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Stabilization of the 2D incompressible Euler
system in an infinite strip

Hayk Nersisyan

CNRS UMR 8088, Département de Mathématiques
Université de Cergy—Pontoise, Site de Saint-Martin
2 avenue Adolphe Chauvin
F95302 Cergy—Pontoise Cedex, France
E-mail: Hayk.NersisyanQu-cergy.fr

Abstract. The paper is devoted to the study of a stabilization problem for the
2D incompressible Euler system in an infinite strip with boundary controls. We show
that for any stationary solution (c,0) of the Euler system there is a control which
is supported in a given bounded part of the boundary of the strip and stabilizes the
system to (c, 0).
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1 Introduction
We consider the incompressible two-dimensional Euler system
i+ (u,Viu+Vp=0, divu=0, (1.1)

where u = (u1,u2) and p are unknown velocity field and pressure of the fluid,

and
3

(u, V)v = Z u;(t, x)aixlv

=1

The space variable = (1, 22) belongs to the strip D defined by
D :={(z1,22) : 1 € Ryxg € (—1,1)}. (1.2)
Let us take two open intervals (a,b), (a + d,b+ d) C R and denote
Ty =(a,b) x {1} U(a+d,b+d) x {-1}. (1.3)

The aim of this paper is the study of stabilization of (1.1) with boundary controls
supported by Ig. System (1.1) is completed with the boundary and initial
conditions

u-n=0onT\Ty, (1.4)
u(z,0) = uo(x), (1.5)

where I' := 0D and n is the outward unit normal vector on I'. In particular,
(1.4) is equivalent to ug =0 on I' \ T'g.

For any integer s > 0 we denote by H*(D) the space of vector functions
u = (u1,uz) whose components belong to the Sobolev space of order s and by
Il - lIs,p the corresponding norm. If there is no confusion, we drop the index D.
In the case s = 0, we write || - || := || - ||o. For any integer s > 0 we define H*(D)
as the space of distributions u in D with Vue H*~1(D). We equip H*(D) with
the semi-norm

|30y = [ Vulls—1.

We denote by H*(D) the quotient space H*(D)/R. The following theorem is
our main result.

Main result. Let s > 4 be an integer. Then for any constant ¢ € R and initial
function ug € H*(D) that decays fast at infinity and satisfies the relations

divug =0, up-n=0onT\Ty

there exists a solution (u,p) € C(Ry,C(D)NH*(D)) x C(Ry, H¥(D)) of (1.1),
(1.4) and (1.5) such that

lim ([lu(-, ) = (¢, 0)llze + [[Vulls—1 + [|Vplls—1) = 0.

t—o0



For the exact statement see Theorem 3.1. In this formulation the control
is not given explicitly, but we can assume that control acts on the system as a
boundary condition on I'y.

Before turning to the ideas of the proof, let us describe in a few words
some previous results on the controllability of Euler and Navier—Stokes systems.
Coron [7] introduced the return method to show exact boundary controllability
of 2D incompressible Euler system in a bounded domain. Glass [12] generalized
this result for 3D Euler system. Chapouly [6] using return method proved the
global null controllability of the Navier—Stokes system in rectangle. Recently,
Glass and Rosier [13] proved the controllability of the motion of a rigid body,
which is surrounded by an incompressible fluid. Controllability of Euler and
Navier—Stokes systems with distributed controls is studied in [2, 11, 16, 17]; see
also the book [9] for further references.

Notice that the above papers concern the problem of controllability of the
fluid in a bounded domain. In this paper, we develop Coron’s return method
to get the controllability of velocity of 2D Euler system in an unbounded strip.
This method consists in reducing the controllability of nonlinear system to the
linear one. To this end, one constructs a particular solution (u,p) of Euler
system and a sequence of balls {B;} covering D, such that

(P) Any ball B; driven by the flow of u leaves D through Ty at some time.

Then the linearized system around w is controllable. In our case, since the
domain D is unbounded, the number of balls B; is infinite, thus we cannot
construct a bounded function @, whose flow moves all balls outside D in a finite
time. However, we can find a particular solution @ such that property (P) holds
in infinite time. This proves the stabilization of linearized system in infinite
time.

To show that controllability of linearized system implies that of the nonlinear
system, we need to prove that (P) also holds for any @ sufficiently close to @.
This is obvious in the case of bounded domain. In our case, to prove this, we need
some additional properties for u. In particular, we need to construct a solution
u, which decays at infinity faster than 1/z2. As our particular solution % is a
combination of the Green functions of the Laplacian with Neumann boundary
condition, we need to prove that Green functions decay at infinity. This property
is a consequence of elliptic regularity and some explicit formulas for solutions
of the Laplace equation in a strip.

The paper is organized as follows. In Section 2, we give preliminaries on
Poisson and Euler equations in an unbounded strip. The main results of the
paper are presented in Section 3. In Section 4, we construct the particular
solution w. In the Appendix, we prove an auxiliary result used in Section 2.

Acknowledgments. The author would like to express deep gratitude to
Armen Shirikyan for drawing his attention to this problem and for many fruit-
ful suggestions and also to Nikolay Tzvetkov for useful remarks on the Euler
system.



Notation.
Let Jr :=[0,T). The space of continuous functions u : Jr — X is denoted
by C(Jr,X). For any integer s > 0 or s = oo, we denote

C3(D) = {ue C*(D) : Jlullp=(p) < o}
We set H>®(D) := N2, H*(D). Define
S(D) :={u € L*(D) : x70%u(x1,22) € L*(D) for any o € Ry, 3 € Z2 }.
For a vector field u = (u1,uz) we set
curlu = dyus — Oauy.

The interior of a set K is denoted by int(K). Let B(xg,r) be the closed ball in
R? of radius r centred at zo. We denote by C a universal constant whose value
may change from line to line.

2 Preliminaries

In this section, we present some auxiliary results on Poisson and Euler equations
in an unbounded strip. The methods used in their proofs are well known and
in many cases we confine ourselves to a brief description of the main ideas.

2.1 Poisson equations in an unbounded strip
First, let us describe the spaces H 5(D).
Proposition 2.1. For any integer s > 1 we have

(i) The space H*(D) is complete.

(ii) H*(D) ={u€ H (D): Vu e H*1}.

(iii) If s > 3, then for any u € H*(D) there is a constant C' depending on u
such that
|u(z1,x2)| < Cloy| + C

holds for all x € D.
Proof. Let {u,} C H*(D) be a Cauchy sequence. Then there is v € H*~ (D)

such that Vu,—v in H*71(D) as n—oo, and for any ¢ € C§°(D) such that
div ¢ = 0, we have

0= nlLrI;o(Vun, ©)rz = (v,0)12.
Hence, v = Vz, where z € H*(D). This proves that H*(D) is complete. Now let
us prove assertion (7). Clearly the space in the right-hand side is contained in
H*(D). Let us take a function v € H*(D), a compact set K C D and let us show



that u € H?(K). Take two functions x, x1 € C5°(D) and a compact set K1 C D
with int(K;) D K such that y =1 in K; and x;3 = 1 in K; := suppy. Then
there exists € N such that y,u € H~"(D). This implies that u € H~"(K}),
hence
A(xu) = 2VxVu + xAu + uAy € H™ETs=2 (),

The elliptic regularity implies yu € H™»="+2) (D), thus u € H™»(="+2%9) (k).
Repeating this argument for a compact set Ko C K3 with int(Ks) D K we can
show that u € H™n(—r+49)(K,). Tterating this, we get u € H*(K). This
completes the proof of assertion (7).

