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Abstract. In the framework of Finslerian geometry, we propose a geometric unification between
traditional gauge treatments of gravity, represented by metric field, and dark energy, which arises as a
corresponding gauge potential from the single SU (2) group. Furthermore, we study the perturbation of
gravity waves caused by dark energy. This proposition may have far reaching applications in
astrophysics and cosmology.
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1. Introduction

Observations of type la supernovae and of large-scale structure (LSS), in combination with
measurements of the characteristic angular size of fluctuations in the cosmic microwave
background (CMB)([1],[2].[31.[4]1,[5].[61.[71.[81,[9].[10]) provide evidence that the expansion
of the Universe is accelerating. This acceleration is attributed to the “dark energy”, a
hypothetical energy with negative pressure ([1], [2], [3], [4], [5], [6]). Evidence for the
presence of a dark energy is also provided by an independent, albeit more tentative,
investigation of the integrated Sachs-Wolfe (ISW) ([11]).

The dark energy may result from Einstein’s cosmological constant (which has a
phenomenally small value); from evolving scalar fields ([12]); and from a weakening of
gravity in our 3 + 1 dimensions by leaking into the higher dimensions, as required in string
theories ([13]). These explanations may have crucial borader implications on fundamental
physics. This has stimulated further efforts to confirm the initial results on dark energy, test
possible sources of error, and extend our empirical knowledge of this newly discovered
component of the Universe.

The gauge theory of gravity is based on the gauge principle and was suggested immediately
after the formulation of the gauge theory ([14], [15], [16], [17], [18], [19], [20], [21], [22],
[23]). In the traditional gauge treatment of gravity, the Lorentz group is localized and the
gravitational field is not represented by gauge potential, but by a metric field ([18], [20]).

In this paper we use the framework of Finslerian geometry ([24], [25], [26], [27], [28], [29])
to propose a geometric unification between traditional gauge treatment of gravity, represented

by the metric field g, , and dark energy. Which appears as a corresponding gauge potential

B, , arising naturally from the gauge treatment of the single SU (2) group ([30], [31], [32]).

We demonstrate that the dark energy would result naturally as a geometric effect of Finsler
space, rather than being an additional suggestion. Furthermore, we study the dark energy
perturbation of gravity wave, and discuss some wider potential applications of this in
astrophysics and cosmology.

2. On the Finslerian geometric unification of gravity and dark energy
In the framework of a Riemannian approach, where two nearby particles are subject to the

traditional gravitational field g, (free-falling), the Equation of Deviations of Geodesics
(EDG) takes the form:
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where n",n" represent the deviation vector, o the covariant derivative; andR”  is the
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Riemann tensor.

The equation of motion of two nearby particles subjected to the action of the massless vector
B-field of dark energy is obtained by introducing the Lorentz term into the geodesics equation
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where B, is the dark energy field strength:B,, =B, , - B
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gauge potential arising from the single SU (2) group [30]. Equation (2) thus modifies
equation (1) in the general form:

andB, is the dark energy
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The term @“ in relation (3) describes the external interaction between two nearby mass
particles due to dark energy. Fora“ =0, relation (3) is reduced to (1), where only the
gravitational field is present. ®“ also governs the relative acceleration between two nearby
particles in the flat space withRj ; = 0.

From the above we conclude than Riemannian geometry does not provide a sufficient
framework for the geometric unification between gravity and the vector dark energy. The
disadvantage of Riemannian geometry is that the equation of motion of a particle subject to
the action of a gravitational and dark energy field doesn’t occur physically from the geometry
of space-time and it is necessary to be imposed as an independent axiom.

Riemannian geometry can be extended through the introduction of the Finsler space [25]. The
metric function of the Finsler space is given by:

F(xV)=49,, (x)V VAl + B,V ([29)), (@)

where g, is the Riemannian metric tensor and B , is the dark energy vector potential. The
metric f ,, of Finslerian space [29] is given by
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where g, is the Riemannian metric tensor and h,, the metric tensor. The latter is given by
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A space endowed with the metric tensor (6) is called a Randeres space [29].

