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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ✐♥tr♦❞✉❝❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ s♣❧✐tt✐♥❣

❛❧❣♦r✐t❤♠ ❢♦r ♠✐♥✐♠✐③✐♥❣ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ F + ∑n

i=1
Gi✱

✇❤❡r❡ F ❤❛s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t ❛♥❞ t❤❡ Gi✬s ❛r❡ s✐♠♣❧❡

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡✐r ▼♦r❡❛✉ ♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ❛r❡ ❡❛s② t♦ ❝♦♠✲

♣✉t❡✳ ❲❤✐❧❡ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❝❛♥♥♦t ❞❡❛❧ ✇✐t❤ ♠♦r❡

t❤❛♥ n = 1 ♥♦♥✲s♠♦♦t❤ ❢✉♥❝t✐♦♥✱ ♦✉r ♠❡t❤♦❞ ❣❡♥❡r❛❧✐③❡s ✐t t♦ t❤❡ ❝❛s❡

♦❢ ❛r❜✐tr❛r② n✳ ❖✉r ♠❡t❤♦❞ ♠❛❦❡s ❛♥ ❡①♣❧✐❝✐t ✉s❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ F

✐♥ t❤❡ ❢♦r✇❛r❞ st❡♣✱ ❛♥❞ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ♦❢ t❤❡ Gi✬s ❛r❡ ❛♣♣❧✐❡❞

✐♥ ♣❛r❛❧❧❡❧ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ st❡♣✳ ❚❤✐s ❛❧❧♦✇s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞

❜❛❝❦✇❛r❞ t♦ ❡✣❝✐❡♥t❧② ❛❞❞r❡ss ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ❝♦♥✈❡① ♣r♦❜❧❡♠s✳

❲❡ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ ✐ts r♦❜✉st♥❡ss t♦

❡rr♦rs ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ❛♥❞ ♦❢ t❤❡ ❣r❛✲

❞✐❡♥t ♦❢ F ✳ ❊①❛♠♣❧❡s ♦♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥ ✐♠❛❣✐♥❣ ❞❡♠♦♥str❛t❡ t❤❡

❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ♦t❤❡r s♣❧✐tt✐♥❣

❛❧❣♦r✐t❤♠s✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ H ❞❡♥♦t❡s ❛ r❡❛❧ ❍✐❧❜❡rt s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤
s❝❛❧❛r ♣r♦❞✉❝t ⟨⋅ ∣ ⋅⟩ ❛♥❞ ❛ss♦❝✐❛t❡❞ ♥♦r♠ ∣∣ ⋅ ∣∣✱ ❛♥❞ n ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

min
x∈H
{Ψ(x) ❞❡❢

= F (x) + n

∑
i=1

Gi(x)}, ✭✶✳✶✮

✇❤❡r❡ ❛❧❧ ❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss Γ0(H) ♦❢ ❧♦✇❡r s❡♠✐❝♦♥✲
t✐♥✉♦✉s✱ ♣r♦♣❡r ✭✐ts ❞♦♠❛✐♥ ✐s ♥♦♥✲❡♠♣t②✮ ❛♥❞ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ❢r♦♠ H t♦]−∞,+∞]✳

✶



✶✳✶ ❙t❛t❡✲♦❢✲t❤❡✲❆rt ✐♥ ❙♣❧✐tt✐♥❣ ▼❡t❤♦❞s

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✶✮ ✐s ❢❛✐r❧② ❣❡♥❡r❛❧✱ ❛♥❞ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✐t❡r❛t✐✈❡
❛❧❣♦r✐t❤♠s t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡
s✉♠♠❛♥❞✳ ❖♥❡ ❝r✉❝✐❛❧ ♣r♦♣❡rt② ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝♦♠♣✉t❡ t❤❡ ❛ss♦❝✐❛t❡❞
♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ❬✶❪✱ ❞❡✜♥❡❞ ❛s

proxG(x) ❞❡❢

= argmin
y∈H

1

2
∣∣x − y∣∣2 +G(y). ✭✶✳✷✮

❚❤✐s ✐s ✐♥ ✐ts❡❧❢ ❛ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✣❝✐❡♥t❧②
❢♦r ♠❛♥② ❢✉♥❝t✐♦♥s✱ ❡✳❣✳ ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥✱ ✉♥✐q✉❡ ❜② str♦♥❣ ❝♦♥✈❡①✐t②✱ ❝❛♥
❜❡ ✇r✐tt❡♥ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳ ❙✉❝❤ ❢✉♥❝t✐♦♥s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ✏s✐♠♣❧❡✑✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ t♦
❜❡ ♠✐♥✐♠✐③❡❞✳ ❍♦✇❡✈❡r✱ ❣r❛❞✐❡♥t✲❞❡s❝❡♥t ❛♣♣r♦❛❝❤❡s ❞♦ ♥♦t ❛♣♣❧② ❛s s♦♦♥
❛s ♦♥❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s Gi ✐s ♥♦♥✲s♠♦♦t❤✳ ❋♦r n ≡ 1 ❛♥❞ G1 s✐♠♣❧❡✱ t❤❡
❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❝✐r❝✉♠✈❡♥ts t❤✐s ❞✐✣❝✉❧t② ✐❢ F ✐s ❞✐✛❡r❡♥t✐❛❜❧❡
✇✐t❤ ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t✳ ❚❤✐s s❝❤❡♠❡ ❝♦♥s✐sts ✐♥ ♣❡r❢♦r♠✐♥❣
❛❧t❡r♥❛t✐✈❡❧② ❛ ❣r❛❞✐❡♥t✲❞❡s❝❡♥t ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡①♣❧✐❝✐t st❡♣ ♦♥ t❤❡
❢✉♥❝t✐♦♥ F ✮ ❢♦❧❧♦✇❡❞ ❜② ❛ ♣r♦①✐♠❛❧ st❡♣ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ✐♠♣❧✐❝✐t st❡♣
♦♥ t❤❡ ❢✉♥❝t✐♦♥ G1✮✳ ❙✉❝❤ ❛ s❝❤❡♠❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t ♠❡t❤♦❞✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ❬✷✱ ✸✱
✹✱ ✺✱ ✻✱ ✼✱ ✽❪✳ ❆❝❝❡❧❡r❛t❡❞ ♠✉❧t✐st❡♣ ✈❡rs✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❬✾✱ ✶✵✱ ✶✶❪✱
t❤❛t ❡♥❥♦② ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ O(1/t2) ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ Ψ✳

❖t❤❡r s♣❧✐tt✐♥❣ ♠❡t❤♦❞s ❞♦ ♥♦t r❡q✉✐r❡ ❛♥② s♠♦♦t❤♥❡ss ♦♥ s♦♠❡ ♣❛rt
♦❢ t❤❡ ❝♦♠♣♦s✐t❡ ❢✉♥❝t✐♦♥❛❧ Ψ✳ ❚❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ❬✶✷❪ ❛♥❞ P❡❛❝❡♠❛♥✲
❘❛❝❤❢♦r❞ ❬✶✸❪ s❝❤❡♠❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ t♦ ♠✐♥✐♠✐③❡ G1(x)+G2(x)✱ ♣r♦✈✐❞❡❞
t❤❛t G1 ❛♥❞ G2 ❛r❡ s✐♠♣❧❡ ❬✶✹✱ ✶✺✱ ✶✻✱ ✶✼❪ ❛♥❞ r❡❧② ♦♥❧② ♦♥ t❤❡ ✉s❡ ♦❢ ♣r♦①✲
✐♠✐t② ♦♣❡r❛t♦rs✳ ❚❤❡ ❜❛❝❦✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❬✶✽✱ ✶✾✱ ✷✵✱ ✷✶✱ ✶✼❪ ❝❛♥
❜❡ ✉s❡❞ t♦ ♠✐♥✐♠✐③❡ Ψ(x) = G1(x) +G2(x) ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥s ✐♥✈♦❧✈❡❞ ❛r❡
t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥s ♦❢ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ ❝♦♥✈❡① s❡ts✱ ♦r ✐♥✈♦❧✈❡ ▼♦r❡❛✉
❡♥✈❡❧♦♣❡s✳ ■♥t❡r❡st✐♥❣❧②✱ ✐❢ ♦♥❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s G1 ♦r G2 ✐s ❛ ▼♦r❡❛✉ ❡♥✈❡✲
❧♦♣❡ ❛♥❞ t❤❡ ♦t❤❡r ✐s s✐♠♣❧❡✱ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❛♠♦✉♥ts t♦ ❛
❜❛❝❦✇❛r❞✲❜❛❝❦✇❛r❞ s❝❤❡♠❡✳

■❢ L ✐s ❛ ❜♦✉♥❞❡❞ ✐♥❥❡❝t✐✈❡ ❧✐♥❡❛r ♦♣❡r❛t♦r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠✐♥✐♠✐③❡
Ψ(x) = G1○L(x)+G2(x) ❜② ❛♣♣❧②✐♥❣ t❤❡s❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ♦♥ t❤❡ ❋❡♥❝❤❡❧✲
❘♦❝❦❛❢❡❧❧❛r ❞✉❛❧ ♣r♦❜❧❡♠✳ ■t ✇❛s s❤♦✇♥ t❤❛t ❛♣♣❧②✐♥❣ t❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞
s❝❤❡♠❡ ❧❡❛❞s t♦ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥ ♠❡t❤♦❞ ♦❢ ♠✉❧t✐♣❧✐❡rs ✭❆❉▼▼✮ ❬✷✷✱
✸✱ ✷✸✱ ✷✹✱ ✶✻❪✳ ❋♦r ♥♦♥✲♥❡❝❡ss❛r✐❧② ✐♥❥❡❝t✐✈❡ L ❛♥❞ G2 str♦♥❣❧② ❝♦♥✈❡① ✇✐t❤
❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t✱ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛♣✲
♣❧✐❡❞ t♦ t❤❡ ❋❡♥❝❤❡❧✲❘♦❝❦❛❢❡❧❧❛r ❞✉❛❧ ❬✷✺✱ ✷✻❪✳ ❉❡❛❧✐♥❣ ✇✐t❤ ❛♥ ❛r❜✐tr❛r②
❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r L ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♣r✐♠❛❧✲❞✉❛❧ ♠❡t❤♦❞s ♠♦✲
t✐✈❛t❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❑✉❤♥✲❚✉❝❦❡r t❤❡♦r②✳ ❙t❛rt✐♥❣ ❢r♦♠ ♠❡t❤♦❞s t♦ s♦❧✈❡
s❛❞❞❧❡ ❢✉♥❝t✐♦♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s t❤❡ ❆rr♦✇✲❍✉r✇✐❝③ ♠❡t❤♦❞ ❬✷✼❪ ❛♥❞ ✐ts
♠♦❞✐✜❝❛t✐♦♥ ❬✷✽❪✱ t❤❡ ❡①tr❛❣r❛❞✐❡♥t ♠❡t❤♦❞ ❬✷✾❪✱ t❤✐s ♣r♦❜❧❡♠ ❤❛s r❡❝❡✐✈❡❞

✷



❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ♠♦r❡ r❡❝❡♥t❧② ❬✸✵✱ ✸✶✱ ✸✷✱ ✸✸✱ ✸✹✱ ✸✺❪✳
■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞ t❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ❛❧❣♦r✐t❤♠ t♦ ❛♥ ❛r❜✐✲

tr❛r② ♥✉♠❜❡r n > 2 ♦❢ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳ ■♥s♣✐r❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ♣❛rt✐❛❧
✐♥✈❡rs❡s ❬✸✻✱ ❙❡❝t✐♦♥ ✺❪✱ ♠♦st ♠❡t❤♦❞s r❡❧② ❡✐t❤❡r ❡①♣❧✐❝✐t❧② ♦r ✐♠♣❧✐❝✐t❧② ♦♥
✐♥tr♦❞✉❝✐♥❣ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ❛♥❞ ❜r✐♥❣✐♥❣ ❜❛❝❦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ t♦
t❤❡ ❝❛s❡ n = 2 ✐♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ Hn✳ ❉♦✐♥❣ s♦ ②✐❡❧❞s ✐t❡r❛t✐✈❡ s❝❤❡♠❡s ✐♥
✇❤✐❝❤ ♦♥❡ ♣❡r❢♦r♠s ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛❧❧❡❧ ♣r♦①✐♠❛❧ st❡♣s ♦♥ ❡❛❝❤ ♦❢ t❤❡ s✐♠✲
♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡s t❤❡ ♥❡①t ✐t❡r❛t❡ ❜② ❡ss❡♥t✐❛❧❧② ❛✈❡r❛❣✐♥❣ t❤❡
r❡s✉❧ts✳ ❱❛r✐❛♥ts ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ❬✸✼❪ ❛♥❞ ❬✸✽❪✱ ✇❤♦ ❞❡s❝r✐❜❡ ❛ ❣❡♥❡r❛❧
♣r♦❥❡❝t✐✈❡ ❢r❛♠❡✇♦r❦ t❤❛t ❞♦❡s ♥♦t r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❡ ❝❛s❡ n = 2✳
◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡s❡ ❡①t❡♥s✐♦♥s ❞♦ ♥♦t ❛♣♣❧② t♦ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞
s❝❤❡♠❡ t❤❛t ❝❛♥ ♦♥❧② ❤❛♥❞❧❡ n ≡ 1✳ ■t ✐s ❛t t❤❡ ❤❡❛rt ♦❢ t❤✐s ♣❛♣❡r t♦ ♣r❡s❡♥t
s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥✳

❘❡❝❡♥t❧② ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ❡①t❡♥❞ ❡①✐st✐♥❣ s♣❧✐tt✐♥❣ s❝❤❡♠❡s t♦ ❤❛♥❞❧❡
t❤❡ s✉♠ ♦❢ ❛♥② ♥✉♠❜❡r ♦❢ n ≥ 2 ❝♦♠♣♦s✐t❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ Gi =Hi ○Li✱
✇❤❡r❡ t❤❡ Hi✬s ❛r❡ s✐♠♣❧❡ ❛♥❞ t❤❡ Li✬s ❛r❡ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ▲❡t ✉s
❞❡♥♦t❡ Li

∗ t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ Li✳ ■❢ Li s❛t✐s✜❡s LiLi
∗
= ν Id ❢♦r ❛♥② ν > 0

✭✐t ✐s ❛ s♦✲❝❛❧❧❡❞ t✐❣❤t ❢r❛♠❡✮✱ Hi○Li ✐s s✐♠♣❧❡ ❛s s♦♦♥ ❛s Hi ✐s s✐♠♣❧❡ ❛♥❞ Li
∗

