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Explanation of this revision
Paper number: ACSP-10-0174

First of all, the authors would like to express their sincere thanks to the Editor and the
anonymous reviewer for their helpful comments and suggestions. The explanation of the
modifications as well as corrections in this revision can be arranged as follows (comment
numbers are in 1:1 correspondence with the reviewers’ comments).

Reply to Dr. Andrea Lecchini-Visintini

Thank you very much for your time and efforts in coordinating the review process. Your
comprehensive summary of the review reports is much appreciated. In this revision, all
the comments from the reviewers have been seriously taken into account and thoroughly
implemented.

Reply to Reviewer No. 1

Thanks to this reviewer for the encouraging comments.

1) Page 2, the 3rd paragraph

In this revision, the following comment has been added to point out the advan-
tage and significance comparing with existing papers that addressed the stability of
Markovian jumping systems with incomplete transition probabilities:

“Comparing with [28,29], both the nonlinearities and time-varying delays are con-
sidered for Markovian jumping systems and therefore the model in this paper is more
general. In addition, the reliability issue is studied and a reliable filter is designed
in the presence of possible sensor failures. The main contributions are as follows.
1) The transition probabilities of the jumping process are assumed to be partly un-
known. The developed results are more general since they can be applied to Markovian
Jumping systems with completely known, completely unknown and partly unknown
transition probabilities. 2) The nonlinearities are introduced as exogenous nonlin-
ear disturbances which are described by statistical means. 8) The sensor failures
are described by a variable taking values in some interval. Note that such a de-
scription is more practical than the conventional outage case. 4) By using a novel
Lyapunov-Krasovskii functional and delay-partitioning technique, delay-dependent
sufficient conditions are obtained under which the filtering error system is asymptot-
ically mean-square stable with an Ho, disturbance attenuation level . 5) An extra
variable is introduced to realize the decoupling between the Lyapunov matrices and
the filtering error system matrices in order to reduce the conservatism.”
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2) Page 2, the 3rd paragraph

In this revision, the following comment has been added to further strengthen the
motivation for this paper.

“Comparing with [28,29], both the nonlinearities and time-varying delays are con-
sidered for Markovian jumping systems and therefore the model in this paper is more
general. In addition, the reliability issue is studied and a reliable filter is designed in

7

the presence of possible sensor failures.

3) Page 16, Conclusion

In this revision, the following comment has been added in the conclusion part on
the future research topics:

“The future research topics would include the extension of the main results devel-
oped in this paper to more general complex systems such as networked systems with
random packet losses, general stochastic systems, polynomial nonlinear systems and
functional differential equations of the neutral type.”

4) Throughout the paper, block-diagonal matrices have been used to make the big ma-

trices in a more compact format and similar LMIs have been rewritten in a uniform
expression, see e.g. inequality (40) on page 13.

5) The references

In this revision, the following papers have been added as references.

Z. Wu, H. Su and J. Chu, H filtering for singular systems with time-varying delay,
International Journal of Robust and Nonlinear Control, vol. 20, no. 11, pp. 1269-
1284, 2010.

Z. Wu, H. Su and J. Chu, H, filtering for singular Markovian jump systems with
time delay, International Journal of Robust and Nonlinear Control, vol. 20, no. 8,
pp- 939-957, 2010.

Reply to Reviewer No. 2

Thanks to this reviewer for the very positive comments.

(1) Page 2, the 3rd paragraph

In this revision, the main contributions have been explicitly stated as follows:

“The main contributions are as follows. 1) The transition probabilities of the jump-
1ng process are assumed to be partly unknown. The developed results are more general
since they can be applied to Markovian jumping systems with completely known, com-
pletely unknown and partly unknown transition probabilities. 2) The nonlinearities
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are introduced as exogenous nonlinear disturbances which are described by statistical
means. 3) The sensor failures are described by a variable taking values in some in-
terval. Note that such a description is more practical than the conventional outage
case. 4) By using a novel Lyapunov-Krasovskii functional and delay-partitioning
technique, delay-dependent sufficient conditions are obtained under which the filter-
ing error system is asymptotically mean-square stable with an H, disturbance atten-
uation level v. 5) An extra variable is introduced to realize the decoupling between
the Lyapunov matrices and the filtering error system matrices in order to reduce the
conservatism.”

(2) Page 10, Remark 2

In this revision, the following comment has been added in Remark 2 on the parti-
tioning number m and the computational problem:

“If m increases, the dimensions of the LMIs will become larger and the computa-
tional burden will increase. Therefore, the partitioning number m should be chosen
properly.”

(3) Page 4, Remark 1

In this revision, the following remark has been added on the statistically described
nonlinearities:

“Remark 1: The nonlinearities in (2) have been described by statistical means in [36]
and such description could cover several classes of well-studied nonlinear systems,
for example, the nonlinear systems with random sequences whose powers depend on
the sector-bounded nonlinear function of the state. Note that the time-delay term is
involved in (2), and therefore the model studied in this paper is more general than
the corresponding ones in [36].”

(4) Page 16, Conclusion

In this revision, the following comment has been added in the conclusion part on
the future research topics:

“The future research topics would include the extension of the main results devel-
oped in this paper to more general complex systems such as networked systems with
random packet losses, general stochastic systems, polynomial nonlinear systems and
functional differential equations of the neutral type.”

(5) The references

In this revision, the following papers have been added as references.

