ) B )
L-%(z L>%(z
(r=m2 ) (50) = |20 e 126
@ (z;0) L(n j)f (z) LMt Ez; (126)
LY (—z zL-% (2
(n1,+m2,=) (e ) — n na
N () ’Liﬂl (—2) (n2+ DI, (2)
and
(n1,+,n2,+) [;%rll(iz) La?iﬂ(iZ) LEJr(lz)
B ) = | I (—2) L (—2) L ()
Lot (—2) Lof?(—2) Le55(2)
Ly (2) Ly (—=) 2L} (2)
(n1,—,n2,—)/ . _ | a4l _r—a+l(__ a—1
By (r;0) = | =L,y (2) =L (=2) (k+a)zLy™ (2) (127)
L;f“f; (2) L;f‘_"’f (2) (k—i—a)(k:—l—a—l)Lz‘_Q (2)
Ly (—2) 2Ly (2) L (2)
Pt (gra) = | L (—2) (n2 — a)zLy 2+ (2) — L3 (2)
LyF? (=2) (n2—a)(na —a = L2 (2)  Li75(2)
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IV. GENERAL CASE

Consider now the general case of a m-step DBT. We suppose that we have built a chain of m — 1 regular strictly
isospectral potentials

(1,i1) (n1i15 o mm—2im—2)
A(vnq,iq) (n1i1) A(Unz,iZ ) A(U"mfl’iyn—l ) (n1,i n 3 )
— yinnn — — Vit m—1,tm—1) | (128)

(n11i17~~~7nm717im71)

We have to determine what is the constraint to implement for the unphysical eigenfunction ¢, *’;"’
in order that it satisfies the good boundary conditions Eq(97) necessary to build a regular and strictly isospectral
extension V/(71:41,-mm.im) at the next step.

We pr}?ve by induction the following result for the unphysical eigenfunctions of the potential obtained at the
(m —1)" step

d)g:::;i;m’nmihimil)(z;W;a) m:O zim(aJrq(il,...,im))fl/Q (129)
or
¢§lr::$,...,nm71,im71)(z;w,a) m:O plota(in,... im))—1/2 (55::71:?."}7”»7”7117171.71171)(0) + O(Z)) s =+ (130)
qﬁg:f"“’"m*l’im’l)(m;w,a) m:O x—(a-i-q(il,...,im))—l/Q (55;::7:717“'7nmfl77:m—1)(0) + O(Z)) A ’
with 55;::3;""’"”“1’”“1)(0) # 0 and where q (i1, ..., tm) = g+ (1, -y i) —q— (1, <+, bm ), g+ (41, ..., im ) being the number

of i; equal to £ in the set (i1,...,%m). ¢+ (i1, ...,%m) can be viewed as the number of state of ”+ charge” used in the
chain of DBT at the m?" step and the difference ¢ (i1, ..., %,,) as the total charge in this chain. We then have

Mo, +

¢(nlvila---qnm—lqim—l)
M, —

pUm b nme i) (g q) 5 0, if a > —q (i1, oy ime1,+) + 1= —q (i1, oy im—1)
x—0 (131)

(z;w,a) o ifa>—q(i1, . im-1,—)=1—q (i1, ., im—-1),

which are necessary conditions in order that the potentials YV (minsnmt) and V(i onm =) regpectively are regular
and strictly isospectral to V("1-i:nm-1im-1) = Note that these constraints are independent of the n; but depend

only on the type of the states used to build the chain.
Refering to the results obtained in the 2-step case, we can verify this property is verified for m = 2 since

(+,+)=—q(—,—)=2
{ qq (+ﬂ 7) = qq(77+) =0 - (132)

Suppose that Eq(129) is verified till the (m — 1)th step, that is,

¢5}7;,i1,...,nm—2,im72)(x;w7a) m:O zj(a-l—q(h,...,im,g,j))—l/Q. (133)

(77/1 1i17~~~7nm727im72)
MNm—1,tm—1

Since V (Mi1:nmm—1,im—1) j5 supposed regular, ¢ must satisfy the good boundary conditions Eq(97)