✐s ❡❛s② t♦ ❝♦♠♣✉t❡ ❬✸✾❪✳ ❚❤✐s ❝❛s❡ t❤✉s r❡❞✉❝❡s t♦ t❤❡ ♣r❡✈✐♦✉s❧② r❡✈✐❡✇❡❞
♦♥❡s✳ ■❢ Li ✐s ♥♦t ❛ t✐❣❤t ❢r❛♠❡ ❜✉t (Id+Li

∗Li) ♦r (Id+LiLi
∗) ✐s ❡❛s✐❧②

✐♥✈❡rt✐❜❧❡✱ ✐t ✐s ❛❣❛✐♥ ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s ❜②
✐♥tr♦❞✉❝✐♥❣ ❛s ♠❛♥② ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ❛s t❤❡ ♥✉♠❜❡r ♦❢ Li✬s ❡❛❝❤ ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ r❛♥❣❡ ♦❢ Li✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t✱ ✐❢ s♦❧✈❡❞ ✇✐t❤ t❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞
❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡✱ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ❛r❡ ❛❧s♦ ❞✉♣❧✐❝❛t❡❞✱
✇❤✐❝❤ ✇♦✉❧❞ ✐♥❝r❡❛s❡ s✐❣♥✐✜❝❛♥t❧② t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❙♦♠❡
❞❡❞✐❝❛t❡❞ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇❡r❡ s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❝❛s❡
✇❤❡r❡ (∑i Li

∗Li) ♦r (∑i LiLi
∗) ✐s ✭❡❛s✐❧②✮ ✐♥✈❡rt✐❜❧❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✵✱ ✹✶❪✳

■❢ t❤❡ Li✬s s❛t✐s❢② ♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✱ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ❝❛❧❧
♦♥ ♣r✐♠❛❧✲❞✉❛❧ ♠❡t❤♦❞s✱ ❡✐t❤❡r ❜② ✇r✐t✐♥❣ Ψ(x) = ∑n

i=1 Hi(Lix) = G(Lx)
✇✐t❤ L(x) = (Li(x))i ❛♥❞ G( (xi)i ) = ∑i Hi(xi)✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✷❪❀ ♦r
Ψ((xi)i) = ιS((xi)i) + ∑i Hi(Lixi) ❬✸✺❪✱ ✇❤❡r❡ S ✐s t❤❡ ❝❧♦s❡❞ ❝♦♥✈❡① s❡t
❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳

■♥ s♣✐t❡ ♦❢ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛❧r❡❛❞② ❡①✐st✐♥❣ ♣r♦①✐♠❛❧ s♣❧✐tt✐♥❣ ♠❡t❤♦❞s✱
♥♦♥❡ s❡❡♠s t♦ ❛❞❞r❡ss ❡①♣❧✐❝✐t❧② t❤❡ ❝❛s❡ ✇❤❡r❡ n > 1 ❛♥❞ F ✐s s♠♦♦t❤ ❜✉t
♥♦t ♥❡❝❡ss❛r✐❧② s✐♠♣❧❡✳ ❆ ✇♦r❦❛r♦✉♥❞ t❤❛t ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ♣r❡✈✐♦✉s❧②
✉s❡❞ ♥❡st❡❞ ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦r ♦❢ ∑i Gi ✇✐t❤✐♥
s✉❜✲✐t❡r❛t✐♦♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✸✱ ✹✹❪✳ ❲❤✐❧❡ t❤✐s ♠✐❣❤t ❜❡ ❡✣❝✐❡♥t ❢♦r s♦♠❡
♣r♦❜❧❡♠s✱ t❤✐s ❧❡❛❞s t♦ ♣r❛❝t✐❝❛❧ ❛s ✇❡❧❧ ❛s t❤❡♦r❡t✐❝❛❧ ❞✐✣❝✉❧t✐❡s t♦ s❡❧❡❝t t❤❡
♥✉♠❜❡r ♦❢ s✉❜✲✐t❡r❛t✐♦♥s✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ♣❛r❛❧❧❡❧ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦✲
r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ✐♥t❡♥❞❡❞ t♦ ❛✈♦✐❞ t❤❡s❡ s❤♦rt❝♦♠✐♥❣s✳ ❱❡r②
r❡❝❡♥t❧②✱ ❛s t❤✐s ♣❛♣❡r ✇❛s ❜❡✐♥❣ ✜♥❛❧✐③❡❞✱ t❤❡ ❛✉t❤♦rs ✐♥ ❬✹✺❪ ✐♥❞❡♣❡♥❞❡♥t❧②
❞❡✈❡❧♦♣❡❞ ❛ ♣r✐♠❛❧✲❞✉❛❧ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s t❤❛t ❝♦✈❡r t❤♦s❡
✇❡ ❝♦♥s✐❞❡r ❤❡r❡✳ ❚❤❡✐r ❛♣♣r♦❛❝❤ ❛♥❞ ❛❧❣♦r✐t❤♠ ❛r❡ ❤♦✇❡✈❡r ✈❡r② ❞✐✛❡r❡♥t
❢r♦♠ ♦✉rs ✐♥ ♠❛♥② ✐♠♣♦rt❛♥t ✇❛②s✳ ❲❡ ✇✐❧❧ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢
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t❤✐s ✇♦r❦ ✇✐t❤ ♦✉rs ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ❙❡❝t✐♦♥ ✺✳

✶✳✷ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ■♠❛❣❡ Pr♦❝❡ss✐♥❣

▼❛♥② ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ s♦❧✈✐♥❣ ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s t♦
r❡❝♦✈❡r ❤✐❣❤ q✉❛❧✐t② ✐♠❛❣❡s ❢r♦♠ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ♥♦✐s② ♦❜s❡r✈❛t✐♦♥s✳
❚❤❡s❡ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠s ♥❡❝❡ss✐t❛t❡ t❤❡ ✉s❡ ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥ t❤r♦✉❣❤
♣r✐♦r ♠♦❞❡❧s t♦ ❝❛♣t✉r❡ t❤❡ ❣❡♦♠❡tr② ♦❢ ♥❛t✉r❛❧ s✐❣♥❛❧s✱ ✐♠❛❣❡s ♦r ✈✐❞❡♦s✳
❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ♦❜❥❡❝✲
t✐✈❡ ❢✉♥❝t✐♦♥❛❧s✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡✱ t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t ❜♦t❤ ❛ ✜❞❡❧✐t② t❡r♠ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠s r❡✲
✢❡❝t✐♥❣ t❤❡ ♣r✐♦rs✳ ❈❧❡❛r❧②✱ s✉❝❤ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❝♦♠♣♦s✐t❡ ❜② ❝♦♥str✉❝t✐♦♥✳
❙❡❝t✐♦♥ ✻ ❞❡t❛✐❧s s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✳

■♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ t❤✐s ❧❡❛❞s t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥❛❧
t❤❛t ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤❡ s✉♠ ♦❢ ❝♦♥✈❡① s♠♦♦t❤ ❛♥❞ ❛♥❞ ♥♦♥✲s♠♦♦t❤ t❡r♠s✳
❚❤❡ s♠♦♦t❤ ♣❛rt ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s ✐♥ s♦♠❡ ❝❛s❡s ❛ ❞❛t❛ ✜❞❡❧✐t② t❡r♠ ❛♥❞
r❡✢❡❝ts s♦♠❡ s♣❡❝✐✜❝ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧✱ ✐✳❡✳ t❤❡ ♥♦✐s❡ ❛♥❞
t❤❡ ♠❡❛s✉r❡♠❡♥t✴❞❡❣r❛❞❛t✐♦♥ ♦♣❡r❛t♦r✳ ❚❤✐s ✐s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✐❢ t❤❡
♦♣❡r❛t♦r ✐s ❧✐♥❡❛r ❛♥❞ t❤❡ ♥♦✐s❡ ✐s ❛❞❞✐t✐✈❡ ●❛✉ss✐❛♥✱ ✇❤❡r❡ t❤❡ ❞❛t❛ ✜✲
❞❡❧✐t② ✐s ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠♦st s✉❝❝❡ss❢✉❧ r❡❣✉❧❛r✐③❛t✐♦♥s t❤❛t ❤❛✈❡
❜❡❡♥ ❛❞✈♦❝❛t❡❞ ❛r❡ ♥♦♥✲s♠♦♦t❤✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ❛❧❧♦✇ t♦ ♣r❡s❡r✈❡ s❤❛r♣
❛♥❞ ✐♥tr✐❝❛t❡ str✉❝t✉r❡s ✐♥ t❤❡ r❡❝♦✈❡r❡❞ ❞❛t❛✳ ❆♠♦♥❣ s✉❝❤ ♣r✐♦rs✱ s♣❛rs✐t②✲
♣r♦♠♦t✐♥❣ ♦♥❡s ❤❛✈❡ ❜❡❝♦♠❡ ✈❡r② ♣♦♣✉❧❛r✱ ❡✳❣✳ t❤❡ ℓ1✲♥♦r♠ ♦❢ ❝♦❡✣❝✐❡♥ts ✐♥
❛ ✇✐s❡❧② ❝❤♦s❡♥ ❞✐❝t✐♦♥❛r② ❬✹✻❪✱ ♦r t♦t❛❧ ✈❛r✐❛t✐♦♥ ✭❚❱✮ ♣r✐♦r ❬✹✼❪✳ ❚♦ ❜❡tt❡r
♠♦❞❡❧ t❤❡ ❞❛t❛✱ ❝♦♠♣♦s✐t❡ ♣r✐♦rs ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② s✉♠♠✐♥❣ s❡✈❡r❛❧
s✉✐t❛❜❧❡ r❡❣✉❧❛r✐③❛t✐♦♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❞✐✈❡rs✐t② ❢r❛♠❡✲
✇♦r❦ ❬✹✽❪✳ ❚❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦r ♦❢ t❤❡ ℓ1✲♥♦r♠ ♣❡♥❛❧✐③❛t✐♦♥ ✐s ❛ s✐♠♣❧❡
s♦❢t✲t❤r❡s❤♦❧❞✐♥❣ ❬✹✾❪✱ ✇❤❡r❡❛s t❤❡ ✉s❡ ♦❢ ❝♦♠♣❧❡① ♦r ♠✐①❡❞ r❡❣✉❧❛r✐③❛t✐♦♥
♣r✐♦rs ❥✉st✐✜❡s t❤❡ s♣❧✐tt✐♥❣ ♦❢ ♥♦♥✲s♠♦♦t❤ t❡r♠s ✐♥ s❡✈❡r❛❧ s✐♠♣❧❡r ❢✉♥❝t✐♦♥s
✭s❡❡ ❙❡❝t✐♦♥ ✻ ❢♦r ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡s✮✳

❚❤❡ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ♦❢ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s r❛✐s✐♥❣ ✇❤❡♥
s♦❧✈✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s✉♠ ♦❢ s✐♠♣❧❡ ❛♥❞✴♦r s♠♦♦t❤ ❢✉♥❝✲
t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❡①♣❧❛✐♥s t❤❡ ♣♦♣✉❧❛r✐t② ♦❢ ♣r♦①✐♠❛❧ s♣❧✐t✲
t✐♥❣ s❝❤❡♠❡s ✐♥ ✐♠❛❣✐♥❣ s❝✐❡♥❝❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♦❜❥❡❝✲
t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ❛s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❛♣♣❡❛❧ t♦ t❤❡
❛♣♣r♦♣r✐❛t❡ s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦✲
r✐t❤♠ ❛♥❞ ✐ts ♠♦❞✐✜❝❛t✐♦♥s ❤❛s ❜❡❝♦♠❡ ♣♦♣✉❧❛r ❢♦r s♣❛rs❡ r❡❣✉❧❛r✐③❛t✐♦♥
✇✐t❤ ❛ s♠♦♦t❤ ❞❛t❛ ✜❞❡❧✐t②✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✵✱ ✺✶✱ ✼✱ ✺✷✱ ✺✸✱ ✶✶✱ ✺✹❪✳ ❚❤❡
❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ❛♥❞ ✐ts ♣❛r❛❧❧❡❧✐③❡❞ ❡①t❡♥s✐♦♥s ✇❡r❡ ❛❧s♦ ✉s❡❞ ✐♥ ❛ ✈❛r✐✲
❡t② ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♠♣❧②✐♥❣ ♦♥❧② ♥♦♥✲s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡
❬✸✾✱ ✸✼✱ ✹✸✱ ✹✹✱ ✺✺✱ ✺✻✱ ✺✼✱ ✺✽❪✳ ❚❤❡ ❆❉▼▼ ✭✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ❜✉t ❉♦✉❣❧❛s✲
❘❛❝❤❢♦r❞ ♦♥ t❤❡ ❞✉❛❧✮ ✇❛s ❛❧s♦ ❛♣♣❧✐❡❞ t♦ s♦♠❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✐♥
❬✺✾✱ ✻✵❪✳ Pr✐♠❛❧✲❞✉❛❧ s❝❤❡♠❡s ❬✸✹✱ ✹✷❪ ❛r❡ ❛♠♦♥❣ t❤❡ ♠♦st ✢❡①✐❜❧❡ s❝❤❡♠❡s
t♦ ❤❛♥❞❧❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♣r✐♦rs✳ ❚❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ♠❛② r❡❢❡r t♦ ❬✹✽✱

✹



❈❤❛♣t❡r ✼❪ ❛♥❞ ❬✻✶❪ ❢♦r ❡①t❡♥s✐✈❡ r❡✈✐❡✇s✳

✶✳✸ ❈♦♥tr✐❜✉t✐♦♥s ❛♥❞ P❛♣❡r ❖r❣❛♥✐③❛t✐♦♥

❚❤✐s ♣❛♣❡r ✐♥tr♦❞✉❝❡s ❛ ♥♦✈❡❧ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠
t♦ s♦❧✈❡ ✭✶✳✶✮ ✇❤❡♥ F ✐s ❝♦♥✈❡① ✇✐t❤ ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t✱ ❛♥❞
t❤❡ Gi✬s ❛r❡ ❝♦♥✈❡① ❛♥❞ s✐♠♣❧❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡s ❢✉❧❧ s♣❧✐tt✐♥❣ ✇❤❡r❡
❛❧❧ ♦♣❡r❛t♦rs ❛r❡ ✉s❡❞ s❡♣❛r❛t❡❧②✿ ❛♥ ❡①♣❧✐❝✐t st❡♣ ❢♦r ∇F ✭s✐♥❣❧❡✲✈❛❧✉❡❞✮
❛♥❞ ❛ ♣❛r❛❧❧❡❧✐③❡❞ ✐♠♣❧✐❝✐t st❡♣ t❤r♦✉❣❤ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ♦❢ t❤❡ Gi✬s✳
❲❡ ♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛s ✇❡❧❧ ❛s ✐ts r♦❜✉st♥❡ss t♦ ❡rr♦rs
t❤❛t ♠❛② ❝♦♥t❛♠✐♥❛t❡ t❤❡ ✐t❡r❛t✐♦♥s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✐t ✐s
❛♠♦♥❣ t❤❡ ✜rst ❛❧❣♦r✐t❤♠s t♦ t❛❝❦❧❡ t❤❡ ❝❛s❡ ✇❤❡r❡ n > 1 ❛♥❞ F ✐s s♠♦♦t❤
✭s❡❡ ❙❡❝t✐♦♥ ✺ ❢♦r r❡❧❛t✐♦♥ t♦ ❛ r❡❝❡♥t ✇♦r❦ ♣❛r❛❧❧❡❧ t♦ ♦✉rs✮✳ ❆❧t❤♦✉❣❤ ♦✉r
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ♦♥❧② ♦♥ ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❛❧❣♦r✐t❤♠
♠❛② ♣r♦✈❡ ✉s❡❢✉❧ ❢♦r ♠❛♥② ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♦r
st❛t✐st✐❝❛❧ ❡st✐♠❛t✐♦♥✳

❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ st❛t❡ ♦✉r ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t✳
❙❡❝t✐♦♥ ✸✱ t❤❛t ❝❛♥ ❜❡ s❦✐♣♣❡❞ ❜② ❡①♣❡r✐❡♥❝❡❞ r❡❛❞❡rs✱ s❡ts s♦♠❡ ♥❡❝❡ss❛r②
♠❛t❡r✐❛❧ ❢r♦♠ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r t❤❡♦r②✳ ❙❡❝t✐♦♥ ✹ r❡❢♦r✲
♠✉❧❛t❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ t❤❡ ③❡r♦s ♦❢
t❤❡ s✉♠ ♦❢ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs✱ ❛♥❞ ♣r♦✈❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡✲
♦r❡♠ ❛♥❞ ✐ts r♦❜✉st♥❡ss✳ ❙♣❡❝✐❛❧ ✐♥st❛♥❝❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✐ts ♣♦ss✐❜❧❡
❡①t❡♥s✐♦♥s✱ ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦❢ ✐ts r❡❧❛t✐♦♥ t♦ t✇♦ ❛❧t❡r♥❛t✐✈❡s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❙❡❝t✐♦♥ ✻ t♦ s❤♦✇
t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s✳

✷ ●❡♥❡r❛❧✐③❡❞ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❆❧❣♦r✐t❤♠ ❢♦r ▼✐♥✲

✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠s

❲❡ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠ ✭✶✳✶✮ ✇❤❡r❡ ❛❧❧ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥ Γ0(H), F ✐s ❞✐✛❡r✲
❡♥t✐❛❜❧❡ ♦♥ H ✇✐t❤ 1/β✲▲✐♣s❝❤✐t③ ❣r❛❞✐❡♥t ✇❤❡r❡ β ∈]0,+∞[✱ ❛♥❞ ❢♦r ❛❧❧ i✱
Gi ✐s s✐♠♣❧❡✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❍✶✮ ❚❤❡ s❡t ♦❢ ♠✐♥✐♠✐③❡rs ♦❢ ✭✶✳✶✮ argmin(Ψ) ✐s ♥♦♥✲❡♠♣t②❀

✭❍✷✮ ❚❤❡ ❞♦♠❛✐♥ q✉❛❧✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ ✐✳❡✳

(0, . . . ,0) ∈ sri{(x − y1, . . . , x − yn) ∣x ∈H ❛♥❞ ∀ i, yi ∈ dom(Gi)} ,

✇❤❡r❡ dom(Gi) ❞❡❢

= {x ∈ H∣Gi(x) < +∞} ❛♥❞ sri(C) ✐s t❤❡ str♦♥❣ r❡❧❛t✐✈❡
✐♥t❡r✐♦r ♦❢ ❛ ♥♦♥✲❡♠♣t② ❝♦♥✈❡① s✉❜s❡t C ♦❢ H ❬✻✷❪✳ ❯♥❞❡r ✭❍✶✮✲✭❍✷✮✱ ✐t
❢♦❧❧♦✇s ❢r♦♠ ❬✻✸✱ ✻✷✱ ❚❤❡♦r❡♠ ✶✻✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✶✻✳✸✼✭✐✮❪ t❤❛t

∅ ≠ argmin(Ψ) = zer(∂Ψ) = zer(∇F +∑
i

∂Gi) ,

✺



✇❤❡r❡ ∂Gi ❞❡♥♦t❡s t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ Gi ❛♥❞ zer(A) ✐s t❤❡ s❡t ♦❢ ③❡r♦s
♦❢ ❛ s❡t✲✈❛❧✉❡❞ ♠❛♣ A ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✶ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✮✳ ❚❤❡r❡❢♦r❡✱ s♦❧✈✐♥❣
✭✶✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

❋✐♥❞ x ∈H s✉❝❤ t❤❛t 0 ∈ ∇F (x) +∑
i

∂Gi(x) . ✭✷✳✶✮

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ✇❡ ♣r♦♣♦s❡ t♦ ♠✐♥✐♠✐③❡ ✭✶✳✶✮ ✭♦r ❡q✉✐✈✲
❛❧❡♥t❧② t♦ s♦❧✈❡ ✭✷✳✶✮✮ ✐s ❞❡t❛✐❧❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✶✳

❆❧❣♦r✐t❤♠ ✶ ●❡♥❡r❛❧✐③❡❞ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❆❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ✭✶✳✶✮✳
β✲1
∈]0,+∞[ ✐s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ ∇F ❀ It ✐s ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳

❘❡q✉✐r❡
(zi)i∈J1,nK ∈ H

n, (ωi)i∈ J1,nK ∈ ]0,1[n s✳t✳ ∑n
i=1 ωi = 1,

γt ∈ ]0,2β[ ∀t ∈ N, λt ∈ It ∀t ∈ N .
■♥✐t✐❛❧✐③❛t✐♦♥
x← ∑i ωizi❀
t← 0✳
▼❛✐♥ ✐t❡r❛t✐♦♥
r❡♣❡❛t

❢♦r i ∈ J1, nK ❞♦

zi ← zi + λt(prox γt
ωi

Gi
(2x − zi − γt∇F (x)) − x)❀

x← ∑i ωizi❀
t← t + 1✳

✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ❀
❘❡t✉r♥ x✳

❚♦ st❛t❡ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ t❤❛t ❡♥s✉r❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
❛♥❞ ✐ts r♦❜✉st♥❡ss✱ ❢♦r ❡❛❝❤ i ❧❡t ε1,t,i ❜❡ t❤❡ ❡rr♦r ❛t ✐t❡r❛t✐♦♥ t ✇❤❡♥ ❝♦♠✲
♣✉t✐♥❣ prox γt

ωi
Gi

❛t ✐ts ❛r❣✉♠❡♥t✱ ❛♥❞ ❧❡t ε2,t ❜❡ t❤❡ ❡rr♦r ❛t ✐t❡r❛t✐♦♥ t ✇❤❡♥

❛♣♣❧②✐♥❣ ∇F t♦ ✐ts ❛r❣✉♠❡♥t✳ ❆❧❣♦r✐t❤♠ ✶ ❣❡♥❡r❛t❡s s❡q✉❡♥❝❡s (zi,t)t∈N✱
i ∈ J1, nK ❛♥❞ (xt)t∈N✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ❛♥❞ t✱

zi,t+1 = zi,t + λt(prox γt
ωi

Gi
(2xt − zi,t − γt (∇F (xt) + ε2,t) ) + ε1,t,i − xt) . ✭✷✳✷✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐♥tr♦❞✉❝❡s t✇♦ ❞✐✛❡r❡♥t s❡ts ♦❢ ❛ss✉♠♣t✐♦♥s t♦
❣✉❛r❛♥t❡❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❆ss✉♠♣t✐♦♥ ✭❆✶✮ ❛❧❧♦✇s ♦♥❡ t♦ ✉s❡ ❛ ❣r❡❛t❡r r❛♥❣❡
❢♦r t❤❡ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡rs λt✱ ✇❤✐❧❡ ❛ss✉♠♣t✐♦♥s ✭❆✷✮ ❡♥❛❜❧❡s ✈❛r②✐♥❣
❣r❛❞✐❡♥t✲❞❡s❝❡♥t st❡♣✲s✐③❡ γt ❛♥❞ ❡♥s✉r❡s str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ✉♥✐❢♦r♠❧②
❝♦♥✈❡① ❝❛s❡✳ ❘❡❝❛❧❧ t❤❛t ❛ ❢✉♥❝t✐♦♥ F ∈ Γ0(H) ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ✐❢ t❤❡r❡
❡①✐sts ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ϕ ∶ [0,+∞[→ [0,+∞] t❤❛t ✈❛♥✐s❤❡s ♦♥❧② ❛t
✵✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ❛♥❞ y ✐♥ dom(F )✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

∀α ∈]0,1[, F (αx+(1−α)y)+α(1−α)ϕ(∣∣x−y∣∣) ≤ αF (x)+(1−α)F (y). ✭✷✳✸✮
❚❤❡♦r❡♠ ✷✳✶✳ ❙❡t limγt = γ̄ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

✻



✭❆✵✮ ✭✐✮ 0 < limλt ≤ limλt <min(3

2
,

1+2β/γ̄
2
)❀

✭✐✐✮ ∑+∞t=0 ∣∣ε2,t∣∣ < +∞✱ ❛♥❞ ❢♦r ❛❧❧ i✱ ∑+∞t=0 ∣∣ε1,t,i∣∣ < +∞✳

✭❆✶✮ ✭✐✮ ∀ t, γt = γ̄ ∈]0,2β[❀
✭✐✐✮ ∀ t, λt ∈ It = ]0,min(3

2
,

1+2β/γ̄
2
)[✳

✭❆✷✮ ✭✐✮ 0 < limγt ≤ γ̄ < 2β❀

✭✐✐✮ ∀ t, λt ∈ It =]0,1]✳
❙✉♣♣♦s❡ t❤❛t ✭❍✶✮✱ ✭❍✷✮ ❛♥❞ ✭❆✵✮ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥✱ ✐❢ ❡✐t❤❡r ✭❆✶✮ ♦r

✭❆✷✮ ✐s s❛t✐s✜❡❞✱ (xt)t∈N ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✮ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦✇❛r❞s ❛ ♠✐♥✐✲

♠✐③❡r ♦❢ ✭✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐❢ ✭❆✷✮ ✐s s❛t✐s✜❡❞ ❛♥❞ F ✐s ✉♥✐❢♦r♠❧② ❝♦♥✈❡①✱ t❤❡

❝♦♥✈❡r❣❡♥❝❡ ✐s str♦♥❣ t♦ t❤❡ ✉♥✐q✉❡ ❣❧♦❜❛❧ ♠✐♥✐♠✐③❡r ♦❢ ✭✶✳✶✮✳

❚❤✐s t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ s❤♦rt❧② ❛❢t❡r ❝❛st✐♥❣ ✐t ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦ ♦❢ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r s♣❧✐tt✐♥❣ ✐♥ ❙❡❝t✐♦♥ ✹✳

❘❡♠❛r❦ ✷✳✶✳ ❚❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✶
❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞✱ ❛♥❞ ♦t❤❡r ♦♥❡s ❝❛♥ ❜❡ st❛t❡❞ ❛s ✇❡❧❧✳ ■♥❞❡❡❞✱ t❤❡ ❣❡♥❡r❛❧✲
✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❤❛s ❛ str✉❝t✉r❡ t❤❛t ❜❡❛rs s✐♠✐❧❛r✐t✐❡s ✇✐t❤
t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✱ s✐♥❝❡ ✐t ❝♦♥s✐sts ♦❢ ❛♥ ❡①♣❧✐❝✐t ❢♦r✇❛r❞ st❡♣✱
❢♦❧❧♦✇❡❞ ❜② ❛♥ ✐♠♣❧✐❝✐t st❡♣ ✇❤❡r❡ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦rs ❛r❡ ❝♦♠♣✉t❡❞
✐♥ ♣❛r❛❧❧❡❧✳ ■♥ ❢❛❝t✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ❜❛❝❦✇❛r❞ st❡♣ ✐♥✈♦❧✈❡s ❛ ✜r♠❧②
♥♦♥✲❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦r ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✱ ❛♥❞ t❤❡r❡❢♦r❡ st❛t❡♠❡♥ts ♦❢ ❬✼✱
❚❤❡♦r❡♠ ✸✳✹✭✐✈✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪ ❝❛♥ ❜❡ tr❛♥s♣♦s❡❞ ✇✐t❤ s♦♠❡ ❝❛r❡ t♦
♦✉r ❛❧❣♦r✐t❤♠✳

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✶ ✐s ❣❡♥❡r❛❧✱ ❜✉t ✐t ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❢♦r
♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s zi ❝❛♥ ❛❧❧ ❜❡ ✐♥✐t✐❛❧✲
✐③❡❞ t♦ 0✱ t❤❡ ✇❡✐❣❤ts ωi s❡t ❡q✉❛❧❧② t♦ 1/n✱ ❛♥❞ ❢♦r s✐♠♣❧✐❝✐t② t❤❡ r❡❧❛①❛t✐♦♥
♣❛r❛♠❡t❡rs λt ❛♥❞ t❤❡ ❣r❛❞✐❡♥t✲❞❡s❝❡♥t st❡♣✲s✐③❡ γt ❝❛♥ ❜❡ s❡t ❝♦♥st❛♥t ❛❧♦♥❣
✐t❡r❛t✐♦♥s✳ ❚❤✐s ✐s t②♣✐❝❛❧❧② ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐✲
♠❡♥ts✳

✸ ▼♦♥♦t♦♥❡ ❖♣❡r❛t♦rs ❛♥❞ ■♥❝❧✉s✐♦♥s

❚❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ Γ0(H) ✐s t❤❡ ❜❡st✲❦♥♦✇♥ ❡①❛♠♣❧❡ ♦❢
♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❡①t❡♥❞ t❤❡ ❣❡♥❡r❛❧✲
✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✱ ❆❧❣♦r✐t❤♠ ✶✱ t♦ ✜♥❞ t❤❡ ③❡r♦s ♦❢ t❤❡ s✉♠ ♦❢ ♠❛①✐♠❛❧
♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs✱ ✐✳❡✳ s♦❧✈❡ t❤❡ ♠♦♥♦t♦♥❡ ✐♥❝❧✉s✐♦♥ ✭✷✳✶✮ ✇❤❡♥ t❤❡ s✉❜❞✲
✐✛❡r❡♥t✐❛❧ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥② ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r✳ ❚❤✐s ✐s t❤❡ ❣♦❛❧
♣✉rs✉❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❤❡r❡ ✇❡ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❛ ❣❡♥❡r❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞
r♦❜✉st♥❡ss t❤❡♦r❡♠ ✇❤♦s❡ ❜②♣r♦❞✉❝t ✐s ❛ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳

❲❡ ✜rst ❜❡❣✐♥ ❜② r❡❝❛❧❧✐♥❣ s♦♠❡ ❡ss❡♥t✐❛❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢
♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs t❤❛t ❛r❡ ♥❡❝❡ss❛r② t♦ ♦✉r ❡①♣♦s✐t✐♦♥✳ ❚❤❡ ✐♥t❡r❡st❡❞
r❡❛❞❡r ♠❛② r❡❢❡r t♦ ❬✻✹✱ ✻✷❪ ❢♦r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ tr❡❛t♠❡♥t✳

✼



✸✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ Pr♦♣❡rt✐❡s

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ A ∶ H → 2H ✐s ❛ s❡t✲✈❛❧✉❡❞ ♦♣❡r❛t♦r✱ ❛♥❞ IdH ✐s t❤❡
✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ H✳ A ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ✐❢ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ Ax ✐s ❛t ♠♦st
✶✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭●r❛♣❤✱ ✐♥✈❡rs❡✱ ❞♦♠❛✐♥✱ r❛♥❣❡ ❛♥❞ ③❡r♦s✮✳ ❚❤❡ ❣r❛♣❤ ♦❢

A ✐s t❤❡ s❡t gra(A) ❞❡❢

= {(x, y) ∈H2 ∣ y ∈ Ax}✳ ❚❤❡ ✐♥✈❡rs❡ ♦❢ A ✐s t❤❡ ♦♣✲

❡r❛t♦r ✇❤♦s❡ ❣r❛♣❤ ✐s gra(A✲1) ❞❡❢

= {(x, y) ∈H2 ∣ (y, x) ∈ gra(A)}✳ ❚❤❡ ❞♦✲

♠❛✐♥ ♦❢ A ✐s dom(A) ❞❡❢

= {x ∈H ∣ Ax ≠ ∅}✳ ❚❤❡ r❛♥❣❡ ♦❢ A ✐s ran(A) ❞❡❢

={y ∈H ∣ ∃x ∈H ∶ y ∈ Ax}✱ ❛♥❞ ✐ts ③❡r♦s s❡t ✐s zer(A) ❞❡❢

= {x ∈H ∣ 0 ∈ Ax} =
A✲1 (0)✳
❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❘❡s♦❧✈❛♥t ❛♥❞ r❡✢❡❝t✐♦♥ ♦♣❡r❛t♦rs✮✳ ❚❤❡ r❡s♦❧✈❛♥t ♦❢ A ✐s

t❤❡ ♦♣❡r❛t♦r JA
❞❡❢

= ( IdH +A)✲1✳ ❚❤❡ r❡✢❡❝t✐♦♥ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ JA ✐s

t❤❡ ♦♣❡r❛t♦r RA
❞❡❢

= 2JA − IdH✳

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭▼❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r✮✳ A ✐s ♠♦♥♦t♦♥❡ ✐❢

∀x, y ∈H, u ∈ Ax ❛♥❞ v ∈ Ay⇒ ⟨u − v ∣x − y⟩ ≥ 0 .

■t ✐s ♠♦r❡♦✈❡r ♠❛①✐♠❛❧ ✐❢ ✐ts ❣r❛♣❤ ✐s ♥♦t str✐❝t❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❣r❛♣❤ ♦❢
❛♥② ♦t❤❡r ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭◆♦♥✲❡①♣❛♥s✐✈❡ ❛♥❞ α✲❛✈❡r❛❣❡❞ ♦♣❡r❛t♦rs✮✳ A ✐s ♥♦♥✲❡①♣❛♥s✐✈❡
✐❢

∀x, y ∈H, u ∈ Ax ❛♥❞ v ∈ Ay⇒ ∣∣u − v∣∣ ≤ ∣∣x − y∣∣ .
❋♦r α ∈]0,1[✱ A ✐s α✲❛✈❡r❛❣❡❞ ✐❢ t❤❡r❡ ❡①✐sts R ♥♦♥✲❡①♣❛♥s✐✈❡ s✉❝❤ t❤❛t
A = (1 − α) IdH +αR✳ ❲❡ ❞❡♥♦t❡ A(α) t❤❡ ❝❧❛ss ♦❢ α✲❛✈❡r❛❣❡❞ ♦♣❡r❛t♦rs ♦♥
H✳ ■♥ ♣❛rt✐❝✉❧❛r✱ A(1

2
) ✐s t❤❡ ❝❧❛ss ♦❢ ✜r♠❧② ♥♦♥✲❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦rs✳

◆♦t❡ t❤❛t ♥♦♥✲❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦rs ❛r❡ ♥❡❝❡ss❛r✐❧② s✐♥❣❧❡✲✈❛❧✉❡❞ ❛♥❞ ✶✲
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ s♦ ❛r❡ α✲❛✈❡r❛❣❡❞ ♦♣❡r❛t♦rs s✐♥❝❡ t❤❡② ❛r❡ ❛❧s♦
♥♦♥✲❡①♣❛♥s✐✈❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s s♦♠❡ ✉s❡❢✉❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢
✜r♠❧② ♥♦♥✲❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦rs✳

▲❡♠♠❛ ✸✳✶✳ ▲❡t A ∶ dom (A) = H → H✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡

❡q✉✐✈❛❧❡♥t✿

✭✐✮ A ✐s ✜r♠❧② ♥♦♥✲❡①♣❛♥s✐✈❡❀

✭✐✐✮ 2A − IdH ✐s ♥♦♥✲❡①♣❛♥s✐✈❡❀

✭✐✐✐✮ ∀x, y ∈H, ∣∣Ax −Ay∣∣2 ≤ ⟨Ax −Ay ∣x − y⟩ ❀
✭✐✈✮ A ✐s t❤❡ r❡s♦❧✈❡♥t ♦❢ ❛ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r A′✱ ✐✳❡✳ A = JA′✳

✽



Pr♦♦❢✳ ✭✐✮ ⇔ ✭✐✐✮✱ A ∈ A(1
2
)⇔ A = IdH +R

2
❢♦r s♦♠❡ R ♥♦♥✲❡①♣❛♥s✐✈❡✳ ✭✐✮ ⇔

✭✐✐✐✮✱ s❡❡ ❬✻✺❪✳ ✭✐✮⇔ ✭✐✈✮✱ s❡❡ ❬✻✻❪✳

❲❡ ♥♦✇ s✉♠♠❛r✐③❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ t❤❛t ✇✐❧❧ ❜❡
✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳

▲❡♠♠❛ ✸✳✷✳ ▲❡t F ∶ H → R ❜❡ ❛ ❝♦♥✈❡① ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥✱ ✇✐t❤ 1/β✲
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❣r❛❞✐❡♥t✱ β ∈]0,+∞[✱ ❛♥❞ ❧❡t G ∶ H →]−∞,+∞] ❜❡ ❛

❢✉♥❝t✐♦♥ ✐♥ Γ0(H)✳ ❚❤❡♥✱

✭✐✮ β∇F ∈ A(1
2
)✱ ✐✳❡✳ ✐s ✜r♠❧② ♥♦♥✲❡①♣❛♥s✐✈❡❀

✭✐✐✮ ∂G ✐s ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡❀

✭✐✐✐✮ ❚❤❡ r❡s♦❧✈❡♥t ♦❢ ∂G ✐s t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦r ♦❢ G✱ ✐✳❡✳ proxG = J∂G✳

Pr♦♦❢✳ ✭✐✮ ❚❤✐s ✐s ❇❛✐❧❧♦♥✲❍❛❞❞❛❞ t❤❡♦r❡♠ ❬✻✼❪✳ ✭✐✐✮ ❙❡❡ ❬✻✸❪✳ ✭✐✐✐✮ ❙❡❡ ❬✶❪✳

❲❡ t❤✉s ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ n ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs Ai ∶

H → 2H ✐♥❞❡①❡❞ ❜② i ∈ J1, nK✱ ❛♥❞ ❛ ✭s✐♥❣❧❡✲✈❛❧✉❡❞✮ ♦♣❡r❛t♦r B ∶H →H ❛♥❞
β ∈]0,+∞[ s✉❝❤ t❤❛t βB ∈ A(1

2
)✳ ❚❤❡r❡❢♦r❡✱ s♦❧✈✐♥❣ ✭✷✳✶✮ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞

✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❧❛♥❣✉❛❣❡ ♦❢ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs ❛s s♦❧✈✐♥❣ t❤❡
♠♦♥♦t♦♥❡ ✐♥❝❧✉s✐♦♥

❋✐♥❞ x ∈H s✉❝❤ t❤❛t 0 ∈ Bx +∑
i

Aix, ✭✸✳✶✮

✇❤❡r❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t zer(B +∑i Ai) ≠ ∅✳
✸✳✷ Pr♦❞✉❝t ❙♣❛❝❡

❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ❜❡✐♥❣ ✈❛❧✐❞ ❢♦r ❛♥② r❡❛❧ ❍✐❧❜❡rt s♣❛❝❡✱ t❤❡② ❛❧s♦
❛♣♣❧② t♦ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ Hn ❡♥❞♦✇❡❞ ✇✐t❤ s❝❛❧❛r ♣r♦❞✉❝t ❛♥❞ ♥♦r♠ ❞❡✲
r✐✈❡❞ ❢r♦♠ t❤❡ ♦♥❡s ❛ss♦❝✐❛t❡❞ t♦ H✳

▲❡t (ωi)i∈J1,nK ∈ ]0,1[n s✉❝❤ t❤❛t ∑n
i=1 ωi = 1✳ ❲❡ ❝♦♥s✐❞❡r H

❞❡❢

= Hn

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ⟨⋅ ∣ ⋅⟩✱ ❞❡✜♥❡❞ ❛s

∀x = (xi)i ,y = (yi)i ∈H, ⟨x ∣y⟩ =
n

∑
i=1

ωi⟨xi ∣ yi⟩
❛♥❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠ ∣∣ ⋅ ∣∣✳ S ⊂H ❞❡♥♦t❡s t❤❡ ❝❧♦s❡❞ ❝♦♥✈❡① s❡t

❞❡✜♥❡❞ ❜② S
❞❡❢

= {x = (xi)i ∈H ∣ x1 = x2 = ⋯ = xn}✱ ✇❤♦s❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡✲
♠❡♥t ✐s t❤❡ ❝❧♦s❡❞ ❧✐♥❡❛r s✉❜s♣❛❝❡ S⊥ = {x = (xi)i ∈H ∣ ∑i ωixi = 0}✳ ❉❡✜♥❡
t❤❡ ❝❛♥♦♥✐❝❛❧ ✐s♦♠❡tr②

C ∶H → S, x↦ (x,⋯, x) .

✾



ιS ∶H →]−∞,+∞] ❛♥❞ NS ∶H → 2H ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥
❛♥❞ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ S✱ t❤❛t ✐s

ιS(x) ❞❡❢

=

⎧⎪⎪⎨⎪⎪⎩
0 ✐❢ x ∈ S ,

+∞ ♦t❤❡r✇✐s❡ ,
❛♥❞ NS(x) ❞❡❢

=

⎧⎪⎪⎨⎪⎪⎩
S
⊥ ✐❢ x ∈ S ,

∅ ♦t❤❡r✇✐s❡ .

❙✐♥❝❡ S ✐s ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡①✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t NS
✐s ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡✳ ❚♦ ❧✐❣❤t❡♥ t❤❡ ♥♦t❛t✐♦♥ ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❛t❡♥❛t❡❞ ♦♣❡r❛t♦rs✳ ❋♦r ❡✈❡r② i ∈ J1, nK✱ ❧❡t Ai ❛♥❞ B ❛s
❞❡✜♥❡❞ ✐♥ ✭✸✳✶✮✱ ❛♥❞ γi ∈]0,+∞[✳ ❋♦r γ = (γi)i∈J1,nK ∈ (]0,+∞[)n✱ ✇❡ ❞❡✜♥❡

γA ∶H → 2H,x = (xi)i ↦ ⨉n
i=1 γiAi(xi)✱ ✐✳❡✳ ✐ts ❣r❛♣❤ ✐s

gra (A) ❞❡❢

=

n

⨉
i=1

gra (γiAi)
= {(x,y) ∈H2 ∣ x = (xi)i,y = (yi)i, ❛♥❞ ∀ i, yi ∈ γiAixi} ,

❛♥❞ B ∶H →H,x = (xi)i ↦ (Bxi)i✳
❯s✐♥❣ t❤❡ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥✐❝✐t② ♦❢ A1, . . . ,An ❛♥❞ B ✐t ✐s ❛♥ ❡❛s② ❡①❡r❝✐s❡

t♦ ❡st❛❜❧✐s❤ t❤❛t γA ❛♥❞ B ❛r❡ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♥ H✳

✹ ●❡♥❡r❛❧✐③❡❞ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❆❧❣♦r✐t❤♠ ❢♦r ▼♦♥♦✲

t♦♥❡ ■♥❝❧✉s✐♦♥s

◆♦✇ t❤❛t ✇❡ s❡t ❛❧❧ ♥❡❝❡ss❛r② ♠❛t❡r✐❛❧✱ ✇❡ ❛r❡ r❡❛❞② t♦ s♦❧✈❡ t❤❡ ♠♦♥♦✲
t♦♥❡ ✐♥❝❧✉s✐♦♥ ✭✸✳✶✮✳ ❋✐rst✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥ s❛t✐s✲
✜❡❞ ❜② ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✳ ❋r♦♠ t❤✐s✱ ✇❡ ❞r❛✇ ❛♥ ❛❧❣♦r✐t❤♠✐❝ s❝❤❡♠❡ ❛♥❞
♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ❛ s♦❧✉t✐♦♥✱ ❛s ✇❡❧❧ ❛s ✐ts r♦❜✉st♥❡ss t♦ ❡rr♦rs✳
❋r♦♠ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❞❡r✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳

✹✳✶ ❋✐①❡❞ P♦✐♥t ❊q✉❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t (ωi)i∈J1,nK ∈ ]0,1[n✳ ❋♦r ❛♥② γ > 0✱ x ∈H ✐s ❛ s♦❧✉t✐♦♥

♦❢ ✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts (zi)i∈J1,nK ∈H
n s✉❝❤ t❤❛t

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∀ i, zi = R γ

ωi
Ai
(2x − zi − γBx) − γBx ,

x =∑
i

ωizi . ✭✹✳✶✮

Pr♦♦❢✳ s❡t γ > 0✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

0 ∈ Bx +∑
i

Aix ⇔ ∃ (zi)i ∈Hn
∶ { ∀ i, ωi (x − zi − γBx) ∈ γAix ,

x = ∑i ωizi .