The presence of the dark energy component h in space-time causes the isotropy of space to

break down. The geodesic equation for this space is:
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From A" the connection coefficient A _," of this space can be derivedA _," , by analogy
with the Berwald connection coefficient [28]. By analogy to the Berwald curvature tensor

[28], we may associate with connection coefficient Am” a curvature tensor.

thjk = Rr:jk + Brlek , (12)
where Rpjc is the Riemannian curvature tensor that came from the metric 9,,and Bf”.k is
given by
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The equation of geodesic deviation is given by

'(x,x')zj:O, (15)

where A = A}, x"x™*, z7is the deviation vector and ' is the tangent vector. As f}, has a

part independent of velocity x'™ , we have the relation
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By equation (17) we derive the action of the system
S:H:\jk(x)ghj:RJrﬁanan (18)

Action (18) yields the field’s equations of gravity and dark energy, respectively, as follows:
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For equations (12) and (15) we observe that the deviation vector z!has two terms: a pure
gravitational deviation, represented by R,‘”.k in the curvature tensor equation (12), which we
would observe if there was no dark energy field, and the admixture of gravitational and dark
energy deviations, represented by B;jk in the curvature tensor equation (12). We examine the
following cases:

For By, =0 we have
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where the deviation equation (15) becomes a Riemannian one.
For B:”-k #0, Rf”.k # 0 the associated curvature tensor of Randers space l-i,‘”.k is derived from
the connection coefficients
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The last relation shows that dark energy field is incorporated in the geometry of space. The
second part B,‘”.k of the full curvature l-i,‘”.k equation (12) describes the dark force that two

freely falling particles of masses m, and m, would exercise on each other. In such a case, the

dark force would result naturally as a geometrical effect and it would not be necessary for us
to impose it in addition.

Finally, for R,i”-k =0 the equations of the geodesic deviations are governed by the dark

energy and relation (15) is reduced to:
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In this case the first term of the Randers tensor corresponds to the Lorenz metric. The metric
function F(x,x) can, then, be expressed in the form:

F(x,)'():JnW)'(”)'(V + BB, (X)% ,ﬂ:% (24)

This metric function is interesting for a possible linear theory caused by the dark energy field.

3. The dark energy perturbation of gravity wave

As an extension of the theory of gravitational waves described by General Relativity, we
introduce a Finslerian metric, representing the Finslerian perturbation of Riemannian
metric([33],[34].[35])

fo(y)=9, (X)+0,, (xy), lel<<1 (25)



Where g, is the Riemannian metric tensor and 6, (x, y) is the Finslerian perturbation to the

Riemannian metric tensor. Metric tensor (25) can be called a post Riemannian metric tensor
[36].

Here, the Finslerian perturbation of Riemannian metric represents the dark energy
perturbation of the gravity wave. This observation invites us to consider a Finslerian
manifold, whose metric function contains two masslesss dark energy fields with 4-pontensioal

vectors, B and B(? , in the following form:

F (V) =gy (x)v'v] +p(BY + BV +ga(xV), (26)

where V' =dx'/dsis a 4-velocity of a particle, s is a constant, ¢=4B'"B®is the
interaction term of two dark energy fields , 2 is a constant, and A(x,V)is an homogeneous
function of 1% degree, assumed to be scalar in the Finslerian manifold [25].

The last term of equation (26) corresponds to the gravitational field induced by the interaction
between the dark energy fields. It contains the information of the gravitational field caused
by the interaction of the dark energy field. This gravitational field affects the motion of every
physical object in space-time. Applying equation (5) to equation (26) we obtain the following
metric tensor for this field:

fiy = gy + &hy; Jelw<1, (27)

where g, is the Riemannian metric tensor corresponding to the gravity wave perturbation (
|g,, I<<1) to Minkowski metricn,, =diag(-1,-1,-1,+1) ([33], [34], [35]), and h,,

describes the interactions between the gravity wave and dark energy, and dark energy to
itself.
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4. Conclusion

The equation of deviations of geodesics in Finsler space allows incorporation of dark energy
in the geometry of space. We demonstrate that the dark energy would result naturally as a
geometric effect and it would not necessary for us to impose it in addition. In a way the
geometric unification between gravity and dark energy massless vector field is achieved. We
also find that, whenever the dark energy component hw IS present in space-time, the isotropy

of space breaks down. In the framework of Finsler space, we also predict a dark energy
perturbation of gravity waves.



References

[1].Riess, A. G., et al. 1998b, AJ, 116, 1009

[2].Perlmutter, S, et al. 1999, ApJ, 517, 565

[3].Riess, A. G. 2000, PASP, 112, 1284

[4].Filippenko, A. V. 2001, PASP, 113, 1441

[5].Filippenko, A. V 2004, in Carnegie Observatories Astrophysics Series, Vol. 2: Measuring
and Modeling the Universe, ed. W. L. Freedman (Cambridge: Cambridge Univ. Press), in
press (astro-ph/0307139).