It is easy to see that (i) implies (ii7). Indeed, from (ii) we get

u(z1,z2) :/ O1u(y, z2)dy + u(0, x2).
0

The Sobolev inequality yields (4i%). o

Now we summarize some facts about Poisson equation. Let us take a non-
negative function v € C§°(R) such that suppy = [a,b] and v # 0 in (a,b) and
define

D:={(x1,22): a1 €R, zy€ (=1 —~(zy —d),1+~(z1))} (2.1)

(see figure 1).

ZN 0-D
2 DD
A7)

Figure 1: Domain D

Let us take D’ = D or D' = D and consider the Dirichlet problem for the
Poisson equation:

Au=f in D, (2.2)
u=0 on I,
where IV = D’ and f € L*(D’). We say that u € H}(D’) is a solution of (2.2),
(2.3) if
/ VuVéldr = — fodz
’ D/

for any 0 € H}(D'). We have the following result for the well-posedness of this
problem.



Proposition 2.2. For any integer s > 0 and for any f € H*(D') problem (2.2),
(2.3) has a unique solution u € H*T2(D'). Moreover,

lulls+2 < C[If]]s, (2.4)

where C' depends only on s.

Proof. The existence of the solution u € Hg(D’) is a consequence of the Riesz
representation theorem. Clearly, we have

IVul? < ClI £ [[|ull. (2.5)
The Poincaré inequality applied to w(z1, ) gives
[[ull < C|O2ul|.
Combining this with (2.5), we obtain
[ull < CIIF1- (2.6)

To show the regularity of the solution and estimate (2.4), we need the following
lemma.

Lemma 2.3. For any integer s > 1 we have
HY(D')={zeL*D'): curl ze H*~Y(D'),div z € H*"Y(D'), z.n € H*"Y*(I")},
where n is the outward unit normal vector on I''. Moreover, any function z €
H#(D') satisfies the inequality

Izlls < C (2]l + [l curl zlls—1 + [ div 2[[s—1 + [[z - nlls—1/2) ,
where C' depends only on s.

The proof of this lemma is given in the Appendix. Let us denote z = V4w :=
(Ou, —01u). Then curlz = —Au = —f, divz = 0. Notice that (2.3) implies
that z-n = 0. It follows from Lemma 2.3 and inequality (2.6) that = € H*T1(D’)
and [|z]|s+1 < C||f]ls- Thus, we obtain u € H*T2(D’) and (2.4). O

Let us take g € H*(D’) and consider the Neumann problem for the Poisson
equation:

Au=divg in D, (2.7)
0
(9_Z =g-n on I (2.8)

We say that u € H'(D') is a solution of (2.7), (2.8) if for any § € H'(D') we
have

/VuVGd:c:/ gVodz.
D D



Proposition 2.4. For any integer s > 1 and g € H*(D') problem (2.7), (2.8)
has a unique solution u € H*1(D"). Moreover,

[ull grosr < Cliglls- (2.9)

Proof. The Riesz representation theorem implies the existence of the solution
u € HY(D'). Lemma 2.3 applied to z := Vu gives (2.9). O

Now we consider the problem

AG, =816, in D, (2.10)
851“ =0 on 9D, (2.11)

where 4, is the Dirac delta function concentrated at a = (a1, az2) € D.

Proposition 2.5. Problem (2.10), (2.11) has a solution G, € C’OO(B \ {a}).
Moreover, the following assertions hold:

(i) For any open neighbourhood Q of a and for any integer s > 1, the solution
G, is uniquely determined by the additional condition that it belongs to

H*(D\ Q).
(ii) For any x € D\ {a}

1 [z —al®*=2(x1 —a1)? —2(x1 —a1)(xs — az)
] A
(2.12)

VGu(x)=
where 1, € H®(D).

(iii) Let a € D\ D, then G, € H*(D) and for any integers 1 < i,j < 2 we
have

8i8jGa(z1,z2) GS(D) (213)

() For any fired x € D the function Gy(x) is analytic in a € D \ {x}.

Proof. The existence of a solution G, € C*®(D \ {a}) will be established when
proving assertion (i7). To prove the uniqueness of the solution, we assume that
there are two solutions G, and Gz ,. For G = G, — G2, Wwe have

AG=0 in D,
2—2:0 on 9D,

Let x € C§°(D) with xy = 1 in Q. Then

A(XG) = h,



where h € C§° (D). The elliptic regularity for a bounded domain implies that
xG € H>®(D). Since G € H5(D \ Q), we get G € H*(D). It follows from
Proposition 2.4 that G = 0.

To prove (ii), we seek the solution in the form

Go = al(FaX) + Uq, (214)

where F,(z) = —5= In |z —al is the fundamental solution of the Laplace operator
in R?, y € C§° (D), x is 1 in a neighborhood of a. Then u, must be the solution
of the problem

Au, = —01(2VF, - Vx + F,Ax) == dif in D,
Oug

7 =0 on &D.

Since f € Cg°(D), applying Proposition 2.4 for g = (f,0), we conclude that
this problem has a solution u, € H*(D). Property (2.12) follows from the
construction of G,.

Now let us show (2.13). We have that G, satisfies the following problem

in D:

AG, =0 in D, (2.15)
86(7;”: =¢ on T, (2.16)

where ¢ € C°(I') and suppy C Tg. To show that the second derivatives of
the solution belong to S(D), let us apply the Fourier transform in z; to (2.15),
(2.16). We obtain

2 . 9 A

— G, — &G, =0in D,
dx3

dG, .

d.TQ (5771) = 901(5)7

dG,
HMae 1) = 5
e 6.1) = 22(6)
where Gy, $1 and $» are Fourier transforms of G, ©(+,—1) and ¢(+, 1), respec-
tively. The solution of this ODE is given by
A P2 — 1 P2+ o1 .
Gal,20) = 22— P osh 2T Gnh(Es).
(&:72) = 3¢ ange) P + 3¢ oy Snh(e2)
Since 1 and @9 are compactly supported, we have

F(0,0;G,) € S(D), 1<i,j <2,

whence it follows that 9;0,G, € S(D). This completes the proof of (ii7).



Let Q be any domain such that @ ¢ D and QN (D \ D) # (. Then for any
fixed « € Q the function G,(x) is analytic in a € Q\ {z}. Indeed, let x in (2.14)
be 1 in . Then the analyticity of G, () is consequence of the facts that Fy, is
analytic in a and u, is a linear operator in Fj,. Since G, is the unique solution
of (2.10), (2.11), we have the analyticity of G,(z) in D \ {z}. O

2.2 Euler equations in an unbounded strip

We consider the incompressible Euler system:

4 (u, Viu+Vp=0, divu=0 in D, (2.17)
u-n=0 onl, (2.18)

It is well known that if D is a bounded domain or if D = R2, then problem
(2.17)-(2.19) is well posed in various function spaces (e.g., see [14, 15, 19]).