(n1,81, R —2,8m—2) (. gty yim—2)+1)—1/2
¢nm71,+ (x,w, a) 20 € ij Oa (134)
if i;,—1 = +, which implies a > —q (41, ..., im—2, +) and

¢(n17i17m7nm727im72)

P (210,0) ~ a(Holinin D172 o (135)

z—0 z—0

if 4,1 = —, which implies a > 1 — q (i1, ..., tm—2, —).
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ni,i n [ ni,t Mo —2ybm— . . s ; ; .
Since ( Ll Pm=2,8m=2) o ( 101 =2,0m=2) g16 hoth eigenfunctions of H (it mm—2,im—2) yusing the wron-
—1stm—1 )

skian theorem [51] in Eq(89) we can Write the unphysical eigenfunctions at the (m — 1)th step as

(M1,81,0e M —1,8m —1)

k7i (Z';w,a) — Nom—1,tm—1

i n1 11 ..... N, — z,imfz) . (nl,il ..... ’nm72,im72) .
(gnmq,lm 1 5161)[ dgo (£,w,a) ki (nyaCHgG

(;5(7117117 SMm—2,im—2)
MNm—1,tm—1

N1 ,81 s N —2,8m— N1,81,..., N —2,Tm —
W((b(ll' m—2,m—2) (_11 msz)le)

(z;w,a)

Mm —1,tm—1 » Tkt

+

¢(n11i1 ----- N —1,0m—1)

Mm —1,tm—1 (:C;w,a,)

We have to consider four cases corresponding to the four possible couples (i,,—1,1).
Consider first the case ¢ = i,,—1 = + in which we take zy = 0. Using Eq(134), Eq(136) gives

S dggl it zin =) (g )it im=2) (¢

(b(nlalla M — 2,8 — 2)(
Nm—1,+

¢(n11111 1nWL721iWL727n7n711+)(

o
doo
S~—

Tyw,a) = (Enm717+ — 5k7+)
Tyw,a)
= (Enpst — Ert) glotatin,in-2)+/DH (ot 4 O(z2))

~ plota(in,im—2,+,+))=1/2
)

z—0

In the case i = i,,—1 = — in which we take 29 = +00, we have similarly with Eq(135) and Eq(136)

_ fl'i'oo dé—(b?(,l":fll:i-anm—Zaim—Z)(6;w, a) étlivih“w"mf%imf?)(é';

(n1,81, m—2,tm—2,m —1

, —2,im—2, *’7)(z'wa) = (& _£
_ [hadt} - Nm—1,— k,— N1,21 53N —2,bm —
k, ( 1 ) ¢5M:L11,7—7 m—2,0m 2)($;w7a)
= (Enpnim = E=) @ (OF At ZUR2H (const + O(2))

~ x_(a""qu’l1---11'7‘@727_7—))—1/2’

z—0

It remains to comsider the cases i = + = —i,,_1 and ¢ = — = —4,,_1. Since (bnl AL —2im=2) o
(b(m’“’ smm=2im=2) pave not the same behavior nor at 0 nor at 00, formula Eq(136) is not adapted and we pro-

ceed by a direct calculation of the wronskian W ((b("l’“’ PTm =2yt 2), qﬁ(m’“’ PTm=2tm—2) | x) Using (see Eq(130))

¢("17111 177'7‘@7217/7‘@72)(!%;“, a) ~ x(a+Q(i17~~~7im72))+1/2 (qﬁg:jr’“""’nm*z’szz)(O) + O(Z))

(n1,81, M —2,tm—2) o0 ; ; 1/2 {( 7(n1,61,e s —2,im—2) (139)
R CHAN) o 20+ a(in,im—2))+1/ (éf’nmil,’:’ m=2im-2) () +O(z)) :
we obtain
W (Qﬁg:flh, M — 2,8 — 2)’¢(n1,l1, M —2,%m—2) | .T)
(@ (i eime2)) 4 1/2) G ) (@)l ) (0) 4+ O(2) (140)
—(— @+ q (i1, emyim—2)) +1/2) ¢<’“ e 2itn2) () gl i om-2in=2) () 1 O(z),
that is,
W (Qﬁf;:il: M — 2T — 2)’¢(n1,l1, M —2,%m—2) | .T)
e (@ i1 ey b)) G ()G e e 2 (0) 4 O2), (141)