H. Gao, Y. Zhao, J. Lam, and K. Chen, H, fuzzy filtering of nonlinear systems with
intermittent measurements, IEEE Transactions on Fuzzy Systems, vol. 17, no. 2,
pp- 291-300, 2009.
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X. Meng, J. Lamb, B. Du and H. Gao, A delay-partitioning approach to the stability
analysis of discrete-time systems, Automatica, vol. 46, pp. 610-614, 2010.
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Reliable H, Filtering for Discrete Time-Delay
Markovian Jump Systems with Partly Unknown

Transition Probabilities

Yisha Liu, Zidong Wang and Wei Wang

Abstract

In this paper, the reliable H, filtering problem is studied for a class of discrete nonlinear Markovian jump systems
with sensor failures and time delays. The transition probabilities of the jumping process are assumed to be partly
unknown. The failures of sensors are quantified by a variable taking values in a given interval. The time-varying delay
is unknown with given lower and upper bounds. The purpose of the addressed reliable H, filtering problem is to design
a mode-dependent filter such that the filtering error dynamics is asymptotically mean-square stable and also achieves
a prescribed H,, performance level. By using a new Lyapunov-Krasovskii functional and delay-partitioning technique,
sufficient delay-dependent conditions for the existence of such a filter are obtained. The filter gains are characterized in
terms of the solution to a convex optimization problem that can be easily solved by using the semi-definite programme
method. A numerical example is provided to demonstrate the effectiveness of the proposed design approach.

Keywords

H, filtering; Reliable filtering; Sensor failure; Markovian jump systems; Partly unknown transition probabilities;

Delay partitioning.

I. INTRODUCTION

In the past few years, Markovian jumping systems have received a great deal of attention since this class of
hybrid systems can model different types of dynamic systems subject to abrupt changes in their structures,
e.g. failure prone manufacturing systems, power systems and economics systems. For linear Markovian jumping
systems, many important issues have been studied extensively such as stability and stabilization [8,17,25],
control synthesis [1,4,28] and filter design [21,29,37]. Recently, much effort has been paid to the nonlinear
Markovian jumping systems and some results have been reported [5,23,30], where the nonlinearities are often
introduced in the form of exogenous nonlinear disturbances which may result from the linearization process of
an originally highly nonlinear plant or may be an external nonlinear input. It should be pointed out that all
the results mentioned above have assumed that the transition probabilities of the Markovian jumping process
are completely known. Unfortunately, this is not always the case in reality. For example, in a networked
control system, the transition probabilities themselves may be uncertain or even unknown due primarily
to the random nature of the network-induced phenomenon. Therefore, it is significant and challenging to
study Markovian jumping systems with partly unknown transition probabilities, see [28,29] for some recently
available works.

In practice, time delays are frequently encountered in dynamical systems because of the finite switching
speed of the amplifiers. The existence of time-delays may deteriorate the system performance and even result

Y. Liu and W. Wang are with the Research Centre of Information and Control, Dalian University of Technology, Dalian 116023,

China.
Z. Wang is with the Department of Information Systems and Computing, Brunel University, Uxbridge, Middlesex, UB8 3PH,
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in the instability of the systems [2, 3,10, 11, 14, 36]. Specifically, for Markovian jumping systems with time
delays, a great number of results have been reported, see e.g. [5,6,27,32] and the references therein. In
the early results, delay-independent approach was used to deal with time delay and such an approach can be
applicable to delays of arbitrary length. Since the stability of systems is explicitly dependent on the time-delay,
the delay-dependent approach has been widely exploited for Markovian jumping systems, which is generally
less conservative than the delay-independent one especially in situations where delays are small [7,13,30,37].
Recently, the so-called delay partitioning technique has been used to address the stability analysis problem of
time-delay systems, which has proven to be very effective in reducing the possible conservatism of the stability
criteria [8,12,31,35].

On the other hand, almost all practical control systems comprise a large number of sensors. For example,
networked control systems (NCSs) have been extensively applied in many technological fields and therefore
attracted an increasing research attention. NCSs typically contain numerous sensors, controllers and actuators
among which signals are delivered via network communication. However, in practical applications, temporal
failures may happen to actuators/sensors and, subsequently, the delivered signals may be incomplete. The
occurrence of such a phenomenon may affect the expected control and estimate performance. Hence, it is of
engineering significance to design reliable controllers/filters in the presence of possible actuator /sensor failures.
For linear systems, the reliable design problem has been thoroughly investigated and many results have been
reported, see e.g. [16,20,26]. As for the nonlinear systems, the reliable control/filtering problems with actuator
or sensor failures have also attracted much research interest. For example, in [19], a Hamilton-Jacobi equation
approach has been used to study the reliable control problem for affine uncertain nonlinear systems. Modified
algebraic Riccati equation approach has been developed in [22] to deal with the problem of robust reliable
control design for a class of nonlinear uncertain state-delayed systems. In [9,15, 18, 34], the reliable control
and filtering problems have been dealt with via the linear matrix inequality (LMI) approach. However, up to
now, the reliable filtering problem for discrete-time nonlinear Markovian jump systems with partly unknown
transition probabilities and time-varying delays has not been fully investigated, and this gives the motivation
of our present investigation.

In this paper, we focus on the reliable H, filtering problem against sensor failures for a class of discrete-
time nonlinear Markovian jumping systems with time-varying delays. Comparing with [28, 29], both the
nonlinearities and time-varying delays are considered for Markovian jumping systems and therefore the model
in this paper is more general. In addition, the reliability issue is studied and a reliable filter is designed in
the presence of possible sensor failures. The main contributions are as follows. 1) The transition probabilities
of the jumping process are assumed to be partly unknown. The developed results are more general since
they can be applied to Markovian jumping systems with completely known, completely unknown and partly
unknown transition probabilities. 2) The nonlinearities are introduced as exogenous nonlinear disturbances
which are described by statistical means. 3) The sensor failures are described by a variable taking values
in some interval. Note that such a description is more practical than the conventional outage case. 4) By
using a novel Lyapunov-Krasovskii functional and delay-partitioning technique, delay-dependent sufficient
conditions are obtained under which the filtering error system is asymptotically mean-square stable with an
H, disturbance attenuation level 4. 5) An extra variable is introduced to realize the decoupling between the
Lyapunov matrices and the filtering error system matrices in order to reduce the conservatism. Based on the
decoupling idea, we design a mode-dependent reliable H, filter whose gain can be obtained by solving a set
of LMIs. Finally, a simulation example is utilized to illustrate the effectiveness of the proposed approach.