In this subsection, we study the well-posedness of Euler system in D defined
by (1.2).

Definition 2.6. For any integer s > 3 we say that (u,p) is a solution of Euler
system if (u,p) € C(Jr, H*(D)) x C(Jr, H**Y(D)) and (2.17) is satisfied in the
sense of distributions.

Let us show that the Euler system is equivalent to the problem
W+ (u, Vw =0, w(x,0)=curlug(z), (2.20)
curlu =w, divu=0, wu-n|p=0. (2.21)

Clearly, if (u,p) is a solution of the Euler system, then (2.20), (2.21) hold. Now
let us show that to any solution

(u,w) € C(Jp, H*(D)) N CY(Jp, H*~Y(D)) x C(Jr, H*"1(D))

of (2.20), (2.21) there corresponds a unique solution (u,p) € C(Jr, H*(D)) x
C(Jp, H5T1(D)) of (2.17)-(2.19). From (2.20) and (2.21) it follows that

curl(e + (u, V)u) = 0.
Hence, there exists p € C(Jr, H*(D)) such that —Vp = @ + (u, V)u. It is easy
to see that

2
—divVp = div({u, V)u) = Z diujO;u; € H™', curl Vp = 0,

ij=1

Op _ 2 .
o ({(u, Vu) -n={(u,V)(u-n)— Z uju; 057
ij=1
2
= — Z ’U,juiajﬁi S HS_1/2,

1,j=1



where n is a regular extension of n. Thus, it follows from Lemma 2.3 that
Vp € C(Jp, H%(D)), whence we conclude that p € C(Jp, H**1(D)) .

We have the following result on the local well-posedness of Euler system.
The ideas used in the proof of existence of a solution play an important role
in the study of stabilization problem (see Section 3). Therefore we present a
rather complete proof, even though we do not really need this result.

Theorem 2.7. Let s > 4. For any ug € H*(D) satisfying the conditions

divug =0,

ug-n=0onT,

there is T = T.(||uolls) such that system (2.17)-(2.19) has a unique solution
(u,p) € C(Jr., H*(D)) x C(Jr., H*"H(D)).

Proof. Uniqueness. To prove the uniqueness, we argue as in the case of
bounded domain. We assume that there are two solutions u; and us. Then
for v = uy — us, we have

0+ (u1, Vv + (v, Viug + Vp = 0, (2.22)
dive=0, v-nlpr=0, wv(z,0)=0.

Multiplying (2.22) by v and integrating over D, we get

Oellv(- )* < */ <U1,V>v~vdfc+CHv(~,t)ll2*/ Vp - vdz, (2.23)
D D

where C' > 0 is a constant depending only on us. Since u1 -n = 0, the first term
on the right-hand side of (2.23) is zero. Let us show that the last term is also
zero. Let us denote

Q(R) = {SC eD: |ZL‘1| < R},

and let x € C°°(D) such that

_ 0, 1f$¢§(2),
X(.T)—{ 1, if:CEQ(l).

Clearly, we have

lim x(%)Vp(ac) ~v(z)de = /D Vp(z) - v(z)dz.

R—oo Jp
On the other hand, integrating by parts, we obtain

x

/D X(5)Vp(a) - v(a)de = — / Rt 420 @)

R

10



Since p € H5t!, from assertion (iii) of Proposition 2.1 we have

sup |@

| <C,
€Q2R) R

where C' does not depend on R. Thus, dominated convergence theorem yields

/D Vp(z) - v(x)dz = 0.

Applying the Gronwall inequality to (2.23), we obtain v = 0.
Existence. To prove the existence of the solution, we shall need the follow-
ing result.

Lemma 2.8. Letu € C(Ry, H®), i-n|rxr, =0, f € C(Ry, H®) andwo € H?,
s > 3. Then the problem

Oww + (4, Viyw = f, (2.24)
w(z,0) = wo, (2.25)

has a unique solution w € C(Ry, H®), which satisfies the inequality

lw (- D)lls < [lwolls +/O U Cs + CllwC s IVac, 7)lls-1) dr. - (2.26)

Proof. Let us denote by ¢9 : D x R+—>D the flow associated to g, i.e., the
solution of the problem

097
e = g(¢?, 1),

¢?(x,0) =

Since (2.24), (2.25) is an inhomogeneous transport equation, its solution is given
by

w(@(z,1),1) /ffb“sm r)dr

Let us derive formally inequality (2.26). Taking the 0% := ax_w |a] < s deriva-
tive of (2.24) and multiplying the resulting equation by 0%w, we get
5 dt||8°‘ / 0% f0%wdx —/ 0% (@ - V)w - 0%wdx

+Ifllsllwlls + ClIValls—1fJwlz.

/(ﬁ V)0 w - 0%wdz
D

Integrating by parts, one verifies that the first integral in the right-hand side
vanishes. Integrating in time, we obtain (2.26). O

11



Lemma 2.9. Let w € H® s > 0. Then the problem

curl z = w, (2.27)
divz =0, (2.28)
z-nlp=0 (2.29)

has a unique solution z € H51. Moreover, there is C > 0 depending only on s
such that

12[ls41 < Cllwl]s- (2.30)
Proof. Let us consider the following Dirichlet problem for the Poisson equation:

Av=w in D,

v=0 on I.
By Proposition 2.2, v € H**2 and |v||s32 < C|w|s. Then for z = —V+v
properties (2.27)-(2.30) are satisfied. O

We now return to the proof of the theorem. The proof is based on some
ideas from [3] and [5].

Step 1. Let
E:HYD)—H"R?), 0<k<s+1

be an extension operator. Let p € S(R?) be the function such that

o fen(—) g <,
p(8) {0 > 1

Define J,, : H*(D)—H>"1(D) by
Jn(©) 1= (m2p(ma) * E@))|p. (2:31)
For ug € H*(D) we define u{* := J,,(uo). Then
g i H(D), [ulls < Clluollss  Nuflloss < mCllulls,  (232)

m m 1
lugt — UIOCHS =o0(1) and ||uf’ — u§||1 = O(F> as m-—»00, (2.33)

where (2.33) holds uniformly in & > m. Using Lemmas 2.8 and 2.9, we define
the sequences u™ € C(Ry, H*t1) and w™ € C(Ry, H®) by

0

U = up,
Ow™ T+ (u™ V)w™ M =0, w™T(0) = curl uyt,
curl ™! =™t dive™™ =0, u™ -nlp=0.

12



Our strategy is to show that sequence u™ is convergent and the limit is the
solution of Euler system. From (2.26) we derive

[w™ (-, )lli < || curlug! HmLCl/ lw™ (- )llalle™ = (-, ) ladr (2.34)

fori=s-—1, s.