Consequently
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¢§c"jr’i1""’"”L*Z’im”’"""’l’_)(:E;w, a)
o~ 2(atq(in, e im—2)) gyt tmezim=2) (g)g(atalinein-2)=1/2 (1 4 O(z)) (142)
o (@i, = 4))—1/2
x—0
and
](:i,il,...,nm,g,im,2,nm,,1,+)(x;w’a) — v (qﬁg:il’l,nm*%lm”)’ gfiv“v“'v"m'*?’“”*?) | :z:) (143)

¢(nlvilv---qnm721im72)

P 1+ (z;w, a)

0y =2 (@ G i1 ey i) G ) Q) (A2 T2 (14 O(2)

_(O‘+Q(i17~~~7im,727+1_))_1/2.

x

~ I
x—0

The result Eq(129) is then still valid at the m®” step.

We still have to verify that this condition is compatible with the regularity of the preceding potentials in the chain.
For that, note that at the m*" step the explicit expression of the resulting potential and its associated eigenfunctions are
a priori independent of the ordering chosen for the sequence . This means that we can consider several chains leading to
the same extended potential. Consider the case where in the set (11,41, ..., -2, tm—2, "m—1, im—1) We group first all

the n; associated to a positive i,, namely we arrange the chain as (n'l, By ey Mgy g s Mg 15 Gy 41 s Mpp— 15 Tt | =

(n’l,Jr,...,n;+,+,n’q++1,7,...,n;n_1,7), where (n’l,...,n;n_l) is a permutation of (ni,...,nm,—1) and where ¢ =
q+ (ila"'aim—l)'
Suppose first that ¢4 = m—1, that is, i, = +, Vj € {1,...,m — 1}. Vj € {1,...,m — 1} we have 1 —q; (z’l, ,z;) <0

o Ay
N0,

and since a > 1, the ¢, are all nodeless implying the regularity of all the potentials v (miteenid) in the

SR
chain.
Suppose now that ¢ < m — 1, that is, i,y = —. The condition a > 1 — q(i},...,il,_) = 2 —
q (14, sty _o) > 1—q (i, ..., il _) implies the absence of node for (br(:l’h"”’nm”’lm”) and consequently the regularity
m—1’

of V(n;,i’l,...,ninil,iinil).

We can iterate this reasoning to go backward along the chain and we see clearly that at each step, the opposite of
the ”total charge” decreases, ensuring the regularity of the associated potential. In this procedure, once we attain the
level g4, we have eliminated all the negative z; and retrieve then the first case.

Consequently, if we satisfy the condition a > 1 — ¢q (41, ...,%m—1) at the step m, we are not only ensured of the
regularity of the corresponding m!" extension V ("1:71:--mm:im) hut also of the existence of a chain of regular extensions
which leads to V(7115 mmsim)

V. EIGENSTATES

We can generalize the calculations made in the two-step case to determine explicit expressions for the eigenstates of
the successive extensions. For that we adopt the ordering mentioned above and consider the spectrum of the potential

v (mbng, dimay = im =) where ¢+ = q4 (i1, ...,im). Using Eq(74) and Eq(111), we have

W (qsnﬁ, s Bragy s oees Brag, 41rsoes s U | x) (144)
= (w2)™ D2 (o (23w, 0))" W (50,+L5;1 (=2) B0 Ly, (=2),00-Ly® |, (2) e G0,- Ly (2), L (2) | x)