Notation The following notation will be used in this paper. R™ denotes the n dimensional Euclidean space.

http://mc.manuscriptcentral.com/acsp-wiley
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The notation X > Y (respectively, X > Y'), where X and Y are symmetric matrices, means that X — Y
is positive semi-definite (respectively, positive definite). E{x} stands for the expectation of the stochastic
variable x. I and 0 represent the identity matrix and a zero matrix with appropriate dimension, respectively.
For a matrix R, R” represents its transpose and diag {R1, R, ...} denotes a block diagonal matrix whose
diagonal blocks are given by Rq, Ro,.... In symmetric block matrices, the symbol * is used as an ellipsis
for terms induced by symmetry. Matrices, if they are not explicitly stated, are assumed to have compatible

dimensions.

II. PROBLEM FORMULATION

Consider the following discrete-time nonlinear system with Markovian jumping parameters:

(k+1) = A(rg)x (k) + Ag(rg) z (k — d(k)) + D (re) w (k) + f (z (k) .z (k — d (k) %),
y(k) = Ci(rg)z(k)+ Dy (rp)w(k),
z(k) = C(rp)z(k),
z(k) = k), k=—dy,—dy+1,...,0, (1)

where z (k) € R" is the state; y (k) € RP is the measured output vector; z (k) € R” is the signal to be
estimated; and w (k) € R” is the exogenous disturbance signal which is assumed to belong to I3[0 o). d (k)
denotes the time-varying delay with lower and upper bounds d,,, < d (k) < djs. Here, the lower bound of delay
d,, can always be written by d,, = 7m, where 7 and m are integers. ¢ (k) is the initial state of the system.
A(rg), Aq (), C(rx), C1 (1), D (rg) and D; (r) are matrix functions of the random jumping process ry.
r is a Markov chain taking values in a finite state space S = {1,2,..., N} with transition probability matrix

A = (Tij) N« v Eiven by
Pr{rk+1:j|rk:i}:ﬂ-ijv Vi,jes7

N

where 0 < m;; < 1(i,j € S) is the transition rate from ¢ to j and ) m;; = 1,Vi € S. In this paper, the
j=1

transition probabilities of the jumping process are assumed to be partly accessed, i.e., some elements in

matrix A are unknown. For example, for system (1) with four modes, the transition probability matrix A may
be

711 ? 13 ?
2 2 2
! 22
A=
w1 77T Ty
7 mg 7T T

where “?7” represents the inaccessible element. For notation clarity, for any ¢ € S, we denote that
i A . . i A . .
¢, ={j:mjisknown}, (.= {j:mj;is unknown}.

The nonlinear function f (x (k),x (k — d(k)),rx) consisting of z (k) and x (k — d(k)) is bounded in a sta-
tistical sense as follows:
E{f (@ (k),x(k—d(k)),r) |z (k),z(k—d(k)),re} =0
E{{(fﬂ(’f),x(k—d( ) ) fT (@ (k) @ (k= d (k) ,re) [ (k) 2 (k = d (k) i} 2)
ZIEHI(W)HIT(M)( (k) Eq (rie) @ (k) + 2T (k — d (k) 10, (re) @ (k — d (K)))

http://mc.manuscriptcentral.com/acsp-wiley
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where 0, (rx) (I =1,...,q) are known mode-dependent column vectors, and =; (rx) and II; (rx) are known
positive-definite mode-dependent matrices.

Remark 1: The nonlinearities in (2) have been described by statistical means in [33] and such description
could cover several classes of well-studied nonlinear systems, for example, the nonlinear systems with ran-
dom sequences whose powers depend on the sector-bounded nonlinear function of the state. Note that the
time-delay term is involved in (2), and therefore the model studied in this paper is more general than the
corresponding ones in [33].

For convenience, in the following, for ry = i, a matrix M (r;) will be denoted by M;. For example, A (r)
is denoted by A;.

When the sensors experience failures, we consider the following sensor failure model to describe the measured

signal sent from sensors:

y" (k) = Gy (k) (3)

where the sensor fault matrix G is defined as follows:

0 §Q:diag{gl,...,gp} < G =diag{g1,...,g9p} < G =diag{g1,...,9p} <1 (4)
in which the variables g; (i = 1,...,p) quantify the failures of the sensors.
Letting
. G+G . 9, Tt 9 9, 9

Go = diag{go1,...,90p} = — = diag ¢ =L I , (5)

2 2 2

. g g1 — 9p— 9
G = diag {g1,..., 3} == Lﬁ :diag{gl 5 S 2 5 —”}, (6)

we can rewrite G as follows:

G=Go+ A=Gy+diag{¢1,...,9p}, |oi| < Gi, (i=1,...,p). (7)

In this paper, we consider the following reliable filter:

F(k+1) = Ap(re)@(k)+ By (r)y" (),
z2(k) = Cy(ry)a (k) (8)

where Ay (ry), By (r;) and Cy (ry,) are parameters to be determined. By defining (k) = | 27 (k) 27 (k) | ,

we have the following filtering error system:

n(k+1) = A(r)n(k)+Ad(re)n (k — d(k) + B (re) w (k) + Z7f (Zn (k), Zn (k — d (), 7%)
e(k) = C(rx)n (k) (9)

where e (k) = z (k) — 2 (k) is the estimated error, and

i A(ry) 0 i) — Ag(rr) O

A(rg) = By (m) GOy () A () | Ag(ry) = 0 0],

5 D (ry) -

BOW = | g geni |0 OO0 —Grew ] z=[1 0]

http://mc.manuscriptcentral.com/acsp-wiley
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1
2 In this paper, we aim to design a reliable filter with the form (8) such that, for all admissible sensor failures,
2 mode-dependent nonlinearity, time-varying delay and exogenous disturbance, the filtering error system (9)
5 satisfies the following requirements:
6 (a) The filtering error system (9) is asymptotically mean-square stable.
; (b) Under the zero-initial condition, the estimated error e (k) satisfies
9 o (o]