✶✵



◆♦✇✱

ωi (x − zi − γBx) ∈ γAix ⇔ (2x − zi − γBx) − x ∈
γ

ωi

Aix

(❜② ▲❡♠♠❛ ✸✳✶ ✭✐✈✮) ⇔ x = J γ

ωi
Ai
(2x − zi − γBx)

⇔ 2x − (2x − zi) = 2J γ

ωi
Ai
(2x − zi − γBx)

− (2x − zi − γBx) − γBx

⇔ zi = R γ

ωi
Ai
(2x − zi − γBx) − γBx .

❇❡❢♦r❡ ❢♦r♠✉❧❛t✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ❡q✉❛t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡♣❛r❛✲
t♦r② ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✳ ❋♦r ❛♥② z = (zi)i ∈H✱ b = (b)i ∈ S✱ ❛♥❞ γ = (γi)i ∈ ]0,+∞[n✱
✭✐✮ JNS ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r ♦♥ S✱ ❛♥❞ JNSz =C (∑i ωizi)❀
✭✐✐✮ RNS (z − b) = RNSz − b❀

✭✐✐✐✮ RγAz = (RγiAi
(zi))i✳

Pr♦♦❢✳

✭✐✮✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✷ ✭✐✐✐✮✱ ✇❡ ❤❛✈❡ ❢♦r z ∈H✱

JNS(z) = projS(z) = argminy∈S ∣∣z − y∣∣.
❚❤❡r❡❢♦r❡ argminy∈S ∣∣z − y∣∣2 =C (argminy∈H∑i ωi∣∣zi − y∣∣2)✱ ✇❤❡r❡ t❤❡ ✉♥✐q✉❡
♠✐♥✐♠✐③❡r ♦❢ ∑i ωi∣∣zi − y∣∣2 ✐s t❤❡ ❜❛r②❝❡♥t❡r ♦❢ (zi)i✱ ✐✳❡✳ ∑i ωizi✳
✭✐✐✮✳ JNS ✐s ♦❜✈✐♦✉s❧② ❧✐♥❡❛r✱ ❛♥❞ s♦ ✐s RNS ✳ ❙✐♥❝❡ b ∈ S✱ RNSb = b ❛♥❞ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s✳
✭✐✐✐✮✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡♣❛r❛❜✐❧✐t② ♦❢ γA ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♠✲
♣♦♥❡♥ts ♦❢ z ✐♠♣❧②✐♥❣ t❤❛t JγAz = (JγiAi

zi)i✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ RγA✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ (zi)i∈J1,nK ∈H
n s❛t✐s✜❡s ✭✹✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z = (zi)i ✐s ❛

✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t♦r ∶H →H

z ↦
1

2
[RγARNS + IdH ][ IdH −γBJNS ](z) , ✭✹✳✷✮

✇✐t❤ γ = ( γ
ωi
)

i
✳

Pr♦♦❢✳ ❯s✐♥❣ ▲❡♠♠❛ ✹✳✶ ✐♥ ✭✹✳✶✮✱ ✇❡ ❤❛✈❡ C(x) = JNSz✱ C(Bx) =BJNS(z)
❛♥❞ RNS − γBJNS = RNS [IdH −γBJNS ]✳ ❆❧t♦❣❡t❤❡r✱ t❤✐s ②✐❡❧❞s✱

z s❛t✐s✜❡s ✭✹✳✶✮ ⇔ z = RγARNS [ IdH −γBJNS ]z − γBJNSz

⇔ 2z = RγARNS [ IdH −γBJNS ]z + [ IdH −γBJNS ]z
⇔ z =

1

2
[RγARNS + IdH ][ IdH −γBJNS ]z

✶✶



✹✳✷ ❆❧❣♦r✐t❤♠✐❝ ❙❝❤❡♠❡ ❛♥❞ ❈♦♥✈❡r❣❡♥❝❡

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✹✳✷✮ ❣✐✈❡s ✉s t❤❡ ♦♣❡r❛t♦r ♦♥ ✇❤✐❝❤ ✐s ❜❛s❡❞ t❤❡ ❣❡♥❡r❛❧✲
✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✳ ❲❡ ✜rst st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♦♣❡r❛t♦r ❜❡❢♦r❡
❡st❛❜❧✐s❤✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r♦❜✉st♥❡ss r❡s✉❧ts ♦✉r ❛❧❣♦r✐t❤♠ ❞❡r✐✈❡❞ ❢r♦♠
t❤❡ ❑r❛s♥♦s❡❧s❦✐❥✲▼❛♥♥ s❝❤❡♠❡ ❛ss♦❝✐❛t❡❞ t♦ ✐t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❋♦r ❛♥② γ ∈ ]0,+∞[n✱ t❤❡ ♦♣❡r❛t♦r

T1,γ ∶
H Ð→ H

z z→
1

2
[RγARNS + IdH ](z) ✭✹✳✸✮

✐s ✜r♠❧② ♥♦♥✲❡①♣❛♥s✐✈❡✱ ✐✳❡✳ T1,γ ∈ A(12)✳
Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✶✱ RγiAi

❛♥❞ RNS ❛r❡ ♥♦♥✲❡①♣❛♥s✐✈❡✳ ■♥ ✈✐❡✇ ♦❢
▲❡♠♠❛ ✹✳✶ ✭✐✐✐✮✱ RγA ✐s ♥♦♥✲❡①♣❛♥s✐✈❡ ❛s ✇❡❧❧✳ ❋✐♥❛❧❧②✱ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢
♥♦♥✲❡①♣❛♥s✐✈❡ ♦♣❡r❛t♦rs✱ RγARNS ✐s ❛❧s♦ ♥♦♥✲❡①♣❛♥s✐✈❡✱ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s
❝♦♠♣❧❡t❡ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A(1

2
)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❋♦r ❛♥② γ ∈]0,2β[✱ ❞❡✜♥❡
T2,γ ∶

H Ð→ H

z z→ [IdH −γBJNS ]z ✭✹✳✹✮

❚❤❡♥✱ T2,γ ∈ A( γ
2β
)✳

Pr♦♦❢✳ ❇② ❤②♣♦t❤❡s✐s✱ βB ∈ A(1
2
) ❛♥❞ s♦ ✐s βB✳ ❲❡ ♠✉st t❤❡♥ ❝❤❡❝❦ t❤❛t

▲❡♠♠❛ ✸✳✶ ✭✐✐✐✮✳ ❲❡ ❤❛✈❡ ❢♦r ❛♥② x ❛♥❞ y ∈H

∣∣βBJNSx − βBJNSy∣∣2 ≤ ⟨βBJNSx − βBJNSy ∣JNSx − JNSy⟩
= ⟨βJNSBJNSx − βJNSBJNSy ∣x − y⟩
= ⟨βBJNSx − βBJNSy ∣x − y⟩ , ✭✹✳✺✮

✇❤❡r❡ ✇❡ ❞❡r✐✈❡ t❤❡ ✜rst ❡q✉❛❧✐t② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t JNS ✐s s❡❧❢✲❛❞❥♦✐♥t
✭▲❡♠♠❛ ✹✳✶ ✭✐✮✮✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✉s✐♥❣ t❤❛t ❢♦r ❛❧❧ x ∈ S✱ Bx ⊂ S

❛♥❞ JNSx = x✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✶ ✭✐✐✐✮⇔✭✐✮✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t βBJNS ∈ A(12)✳
❲❡ ❝♦♥❝❧✉❞❡ ✉s✐♥❣ ❬✶✼✱ ▲❡♠♠❛ ✷✳✸❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ❋♦r ❛♥② γ ∈ ]0,+∞[n ❛♥❞ γ ∈ ]0,2β[✱ t❤❡ ♦♣❡r❛t♦r T1,γT2,γ ∈

A(α) ✇✐t❤ α =max (2

3
, 2

1+2β/γ )✳
Pr♦♦❢✳ ❆s T1,γ ❛♥❞ T2,γ ❛r❡ α✲❛✈❡r❛❣❡❞ ♦♣❡r❛t♦rs ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸ ❛♥❞
Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✼✱ ▲❡♠♠❛ ✷✳✷ ✭✐✐✐✮❪ t❤❛t t❤❡✐r ❝♦♠♣♦s✐t✐♦♥
✐s ❛❧s♦ α✲❛✈❡r❛❣❡❞ ✇✐t❤ t❤❡ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ α✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t✱ ❡st❛❜❧✐s❤✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞
r♦❜✉st♥❡ss ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ✭✸✳✶✮✳

✶✷



❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t(γt)t∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ ]0,2β[✱(γt)t∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ ]0,+∞[n s✉❝❤ t❤❛t ∀ t, γt = ( γt

ωi
)

i
✱(λt)t∈N ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t ∀ t, λt ∈ It ✭♠❛❞❡ ❡①♣❧✐❝✐t ❜❡❧♦✇✮✱

s❡t z0 ∈H✱ ❛♥❞ ❢♦r ❡✈❡r② t ∈ N✱ s❡t

zt+1 = zt + λt(T1,γt
(T2,γtzt + ε2,t) + ε1,t − zt) ✭✹✳✻✮

✇❤❡r❡ T1,γt ✭r❡s♣✳ T2,γt✮ ✐s ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✮ ✭r❡s♣✳ ✐♥ ✭✹✳✹✮✮✱ ❛♥❞ ε1,t,ε2,t ∈H✳

❙❡t limγt = γ̄ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭❆✵✮ ✭✐✮ zer (B +∑i Ai) ≠ ∅❀
✭✐✐✮ 0 < limλt ≤ limλt <min(3

2
,

1+2β/γ̄
2
)❀

✭✐✐✐✮ ∑+∞t=0 ∣∣ε1,t∣∣ < +∞ ❛♥❞ ∑+∞t=0 ∣∣ε2,t∣∣ < +∞✳

✭❆✶✮ ✭✐✮ ∀ t, γt = γ̄ ∈]0,2β[❀
✭✐✐✮ ∀ t, It = ]0,min(3

2
,

1+2β/γ̄
2
)[✳

✭❆✷✮ ✭✐✮ 0 < limγt ≤ γ̄ < 2β❀

✭✐✐✮ ∀ t, It =]0,1]✳
❙✉♣♣♦s❡ t❤❛t ✭❆✵✮ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥✱ ■❢ ❡✐t❤❡r ✭❆✶✮ ♦r ✭❆✷✮ ✐s s❛t✐s✜❡❞✱

✭✐✮ (T1,γtT2,γtzt − zt)t∈N ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ 0✳

✭✐✐✮ (zt)t∈N ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ ❛ ♣♦✐♥t z ∈ FixT1,γ̄T2,γ̄ ✳

✭✐✐✐✮ (xt
❞❡❢

= ∑i ωizi,t)t∈N ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ x
❞❡❢

= ∑i ωizi ∈ zer (B +∑i Ai)✳
▼♦r❡♦✈❡r✱ ✐❢ ✭❆✷✮ ✐s s❛t✐s✜❡❞ ❛♥❞ B ✐s ✉♥✐❢♦r♠❧② ♠♦♥♦t♦♥❡✱ t❤❡♥

✭✐✈✮ (xt)t∈N ❝♦♥✈❡r❣❡s str♦♥❣❧②✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ✜rst t❤❛t ✭❆✵✮ ❛♥❞ ✭❆✶✮ ❛r❡ s❛t✐s✜❡❞✳

✭✐✮ ❯♥❞❡r ✭❆✶✮✲✭✐✮✱ T
❞❡❢

= T1,γ̄T2,γ̄ ❞♦❡s ♥♦t ❞❡♣❡♥❞s ♦♥ t ❛♥②♠♦r❡ ✭st❛t✐♦♥❛r②
♦♣❡r❛t♦r✮✳ ❋♦r ❛❧❧ t ∈ N✱ ✇❡ ❤❛✈❡

zt+1 = zt + λt(Tzt + εt − zt) , ✭✹✳✼✮

✇✐t❤ εt
❞❡❢

= T1,γ̄(T2,γ̄zt +ε2,t)−T1,γ̄(T2,γ̄zt)+ε1,t✳ Pr♦♣♦s✐t✐♦♥ ✹✳✸ s❤♦✇s t❤❛t

T1,γ̄ ∈ A(12) ✐s ✐♥ ♣❛rt✐❝✉❧❛r ♥♦♥✲❡①♣❛♥s✐✈❡✱ s♦ t❤❛t ∣∣εt∣∣ ≤ ∣∣ε2,t∣∣ + ∣∣ε1,t∣∣✱ ❛♥❞
✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭❆✵✮✲✭✐✐✐✮ t❤❛t ∑+∞t=0 ∣∣εt∣∣ < +∞✳ ▼♦r❡♦✈❡r✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✺

❛♥❞ ✭❆✶✮✲✭✐✮✱ T ∈ A(α) ✇✐t❤ α = max (2

3
, 2

1+2β/γ̄ )✳ ◆♦✇✱ ❢♦r t ∈ N✱ s❡t Tt
❞❡❢

=

IdH +λt (T − IdH)✱ t❤❡ ✐t❡r❛t✐♦♥s ✭✹✳✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥

zt+1 = Ttzt + λtεt . ✭✹✳✽✮

✶✸



❙✐♥❝❡ ❢♦r ❛❧❧ t✱ αt
❞❡❢

= λtα < 1 ❜② ✭❆✶✮✲✭✐✐✮✱ ❬✶✼✱ ▲❡♠♠❛ ✷✳✷ ✭✐✮❪ s❤♦✇s t❤❛t
Tt ∈ A(αt)✱ ❛♥❞ ✭✹✳✽✮ ✐s t❤✉s ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ♦❢ ❬✶✼✱ ❆❧❣♦r✐t❤♠ ✹✳✶❪✳
❆❧s♦✱ ✐t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛❧❧ t✱ FixTt = FixT ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❛♥❞ Pr♦♣♦✲
s✐t✐♦♥ ✹✳✷✱ FixT = zer (B +∑i Ai)✱ s♦ t❤❛t ✭❆✵✮✲✭✐✮ ♣r♦✈✐❞❡s ⋂t∈N FixTt ≠ ∅✳