[6].Leibundgut, B. 2001, ARAA, 39, 67

[7].Knop, R., et al. 2003, ApJ, in press (astro-ph/0309368)

[8].Tonry, J. T., et al. 2003, ApJ, 594, 1

[9].Barris, B., et al. 2004, ApJ, in press (astro-ph/0408097)

[10].Spergel, D. N., et al. 2003, ApJS, 148, 175

[11].Scranton, R., et al. 2003, Phys. Rev. Lett., submitted (astro-ph/0307335)

[12].Peebles, P. J., & Ratra, B. 2003, Rev. Mod. Phys., 75, 559

[13].Deffayet, C., Dvali, G., & Gabadadze, G. 2002, Phys. Rev. D, 65044023
[14].Yang.C.N, Mills.R.L 1954 Phys.Rev 96 191

[15].Particle Data Group 1998 Euro.Phys.J C3 1

[16]. A Z Dubnickova 1976 J. Phys. G: Nucl. Phys. 2 69

[17].Nambu.Y, Lasinio.G.J 1961 Phys.Rev 122 34

[18].Utiyama.R 1956 Phys.Rev 101 1597

[19].Brodsky.A, Ivanenko.D and Sokolik.G 1961 JETPH 41 1307

[20].Kibble.T.W 1961 J.Math.Phys 2 212

[21].lvanenko.D, Sardanashvily.G 1983 Phys.Rep.94 1

[22].Hehl.F.W, McCrea.J.D, Mielke.E.W and Ne’eman.Y 1995 Preprint gr-qc/9601002
[23].Hehl.F.W, VVon Der Heyde.P, Kerlick.G.D, Nester.M.J 1976 Rev.Mod.Phys.48 393-416
[24].Vacaru.S, Stavrinos.P and Gonta.D 2005 Preprint gr-qc/0508023

[25].Matsumoto. M 1986 Foundation of Finsler Geometry and Special Finsler Space,
Kaiseisha Press


http://arxiv.org/abs/astro-ph/0307139v1
http://arxiv.org/abs/astro-ph/0309368v1
http://arxiv.org/abs/astro-ph/0408097v1
http://arxiv.org/abs/astro-ph/0307335v2
http://arxiv.org/abs/gr-qc/9601002v1
http://arxiv.org/abs/gr-qc/0508023v2

[26].Stavrinos. C. P and Kawaguchi, H 1993 Deviation of geodesic in the gravitational filed
of Finslerian space — time. Memoirs of Shonan Institute of Technology Vol. 27(1): pp35 — 39

[27].Stavrinos. C. P, Nikolopoulos .D, Prezas .N 1994 Finslerian Metric based on the
Gravitensional and electromagnetic Fields .Proc. of IV — th Conf. on theoretical Phys Gen.
Rel. and Gravitation.(Ed) Zet C., Bistrina, Romania.

[28].Antonelli. P, Ingrarden.S, Matsumoto.M 1993 The Theory of Sprays and Finsler space
with Application in Physics and Biology.Kluwer, Acad.Pud.Dordrecht

[29].Beil.G 1996 The Finsler Geometry and a Unified Field Theory. Contemporary
Mathematics 196, pp 265 — 271.

[30]. Armendariz-Picon.C 2004 JCAP 0407 007
[31].Wei.Hao, Cai.Rong-Gen 2006 Preprint astro-ph/0603052
[32].Jimenez.J.B, Maroto.A.L 2008 Preprint astro-ph/0801486

[33]. Stavrinos.P.C 1999 Deviation of Geodesics and Gravitational Waves in Finsler Space.
Present at the Bulletin of Calcutta Mathematical Society, International Symposium on Recent
Advances in Mathematics and its Applications Calcutta India

[34] Balan.V, Stavrinos.P.C, Trencevski.K 2000 Weak Gravitational Models Based on Beil
Metrics. Presented at the Conference of Applied Differential Geometry-General Relativity,
Work-shop“Applied Differential Geometry, Lie Algebra —General Relativity” Thessaloniki,
Greece

[35].Balan.V, Stavrinos.P.C 2001 Finslerian (a, b)-Metrics in Weak Gravitational
Models.Presented at the Conference of Applied Differential Geometry-General Relativity,
Work-shop“Applied Differential Geometry, Lie Algebra —General Relativity” Thessaloniki,
Greece

[36].1keda.S 1995 Advanced Studies in Applied Geometry, Seizansha, Sagamihara, Japan


http://arxiv.org/abs/astro-ph/0603052v3
http://arxiv.org/