Mgy +1

~ x(m+1)(ﬂ%/2+a)e*(m+l)z/2w (engl (7/2) s eszq+ (72,) , Z*QL;;-;JA (Z) i ZﬁaL;i‘(z% Lg (Z) | :L') ,

that is, with Eq(115)
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w (¢n1,+7 ey ¢nq+,+ﬂ ) ¢nq++1,f; ey d)nm,fv"/)k | JS) (
~ gp(mtD)(m/24a) (a4 —(m+1)/2)z , —(m—gi)(a+m)
Ly (—z) .. L%” (—2) sz;;'iH (2) 2™ L, (2) L (=)
L™ (=2) .. Lf;qtm (=2) (ngps1—a—m+1) Lyt (2) o (M—a—m+1),  Loo"™(z) (—=1)" L™ (

where (z), = 2(z + 1)...(x + n — 1) is the usual Pochhammer symbol.
In the same manner

w (¢n1,+7 ey ¢nq+,+ﬂ ) ¢nq++1,f; cey d)nm,* | JS) (146)

— (wz)™m—D/2 (o4 (z;w,a))" W (Lf;l (=2), s Lf{q+ (—z), 6+,_L;:‘++1 (2) 0 04— L, % (2) | x)

~ gm(m=1)/24a) mz/2py/ (Lg1 (=2),n Ly, (=2),27%€ "Ly | (2) 0y 27 e L0 (2) | x) ;

that is,
w (¢n1,+5 ceey ¢nq+,+7 L) ¢nq++1,*7 sy anm,* | ZL') (147)
o p((m=1)/2+a) (m—g;)(—a—m+1)) ;—(m/2—q} )=
(o7 @ m—17—« m—17—«
Ly (—z) .. an+ (—2) z an++1 (2) 2L (2)
LS (22) e LS (22) (mysr 1)y Lt (2) o O+ D)y LT (2)

Eq(89) gives then

(nl7+a---177/q+7+177/q++11_1----177/m1_)
SR -+, y—yeeeny my— . . P z
w,gnl ap ey " )(:c;w,a) ~aho(Tyw, a4 q (i, i) ( ), (148)
Q(n17+,---anq+a+7"q++17_7~~~~7nm7_)(Z)
where the two polynomials Q("l’+""’""+’+’""++1’_""""m’_) and Pk(nmL """ g rillas 41,7 ) are given by
Pk(nl,+7~~~7nq+a+7nq++17_7~~~~7nm7_)(Z) (14
Ly (—z) .. Lf{q+ (—2) sz;qo;H (2) 2L (2) L¢ (2)
LoFm (—z) .. Lf;;;m (—=2) (Rgyt1—a—m+ 1)m_1 L;ﬁ;’f (2) . (M —a—m+1), Lo ™(2) (-1)" LA (2
and
Q(er »»»»» gy Mgy +1,= T, —) (2) (150)
Ly (=) L%” (—2) zm’lL;qo;H (2) szngi‘(z)
Lot (=2) o Lo nyn (=2) (ngein +1),, L2 1 (2) oo (e 1)y Lt 5 (2)

The z/;,i"l’il""’"m’im) are then obtained as the product of the modified ”gauge factor” (ie fundamental state of the
initial potential) ¢o(z;w,a + q (i1, ..., %), multiplied by the ratio of two polynomials, the polynomial denominator
Q("1:715-mmyim) heing common to all the eigenstates of the considered extension. The orthogonality condition on the
w,gnl’zl""’"m’lm) ensure that the P,g"l’“"”’nm’lm)(z) constitute an orthogonal family with respect to the weight
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VI. SHAPE INVARIANCE

Consider a chain of regular strictly isospectral extensions

) A(p(101) A (”'lv_il ------ Mm—1sim—1)
A(’U)T:),tl) V(nl,il) (UT::7,2 ) (vnm,lm . V(nl,il,,...,nm,im)’ (151)
The superpartner of a  potential — V(itenmim) (g0 q) = V(i onme1im=1) (g: 0 a)  +
. . i
2 (vfﬁ”ﬂ""nm*hlm*l)(:I:;w, a)) is defined as
V(n17117»»»7nm,1m)(z;w, a) — V(nl,n,...,nm,Zm)(z;w, a) +2 (,wonhh,---,nm,lm (x;w, a)) 7 (152)