❆❝❝♦r❞✐♥❣ t♦ ✭❆✵✮✲✭✐✐✮✱ limλt > 0 ❛♥❞ limαt < 1✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❢r♦♠

❬✶✼✱ ❘❡♠❛r❦ ✸✳✹❪ t❤❛t ∑t∈N ∣∣Ttzt − zt∣∣
2

< +∞✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Tt✱ t❤✐s

❣✐✈❡s ∑t∈N λt
2∣∣Tzt − zt∣∣

2

< +∞✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s Tzt − zt Ð→
t→+∞

0 s✐♥❝❡

limλt > 0✳

✭✐✐✮ T ✐s ♥♦♥✲❡①♣❛♥s✐✈❡✳ ■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡♠✐❝❧♦s❡❞ ♣r✐♥❝✐♣❧❡
❬✻✽❪❬✻✷✱ ❈♦r♦❧❧❛r② ✹✳✶✽❪ t❤❛t ❛♥② ✇❡❛❦ s❡q✉❡♥t✐❛❧ ❝❧✉st❡r ♣♦✐♥t ♦❢ (zt)t∈N ❜❡✲
❧♦♥❣s t♦ FixT ✳ ❯s✐♥❣ ❬✶✼✱ ❚❤❡♦r❡♠ ✺✳✺❪ ♣r♦✈✐❞❡s ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s
z ∈ FixT1,γ̄T2,γ̄ ✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✭❆✵✮ ❛♥❞ ✭❆✷✮ ❛r❡ s❛t✐s✜❡❞✳
✭✐✮✲✭✐✐✮ ❆❣❛✐♥✱ ♦✇✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✶✲✹✳✷ ❛♥❞ ✭❆✵✮✲✭✐✮✱ ⋂t∈N FixT1,γtT2,γt ≠

∅✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✸✲✹✳✹ ❛♥❞ ✭❆✷✮✲✭✐✮✱ T1,γt ∈ A(12) ❛♥❞ T2,γt ∈ A( γt

2β
) ❢♦r

❛❧❧ t✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ t❤❡♥ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s t❤❛t ♦❢ ❬✶✼✱ ❈♦r♦❧✲
❧❛r② ✻✳✺❪✱ ❛❢t❡r ❛♣♣r♦♣r✐❛t❡ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❜② ❡①♣❧♦✐t✐♥❣ ❛ss✉♠♣t✐♦♥s ✭❆✵✮✲✭✐✮
❛♥❞ ✭✐✐✐✮✱ ✭❆✷✮✲✭✐✮✲✭✐✐✮ ✇✐t❤ limλt > 0✳

✭✐✐✐✮ ■♥ ❜♦t❤ ❝❛s❡s✱ ❢♦r ❛♥② y ∈ H✱ ⟨y ∣xt − x⟩ = ⟨y ∣∑i ωi(zi,t − zi)⟩ =
∑i ωi⟨y ∣zi,t − zi⟩ = ⟨C(y) ∣zt − z⟩ → 0 ❛s zt ❝♦♥✈❡r❣❡s ✇❡❛❦❧②✱ ❤❡♥❝❡ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ (xt)t∈N t♦✇❛r❞s x✱ ✇❤✐❝❤ ✐s ❛ ③❡r♦ ♦❢ B +∑i Ai ❜② Pr♦♣♦s✐✲
t✐♦♥ ✹✳✶✳

✭✐✈✮ ❘❡❝❛❧❧ t❤❛t ✉♥❞❡r ✭❆✵✮ ❛♥❞ ✭❆✷✮✱ T1,γt ∈ A(12) ❛♥❞ T2,γt ∈ A( γt

2β
)✳

❚❤✉s✱ ❬✶✼✱ ❘❡♠❛r❦ ✸✳✹❪ ②✐❡❧❞s BJNSzt − BJNSz → 0✳ ■❢ B ✐s ✉♥✐❢♦r♠❧②
♠♦♥♦t♦♥❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ϕ ∶ [0,+∞[→ [0,+∞]
t❤❛t ✈❛♥✐s❤❡s ♦♥❧② ❛t ✵✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x, y ∈H

⟨Bx −By ∣x − y⟩ ≥ ϕ(∣∣x − y∣∣) .

❚❤✉s✱

⟨BJNSzt −BJNSz ∣zt − z⟩ = ⟨B(∑
i

ωizi,t) −B(∑
i

ωizi) ∣∑
i

ωi(zi,t − zi)⟩
≥ ϕ(∣∣∑

i

ωi(zi,t − zi)∣∣) = ϕ(∣∣xt − x∣∣) .

❆s (zt)t∈N ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ z ❛♥❞ BJNSzt ❝♦♥✈❡r❣❡s str♦♥❣❧② t♦ BJNSz✱
✇❡ ❤❛✈❡ ⟨BJNSzt −BJNSz ∣zt − z⟩ → 0✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ϕ✱ ✇❡
♦❜t❛✐♥ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (xt)t∈N t♦ x✳

✶✹



❘❡♠❛r❦ ✹✳✶✳ ■♥ st❛t❡♠❡♥ts ✭✐✮✲✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✉♥❞❡r ✭❆✵✮✲✭❆✶✮ ✭st❛t✐♦♥✲
❛r② ❝❛s❡✮✱ ❛ss✉♠♣t✐♦♥s ✭❆✵✮ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✭❆✵✮✲✭✐✐✮ ❝❛♥
❜❡ r❡♣❧❛❝❡❞ ❜② ∑t∈N λt(1−αλt) = +∞ ✇❤❡r❡ α =max(2/3,2/(1+2β/γ̄))✱ ❛♥❞
✭❆✵✮✲✭✐✐✐✮ ❜② ∑t∈N λt(∣∣ε1,t∣∣ + ∣∣ε2,t∣∣) < +∞✳ ❚❤❡ ♣r♦♦❢ ✇♦✉❧❞ ❢♦❧❧♦✇ t❤❡ s❛♠❡
❧✐♥❡s ❛s ❬✶✼✱ ▲❡♠♠❛ ✺✳✶❪✳ ▲❡t✬s ♥♦t❡ ❛❧s♦ t❤❛t ❛ ♣❛rt ♦❢ ❛ss✉♠♣t✐♦♥ ✭❆✵✮✲✭✐✐✮
♦♥ limλt ✐s ♥♦t ♥❡❡❞❡❞ ✉♥❞❡r ✭❆✷✮✳

❘❡♠❛r❦ ✹✳✷ ✭❙tr♦♥❣ ❈♦♥✈❡r❣❡♥❝❡✮✳ ❆ss✉♠♣t✐♦♥s ✭❆✵✮✲✭✐✐✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
st❛t❡♠❡♥t ✭✐✈✮ ❝❛♥ ❜❡ r❡❧❛①❡❞✳ ■t ✐s ✐♥ ❢❛❝t s✉✣❝✐❡♥t t♦ ❛ss✉♠❡ t❤❛t λt ∈]0,1] ✇✐t❤ limλt > 0 t♦ ❞❡❞✉❝❡ ❢r♦♠ ❬✶✼✱ ❚❤❡♦r❡♠ ✸✳✶❪ t❤❛t t❤❡ s❡q✉❡♥❝❡(zt)t∈N ✐s q✉❛s✐✲❋❡❥ér ♠♦♥♦t♦♥❡ ✇✐t❤ r❡s♣❡❝t t♦ zer (B +∑i Ai)✳ ❚❤✉s✱ ✐❢

Int (zer (B +∑i Ai)) ≠ ∅✱ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❝❝✉rs ❜② ❬✶✼✱ ❚❤❡♦r❡♠ ✸✳✸❪✳
❖t❤❡r r❡✜♥❡♠❡♥ts ♦❢ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼✱
❘❡♠❛r❦ ✻✳✻❪✳

❈♦r♦❧❧❛r② ✹✳✶✳ ❚❤❡♦r❡♠ ✷✳✶ ❤♦❧❞s✳

Pr♦♦❢✳ ▲❡t (zi,t)t∈N ❛♥❞ (xt)t∈N ❜❡ t❤❡ s❡q✉❡♥❝❡s ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✮✳ ■❞❡♥t✐❢②✐♥❣

B ✇✐t❤ ∇F ❛♥❞ Ai ✇✐t❤ ∂Gi ❛♥❞ s❦✐♣♣✐♥❣ s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ((zi,t)i)t∈N
❢♦❧❧♦✇s ✐t❡r❛t✐♦♥s ✭✹✳✻✮ ✇✐t❤ ε1,t = (ε1,t,i)i ❛♥❞ ε2,t = C (−γtε2,t)✱ ♣r♦✈✐❞✐♥❣
✭❆✵✮✲✭✐✐✮✲✭✐✐✐✮ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳ ◆♦✇✱ ✉♥❞❡r ✭❍✶✮✲✭❍✷✮✱ argmin(F +∑i Gi) =
zer(∇F +∑i ∂Gi) ≠ ∅✱ ♣r♦✈✐❞✐♥❣ ✭❆✵✮✲✭✐✮ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ (xt)t∈N ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶✲✭✐✐✐✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ str♦♥❣
❝♦♥✈❡r❣❡♥❝❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✲✭✐✈✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t
✉♥✐❢♦r♠ ❝♦♥✈❡①✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ Γ0(H) ✐♠♣❧✐❡s ✉♥✐❢♦r♠ ♠♦♥♦t♦♥✐❝✐t② ♦❢
✐ts s✉❜❞✐✛❡r❡♥t✐❛❧ ❬✻✷❪✳

✺ ❉✐s❝✉ss✐♦♥

✺✳✶ ❙♣❡❝✐❛❧ ✐♥st❛♥❝❡s

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❤②❜r✐❞
s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠ ✇❤♦s❡ s♣❡❝✐❛❧ ✐♥st❛♥❝❡s t✉r♥ ♦✉t t♦ ❜❡ ❝❧❛ss✐❝❛❧ s♣❧✐tt✐♥❣
♠❡t❤♦❞s❀ ♥❛♠❡❧② t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛♥❞ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ❛❧❣♦r✐t❤♠s✳

❘❡❧❛①❡❞ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ❋♦r n ≡ 1✱ ✇❡ ❤❛✈❡ JNS = IdH✱ A
❞❡❢

= A =

A1✱ B = B ❛♥❞ t❤❡ ♦♣❡r❛t♦r ✭✹✳✷✮ s♣❡❝✐❛❧✐③❡s t♦

1

2
[RγA + IdH ][ IdH −γB] = JA( IdH −γB) , ✭✺✳✶✮

s♦ t❤❛t xt = zt = z1,t ❣✐✈❡♥ ❜② ✭✹✳✻✮ ✭r❡s♣✳ ✭✷✳✷✮ ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝❛s❡✮
❢♦❧❧♦✇s ❡①❛❝t❧② t❤❡ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ r❡❧❛①❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❬✶✼✱
❙❡❝t✐♦♥ ✻❪✱ ❛♥❞ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭❆✵✮ ❛♥❞ ✭❆✷✮✳

✶✺



❚❤✐s ❝♦♠♣❛r✐s♦♥ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐♥ t❤❡ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❝❛s❡
s✐♥❝❡ ✐t ♠❛② ❜❡ ✐♥s♣✐r✐♥❣ t♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞
❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡✳ ■♥❞❡❡❞✱ ✐t ✐s ♥♦✇ ❦♥♦✇♥ t❤❛t t❤❡ ❡①✲
❛❝t ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ❡♥❥♦②s ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ O(1/t) ♦♥ t❤❡
♦❜❥❡❝t✐✈❡ ❬✾✱ ✽❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❤❛s ❜❡❡♥ s❡✈❡r❛❧ ❛❝❝❡❧❡r❛t❡❞ ♠✉❧t✐st❡♣
✈❡rs✐♦♥s ♦❢ t❤❡ ❡①❛❝t ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✾✱ ✶✶✱ ✶✵❪ ✇✐t❤ ❛
❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ O(1/t2) ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ✭❛❧t❤♦✉❣❤ ♥♦ ❝♦♥✈❡r❣❡♥❝❡ ❣✉❛r✲
❛♥t❡❡ ♦♥ t❤❡ ✐t❡r❛t❡ ✐ts❡❧❢ ✐s ❣✐✈❡♥✮✳ ❚❤❡r❡❢♦r❡✱ t✇♦ ♣♦ss✐❜❧❡ ♣❡rs♣❡❝t✐✈❡s
♦❢ t❤✐s ✇♦r❦ ✇♦✉❧❞ ❜❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✭♦♥ t❤❡ ♦❜❥❡❝t✐✈❡
♦❢ ❝♦✉rs❡✮ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛♥❞ t♦ ❞❡s✐❣♥ ❛ ♣♦t❡♥t✐❛❧
♠✉❧t✐st❡♣ ❛❝❝❡❧❡r❛t✐♦♥✳

❘❡❧❛①❡❞ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ■❢ ✇❡ s❡t B ≡ 0✱ t❤❡ ♦♣❡r❛t♦r ✭✹✳✷✮ ❜❡❝♦♠❡s

1

2
[RγARNS + IdH ] . ✭✺✳✷✮

❚❛❦✐♥❣ γt = γ̄ ∈]0,+∞[,∀t✱ zt ♣r♦✈✐❞❡❞ ❜② ✭✹✳✻✮ ✭r❡s♣✳ ✭✷✳✷✮ ✐♥ t❤❡ ♦♣t✐♠✐③❛✲
t✐♦♥ ❝❛s❡✮ ✇♦✉❧❞ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❛♣♣❧②✐♥❣ t❤❡ r❡❧❛①❡❞ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞
❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ H ❢♦r s♦❧✈✐♥❣ 0 ∈ ∑i Aix ❬✸✻✱ ✸✼❪✳ ❚❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✹✳✶✲✭✐✮✲✭✐✐✐✮ ❤♦❧❞s ✐♥ t❤✐s ❝❛s❡ ✉♥❞❡r ✭❆✵✮✲✭✐✮✱
λt ∈]0,2[ ✇✐t❤ ∑t∈N λt(2 − λt) = +∞ ❛♥❞ ∑t∈N λt(∣∣ε1,t∣∣ + ∣∣ε2,t∣∣) < +∞❀ s❡❡
❘❡♠❛r❦ ✹✳✶ ✇❤❡r❡ α = 1

2
❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳

❘❡s♦❧✈❡♥ts ♦❢ t❤❡ s✉♠ ♦❢ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲
❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞❡s ②❡t ❛♥♦t❤❡r ✇❛② ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ r❡s♦❧✈❡♥t
♦❢ t❤❡ s✉♠ ♦❢ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs ❛t ❛ ♣♦✐♥t y ∈ ran(IdH +∑i Ai)✳
■t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡ ✐♥ ✭✸✳✶✮ Bx = x − y ❛♥❞ β = 1✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣
t♦ ❝♦♠♣❛r❡ t❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ❛♥❞ ❉②❦str❛✲❜❛s❡❞
✈❛r✐❛♥ts ❬✻✾❪✳ ❚❤✐s ✇✐❧❧ ❜❡ ❧❡❢t t♦ ❛ ❢✉t✉r❡ ✇♦r❦✳

✺✳✷ ❘❡❧❛t✐♦♥ t♦ ♣r✐♦r ✇♦r❦

❘❡❧❛t✐♦♥ t♦ ❬✸✸❪ ■♥ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❤❡s❡ ❛✉t❤♦rs ♣r♦♣♦s❡
❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠♦♥♦t♦♥❡ ✐♥❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ s✉♠ ♦❢
❛ ❝♦♥t✐♥✉♦✉s ♠♦♥♦t♦♥❡ ♠❛♣ ❛♥❞ ❛ s❡t✲✈❛❧✉❡❞ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r✱
✐♥tr♦❞✉❝✐♥❣ ❛ ❤②❜r✐❞ ♣r♦①✐♠❛❧ ❡①tr❛❣r❛❞✐❡♥t ✭❍P❊✮✳ ❚❤❡② ❛❧s♦ ❞❡r✐✈❡❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠
❝♦♥s✐❞❡r❡❞ ✐♥ ❬✸✸✱ ❙❡❝t✐♦♥ ✺✳✸✱ ✭✺✶✮❪✳ ■♥❞❡❡❞✱ ✭✶✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧✐♥❡❛r❧②
❝♦♥str❛✐♥❡❞ ❝♦♥✈❡① ♣r♦❜❧❡♠

min
z=(zi)i∈H

∑
i

(ωiF (zi) +Gi(zi)) s✉❝❤ t❤❛t projS⊥(z) = 0 .