2 2
10 S E{le @I’} <7* Y E{llw ()]} (10)
12 k=0 k=0
ﬁ, for all nonzero w (k), where v > 0 is a prescribed scalar.
15
16 IIT. MAIN RESULTS
ig The following lemma is needed in the proofs of our main results in this paper.
19 Lemma 1: [24] Let x € R™ and y € R™. Then, for any scalar o > 0, we have
20
21 ety +yTe <oxla+o tyTy. (11)
5:23 First of all, let us deal with both the stability analysis issue and the H., performance analysis issue in the
24 case that the transition probabilities of the jumping process are completely known and the parameter matrix
25 describing the sensor failures is known. Sufficient conditions for the addressed problem are obtained by using
g? the semi-definite programme method.
28 Theorem 1: Consider the filtering error system (9) with known sensor failure parameter matrix G, com-
29 pletely known transition probabilities and a prescribed H., performance index v > 0. If there exist matrices
32 P,>0,Q1>0,Q2>0 Q3 >0,5 >0,S5 >0, Ry, R2, Rg and scalars g > 0(l = 1,...,q) such that the
32 following linear matrix inequalities hold for any ¢ € S,
33 _ -
34 —ey * * *
gg Z WiijZTeli - Z 7Tiij * *
37 JjeSs Jjes <0, l=1,...,q (12)
33 AlSlZTHM 0 —51 *
39 R A 0 0 =5 |
40
41 )
4§ Q; * * *
4
MRT -8 * *

44 T <0, t=23 (13)
45 )\gRt 0 —52 *
pis ® o0 0 o
jg where
=0 T T A T A T A 211, T
51 Q. = —Wp,PWp, + W45, Q1Wq, + W5, Q2Wq, + W5, QsWq, — v W, Wy,
gg +RyWg, + (R1WRl)T + RoWg, + (RQWRQ)T + R3Wg, + (R3WRS)T,
o4 , 4 . /e T . T !
55 O, = > mii PiWp, i (MS1Wp, ) (A2S2Wp, ;) <EiZWp2) <H2'ZWP3) ng,,i )
56 JES
57
gg Q;/ = dla‘g _Zﬂ—iij7_Sl7_S27_E7_E7 -1 )
60 jes

http://mc.manuscriptcentral.com/acsp-wiley
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VT, M =+\dy—™m, N3=+/dy—Tm+1,

Ql 01]7 Q2:[Q02 _0 ]7 Q3:[Q3 0 ]7

0 -Q Q2 0 —-Q3

I Az 02n,2mn Adi 02, Bz } ) WP2 = |: I, 02n,2mn+4n+h } )

02n,2mn+2n Is, 02n,2n+h ] 5 WP5,i = [ Ci Onc,2mn+4n+h ] s WP4,Z' = WP17Z' -

[2mn 02mn,6n+h Wo. — I2n 02n,2mn+4n+h
) Q2 — )
02mn,2n I2mn 02mn74n+h 02n,2mn+4n I2n 02n,h
)\3[2n 02n,2mn+4n+h
)
02n,2mn+2n I2n 02n,2n+h

I, —1Io, 02n,2mn+2n+h :| ) WRz = [ 02n,2mn I, —1Ia, 02n72n+h ] )

02n,2mn+2n Iy, —1I3, 02n,h ] , Wy = [ 0h,2mn+6n Iy, } )

1 R AR 1 117
€187 aB; | o 1= |ellf, ..., gll;| , E=diag{el,...,gl}

Page 10 of 21
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Whp,,

in which n¢ is the number of row in matrix Cj, then the filtering error system (9) is asymptotically mean-square

stable with an H,, disturbance attenuation level ~.

Proof: Let us first show that, under the zero-initial condition, the estimated error ej satisfies (10) for

all nonzero wy. Choose a new Lyapunov-Krasovskii functional candidate:

where

with

Vi (k) = Vi(k)+ Va(k)+ Vs (k) + Va (k)

k—1 k-1
Va(k) = I (o) Qi1 (@) + n" (@) Qan (a),

a=k—T a=k—dys

Vs (k) = Z Z a1 (@),

5:—dM+1 a=k—1+8

1 — —Tm—1
Vi(k) = > Z 0T (@) S16(a) + > Z 6" (@) S20 ()
B=—T a=k+p p=—dn a=k+p3
n ()
S@=n@+)-nl@). Ta=| @77

n(a—(m—-1)7)

(14)

For each 1, = ¢ € S, calculating the difference of V' (k) along the system (9) under the zero-initial condition,

we have :

E{AV (k)} =E{AVi (k)} + E{AV, (k)} + E{AV3(k)} + E{AVy(k)}

http://mc.manuscriptcentral.com/acsp-wiley
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where
E{AV; (k k) + Agn (k — d (k) + Biw (k ] S P
JjES
x [ 1 (k) + A (k = d (k) + Biw (k)| =" (k) Py (k)

+

=1

jes =1 jes

q
- E {gT (k) (Wg > wiiPiWp, i+ Wh > ZTE, 2t (Z 0052 i P;
+WPSZZTHZZZH (ZTehe Z> miP )W& Wgawpz) §(l<:)},

=1 jeSs

> (" (k) ZTE0Zn (k) + 0" (k —d (k) 2" Zn (k — d (K))) te (ZTGziHlTZ-Zij

)