Step 2. In this step, we show that there exists a time T = T (|juo||s) such
that for any ¢ € Jp,

[w™ (5 )lls—1 < Cllug'lls,  Nlw™ (- 0)lls < Cllug![ls41 < mCluolls. — (235)

By induction, let us prove for i = s — 1, s the inequality
me('at)Hi < ym(t)a (236)
where C' does not depend on m and y,,(t) is the solution of
Um = C192,,  ym(0) = | curlul||;. (2.37)

Clearly (2.36) holds for m = 0 for a sufficiently large C. Assume that it holds
also for m — 1 and let us prove it for m. From the construction of p we have
gl < |uglli, hence ym—1 < Ym. Thus, from (2.34), (2.37) and induction

hypothesis, we have
t
[w™ (i — ym < 01/0 (™ G ellw™ ()i — v )dT
t
<G [ () = )i
0

Inequality (2.36) follows from the Gronwall inequality. It is easy to see that
(2.36) yields (2.35).

Step 3. Now let us show that w™ converges in C(Jr,, H*™1). In view of
Lemma 2.9, sequence u™ converges in C(Jr,, H?) and the limit u is the solution
of Euler problem.

Notice that for m < k we have

Oy (w™ — wk) + (u*71, V) (w™ — wk) = Wt — ™ V™, (2.38)

Denote K™*(t) := [[w™(-,t) — wF(-,t)|s—1. Lemma 2.8 implies

t
K1) < [lu — ], + C / (K™ ()b (1) o
e r) — B ) e ™ 7)) (2.39)
On the other hand,

5—2
s—1
s .

(2.40)

1
lw™lly < Cm, ™=t = by < = T -

13



Assume for a moment that

Um,k — me,1 _ wkle < O(

—). (2.41)

Substituting (2.40) into (2.39) and using (2.33) and (2.41), we obtain
t
Km0 <o()+C [ (K™l ()] o),
0

Using the Gronwall inequality, we obtain the convergence of w™ in C(Jr,, H*~1(D)).

Step 4. To complete the proof of the theorem, it remains to show (2.41).
Taking the scalar product of (2.38) with w™ — w” in L2, we get

t
UM () < Cllu — bl + c/ Um=LE= (4 dt
0
Iterating this inequality, one deduces
t
Um+p,k+p(t) SCHUng _ ulgﬂo”l + C/ Um+p—1,k+p—1(t1)dt1
0
t
<Ol — a7 +C [ (Clug ™ =
0
t1
+C/ Umtrm 2k teT2 (1)) dtodty
0
t
<Ol — a7 +C [ (Clug ™
0
tp—1 tp
T C/o (Cllug*t — s+ C / U™ (ty)))dty - disdts.

Hence, for any t € Jr, we obtain

p CP*jJrlT*P*j CerlT*p

Uerp,ker < Um+j _ uk"l‘j + max Um,k.
= (p—J)! lug ol pl tel0,T.]
(2.42)
Since
— CIH1TJ
ST
=
inequalities (2.33) and (2.42) imply (2.41).
O

Remark 2.10. We have the following assertions:

e Adapting the Beale-Kato—Majda criterion (see [4]) for an unbounded
strip, one can prove that the solution of (2.17)-(2.19) is global in time.
However, we shall not need this result.
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e Let us take any non-zero function g € H*~'/2(T"). If the homogeneous
boundary condition (2.18) is replaced by u - n|r = g, then, to our knowl-
edge, neither existence nor uniqueness of a solution is known to hold (even
in the case of bounded domain).

3 Main result

Let D and Ty be defined by (1.2) and (1.3). Consider the Euler system:

U+ (u, Viu+Vp=0 in D x(0,00), (3.1)
divu =0, (3.2)

u-n=0 on I'\ToxRy, (3.3)

u(z,0) = ug(x). (3.4)

For any integer s we denote
x*(D) = C(R+, Cy(D) N (D)),
and (z1) := (1 + 23)'/2. The following theorem is our main result.

Theorem 3.1. For any constants o, > 0, ¢ € R and integer s > 4, for any
initial data uo € H*(D) such that

divug =0, (3.5)
ug-n=0onT\Ty, (3.6)
I exp(oz(:c1>2+ﬁ) curl ug(x1, z2)||s—1 < 00

there is a solution (u,p) € X5(D) x C(Ry, H*(D)) of (3.1)-(3.4) with
Jim (flu(-,2) = (¢, 0)[[oe (o) + Vuls Olls—1 + VP D)l[s-1) = 0. (3.8)

As explained in Introduction, in this formulation the control is not given
explicitly, but we can assume that control acts on the system as a boundary
condition on I'g. So we show that there exists control n such that there is a
solution of our system with w - n|p, = n verifying (3.8). As we mentioned in
Remark 2.10, we are not able to show that this solution is unique.

Using a standard scaling argument for Euler system, we can reduce this
theorem to a small neighborhood of the origin.

Theorem 3.2. There exists € > 0 such that for any up € H*(D) and ¢ € R
verifying (3.5)-(3.7) and

luolls <&, el <e

there is a solution (u,p) € X*(D)xC (R, H¥(D)) of (3.1)-(3.4) satisfying (3.8).
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Proof of Theorem 3.1. Let € > 0 be the constant in Theorem 3.2. Take any
ug € H*(D) and ¢ € R verifying (3.5)-(3.7). Let M > 0 be such that

Uug

M

< c <

g, |=—=|<e.

S , M

By Theorem 3.2, there exists a solution (uas,par) of (3.1)-(3.3) with initial
condition ups(0) = 5%, such that

. c
Jim (uas(8) = (2. 0) L) + [V B)llacr + [Var (1) cr) =01
Then (u,p) = (Muns(x, Mt), M?py(x, Mt)) is a solution of our system with
u(0) = ug and it satisfies (3.8). O

Proof of Theorem 3.2. The proof of this theorem is based on generalization of
the Coron return method to the case of an unbounded strip. It consists in
construction of a particular solution (u,p) of (3.1)-(3.3) such that the solution
of linearized system around (u,p) verifies property (3.8). Then, in the small
neighborhood of @, we construct a solution u of Euler system satisfying (3.8).

Step 1. In this step, we construct a particular solution (, p) of (3.1)-(3.3)
such that any point of strip D, driven by the flow of %, leaves D at some time.
Let D C R? be the strip

D = {(.Tl,l'g) T X € R,wg S (—2,2)}.

Let us admit the proposition below, which is proved in Section 4.1.

Proposition 3.3. There are scalar functions 0 € C'(DxR, ) with V6" € X*(D),
open balls B*, a sequence 7; C Ry, constants M, \ and an integer N € N such
that the following properties are true.

1. Covering. For any integer k > 0, we have

N

b,k + 1] x [=1,1) € | ] B>V, (3.9)
j=1
N

[~k —1,—k] x [-1,1] C | J BEFFDNH, (3.10)
j=1

In particular, the union of balls B® covers D and any square [k, k + 1] x
[—1,1] is covered by N balls.