✶✻



z ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts u = (ui)i ∈H s✉❝❤ t❤❛t

0 ∈ (ωi∇F (zi))i + n

⨉
i=1

∂Gi(zi) + projS⊥(u), projS⊥(z) = 0 ,

❛♥❞ t❤❡ ♠✐♥✐♠✐③❡r ✐s ❣✐✈❡♥ ❜② x = ∑i ωizi✳

▲❡t σ ∈]0,1] ❛♥❞ τ = 2β σ2

1+

√
1+4σ2β2

✳ ❚r❛♥s♣♦s❡❞ t♦ ♦✉r s❡tt✐♥❣✱ t❤❡✐r

✐t❡r❛t✐♦♥s r❡❛❞✱

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ūt+1 = ut − τprojS⊥zt

zi,t+1 = prox τ
ωi

Gi
(zi,t − τ∇F (zi,t) + τ(ūi,t+1 −∑j ωj ūj,t+1)) , ❢♦r i ∈ J1, nK

ut+1 = ūt+1 + τprojS⊥ (zt − zt+1)
.

■t ✐s ❝❧❡❛r❧② s❡❡♥ t❤❛t t❤❡ ✉♣❞❛t❡ ♦❢ zi,t ✐♥ t❤✐s ✐t❡r❛t✐♦♥ s❤❛r❡s s✐♠✐❧❛r✐t✐❡s
✇✐t❤ t❤❡ ♦♥❡ ✐♥ ❆❧❣♦r✐t❤♠ ✶✱ ✇❤❡r❡ τ ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ γt✳ ◆♦♥❡t❤❡❧❡ss✱
t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s ❛r❡ ❞✐✛❡r❡♥t ✐♥ s♦♠❡ ✐♠♣♦rt❛♥t ✇❛②s✳ ❋♦r ✐♥st❛♥❝❡✱ ♦✉r
❛❧❣♦r✐t❤♠ ✐s r♦❜✉st t♦ ❡rr♦rs ✇❤✐❧❡ ❍P❊ ✐s ♥♦t✳ ❋✉rt❤❡r♠♦r❡✱ ❍P❊ ❝❛rr✐❡s
t✇♦ ❛❞❞✐t✐♦♥❛❧ ✭❞✉❛❧✮ ✈❛r✐❛❜❧❡s ❤❡♥❝❡ ✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❧♦❛❞ ♦❢
t❤❡ ❛❧❣♦r✐t❤♠✳ ❋✐♥❛❧❧②✱ ✉♥❧✐❦❡ ♦✉r ❛❧❣♦r✐t❤♠✱ t❤❡ st❡♣✲s✐③❡ ✐♥ ❍P❊ τ ❝❛♥♥♦t
❜❡ ✐t❡r❛t✐♦♥✲✈❛r②✐♥❣✱ ❛♥❞ τ < σ ✇❤❛t❡✈❡r t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ ∇F ✇❤✐❝❤
✐s ❛ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ t❤❛♥ ♦✉rs✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❤❛✈❡ ✐♠♣♦rt❛♥t ♣r❛❝t✐❝❛❧
✐♠♣❛❝t✳

❘❡❧❛t✐♦♥ t♦ ❬✹✺❪ ❲❤✐❧❡ t❤✐s ♣❛♣❡r ✇❛s ❜❡✐♥❣ r❡❧❡❛s❡❞✱ t❤❡s❡ ❛✉t❤♦rs ✐♥✲
❞❡♣❡♥❞❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s t❤❛t
❝♦✈❡rs ✭✸✳✶✮✳ ❚❤❡② r❡❧② ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ❑✉❤♥✲❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣r♦♣♦s❡
❛ ♣r✐♠❛❧✲❞✉❛❧ s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ♠♦♥♦t♦♥❡ ✐♥❝❧✉s✐♦♥s ✐♥✈♦❧✈✐♥❣
❛ ♠✐①t✉r❡ ♦❢ s✉♠s✱ ❧✐♥❡❛r ❝♦♠♣♦s✐t✐♦♥s✱ ❛♥❞ ♣❛r❛❧❧❡❧ s✉♠s ✭✐♥❢✲❝♦♥✈♦❧✉t✐♦♥ ✐♥
❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✮ ♦❢ s❡t✲✈❛❧✉❡❞ ❛♥❞ ▲✐♣s❝❤✐t③ ♦♣❡r❛t♦rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ❛✉t❤♦rs ❡①♣❧♦✐t t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ♣r♦❜❧❡♠s ❤❛✈❡ ❛ s✐♠✐❧❛r
str✉❝t✉r❡✱ ❝❛st t❤❡ ♣r♦❜❧❡♠ ❛s ✜♥❞✐♥❣ ❛ ③❡r♦ ♦❢ t❤❡ s✉♠ ♦❢ ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✲
✉♦✉s ♠♦♥♦t♦♥❡ ♠❛♣ ✇✐t❤ ❛ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦r ✇❤♦s❡ r❡s♦❧✈❡♥t ✐s
❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡✳ ❚❤❡② s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♥♦t♦♥❡ ✐♥❝❧✉s✐♦♥ ✉s✐♥❣
❛♥ ✐♥❡①❛❝t ✈❡rs✐♦♥ ♦❢ ❚s❡♥❣✬s ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✲❢♦r✇❛r❞ s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠
❬✻❪✳

❘❡♠♦✈✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ s✉♠ ❛♥❞ t❛❦✐♥❣ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❛s t❤❡ ✐❞❡♥t✐t②
✐♥ ❬✹✺✱ ✭✶✳✶✮❪✱ ♦♥❡ r❡❝♦✈❡rs ♣r♦❜❧❡♠ ✭✸✳✶✮ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❋♦r t❤❡ s❛❦❡ ♦❢
s✐♠♣❧✐❝✐t② ❛♥❞ s♣❛❝❡ s❛✈✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦t r❡♣r♦❞✉❝❡ t❤❡✐r ❛❧❣♦r✐t❤♠ ❬✹✺✱ ✭✸✳✸✮❪
✐♥ ❢✉❧❧ ❤❡r❡✳ ■♥st❡❛❞✱ ❤❡r❡ ❛r❡ s♦♠❡ ♥♦t❡✇♦rt❤② ♦❜s❡r✈❛t✐♦♥s✳ ❲❤✐❧❡ ✇❡ s♦❧✈❡
t❤❡ ♣r✐♠❛❧ ♣r♦❜❧❡♠✱ t❤❡✐r ❛❧❣♦r✐t❤♠ s♦❧✈❡ ❜♦t❤ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ♦♥❡s ♦♥
❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❜♦t❤ ❛❧❣♦r✐t❤♠s ❛❧❧♦✇ ❢♦r
✐♥❡①❛❝t ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ♦♣❡r❛t♦rs✳ ❍♦✇❡✈❡r✱ t❤❡ ❜♦✉♥❞s ♦♥
t❤❡✐r st❡♣✲s✐③❡ s❡q✉❡♥❝❡ t❤❛t ✐s ❛♥❛❧♦❣✉❡ t♦ (γt)t∈N ✐♥ ♦✉r ❛❧❣♦r✐t❤♠ ❞❡❣r❛❞❡s

✶✼



❛s n ✐♥❝r❡❛s❡s✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♣♦✐♥t ♦✉t t❤❛t ❚s❡♥❣✬s ❢♦r✇❛r❞✲
❜❛❝❦✇❛r❞✲❢♦r✇❛r❞ ❛❧❣♦r✐t❤♠ t❤❡② ✉s❡❞ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❍P❊ ♠❡t❤♦❞
✇❤♦s❡ ✐t❡r❛t✐♦♥ ❝♦♠♣❧❡①✐t② r❡s✉❧ts ✇❡r❡ ❞❡r✐✈❡❞ ✐♥ ❬✼✵❪✳

✻ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

❚❤✐s s❡❝t✐♦♥ ❛♣♣❧✐❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ t♦ ✐♠❛❣❡ ♣r♦❝❡ss✲
✐♥❣ ♣r♦❜❧❡♠s✳ ❚❤❡ ♣r♦❜❧❡♠s ❛r❡ s❡❧❡❝t❡❞ s♦ t❤❛t ♦t❤❡r s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠s
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛s ✇❡❧❧ ❛♥❞ ❝♦♠♣❛r❡❞ ❢❛✐r❧②✳ ■t ✐s ❤♦✇❡✈❡r ✐♠♣♦rt❛♥t t♦ r❡❝❛❧❧
t❤❛t t❤❡ ❝♦♠♣❛r❡❞ ❛❧❣♦r✐t❤♠s ❝❛♥♥♦t ❜❡ ✉s❡❞ ✐♥ ❣❡♥❡r❛❧ ✐❢ F ✐s ♥♦t s✐♠♣❧❡✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ Id ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡ t♦ ❜❡
✉♥❞❡rst♦♦❞ ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ❛♥❞ I ≡ R

N×N ✐s t❤❡ s❡t ♦❢ ✐♠❛❣❡s ❝♦♥t❛✐♥✐♥❣
N2 ♣✐①❡❧s✳

✻✳✶ ❱❛r✐❛t✐♦♥❛❧ ■♠❛❣❡ ❘❡st♦r❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r ❛ ❝❧❛ss ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ r❡❣✉❧❛r✐③❛t✐♦♥s✱ ✇❤❡r❡ ♦♥❡ ✇❛♥ts t♦
r❡❝♦✈❡r ❛♥ ✭✉♥❦♥♦✇♥✮ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ y0 ∈ I ❢r♦♠ ♥♦✐s② ❧♦✇ r❡s♦❧✉t✐♦♥
♦❜s❡r✈❛t✐♦♥s y = Φy0 + w ∈ I✳ ❲❡ r❡♣♦rt r❡s✉❧ts ✉s✐♥❣ s❡✈❡r❛❧ ✐❧❧✲♣♦s❡❞
❧✐♥❡❛r ♦♣❡r❛t♦rs Φ ∶ I → I✱ ❛♥❞ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ t♦ ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞
♠❛s❦✐♥❣ ♦♣❡r❛t♦r✱ ❛♥❞ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✱ t❤❡ ♥♦✐s❡ ✈❡❝t♦r w ∈ I ✐s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ❛❞❞✐t✐✈❡ ✇❤✐t❡
●❛✉ss✐❛♥ ♥♦✐s❡ ♦❢ ✈❛r✐❛♥❝❡ σ2

w✳
❚❤❡ r❡st♦r❡❞ ✐♠❛❣❡ ŷ0 = Wx̂ ✐s ♦❜t❛✐♥❡❞ ❜② ♦♣t✐♠✐③✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts

x̂ ∈ H ✐♥ ❛ r❡❞✉♥❞❛♥t ✇❛✈❡❧❡t ❢r❛♠❡ ❬✹✻❪✱ ✇❤❡r❡ W ∶ H → I ✐s t❤❡ ✇❛✈❡❧❡t
s②♥t❤❡s✐s ♦♣❡r❛t♦r✳ ❚❤❡ ✇❛✈❡❧❡t ❛t♦♠s ❛r❡ ♥♦r♠❛❧✐③❡❞ s♦ t❤❛t W ✐s ❛ P❛rs❡✈❛❧
t✐❣❤t ❢r❛♠❡✱ ✐✳❡✳ ✐t s❛t✐s✜❡s WW ∗

= Id✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡
✈❡❝t♦rs x ∈H ≡ IJ ✇❤❡r❡ t❤❡ r❡❞✉♥❞❛♥❝② J = 3J0+1 ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r
♦❢ s❝❛❧❡s J0 ♦❢ t❤❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠✳

❚❤❡ ❣❡♥❡r❛❧ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ❢♦r t❤❡ r❡❝♦✈❡r② r❡❛❞s

min
x∈H
{Ψ(x) ❞❡❢

=
1

2
∣∣y −Φx∣∣2 + µ∣∣x∣∣B1,2 + ν∣∣Wx∣∣TV} . ✭✻✳✶✮

❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ s✉♠♠❛♥❞ ✐s t❤❡ ❞❛t❛✲✜❞❡❧✐t② t❡r♠✱ ✇❤✐❝❤ ✐s t❛❦❡♥ t♦
❜❡ ❛ sq✉❛r❡❞ ℓ2✲♥♦r♠ t♦ r❡✢❡❝t t❤❡ ❛❞❞✐t✐✈❡ ✇❤✐t❡ ●❛✉ss✐❛♥✐t② ♦❢ t❤❡ ♥♦✐s❡✳
❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s ❛r❡ r❡❣✉❧❛r✐③❛t✐♦♥s✱ ❡♥❢♦r❝✐♥❣ ♣r✐♦rs ❛ss✉♠❡❞
t♦ ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡✳ ❚❤❡ ✜rst r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ❛ ℓ1/ℓ2✲
♥♦r♠ ❜② ❜❧♦❝❦s✱ ✐♥❞✉❝✐♥❣ str✉❝t✉r❡❞ s♣❛rs✐t② ♦♥ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ s❡❝♦♥❞
r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ❛ ❞✐s❝r❡t❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ s❡♠✐✲♥♦r♠✱ ✐♥❞✉❝✐♥❣ s♣❛rs✐t② ♦♥
t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ r❡st♦r❡❞ ✐♠❛❣❡✳ ❚❤❡ s❝❛❧❛rs µ ❛♥❞ ν ❛r❡ ✇❡✐❣❤ts ✕ s♦✲❝❛❧❧❡❞
r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs ✕ t♦ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❡❛❝❤ t❡r♠s ♦❢ t❤❡ ❡♥❡r❣② Ψ✳
❲❡ ♥♦✇ ❞❡t❛✐❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ t❤r❡❡ t❡r♠s✳