(16)

E{AV (1)} = E{TT () QD (k) =T (k=) QuT (k= 1) + 0 (1) Qon (k) —n (k — dar)” Qan (k — dar)}

= E{¢" (k) (WE,Q1Waq, + W,Q2Wa,) £ ()},

k—1m

E{AV3(R)} = {(dMTm+1) (k) Qan (k) = > nT(Oé)Qs,??(Oé)}

a=k—dp
< E{(dy —mm+1)n" (k) Qsn (k) — n" (k — d (k))Qsn(k — d (k) }
= E{¢" (k) (WE,QsWq,) £ (k)},

k—1
E{AV, (k)} = E{éT(k:) (751 + (dar — 7m) S2) & Z 6T (@) 816 (a
k—1mm—1 k—d(k o
- > (@) S¥(a Z 5T ) S6 ( )}
a=k—d(k) a=k—dpys
= E [ )+ Agin (k — d (k) + Byw (k) — (k‘)}T (151 + (dpr — Tm) Sa)
x [Am (K) + Aaim (k = d (k)) + Biw (k) = 1 ()|

(n" (k) 2" EuZn (k) +n" (k — d (k) 2" Zn (k — d (k)))

+
M@

=1
xtr (276,67, Z (51 + (dy — 7m) Sa))

-1 k—1m—1 k—d(k)—
- 0 (@) S16(a) = Y 0T (a)Sad(a) = > 5T ) S8 ()

—T a=k—d(k) a=k—ds

w

I
=

«

http://mc.manuscriptcentral.com/acsp-wiley
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= E{¢" (k) (tW}, :S1 Wi + (dar — 7m) Wi, ;SaWp,.i
q
—|—W1:§2 Z ulZZtl“ (ZTHlZHZZ (151 + (dpr — ™m) Sg)) Wp,
=1
+W, Z Z ', 240 (Z70,,05 Z (751 + (da — 7m) S2)) Wp3> ¢ (k)
=1
k—1 k—1m—1 k—d(k)—
= > (@S- > 5T )Sod (@) = Y 5T ) S26 () (19)
a=k—T a=k—d(k a=k—ds
with
T

§H) = [ TT (k) o (k—7m) 0T (k—d(k))

i (k= dar) w” (K) |

According to the definition of d («), for any matrices R, Ry and Rs, the following equations always hold

B k—1

26 (k)" Ry [n(k)—nm(k—7)— > ()
=k

L « —T

2¢ (k)" Ry n(k—Tm)—n(k—d(k))—
k—
26 (k)" Ry | (k—d (k) = n (k —dy) —

a=

From (12), it is easy to get that

Jjes

k—T

(20)
-1
5 (a ] (21)
(k)
5 ] (22)

tr (ZTHMHZZ (Z 7i; P + 751 + (dav — 7m) 52)) <g(l=1,...,q9). (23)

To analyze the H,, performance of the filtering error system (9), we introduce the following index:

J(e,w) =

ZE{e

= ZE{eT (k) e (k) —»*w” (k) w
k=0

—7*w! (k)w (k) }

IN

Z E{eT (k) e (k) —v2wT (k) w
k=0

(k) + AV (k)

§+E{Vo} —E{Vx}

(k) + AV (k)}. (24)

http://mc.manuscriptcentral.com/acsp-wiley
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1
2 From (15)-(23), we have
3
g E{e” (k) e (k) —v*w (k)w (k) + AV (k)}
6
7 < EQET (k) Qi+ Wh Y mi; PWe, it TWh :S1Why s + (dar — Tm) WE, :SoWey i + Wi W,
8 jES
9
10 g
11 —I—Wg; Z ZTEliZtI“ ZTHHH?;Z Z Fiij + 751+ (dM — Tm) So Wp2
12 =1 JeS
13 ;
1;1 +W1§3 Z ZTH“Ztl“ ZTHMH?;Z Z Wiij + 751 + (dM — Tm) So Wp,
16 =1 jes
17 +7R1STIRT + (d (k) — m) RoSy 'RY + (dy — d (k) R3Sy 'Ry} € (k) }
18 k-1
19 T,
20 — > (Si0(a)+ RTE(R) St (S16(a) + RTE(R))
a=k—T1
21
22 k—mm—1 . T .
23 — > (S26(a)+ RIE(R)) Syt (820 (o) + RIE ()
24 a=k—d(k)
gg k—d(k)—1 ,
p — Y (S28(a) + RIE(K)" Sy (820 (a) + REE (K))
28 a=k—dys
29
30 < BT (k) Qi+ Wh D 7 PWe, it TWh, :S1Wey i + (dar — Tm) W 1SaWey i + Wi W, s
31 j€s
32 q ’ q
33 —
24 AW e Z i ZWp, + Wh Y e Z T, ZWp,
36 +7R1ST R + (d (k) — 7m) RoSy 'RY + (dy — d (k) R3Sy 'Ry} € (k) }
37
d(k)—m™m
gg = E gT (k;) (d(M)me> Q; + Wligl,i Z WiijWPl,i + TW]:%’Z-51WP4,Z‘ + (dM — Tm) W;:l7iSQWP4’i
40 jes
41 T T ! T—= T ! T —1pT -1 pT
42 AWh Wi+ WE D e ZT2,2Wp, + WE S e Z" 1 ZWp, + 7R1S7 R + (dy — 7m) RySy ' R
43 =1 =1
P dyr — d (k)
N —
jg + <m> Q; + ng,i Z WiijWPl,i + TW}27i51Wp47i + (dM — Tm) Wg;’iSQWP47Z’ + ng,,iWPs,i
47 jes
48 g g
49 AW e ZTEiZWp, + WE Y e Z T ZWp, + TR1ST R + (dar — 7m) RgsgleT> } ¢ (k)} .(25)
50 =1 =1
51
52 By Schur complement, it follows from (13) that E{e’ (k)e (k) — v?w” (k) w (k) + AV (k)} < 0, which