2. Support.

supp @’ C D x (0,7;). (3.11)

16



Vector field. The time dependent vector field VO is divergence-free in D
and tangent to T\ Ty and 8D:

AG =0

in D x[0,7], (3.12)
00 -
5 = 0 on (I'\To)UadD x [0,7;]. (3.13)

n
4. Time decay. For any i > 1 we have
. 1
IVO" (- )l ey < z for any t € [0, 7], (3.14)
T < Mi. (3.15)

5. Flow. For any i > 1 and ¢ € R with |c| < A the flow associated with
V' + (c,0) is such that

¢VO' O (Bl ) c D\ D.

(3.16)
Moreover, there are two closed balls By, By C D \ D such that
U2, Vo0 (Bi ) € By U Bo. (3.17)
Let us set tg = 0,
m:zggg,tﬁu2=5i§ﬁk i>1. (3.18)
We define 6 in the following way:
Oz, t) = 0" (w,t — t;—1) for t € [ti—1, ti1/2], 3.19)
O(z,t) = —0'(z,t; — t) for t € [t; 10, (3.20)

Notice that from the construction of ¢; we have t; —t;_1/5 = 7;. Thus (3.11)
shows that 6 € C1(D x Ry) and V0 € X*(D). We define

u:=V0+ (c,0),

Then (@, p) is a solution of (3.1)-(3.3). Indeed, by construction, (@,p) satisfies
(3.1). Properties (3.12) and (3.13) imply (3.2) and (3.3), respectively. Moreover,

it follows from (3.14), (3.16) that for any ¢ € N, we have
" (B ti—12) ¢ D,

Jim (7 8) = (. 0) oy + [VAC- Do) =0, (3:21)
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We deduce from (3.19) and (3.20) that

¢ (z,t;) ==z (3.22)
for any i > 1 and 2 € D. We shall need the following result, which is proved in
Section 4.1.

Proposition 3.4. There is a constant v > 0 such that the functions 0° in

Proposition 3.8 can be chosen in a way that, for any u € X*(D) satisfying the
iequality

/ " () — w0, pat < v,

we have qﬁ“(Bi,ti,l/Q) C ﬁ\ﬁ for any 1 > 1.

From now on, we assume that functions §° verify this proposition.

Step 2. In this step, we construct an application F,, such that its fixed
point is a solution of our stabilization problem. First, for any constant v > 0
let us introduce the set

Vo(up) :={u e X°(D): divu=0, /000 llu(t) —a(t)||s,pdt < v,
u(w,t) - n(x) = (uo(x)p(t) +u(x, 1)) - n(z) on I' x Ry},

where p € C§°([0,00)) is a non-negative function such that

1(0) = 1, Awu@a<y

Let Dy :=Rx(—2,3) and 7 : H*(D) — H*(D) be any linear bounded extension

operator such that suppmu C Dy for any u € H*(D). Let k' € C5°(D) be a
partition of unity subordinate to B?, i.e.,

supp ' C BY,
o0
> Kk'=1inD.
i=1

Take any u € Y, (uo) and let w' € C(R, H*~1(D)) be the solution of the linear
problem

W'+ (i, Viw' = —(diva)w' in D x Ry, (3.23)
w'(0) = k! curl(mug), (3.24)

where
t=u+7(u—7). (3.25)
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Take v such that Proposition 3.4 holds. Since supp w!(0) C B;, we obtain
w(z, ti—1/2) = 0 for any x € D. (3.26)

For any t € R we define the function

oo

’LU(', t) = Z ’LUl(', t), when t € [tifl/g, ti+1/2]a (327)
I=i+1

where t_1/9 := 0 and i > 0. Let us show that for any ¢ € [t;_1/2,t;11/2] the
sum in the right-hand side of (3.27) exists and belongs to C(Ry, H*~}(D)).
Applying Lemma 2.8 to (3.23), (3.24), we obtain

t
lw! @)lls-1,p < ClIs" carl(muo)ll,_; 5 +/0 IVa(r)ll_y pllw' ()l y_y, pd7).

It follows from the Gronwall inequality and relation (3.25) that
t

o ()15 = Clltcurt(run) [y s (€ [ 1907}, i)
0

< C||K" curl (rug) 1. pexp (C/Ot (HVﬂ (M) l_yp + (1) —u(7) Hs,f)) dT) .

Using the fact that ©w € X*(D), we get
lw' @®)l,—1,p < Cll&" curl(muo)lly_y p exp(C(tip1/2 +v))

for any te [ti—l/Qvti-i-l/Q]' Thus

S ' @)ll,_yp < Cexp(Ctiziye) Y lIx! curl(muo)|,_y p- (3.28)
=1

=i
Using (3.7) and assertion 1 of Proposition 3.3, we derive that the right-hand
side of (3.28) is finite. Hence, w € C([t;—1/2,tit1/2), H*~H(D)) for any i > 0.
Moreover, assertion (3.26) yields that w is continuous at ti—1/2, thus w €

C(Ry, H=Y(D)) (we emphasize that, in general, this is not true for D). Fur-
thermore, we have

w + <’EL, V)w = *(le ﬂ)w in [) X [ti—l/Qvti-i-l/Q];
=

w(0) = Z w! curl ug in D.
1

In Step 3, we prove that for this w there exists a v € ), (ug) such that

curlv = w. (3.29)
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For any u € Y, (ug), let F,,(u) := v. In Step 4, we show that the mapping
Fuy @ Yu(uo)—Yu(up) has a fixed point. We shall prove that this fixed point is
a solution of our stabilization problem.

Step 3. In this step, we prove the existence of the solution v € Y, (ug) of
(3.29). By Lemma 2.9, there is a function z € C(Ry, H*(D)) such that

curl z = w,
divz =0,
z-n =0,
2, )lls,0 < Cllw(, t)||s—1,D- (3.30)

Let us take the solution of the following problem
Ap =01in D,
0

a—z = (uop)-n on T.

From Proposition 2.4 we have ¢ € C(R,, H*t1(D)) and
I ) 1o41p) < Clluop(®) .-

Denote v = z 4+ Vi + . Let us show that v € Y, (ug) and (3.29) is verified.
Clearly

curlv = curl z = w,
dive =divz 4+ Ap =0,
v-n=(up(z)p+a) - nonl xR;.

Hence, to show v € Y, (ug), it suffices to prove for sufficiently small ug that

| oo w0 ot < v (3:31)

It follows from the construction of v that

[o(,t) =a@)lls,0 < lleC )l gorr oy + 1205 D)lls,0-

Proposition 2.4 and (3.30) imply

o0

/ () — ().t < [Juo]le.p / p(H)dt + C / (-, H)llar.pdt.
0 0 0

From (3.27) we have

0o e tit1/2 >
|t olapat =3 [ S W), g
0 i—0 Jti—1/2

l=i+1
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Applying Lemma 2.8 to ;. w', we obtain

H Z (z,t) é 1.D <CeXp( / IVE(,7)||s= 1Dd7‘>H Z ﬁcurluOH

l=i+1 l=i+1
Thus
[T1wenlnrzeds [T S dentul, o
0 l=i+1
xexp( /HVU Voo 1Dd7) at
i+1/2
<C’12/ exp (Ctiy1/2) || curlugl|,_ 1.o\ui_, B, At
ti—1/2

Combining (3.7), (3.15), (3.18) and assertion 1 of Proposition 3.3, we get

(tiv1/2 = ti172) exp(Cliya o)l curluollsy prui_ 5, < Cog

for any ¢ > 0, where C3 does not depend on i. Let K be a constant such that
=1 v
C,C - < .
s Z 272
=K

Taking ug sufficiently small such that

|u0||SD+Z/ Z ||t curlug|s—1.p exp </ [V (-, 7) s 1Dd7)d

l i+1
<

i+1/2

v
2 )
we get (3.31).

