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In this paper we provide an alternative constructive definition for the Dirichlet process which generalizes the one given by Sethuraman

Introduction

The Dirichlet process is a random probability measure (r.p.m.) whose characterization and properties were presented by [START_REF] Ferguson | A Bayesian analysis of some nonparametric problems[END_REF] and [START_REF] Ferguson | Prior distributions on spaces of probability measures[END_REF] and further investigated by [START_REF] Blackwell | Discretness of Ferguson selections[END_REF] and Blackwell and Mac-Queen (1973).

In order to define the Dirichlet process, let (X , T ) be a Polish space endowed with the Borel σ-field X and consider the following associated spaces of measures M X and P X . In particular, M X is the space of locally finite nonnegative measures on (X , X ) endowed with the σ-field M X generated by the vague topology V which makes (M X , V) a Polish space, and P X is the space of probability measures on (X , X ) endowed with its σ-field P X generated by the weak convergence topology W which makes (P X , W) a Polish space. Let (Ω, F , p) be a probability space and let α ∈ M X , with total mass a := α(X ).
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A Dirichlet process on (X , X ) with parameter α is a r.p.m. P such that, for any finite measurable partition (B 1 , . . . , B k ) of X , α(B j ) > 0, for j = 1, . . . , k, (P (B 1 ; ω), . . . , P (B k ; ω)) is a random vector absolutely continuous with respect to the Lebesgue measure on R k-1 with n i=1 P (B i , ω) = 1 and with Dirichlet distribution with parameter (α(B 1 ), . . . , α(B k )), k ≥ 2.

Various authors have considered other characterizations and properties of the Dirichlet process. In particular, in this paper we are interested in the series representation of the Dirichlet process provided by [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF]. Moving from the constructive definition of the Dirichlet process in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF] we provide a more general construction. We will prove that the new construction is still a random measure on (X , X ) giving probability one to the subset of discrete probability measures on (X , X ) and its finite dimensional distributions are Dirichlet distributions. This establishes that the new construction is a Dirichlet process.

The generalized Sethuraman construction

Let α ∈ M X with total mass a, let {n i , i ≥ 1} be a fixed integer value sequence and let (Ω, F , p) be a probability space supporting three independent sequences of r.v.s θ

:= {θ i , i ≥ 1}, q := {(q i,1 , . . . , q i,n i ), i ≥ 1} and Y := {(Y i,1 , . . . , Y i,n i ), i ≥ 1}.
The sequence θ is a sequence of independent r.v.s distributed according to a Beta d.f. with parameter (n i , a), the sequence q is a sequence of independent random vectors identically distributed according to a Dirichlet d.f. with parameter (1, . . . , 1) and the sequence Y is a sequence of independent random vectors from a Pólya sequence with parameter α, i.e. if P i are independent Dirichlet processes with parameter α, then for every

i ≥ 1, Y i,1 , . . . , Y i,n i |P i are i.i.d. from P i .
The condition of independence between the sequence of r.v.s θ, q and Y and the usual construction of a product measure implies the existence of the probability space (Ω, F, p) supporting the sequence of r.v.s θ, q and Y and does not require any restrictions on (X , X ), such as it being a Polish space. We now consider the sequence of r.v.s {p i , i ≥ 1} obtained from the sequence of r.v.s θ, by the usual stick breaking construction p 1 = θ 1 and

p i = θ i i-1 j=1 (1 -θ j ) for i ≥ 2. In particular, the stick breaking construction implies that n i=1 p i = 1 -n i=1 (1 -θ i ) → 1 a.s. as n → ∞.
For any ω ∈ Ω and B ∈ X define the map

P (ω, B) := i≥1 p i (ω) n i j=1 q i,j (ω)δ Y i,j (ω) (B) (1)
which is clearly a measurable map from (Ω, F) into (P X , P X ) and takes values in the subset of discrete probability measures on (X , X ).

In Theorem 2 we prove that the finite dimensional distributions of P are Dirichlet distributions. This establishes that P is a Dirichlet process with parameter α. We first cosider the following lemma which recall a distributional equation having as unique solution the Dirichlet process with parameter α. As pointed out by a referee this type of distributional equations for the Dirichlet process appear already in [START_REF] James | Functionals of Dirichlet processes, the Cifarelli-Regazzini identity and beta-gamma processes[END_REF] and for more general r.p.m., using the duality with the posterior distribution, are discussed explicitely in [START_REF] James | Poisson Process Partition Calculus with applications to Exchangeable models and Bayesian Nonparametrics[END_REF]. We leave a short proof for clearity.

Lemma 1 Let α ∈ M X with total mass a, let {n i , i ≥ 1} be a fixed integer value sequence and let θ, q and Y the three sequences of r.v.s above described. Then, for every i ≥ 1, the distributional equation

Q i d = θ i n i j=1 q i,j δ Y i,j + (1 -θ i )Q i (2)
has as its unique solution the Dirichlet process with parameter α.