53 implies that J (e,w) < 0. Therefore, the inequality (10) holds for all nonzero w (k). Similar to the above
55 deduction, we can show that the forward difference of V' (k) with w = 0 satisfies AV (k) < 0, which indicates

56 the filtering error system (9) is asymptotically mean-square stable. This completes the proof. |
g; Remark 2: Based on the delay partitioning technique, asymptotically mean-square stability conditions of
59 the filtering error system with a prescribed H,, performance level have been obtained in Theorem 1. The

60 conditions can be checked by solving a set of LMIs. Note that the delay-fractioning approach has proven to be
http://mc.manuscriptcentral.com/acsp-wiley



©CoO~NOUTA,WNPE

International Journal of Adaptive Control and Signal Processing Page 14 of 21

SUBMITTED 10

effective in reducing the possible conservatism but at the cost of added computation complexity. It is noticed
that the dimensions of the LMIs depend on the partitioning number m. If m increases, the dimensions of the
LMIs will become larger and the computational burden will increase. Therefore, the partitioning number m
should be chosen properly.

Theorem 2: Consider the filtering error system (9) with known sensor failure parameter matrix G, com-
pletely known transition probabilities and a prescribed H., performance index vy > 0. If there exist matrices
P,>0,Q1>0,Q2>0,Q3>0,5 >0, 5 >0, Ry, Ry, R3, H; and scalars ¢, > 0(l = 1,...,¢q) such that the

following linear matrix inequalities hold for any ¢ € S,

—&] * * *
HI'ZT9,; Hp;
\Illi _ 7 - le Py * * < 07 [ — 17 g (26)
)‘1Hi Z 9“ 0 Hsl’i *
i )\QHZ-TZTHM 0 0 HSg,i
[ Q; * * *
MRY -8
e I e IR R (27)
% 0 0o

where

Hp; = > myPj—H;—H,  Hs;=S—H—H,  Hs,=5—H—H,
JES

T
~ A T A T
QO = [(HZTWPM-)T (MHWe,2)" (AHWp,)" (EiZWP2> <Hz‘ZWP3) Wﬁ,z] :

O = diag{Hp;,Hs, i, Hs,i,—E,—E,—I},

Qi, Wpy i, Wpy, Wpy, Wh, i, Whs i, A1, A2, B, él and ﬂl are defined as in Theorem 1, then the filtering error
system (9) is asymptotically mean-square stable with an H,, disturbance attenuation level ~.

Proof: Using the fact Y m;Pj — H; — HY > —HI (Y 7y P))"'H;, Sy — H; — HY > —HI'S{ ' H; and
jES jES
Sy — H; — HZT > —HinglHi, we can obtain that
Q; * * *
/\1R¥1 —51 * *
MR 0 =S =«
Q 0 0o Q

<0, t=2,3 (28)

where

O = diagq —H (Y _m;P) " H;,—H] S;'H;,~H'S;'H;, —E,~E, I
jeSs

Then, pre- and post-multiplying (28) by diag< I, 1,1, > ijjHi_T, SlHZ-_T, SQHi_T, I,1,1 ; and its transpose
JES
lead to (13). Similar to the above deduction, we can obtain that (26) can imply (12), respectively. Thus, the
proof is completed. u
http://mc.manuscriptcentral.com/acsp-wiley
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Remark 3: In Theorem 2, by introducing a variable H, the coupling between the Lyapunov matrices and
the filtering error system matrices is eliminated. Such a newly introduced variable H does not present any
structural constraint such as symmetry, but is supposed to give potentially less conservative results.

In the case that the transition probabilities of the jumping process are partly unknown, the following
theorem will present the conditions under which the filtering error system (9) is asymptotically mean-square
stable with an H, disturbance attenuation level ~.

Theorem 3: Consider the filtering error system (9) with known sensor failure parameter matrix G, partly
unknown transition probabilities and a prescribed H,, performance index v > 0. If there exist matrices
P,>0,Q1>0,Q2>0,Q3>0,5 >0, 5 >0, Ry, Ry, R3, H; and scalars ¢, > 0(l = 1,...,¢q) such that the

following linear matrix inequalities hold for any i € S,

—g * * *
_ TzTg. — Hp,
\Pli: HZ A 9[2 HP,Z * * <07 l:l,,q (29)
MHEZTO, 0 Hgy o *
)\QH;TZTOM 0 0 HSg,i
Q; * * *
- MRT —8
U= | 0L T T <o, =23 (30)

MR 0 =S
Q! 0 0o Q"

where
o T
HPi = T]_HZ_HZ7
Q;/// = diag {Hp,i,Hsl7i,H527i,—E, —E,—I} )

Q, Wpy i, Wp,, Wp,, Wp, i, Wh, i, A1, A2, E, Z; and II; are defined as in Theorem 1, Q;, Hg, ; and Hg, ; are
defined as in Theorem 2 and if ¢} = 0, Y; = P;, otherwise,

Y= (3 m)~" X mP,
jec e
Tj="Pj, J€ G

then the filtering error system (9) is asymptotically mean-square stable with an H, disturbance attenuation

level 7.
Proof: For any i € S, Wy; in (27) can be rewritten as
Uy = Z i Wil =P+ Z Wij‘l’ti\yj:( S )t Y w Py t=23. (31)
jeii,. JECL Jeck jeck

From (30), we can obtain that
\Ilti|Tj=Pj < 07 ] € Cin ) (32)
\Ilti"rj:( Z 7Tij)71 Z 7Tiij < 0, t = 2, 3
JECk J€ck
Therefore, Uy; < 0, t = 2,3. Similarly, we can have Uy; < 0 from (29), respectively. Thus, the filtering error

system (9) is asymptotically mean-square stable with partly unknown transition probabilities and an Hy,

disturbance attenuation level +. This completes the proof. |
http://mc.manuscriptcentral.com/acsp-wiley
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Remark 4: In Theorem 3, the mean-square asymptotic stability conditions have been presented for the
Markovian jump system (1) with partly unknown transition probabilities. If (¢, = 0,Vi € S, the considered
system is the one with completed known transition probabilities and the stability conditions in Theorem 3 are
reduced to the ones in Theorem 2. If (¢ = (),Vi € S, that is, all transition probabilities are unknown, it can
be seen that Theorem 3 is still available. Judging from this, the developed results are much more general.