Step 4. In this step, we show that the mapping F,, : Y, (ug) =V, (ug) admits
a fixed point, which is the solution of our stabilization problem. Let us take a
sequence uy' := Jy,(ug), where Jp, is the operator defined by (2.31). We have
that uf* € H*T1(D) verifies (2.32), (2.33). Take u®(z,t) = p(t)uo(x) + u(x,t).
For sufficiently small ug we have u® € Y, (ug). Let u! = Fu (u®) and let wy be
defined as in (3.27) with v = «° and uo(z) = u{(z). In this way we introduce
the sequences u™ € X'* and w,, € C(R4, H*(D)) by the relations

{ ’U,erl = Fu6n,+1 (um),
m+1

W1 defined as in (3.27) with v = u™ and up = ug

Let us show the convergence of wy, in C([0,t1 2], H*~1(D D)). This will be proved
by using the same arguments as in the proof of Theorem 2.7. It is easy to see

O (W — wi) + (@1, V) (Wi — wy) = (@1 — a’"—1 VAT

(le k- 1) (W, — wg) — (divﬂ — divak~ 1) Wiy,
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Setting K™ (t) := ||wy,(-,t) —wi (-, t)||,_, p and using Lemmas 2.8 and 2.9, we
obtain

t
E™R(t) < [lug = uglls + C/O (K™ HO)IVa* = () s-1

+ @™t o) = @D lsma o G ) s + KRN [wgn (4, 7) s-1) dr
(3.32)

Let us show that for any m € N

sup |Jwm (-, t)l[_y p < Cllug’ll; p> (3.33)
tE[O,tl/z]

where C' depends only on ||E(t)||L1((07t1/2)7H5(f))) and does not depend on m.

From the construction of w,,, we have
W, + (@, VY, = —(diva™ Yw,, in D xRy,

wm(0) = Z Kt curl mu! in D.
=1
Applying Lemma 2.8, we get
t
m ~m—1
()1 5 < C (nuo oo+ [ Twonl s plIVa ||51,ﬁdt)

t
< (1hop + [ Nomlo o (1980 p + -3, p) ).

Using the Gronwall inequality and the fact that @,,—1 € Y, (ug"), we derive

t1/2
lwm®ls_1,p < C(lonHseXp(/O (IVally_y p + [T = Gm-1ll, p)dt) < Cy,

where C; does not depend on m. Thus, we obtain (3.33). The construction of
u™ implies boundedness of supycjoy, .1 |u™[l, p uniformly in m. In the same
way we can show that

sup |Jwm (- )5 p < Cllug' 41, p-
t€[0,t1 /2]

Combining this with (2.32) and (2.33), we get

871, 7) = (7)ol (7)o < 7 7) = B0 7)

[ e m) = @ DT w1 s < am
(3.34)

for any t € Jtl/Z’ where supys,,, @m,r—0 as m—o0 and a, ; is decreasing se-
quence in m for any fixed k¥ > m (this properties we can obtain arguing in
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the same way as in Theorem 2.7). Using this with (3.32) and (3.33), for any
t e Jy,,, we get

t
K™k () < C’/ (K™= V=1t ) + K™k ()t + am .
0
By the Gronwall inequality, for any ¢ € [0, ;2] we have

t
KMkt () < C/ K™= b1 (5)) e doy + Camapitp
0

t o1
< CQ / / Km+p72,k+p72(0_2)600166‘02(10_2(10_1
Ct
+Ce" " 2 amip1 ktp-1 + Clmipkip

t o1 o2
< 03/ / / Kmﬂ’*g’k“’*g(02)60‘71ecazecagdogdogdol

20t1/2
t1/2

Am+p—2,k+p—2 + Ce Am+p—1,k+p—1 + Caerp,ker

<cr / / / K™H ()07 0ot 40 qg, . . doyday

p—1 Ct1/2
JFE:C Am+p—j,k+p—j-
j=0 '
Thus, we derive
Cer©
Kmipktr < 27 pax K™F 4 Cap, .
p! te[o,T)

Hence, wp, is a convergent sequence in C([0, 1 /5], H*~1(D)). In the same way
we can get the convergence of w,, in C([ti,l/Q,tiH/Q],Hs’l(ﬁ)). Finally,
the fact wy,, € C(Ry,H*"'(D)) implies that w,, converges to some w* in
C(R4, H*"Y(D)). The convergence of w,, implies the convergence of u™ to
some u* in X*(D). We have

curlu® = w*, (3.35)
divu® =0, (3.36)
u*(x,t) - n(z) = (uo(z)u(t) + a(z, t)n(z) on I' x Ry. (3.37)
Let us show that
’U_)*(', t) = Z ’U_)*l(', t) for t € [ti—1/27ti+1/2]5 (338)
I=it+1

where w*! is the solution of
w* + (@, Vyw*' = —(diva*)w* in D x R, (3.39)
w*(0) = k! curl(rug). (3.40)
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To this end, recall that

o0

Wi (- 1) = Z wh,(-,t), whente [ti1/2:tiv1)2]s
1=it1

where w!, is the solution of

w’lm + <’ELm,1, v>w’lm

wt, (0) = &' curl(ruf ™).

= —(div Gpy1)wl, in D x Ry,

We have that w!, —w*' in C(R,, H*~'(D)) uniformly with respect to [ as m—soo
(this can be proved in the same way as in the proof of the convergence of w.,).
Thus we have (3.38). Clearly (3.35)-(3.40) imply that u* is a solution of the
Euler system (3.1)-(3.3).

As in (3.28), using (3.35)-(3.40) for any t € [t;_1/2,ti11/2] and (3.7), we can
show that

Yol @),y p < CDexp(Ci®)|[w! curl(muo)ll,_, 5
=1

1=i
<C Z exp(Ci?) exp(—Ci*H7).
1=i

Thus

lim ||u*(t) —@(t)||s,p = 0. (3.41)

t—o0

Combining this with (3.21), we see that the first two terms on the left-hand side
of (3.8) go to zero as t—00. Recall that

Ap* = —div({u*, V)u*)
op*
on

(", V") .
Thus, Proposition 2.4 implies lim;_,« || Vp*(¢)||s—1 = 0. This completes the

proof of Theorem 3.1.
O

4 Construction of the particular solution

4.1 Proof of Proposition 3.3

We have the following simplified version of Proposition 3.3.
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Lemma 4.1. For any xo € D there exist a function § € C*([0, 1], H*+1(
and a constant A > 0 such that

o
=
Nt

00

5 = 0 on (I'\To) x [0,1], (42)
supp 6 C D x (0,1), (4.3)
pVOTCO (20,1) ¢ D for any |c| < A. (4.4)

This lemma is proved at the end of this subsection.