(N1,31 5 My m )
Wo (

r;w, a) being the RS function associated to the ground level of V ("1t nmsim) (Ey (w) = 0).
Since (see Eq(3))

. . . . £ . ,
w(()n1,11,...,nm,zm)($;w, a) _ _vr(l’r::iz:...,nmfhzm—l)(x;w’ a) - Non ,im (w(i)ﬁil7”v7nmil7imil) ,
o i (x;w,a) —wy (z;w,a)
(153)
we have
‘7(77/117;17~~~7"m17;m) ($7 w, a) — V(n17i1,...,nm,1,im71) ($7 w, a) (154)
I
& .
- < (P00, mm 150 1) e (w(,"?l%ilvnwnm,flvim,fl) ) . (155)
Upp i (73w, a) — wy (23w, q)
Suppose that the potential V (71:i1:mm-1,im-1) hag the same shape invariance properties than V'
~ . . . . . . I
V(’nlﬂlq---qnmflvlmfl)(z; w, a) _ V(n1,z1,...,nm71,1m—1)(1.; w, a) 49 (w(()nl,11,,,.,71771717177171)(:C;w7 a)) (156)
_ V(n17i1,...,nm71,im71)(x; w,a+ 1) + 2w.
As shown in [22], this is effectively the case for m = 2. It results
‘7(n1,i1,...,nm,im)(z; w, a) — V("lyil,---,nm—lqim—l)(z; w,a+ 1) (
!/
gnm,ﬂ:m, (W, a’) (77/177:17~~~77lm,7177:m,71)
-2 (N1,815e e —158m—1) . (P1,81 5 —1,8m—1) [ .. + wg (‘T;Waa) -
S (3w, a) —w, (x;w,a)
_ V(nl,zl,...,nm,zm)(z;w, a+1)+2w—2 (A(n1,117»»»7nm,1m)(z;w, a)) ,
where
A(nl,il,...,nm,im)(z;w,a) _ : . Enm,im (W;a). : (158)
,,(17::;71717~“7nm,7177‘m,71)(x;w, a) — w(()”lﬂhnwnmfwmfl)(x;w, a)
er(g’nl,il,...,nmfl,im—l)(x; w, a) + vir:,,ii;...,nm,l,im,l)(x; w,a+ 1)
Suppose also that
A(nl,il,...,nmfl,imfl)(x;w7 a) =0, (159)

which again is verified for m = 2 [22]. We can then write
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Enmflqimfl (w’ a)

(1" w, a) _ w(()’nl,il,...,nmfz,imfg)(

N1,81 e, — 2,8 — N1,21 53N —2,bm —
Ufz,,},,f,im,lm 2,0m 2)(x;w,a+1) — (() 1,01 m—2,%m 2)(x;w7a)f TR — .
T w,a)