Proof. For evey i ≥ 1, let n independent r.v.s ξ i,1 , . . . , ξ i,n such that ξ i,j is distributed according to a Beta d.f. with parameter (1, n -j). From Theorem 1 in [START_REF] Jambunathan | Some properties of beta and gamma distributions[END_REF] it follows that q i,1

d = ξ i,1 and q i,j d = ξ i,j j-1 l=1 (1 -ξ i,l
), for j = 2, . . . , n. By this stick breaking construction it follows by induction that 1

-n-1 j=1 q i,j = n-1 j=1 (1 -ξ i,j ). Let B 1 , . . . , B k any measurable partition of X , then it follows that given Y i,n , ξ i,n (δ Y i,n (B 1 ), . . . , δ Y i,n (B k )) has Dirichlet distribution with parameter (δ Y i,n (B 1 ), . . . , δ Y i,n (B k )).
Using the stick breaking construction of q i,j , for j = 1, . . . , n

n j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) = n-1 j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) +   1 - n-1 j=1 q i,j   [ξ i,n (δ Y i,n (B 1 ), . . . , δ Y i,n (B k ))]
and, since by construction n j=1 q i,j = 1, it easily follows that given

Y i,1 , . . . , Y i,n , n j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) has Dirichlet distribution with updated pa- rameter (α(B 1 ) + n j=1 δ Y i,j (B 1 ), . . . , α(B k ) + n j=1 δ Y i,j (B k ))
. This shows that the Dirichlet process with parameter α satisfies the distributional equation ( 2). The uniqueness of the solution follows by Lemma 3.3 in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF].

Theorem 2 Let α ∈ M X with total mass a, let {n i , i ≥ 1} be a fixed integer value sequence and let P defined by (1). Then, for any measurable partition B 1 , . . . , B k of X , (P (B 1 ), . . . , P (B k )) is distributed according to a Dirichlet distribution with parameter (α(B 1 ), . . . , α(B k )).

Proof. From Lemma 1, the distributional equation

P = θ 1 n 1 j=1 q 1,j (δ Y 1,j (B 1 ), . . . , δ Y 1,j (B k )) + (1 -θ 1 )P.
has unique solution the Dirichlet process with parameter α. Then, to prove the theorem, we can use arguments similar to those used in Lemma 1. In particular, if we define P := (P (B 1 ), . . . , P (B k )), then

m i=1 p i n i j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) + 1 - m i=1 p i P = m-1 i=1 p i n i j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) + 1 - m-1 i=1 p i   θ m nm j=1 q m,j (δ Y m,j (B 1 ), . . . , δ Y m,j (B k )) + (1 -θ m ) P   and θ m n j=1 q m,j (δ Y m,j (B 1 ), . . . , δ Y m,j (B k )) + (1 -θ m ) P has Dirichlet distribution with parameter (α(B 1 ), . . . , α(B k )). Then, it follows that m i=1 p i n i j=1 q i,j (δ Y i,j (B 1 ), . . . , δ Y i,j (B k )) +   1 - m j=1 p i   P
has Dirichlet distribution with parameter (α(B 1 ), . . . , α(B k )), and the result follows by taking the limit for m → ∞.

The following remark underlines the connection between the constructive definition of the Dirichlet process that we have proposed and the one given in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF].

Remark 3 The measurable map (1) generalizes the measurable map used in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF]. In particular, if in (1) we set n i = 1 for all i ≥ 1, then

P (ω, B) = i≥1 p i (ω) 1 j=1 q i,j (ω)δ Y i,j (ω) (B) = i≥1 p i (ω)δ Y i,1 (ω) (B) (3) 
which corresponds to the measurable map used in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF]. Moreover, if we fix n i = n for all i ≥ 1 then, as a consequence of Theorem 2 and of convergence results in [START_REF] Sethuraman | Convergence of Dirichlet measures and the interpretation of their parameter[END_REF] if follows P → P * weakly as n → ∞, where P * is a Dirichlet process with parameter α.
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The series representation provided by [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF] has been widely used in several areas of Bayesian nonparametrics. In particular, it has been used to simulate the Dirichlet process via deterministic and random approximations (see [START_REF] Ishwaran | Exact and approximate sumrepresentation for the Dirichlet process[END_REF], [START_REF] Muliere | Approximating distributions of random functional of Ferguson-Dirichlet priors[END_REF] and the references therein) and to define new approaches for computing functionals of the Dirichlet process (see [START_REF] Diaconis | Some new tools for Dirichlet priors[END_REF], [START_REF] Guglielmi | MCMC estimation of the law of the mean of a Dirichlet process[END_REF]).

In this paper, we have introduced a more general constructive definition of the Dirichlet process. From the original constructive definition in [START_REF] Sethuraman | A constructive definition of Dirichlet priors[END_REF], for every i ≥ 1, we replaced the random measures δ Y i involved in the series representation, by an appropriate random convex linear combination of dependent random measures δ Y i,1 , . . . , δ Y i,n i , where Y i,1 , . . . , Y i,n i are from a Pólya sequence.

The new series representation has more flexibility due to the introduction of the integer value sequence {n i , i ≥ 1}. In particular, on the basis of the large number of applications of the series representation it seems natural and interesting to investigate the consequences of the new series representation in Bayesian nonparametrics.