Proof of Proposition 5.3. 1t follows from Lemma 4.1 that there are functions
0 € C>=([0,1], H**Y(D)) and open balls B® = B(z;,r;) C R%, i =1,...,N
covering the rectangle [0, 1] x [—1, 1] such that properties (3.11)-(3.13) and (3.16)

are verified for 7, = 1. For ¢ = 1,..., N let us take
ri=i sup VB0, (4.5)
t€[0,1]
. i (x, L)
0 (z,t) 1 = ——T—. (4.6)
Ti

Then B',7; and ¢ verify (3.9)-(3.16) for i = 1,..., N. Moreover, there are
closed balls By, By C D\ D such that

U, @V O (B ) € By U By
We denote BN+ .= B(x;,7;)+(k,0) and BE**+UNFI .= B(z;,r;)—(k+1,0)

j=1,...,N. Then properties (3.9) and (3.10) are satisfied. Let h € C*([0, 1])
be such that

h(t) =0 for any t € [0,1/4],
h(t)=1 for any ¢ € [3/4,1],
|[h(t)| <1 for any t € [0,1].

For any = = (21,22) € D and ¢ € R define

GAN-+4 g ) {(k — o)z h'(t) fort € [0,1], an

09 (xz,t —1) for ¢ € [1,2].

It follows from the constructions of 7, j = 1,..., N that (3.11)-(3.13) are
verified for 7; = 2. It is easy to see that for any ¢ € [0, 1] we have

oV 1) = (k= ¢, 0)h(t) + (¢, 0)t + - (48)
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Thus ¢VO"" 7 +(e0) (BN 9) = ¢V&+(e0)(BI 1) ¢ D, which implies (3.16)
and (3.17). Notice that V8* € X*(D). In order to have also (3.14) and (3.15),
we define 7; by (4.5) and

. 207 (z, 2
0 (x,t) : = ———=. (4.9)
Ti
This completes the proof. o
Proof of Lemma 4.1. The proof is based on the ideas of [8, Lemma A.1].

Step 1. We denote by A the vector space of functions £ € HS+1(b) with
the following properties

A¢ =0in D,

0

a—i —0onT\ Ty,

supp& C D. (4.10)

First, let us show that for any 2o € D we have
R? = {V&(zp) : € € A} (4.11)

Suppose that (4.11) does not hold. Then, there is a vector V € R2?, V # 0 such
that
V- Vé(ro) = 0

for all £ € A. Let D be the domain defined in (2.1) and let D C Dj. Take any
a € D\ D, and let G, be the solution of (2.10), (2.11). Let By, By C D\ D be
two open neighborhoods of a such that By C By and let p € C°°(D) be such
that

_ 1, ife¢ B,
p(ZC)—{ 0, ZL'EBl.

Clearly 7(pG,) € A, thus V - V7 (pG,) (o) = 0. Since zg ¢ Ba, we have
V - VGa(xo) = 0 (4.12)

for all @ € D\ D. On the other hand G, is analytic in a € D \ {zo} (see
Proposition 2.5, (iii)). Thus, we have (4.12) for all a € D\ {zo}. Using (2.12),
one can find a sequence a,—x¢ such that V- VG, (z¢)—00 as n—o0, which is
a contradiction to V # 0.

Step 2. Take any zg € DUTg, 2 € D\ D and let F : [0,1] — D be a
continuous function such that

F(t) = o for any t € [0,1/4],
F(t)=a! for any t € [3/4,1],
F(t) ¢ I'\T'g for any ¢ € [0,1].
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Then for any ¢ > 0 we can find & € A, h; € C*([0,1]), ¢ = 1,...,k with
supp h; C [1/4,3/4] such that for 6(z,t) := Zle &i(z)h;(t) we have

|F(t) — ¢V (x0,t)| < & (4.13)

for any t € [0,1]. It is easy to see that there is a constant A > 0 such that for
any |c| < A

10V (0, ) — ¢V (4, 8)] < e. (4.14)

Since &; € A and supph; C [1/4,3/4], we have (4.1)-(4.3). The construction
of F, inequalities (4.13) and (4.14) imply ¢Vo*+(¢0)(2y,1) ¢ D for sufficiently
small € > 0.

Step 3. It remains to study the case zg € '\ T'g. Let yo € Tp and k € R be
such that xo = yo + (k,0). Then, the function

0z, 1) (—c—k)x1 W (t) for t € [0,1/2],
x,t) =
20y, (z,2(t —1/2)) fort e [1/2,1]
satisfies (4.1)-(4.4), where h € C*°([0,1/2]) is any function with h(0) = 0,
h(1/2) =1 and §,, is the function constructed in Step 2 for yo € T'. O

4.2 Proof of Proposition 3.4
For any m € R, let us denote

D™ := (=00, —m] x [-2,2] and D' := [m,+00) x [—2,2]. (4.15)
We shall need the following lemma.

Lemma 4.2. The functions 8 constructed in the proof of Proposition 3.3 are
such that there exist ' € C(Ry) with

sup |¢V9i+(c,0)($, t) —z| < {L] + M for any t € [0, 7], (4.16)
wch 2N
VO (x,t) — VO (y,t)| < L(t)kv —y| for any x,y € D" or x,y € D™

’ ’ — (m+ 1)2 ’ + ’ —

(4.17)

where [ o' (t)dt < M, [5%] is the integer part of 5% and M € R does not
depend on 1.

Proof. Tt is easy to see that (4.7) and (4.9) imply

¢V9i+(c,0)(x t) = (=k—c, O)h(i_f) +(c 0)% +o forte0mn/,
) (Jbveur(c,o)(x7 3_5 _ 1) fort € [Ti/Q,Tz‘]~
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where k = [ﬁ} and j =i — 2Nk. This yields (4.16) for a sufficiently large M.

To prove (4.17), notice that in the proof of Lemma 4.1, the functions 6 can be
chosen such that
[230°6]|, < Clao),

where |f| = 2. Indeed, since Proposition 2.5 implies that the second order
derivatives of G, belong to S(D), one can replace (4.11) by

R? = {V&(zg) : € € A and ||x%6ﬂ£||s7ﬁ < C(xzp), |8 =2}.
Hence, we can find a constant M7 such that
1 o~
sup / 22056 (t, M oo (pydt < M.
i=1,...,N,|8|=2Jo
Combining this with (4.7) and (4.9), we get (4.17). O

Now we return to the proof of Proposition 3.4. It suffices to show that for
any € > 0 there is ¥ > 0 such that the inequality

sup |¢“(z,t) — ¢"(x,t)| < e (4.18)
rEB;

holds for any 7 > 1 and ¢ € [0,%;_1/]. Let us denote

X(t) = ¢"(x, 1),

Y(t) =¢ (ac,t),

where x € B*. We shall prove (4.18) in the case when i is even. The proof when
1 is odd is similar. Let k := [ﬁ], then

Clk—2,k+3] x[-2,2]. (4.19)
Step 1. First let us show that to establish (4.18) it suffices to prove that
|X(t)—Y(t) <1forallteRy. (4.20)