Nm—1,0m—1

(160)
Moreover
w(n177:11---177/7n—117;7n—1)(x,w a) _ _,U(nlail1---177/77L7217:7n72)(:1;_w a) _ En i1 (W,a)
0 L] - Nom—1s8m—1 (e (n1yitse o mm—2sim—2), (n1+i1 - mm—2sim—2),
T — 11 im — (z,w,a)—wo (m,w,a)
(nl,il,...,nmfl,imfl) . _ (’nl,il,...,nmfz,imfz) . gnm,im(wqa)fgn ) — 1% ,1(“)10')
T, 8 (zawaa)*fn 1y (x,w,a)+ ML Py — 2 G — mn immn o im—
mytm m—1,tm—1 ( 1:%1> M —25tm 2) . ( 1:%1> M —25tm, 2) .
U —1rim—1 (m,w,a)fvnmyim (z;w,a)
(161)
and inserting Eq(161) and Eq(160) into Eq(158), we obtain
A(nlﬂhnwnmalm)(x;w, a) (162)
_ Snmqim (wa a)
gﬂm,im (w7a)7‘€’ﬂ-m,71,im,71(wva) g"yn—l!im,fl(w7a)
(n1vi1, 2 im—2) (n1it o mm_2im_2), (n1vi1, o —2yim—2) (n1vi1, 2 im—2)
N —1:tm—1 (z’w7a)7vnwmim, (I’w’a) vnm—lvimfl (z’w7a)7w0 (z,w,a)
_ (77’11i17~~~7nm,727im,72)(x_w a) . g’”wn—him,fl (w’ a)
N —1,im—1 L (n1,81,m—2,tm—2) /. (n1,01,e N —2,8m—2) (.
o (x;w,a) —wy (z;w,a)
(n1,81,0Nm—2,8m—2) Enmvim (w’ a+ 1) — &1 im 1 (Wa a+1)
TVt im—1 ('T;w’a+ 1) T (i n i ) (n1,2 n % )
—1stm— 1,01, Mm—2,tm—2 . i 158153 Mm—2,0m —2 .
N —1,tm—1 (z’w’a+ 1) ’Unm,ﬂ:m, (z’w,a+ 1)
_ Snmqim (wa a)
gﬂm,im (w7a)7‘€’ﬂ-m,71,im,71(wva) g’ﬂynfluim,71(w7a)
v("l!"lw*w”m,—Z”nL—Z)(z;wya)iv("l’11"“’"m,72’17n—2)(x;w1a) vg:jlljlj;;i‘;n—Z!lm,—Q)(z;wya)iw(()"lall’“"”m,72’17n—2)(z;wya)

"m—1*m—1 m,tm

g’”wn—him,fl (w’ a)

(nlqilyv”ynm727im72)(x_w a) _ w(nlqilywwnm727im72)(
; s Wy 0

NMm—1,tm—1
g’”wn—him,fl (w’ a)

(77/1 17;17~~~7nm,7277:m,72)
MNm—1,tm—1

(-T;wa a) -
Tyw,a)

(n1,81, R —2,8m—2) (.
+w0 (:Cy w, a) + (’nlqilq...qn'm,721im72)( . ) o (nl,il,...,nm,z,imfz)( ] )
Tn—1,8m—1 riw,a Wy Tiw,a
— gnmaim (W, a+ 1) - 577/m—1,7;m71 (w, a+ 1)
gnm,im (W#I) — g”m,fl’iynfl (w7a)

ML 38] e sy — D3y — MY 38] see ey Mgy — 238y —
(1,1, M —25tm, 2) (()lxl! M —25tm, 2)(m;w,a)

o 1 1imm 1 (z3w,a)—w

g:i:;lyi””nm’%lm’z)(m;w,a)fw(()"l’11””’"”“2’1’"’2) (ziw,a)

But using Eq(90) we deduce

5"777,77:777, (w’ a + 1) - g’”wn—him,fl (w’ a + 1) = g’”wnairn (w’ a) - g’”wn—him,—l (w’ a) ? (163)
which after insertion in Eq(162) and a little elementary algebra gives
A(m,ih...,nm,im)(x;w, a) =0. (164)
By induction, this property is verified for every m. Then Eq(157) becomes
V(”l’il""’"m’im)(x;w, a) = v(”l’il""’"m’i’")(x;w, a+1)+ 2w, (165)

that is, the potential has also the same shape invariance properties than the isotonic potential. The translational
shape invariance of the isotonic potential is then hereditary in such chain of extensions.
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VII. CONCLUSION

We have shown that the ”generalized SUSY QM partnership” that we have previously elaborated in a one-step
scheme can be extended in a multi-step formulation. We have proven the necessary conditions to obtain chains of
regular extensions of the isotonic potential of arbitrary length and have given explicit expressions for their eigenstates.
We also established explicitely the hereditary character of the shape invariance properties of the isotonic potential
which are common to all the potentials in a given chain.

The case of the generic potentials of the second category of primary TSIP [24], namely P&schl-Teller or Scarf
potentials, can be considered in the same way. This work is in progress and a forthcoming paper is in preparation.
For the first category exceptional TSIP, due to the strict isospectrality constraint, the only interesting case in which
we can envisage such chain of extensions is the ERKC potential [23]. This is the object of further investigations.
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