Based on Theorem 3, let us solve the problem of reliable H, filter design.

Theorem 4: Consider the filtering error system (9) with known sensor failure parameter matrix G, partly
unknown transition probabilities and a prescribed H,, performance index v > 0. If there exist matrices
Py >0, Py;, P3; >0, Ql > 0, Qg > 0, Qg > 0, S11 > 0, 512, S13 > 0, So1 > 0, 522, So3 > 0, Ry, Ry, Rg, Hy;,
Hy;, Hs;, fli, Bi, C; and scalars g > 0(l =1,...,q) such that the following linear matrix inequalities hold for

any i € .S,
[ —&l * * *
A by Dy
\Ijli = \ . i i < 07 l= 17 ) (33)
)\1@42' 0 @22' *
A®y; O 0 &3
[ (I)7i * *
N MRT —o
S I R [P R X (34)
a0 0 o
where
Dy — le—Hli—Ha * Doy — Sll—Hli_Ha *
YT Ty —Hy— HE Yy — Hy— HL |7 % | Siyp— Hy— HE Si3— Hy— HE |
L 27 21 3i 37 21 2 12 21 3i 13 2i 2
By — So1 — Hy; — HE, * Dy = HLo, ’
| S22 — Hai — HL So3 — Hy — HL Hi0,;
- 2,
T T T A I SR
| S12 Si3 Sao So3 Py P
By — HEA; + B.GCly A Opomn HEAg 0,3, HLD; + B,GDy;
: = A ~ a bl
I HLA; + Bi.GCy; A Opomn HLAy On3, HLD;+ B;GDy;

Do — [ H%;Az — H%; + BZGCh AZ — Hg; On,2mn H%;Adl On,?m H%;DZ + BZGDM
no i Hg;Az — H?z; + BZGCh AZ — H2TZ On,2mn Hg;Adl On,?m Hg;DZ + BZGDM '

- 1 1
€127 On2mn+snth On2mnt2n €115, Op3nyn
Qg = : : , o P = : : : )
1 1
el:lQi 0n,2mn+5n+h 0n,2mn+2n 5lHl2i 0n,3n+h
D19 = [Cz —C; Onc,2mn+4n+h )
o T T T T T T r O ;
Q = [ Dy, APy, XDy, Py Pyy; Py ] , Q= diag {®y;, Po;, P34, —E, —F, I},

http://mc.manuscriptcentral.com/acsp-wiley
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Q;, E, A1 and Ay are defined as in Theorem 1, and if ¢ = 0, T1; = Pij, Toj = P;,T3; = P3j, otherwise,

Tij= (> my)~ " Y miiPiy

Jeck Jeck

Toj = (X mij)™" X mijPoy
JEeCk JECE

Ta;= (2 )~ X miy Py
jecs jecs

le = Plj

YToj =Py , J€ G

Taj = Py

then the filtering error system (9) is asymptotically mean-square stable with an H, disturbance attenuation

level ~. Moreover, the parameters of the desired filter are given as follows:

Api=Hy" A, Bp=Hy"B,  Cp=0Ci (35)
Proof: First, let us partition H; as
Hy; Hs;
Hy;  Hy;

where Ho; is nonsingular without loss of generality. Furthermore, partition P;, S; and Sy as

S S
R N BN e (37)
512 513 522 523

Pli *

P =
Py P

Substituting (35)-(37) into (29) and (30), we can get (33) and (34) immediately. This completes the proof. B

In the following theorem, a design procedure for the desired filter parameters will be provided in the case
that the failure parameter matrix is unknown but satisfies the constraints (4)-(7).

Theorem 5: Consider the filtering error system (9) with partly unknown transition probabilities and a
prescribed H,, performance index « > 0. If there exist matrices P;; > 0, Py;, P3; > 0, Q1 > 0, Q2 > 0,
Qg > 0, 511 > 0, 512, 513 > 0, 521 > 0, 522, 523 > 0, Rl, Rg, R3, Hli, Hgi, H3Z', AZ‘, Bi, éz and scalars
e >0(=1,...,q), 0 >0 such that the following linear matrix inequalities hold for any i € S,

—&l * * *

B O, Do
= | & P F T i=1,....¢ (38)
APy 0 Doy, *

APy 0 0 Dy

[ Dy * * * * x|
MRT —®5 o« * * *
- MR 0 —dg  x * *
Uy = A - <0, t=23 39
t Q/// 0 0 Q// * * ( )
0 0 0 Q" —0G? =«
| 0®14s O 0 0 0 —ol |

http://mc.manuscriptcentral.com/acsp-wiley
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where
B — HEA + BiGoC1; A Onomn HEAy Ongn HED; + BiGoDy;
i = T4 >3 A T4 .. TD. . 7
i L H3 Az + BZGOCIZ Az On,2mn H3 Adz On,3n H3 D; + BZGODIZ
B — HEA; — HE + BiGoCy Aj — HY Opomn HEiAgi Onsn HED; + BiGoDy
v TA gl 3 . A._gT T4, TDP. 3 .
? L H3 Az H3 + BZGOCIZ Az H2 On,2mn H3 Adz O 3n H3 Dz + BZGODIZ
Qi3 = _ BI' BT ] ; Dy = [ Cii Ong, 2mntsn D1 ] ;
) . N . T
Qéﬁ = I q’st‘ )‘1@9Tz‘ )‘2(I)g; q’lTOi @{u @{21' } )
QY = | Bz MNPz APz 0 0 0 ] )

nc, is the number of row in matrix C;, Q”, Dy, Poj, B3y, Py;, P, Pg, Pri, Prgs, P11; and P19; are defined as in
Theorem 4, and E, A\; and Ay are defined as in Theorem 1, then the filtering error system (9) is asymptotically
mean-square stable with an H., disturbance attenuation level v. Moreover, the parameters of the desired

filter are given as follows:

A= H;T A;,  Bp=Hy'B,  Cp=0Ch (40)
Proof: From (7), we know that Wy; in (34) can be rewritten as
Uy =0, +WIAV + VT AW, (41)
where
il * * *
¥ = MBRp -5k <0, t=23

MR 0 —®6
Q/// 0 0 Q//

W= [0 0 0 Q””}, V:[<I>14i 0 0 0].
From Lemma 1 and (7), we have
by <)+ 0 ' WIGPW +oVIV =0, =23 (42)

By Schur complement, (39) implies that U, <O <0, t=2,3. Therefore, the filtering error system (9)
is asymptotically mean-square stable with partly unknown transition probabilities and an H., disturbance
attenuation level . This completes the proof. |

Remark 5: 1t is worth pointing out that the optimal H,, performance index ~* depends on the number
of known transition probabilities. Specifically, if more elements in the transition probability matrix can be
obtained which are exactly known, a smaller index can be achieved for the optimal H,, performance. This

will be illustrated via a numerical example in the next section.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we present a numerical example to demonstrate the effectiveness of the proposed method.

http://mc.manuscriptcentral.com/acsp-wiley
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1
2 Consider a discrete Markovian jump system of form (1) with four modes and the following parameters:
3
4 0 —02 0 —03 0 —02 0 —0.1
5 Al = ) A2 = ) A3 = ) A4 = )
6 0.8 0.8 0.8 0.9 0.8 0.7 0.8 0.6
! 0.1 0
8 An = Ap=Ap=Au= ; 012022032042{0-1 0},
9 0 0.2
10 05
1;. Dy = D2:D3:D4:[ 0 , 011201220132014:[0.1 0.2],
13 01
14 :

D1y = Dio=D135=D14=05, 01=0,=03=04=

15 11 12 13 14 , b1 2 3 4 o1 |
16
17 - - — - |00t o0 o w001 0
18 LT T TTY [ o oo [0 b= =l=1 0.01]'
19
32 The transition probability matrices for four different cases are given by
22 - : -
23 0.5 0.2 0.2 0.1 05 0.2 02 0.1
24 04 02 03 0.1 04 ? 03 7
25 A o= ) Ag = ’
P 0.2 03 02 03 0.2 0.3 02 0.3
o7 02 02 02 04 77 02 04
o (05 02 02 01 KR
30 04 ? 03 7 77707
31 M= lgg 0 0 v |0 MT g
> 77 02 04 77 77
34 ) ] )
35 The time-varying delay dj satisfies 1 < di < 2 and let m = 1. The sensor fault matrix G is assumed to
36 satisfy 0.5 < G < 0.9, and then we can obtain that Gy = 0.7 and G =0.2.
g; Table I presents the optimal H., performance indices v* for the four cases of different transition proba-
39 bilities. From Table I, it can be seen that the more transition probabilities we know, the smaller optimal
32 H, performance index the system can be achieved, which means that there exist tradeoffs between the cost
42 of obtaining transition probabilities and the expectation of the system performance. On the other hand, for

43 the system with the transition probability matrix Az, by solving (39)-(38) in Theorem 5, the desired filter

parameters can be obtained as

45
46
47 ) ] ] _
48 0.3311 —0.0405 0.2266 - ]
Ap = . Bp= . Cp=| —00424 00115 |,
49 7103260 0.6109 A7 Z0.2894 n=1 ]
50 - - - -
0.2643 —0.1517 0.5326 - :
51 A — . Bp= . Cp=| —00815 0.0083 |,
52 271 05572 0.7149 271 _0.8306 2= ]
53 - . - . i ]
0.2633 —0.0711 0.2161
54 Apy = . Bp= . O =| —0.0465 0.0289 |,
=5 7371 0.4487 04719 1 —0.1650 B -
56 0.2404 —0.0029 0.0005
57 Apg = , Bpy= : Cry=| —0.0531 0.0232 |.
o | 04803 0.4544 | 0.1873
59
60

http://mc.manuscriptcentral.com/acsp-wiley
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TABLE 1

MINIMUM ’y* FOR DIFFERENT TRANSITION PROBABILITIES CASES

Transition probabilities A Ao A3 Ay
¥* 0.2398 0.2904 0.2911 0.2924

V. CONCLUSIONS

In this paper, the reliable H, filtering problem has been investigated for a class of discrete-time nonlinear
Markovian jump systems with sensor failures, time-varying delay and partly unknown transition probabilities.
The systems under consideration are more general, which cover the Markovian jump systems with completely
known and completely unknown transition probabilities as two special cases. A new Lyapunov-Krasovskii
functional and delay-partitioning technique have been used to design a mode-dependent filter for all admis-
sible uncertainties such that the filtering error system is asymptotically mean-square stable and achieves a
prescribed H., performance level. The filter gains have been characterized by the solution of a set of LMIs.
An illustrative example has been exploited to show the usefulness of the results obtained. The future research
topics would include the extension of the main results developed in this paper to more general complex sys-
tems such as networked systems with random packet losses, general stochastic systems, polynomial nonlinear

systems and functional differential equations of the neutral type.
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