It is easy to see that

= (w(X(), 1) —u(X(t), 1)) + (@(X (), ) —u(Y (), 1)) =: L(t) + I2(t). (4.21)

We have that

/ S L@l < v. (4.22)
From (3.19), (3.20), (4.16) and (4.19) it follows that
Y(t) € 2[ } k+3+{2N]+M] [~2,2]
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for any t € [0,%;_;/5]. Hence, (4.20) implies

J J
X(t k—3—|=—|—-Mk+4 — M —2,2].
(0 e le-3- || - dkras ||+ axi-2
We derive from (3.19), (3.20) and (4.17) that
ti—1/2 ti—1/2
[ Rl s [T wopeo - v (4.23)
0 0
where
I(t—t;—
T — (k:pg,([ﬁ]jM)_y’ teltj—1,ti—1/2]s
() = S eet) M 7 t5]
(kfgf[ﬁ],M)w J=1/2:%5

for j < 2N(k —3 — M) (here we use (4.17) for m =k — 3 — [55| — M) and

QDJ(t), te [tj—lat'71/2]7
W(t) = : J
© { Pt~ 1), Ll 1oty

for j > 2N (k — 3 — M) (in this case we use (4.17) for m = 0). Thus we have

ti—1/2 toN(k—3—M)—1 ti—1/2
/ U(1)dt = / W(t)dt + / W(t)dt
0 0 toN(k—3-M)—1

2N (k—3—M)—1
< : + (2N(M +4)+1)2M.
< ; (k=2 [] — M) (2N ( )+1)

(4.24)

Integrating (4.21), using (4.22)-(4.24) and the Gronwall inequality, we obtain

| X (tic172) — Y(tic1/2)]
IN(k—3—M)—1

2M
<wvexp : + (2N(M +4)+1)2M
2 G
. 8MN?
<wexp | Y ——— + N(M +4)+1)2M | . (4.25)
—~ ]
j=1

Choosing v such that the right-hand side of (4.25) is smaller than e, we prove
(4.18) for all 4.

Step 2. To complete the proof, it remains to show (4.20). To this end, let
us assume that (4.20) does not hold for some ¢ > 0. Denote by ¢; the first time
such that | X (to) — Y(to)] = 1. Hence, we have (4.20) for all ¢t < tg. Step 1
implies

- - — 8M N?
X (fo) = Y(fo)| <vexp | Y et (2N(M +4)+1)2M | . (4.26)

j=1
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Since the right-hand side of (4.26) does not depend on #, choosing v sufficiently
small, we get (4.20).

5 Appendix: proof of Lemma 2.3

Let us consider the space
Ho(D") ={z€ L*(D') : curlz € L*(D"), divz € L*(D'), z - n|r = 0}
endowed with the norm
20, = N2l + [ curl z[| + | div z{].

Here D' is a strip or is the domain D defined in (2.1). Recall the following result
(see [10, Chapter 7, Theorem 6.1]).

Theorem 5.1. The following equality holds
{zc HY(D'): z-n|r =0} = Hy.

In the case of bounded domains it is shown in [18, Appendix 1, Proposition
1.4] that

H*(Q)={z € L*Q): curlze H*7}(Q), divze H*"Y(Q), z-n € H/2(8Q)}.
(5.1)

Let us generalize this result to the case of domain D’. We shall need the following
lemma.

Lemma 5.2. Let g € H'/?(I"). Then the problem

Au—u=0 in D, (5.2)
0
a—z =g on T (5.3)
has a unique solution u € H*(D'), which satisfies
lull2 < Cllgll1/2- (5.4)

Proof. Problem (5.2), (5.3) is equivalent to

VuVédz + / ufdx = / g0do for any 6 € H'(D').
D’ ' r

Since g € H~'/2(I""), the Riesz representation theorem implies the existence of
a unique solution u € H(D").

Case 1. Assume D’ = D, and let us prove that u € H?(D). It is easy to
see that v := 0ju is the solution of the problem
Av—v=0 in D,
v

I =019 on T.
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Thus 61u € H' (D) and
[Ovully < Cligllyy2-

Combining this with the fact that Au € H(D), we obtain u € H*(D) and (5.4).
Case 2. Now consider the case D' = D. Let

Q:={zeD: |z <Nyand Qo :={z € D: |z;| <N +1},

where N is so large that D\ D C €. Let us take some function x € C"O(B)
such that such that

_ 0, 1f$¢§2,
x(@) = { 1, ifze Q.

Then w := xu is the solution of

Aw —w =2VxVu+ Axu =: f in Qo, (5.5)
ow _
o =:g on ONs. (5.6)

It is easy to see that f € L?*(Q) and § € H'/?(985). This implies that
w € H?(s) (e.g., see [1]). Thus u € H?(Q1). On the other hand, from the
fact T'g C Q1 we derive 8%|p € H'/2(T"). Hence, using the result for D' = D, we
see that u € H?(D). This completes the proof of Lemma 5.2. O

Now let us prove (5.1) for Q = D’. Clearly the space in the left-hand side is
contained in the right-hand side of (5.1). By induction, let us show the other
inclusion. Assume s = 1. Let us take some function z from the right-hand side
of (5.1) and consider the problem:

Ap—p=0 in D,
9p
on
By Lemma 5.2, we have p € H?(D') and |jpll2 < Cl|z - n|l1/2 . Let us take

w = z — Vp. Clearly w € Hy, thus Theorem 5.1 implies w € H'(D’). Hence,
z € HYD') and

=z-n on I.

121l < flwllx + [Iplle < Cllz[l + [[curl z]| + || div 2| + ||z - 2llj2)-— (5.7)

Now assume that (5.1) holds for s—1 and let us prove it for s. Let 72 be a regular
extension of n in D’ such that |n(x)| = 1. Let us show that such an extension
exists. To simplify the proof, let us assume that d = 0 in the definition of D
(see (2.1)). We define

_ 7' (21)

nl(xleC?) =t h(zlazQ)v
L+ (z1)?

. T

712(961,902) = 2

(1 +y(@1)y/T+9(@1)?
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where h € C°(D), hlyp = 0 and h(z1,0) = 1+ \/% Then we have
(n1,n2)|9p = n and |(f1,72)| > ¢ for sufficiently small § > 0. Hence, n(z) =
(P1,72)
[(7i1,702)]
Since v-7 is the tangential derivative of z-7 along I, we have v-n € H*~3/2(I").
On the other hand

is an extension of n. Let us take v := V+(2-7). Then v € L2, dive = 0.

—curlv = A(z - 1) = (Az1)n1 + (Azg)ne + 0,

where & € H572. Tt follows from the facts Az; = 0y divz + 9 curl z and Azy =
Oodivz — O curl z that curlv € H® 2. Thus the induction hypothesis yields
V(2 7n) € H*"L. Hence,

(6221)751 + (aQZQ)ﬁQ S Hsil,
(6121)77“ + (612:2)732 S H L.

Combining this with div z € H*~! and curl 2 € H*~!, we obtain #-V1z; € H5~!
and 7 - Vz; € H*7! for i = 1,2. Thus Vz; € H*~!, which completes the proof.
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