✶✽



✻✳✶✳✶ ❉❛t❛✲❋✐❞❡❧✐t② 1

2
∣∣y −ΦWx∣∣2

❋♦r t❤❡ ✐♥♣❛✐♥t✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ♦♥❡ ❝♦♥s✐❞❡rs ❛ ♠❛s❦✐♥❣ ♦♣❡r❛t♦r

(M y)p ❞❡❢

= { 0 ✐❢ p ∈ Ω,

yp ♦t❤❡r✇✐s❡✳

❲❤❡r❡ Ω ✐s ❛ s❡t ♦❢ ♣✐①❡❧s✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♠✐ss✐♥❣ ♦r ❞❡❢❡❝t✐✈❡ s❡♥s♦rs
t❤❛t ❞❡t❡r✐♦r❛t❡ t❤❡ ♦❜s❡r✈❛t✐♦♥s❀ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ρ = ∣Ω∣/N2 t❤❡ r❛t✐♦ ♦❢
♠✐ss✐♥❣ ♣✐①❡❧s✳ ❋♦r t❤❡ ❞❡❜❧✉rr✐♥❣ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝♦♥✈♦❧✉t✐♦♥
✇✐t❤ ❛ ❞✐s❝r❡t❡ ●❛✉ss✐❛♥ ✜❧t❡r ♦❢ ✇✐❞t❤ σ✱ K ∶ y ↦ gσ ∗ y✱ ♥♦r♠❛❧✐③❡❞ t♦ ❛
✉♥✐t ♠❛ss✳ ❚❤✐s s✐♠✉❧❛t❡s ❛ ❞❡❢♦❝✉s ❡✛❡❝t ♦r ❧♦✇✲r❡s♦❧✉t✐♦♥ s❡♥s♦rs✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ t❤✉s ❝♦♥s✐❞❡r Φ ❜❡✐♥❣ ❡q✉❛❧ ❡✐t❤❡r t♦ M ✱ K ♦r t❤❡
❝♦♠♣♦s✐t✐♦♥ MK✳

❉❡♥♦t✐♥❣ L
❞❡❢

= ΦW ✱ t❤❡ ✜❞❡❧✐t② t❡r♠ t❤✉s r❡❛❞s F (x) = 1

2
∣∣y − Lx∣∣2✳

❚❤❡ ❢✉♥❝t✐♦♥ F ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♠♦♦t❤ t❡r♠ ✐♥ ✭✶✳✶✮✳ ■ts ❣r❛❞✐❡♥t
∇F ∶ x↦ L∗ (Lx − y) ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✇✐t❤ ❝♦♥st❛♥t β−1 ≤ ∣∣ΦW ∣∣2 = 1✳

❋♦r ❛♥② γ > 0✱ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦r ♦❢ F r❡❛❞s

proxγF (x) = (Id+γL∗L)✲1 (x + γL∗y) . ✭✻✳✷✮

❚❤❡ ✈❡❝t♦r L∗y ❝❛♥ ❜❡ ♣r❡❝♦♠♣✉t❡❞✱ ❜✉t ✐♥✈❡rt✐♥❣ Id+γL∗L ♠❛② ❜❡ ♣r♦❜✲
❧❡♠❛t✐❝✳ ❋♦r L ≡ Id✱ t❤✐s ✐s tr✐✈✐❛❧✳ ❋♦r ✐♥♣❛✐♥t✐♥❣ ♦r ❞❡❜❧✉rr✐♥❣ ❛❧♦♥❡✱ ❛s Φ

✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ P❛rs❡✈❛❧ t✐❣❤t ❢r❛♠❡✱ L ≡MW ♦r L ≡KW ✱ t❤❡ ❙❤❡r♠❛♥✲
▼♦rr✐s♦♥✲❲♦♦❞❜✉r② ❢♦r♠✉❧❛ ❣✐✈❡s

(Id+γL∗L)✲1 = Id−L∗(Id+γLL∗)✲1L
= Id−W ∗Φ∗(Id+γΦΦ∗)✲1ΦW . ✭✻✳✸✮

❙✐♥❝❡ M ✭r❡s♣✳ K✮ ✐s ❛ ❞✐❛❣♦♥❛❧ ♦♣❡r❛t♦r ✐♥ t❤❡ ♣✐①❡❧ ❞♦♠❛✐♥ ✭r❡s♣✳ ❋♦✉r✐❡r
❞♦♠❛✐♥✮✱ ✭✻✳✸✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ O(N2) ✭r❡s♣✳ O(N2 logN)✮ ♦♣❡r❛t✐♦♥s✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣♦s✐t❡ ❝❛s❡ L ≡ MKW ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❆♥ ❛✉①✐❧✐❛r②
✈❛r✐❛❜❧❡ ✐s r❡q✉✐r❡❞✱ r❡♣❧❛❝✐♥❣ F ∶ H → R ❜② F̃ ∶H × I →]−∞,+∞] ❞❡✜♥❡❞
❜②

F̃ (x,u) = 1

2
∣∣y −Mu∣∣2 + ιCKW

(x,u) = G1(x,u) +G2(x,u) , ✭✻✳✹✮

✇❤❡r❡ CKW
❞❡❢

= {(x,u) ∈H × I ∣ u =KWx}✳ ❖♥❧② t❤❡♥✱ proxγG1
❝❛♥ ❜❡ ❝♦♠✲

♣✉t❡❞ ❢r♦♠ ✭✻✳✷✮✱ ❛♥❞ proxγG2
✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥

ker([Id,−KW ]) ❬✹✷✱ ✺✺❪✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ s✐♠✐❧❛r ✐♥✈❡rs✐♦♥ ❛s ✐♥ ✭✻✳✸✮✳

✻✳✶✳✷ ❘❡❣✉❧❛r✐③❛t✐♦♥ µ∣∣x∣∣B
1,2

❙♣❛rs✐t②✲♣r♦♠♦t✐♥❣ r❡❣✉❧❛r✐③❛t✐♦♥s ♦✈❡r ✇❛✈❡❧❡t ✭❛♥❞ ❜❡②♦♥❞✮ ❝♦❡✣❝✐❡♥ts
❛r❡ ♣♦♣✉❧❛r t♦ s♦❧✈❡ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ❬✹✻❪✳ ❋✐❣✉r❡ ✶✭❛✮✱

✶✾



❧❡❢t✱ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts ♦❢ ❛ ♥❛t✉r❛❧ ✐♠❛❣❡✱
✇❤❡r❡ ♠♦st ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ s♠❛❧❧ ❛♠♣❧✐t✉❞❡✱ t❤❡② ❛r❡ t❤✉s q✉✐t❡
s♣❛rs❡✳ ❆ ✇❛② t♦ ❡♥❢♦r❝❡ t❤✐s s♣❛rs✐t② ✐s t♦ ✉s❡ t❤❡ ℓ1✲♥♦r♠ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts∣∣x∣∣1 = ∑p ∣xp∣✳

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡❞❣❡s ♦r t❡①t✉r❡s ❝r❡❛t❡s str✉❝t✉r❡❞ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝✐❡s
✐♥ t❤❡ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts ♦❢ ♥❛t✉r❛❧ ✐♠❛❣❡s✳ ❆ ✇❛② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤♦s❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐s t♦ r❡♣❧❛❝❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡
ℓ1✲♥♦r♠ ❜② t❤❡ ℓ2✲♥♦r♠ ♦❢ ❣r♦✉♣s ✭♦r ❜❧♦❝❦s✮ ♦❢ ❝♦❡✣❝✐❡♥ts ❬✼✶❪✳ ❚❤✐s ✐s
❦♥♦✇♥ ❛s t❤❡ ♠✐①❡❞ ℓ1/ℓ2✲♥♦r♠ ❜②

∣∣x∣∣B1,2 = ∑
b∈B

µb∣∣xb∣∣ = ∑
b∈B

µb

√
∑
p∈b

x2
p , ✭✻✳✺✮

✇❤❡r❡ p ✐♥❞❡①❡s t❤❡ ❝♦❡✣❝✐❡♥ts✱ t❤❡ ❜❧♦❝❦s b ❛r❡ s❡ts ♦❢ ✐♥❞❡①❡s✱ t❤❡ ❜❧♦❝❦✲

str✉❝t✉r❡ B ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❧♦❝❦s ❛♥❞ xb

❞❡❢

= (xp)p∈b ✐s ❛ s✉❜✈❡❝t♦r ♦❢ x✳
❚❤❡ ♣♦s✐t✐✈❡ s❝❛❧❛rs µb ❛r❡ ✇❡✐❣❤ts t✉♥✐♥❣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❛❝❤ ❜❧♦❝❦✳ ■t ✐s ❛
♥♦r♠ ♦♥H ❛s s♦♦♥ ❛s B ❝♦✈❡rs t❤❡ ✇❤♦❧❡ s♣❛❝❡✱ ✐✳❡✳ ∀p ∈ J1,NK2×J1, JK, ∃b ∈
B s✳t✳ p ∈ B✳ ◆♦t❡ t❤❛t ❢♦r B ≡ ⋃p{p} ❛♥❞ µ{p} ≡ 1 ❢♦r ❛❧❧ p✱ ✐t r❡❞✉❝❡s t♦ t❤❡
ℓ1✲♥♦r♠✳

❲❡ ♠❡♥t✐♦♥♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t❤❛t t❤❡ ♣r♦①✐♠❛❧ ♦♣❡r❛t♦r ♦❢ ❛ ℓ1✲
♥♦r♠ ✐s ❛ s♦❢t✲t❤r❡s❤♦❧❞✐♥❣ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s ❡❛s② t♦ s❤♦✇
t❤❛t ✇❤❡♥❡✈❡r B ✐s ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✱ ✐✳❡✳ ∀b,b′ ∈ B, b ∩ b

′
= ∅✱ t❤❡ ♣r♦①✐♠✐t②

♦♣❡r❛t♦r ♦❢ ∣∣ ⋅ ∣∣B
1,2 ✐s ❛ s♦❢t✲t❤r❡s❤♦❧❞✐♥❣ ❜② ❜❧♦❝❦

proxµ∣∣⋅∣∣B
1,2
( (xb)b ) = (Θµb⋅µ(xb))

b
,

✇✐t❤

Θµ(xb) = ⎧⎪⎪⎨⎪⎪⎩
0 ✐❢ ∣∣xb∣∣ < µ ,(1 − µ

∣∣xb∣∣)xb ♦t❤❡r✇✐s❡ ✱

❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts xp ♥♦t ❝♦✈❡r❡❞ ❜② B r❡♠❛✐♥✐♥❣ ✉♥❛❧t❡r❡❞✳
◆♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❜❧♦❝❦ str✉❝t✉r❡s ❜r❡❛❦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ t❤❛t

✐s ✉♥❞❡r❧②✐♥❣ ♠♦st tr❛❞✐t✐♦♥❛❧ ✐♠❛❣❡ ♠♦❞❡❧s✳ ❚♦ r❡st♦r❡ t❤✐s ✐♥✈❛r✐❛♥❝❡✱
♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ♦✈❡r❧❛♣♣✐♥❣ ❜❧♦❝❦s✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❝✮✳ ❈♦♠✲
♣✉t✐♥❣ prox∣∣⋅∣∣B

1,2
✐♥ t❤✐s ❝❛s❡ ✐s ♥♦t ❛s s✐♠♣❧❡ ❛s ❢♦r t❤❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣

❝❛s❡✱ ❜❡❝❛✉s❡ t❤❡ ❜❧♦❝❦s ❝❛♥♥♦t ❜❡ tr❡❛t❡❞ s❡♣❛r❛t❡❧②✳ ❋♦r tr❡❡✲str✉❝t✉r❡❞
❜❧♦❝❦s ✭✐✳❡✳ b ∩ b

′
≠ ∅ ⇒ b ⊂ b

′ ♦r b
′
⊂ b✮✱ ❬✼✷❪ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ ✐♥✲

✈♦❧✈✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ♠✐♥✲❝♦st ✢♦✇✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❝♦♠♣✉t❛t✐♦♥✲
❛❧❧② ❡①♣❡♥s✐✈❡ ❛♥❞ ❞♦ ♥♦t ❛❞❞r❡ss t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥②✇❛②✳ ■♥st❡❛❞✱ ✐t ✐s
❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❜❧♦❝❦ str✉❝t✉r❡ ❛s ❛ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ♥♦♥✲
♦✈❡r❧❛♣♣✐♥❣ s✉❜✲str✉❝t✉r❡s B = ⋃iBi✳ ❚❤❡ r❡s✉❧t✐♥❣ t❡r♠ ❝❛♥ ✜♥❛❧❧② ❜❡ s♣❧✐t
✐♥t♦ ∣∣x∣∣B

1,2 = ∑b∈B ∣∣xb∣∣ = ∑i∑b∈Bi
∣∣xb∣∣ = ∑i ∣∣x∣∣Bi

1,2✱ ✇❤❡r❡ ❡❛❝❤ ∣∣ ⋅ ∣∣Bi

1,2 ✐s s✐♠♣❧❡✳

■♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❤❡r❡ H ≡ IJ ✱ ❝♦❡✣❝✐❡♥ts ✇✐t❤✐♥ ❡❛❝❤
r❡s♦❧✉t✐♦♥ ❧❡✈❡❧ ✭❢r♦♠ 1 t♦ J✮ ❛♥❞ ❡❛❝❤ s✉❜❜❛♥❞ ❛r❡ ❣r♦✉♣❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛❧❧
♣♦ss✐❜❧❡ sq✉❛r❡ s♣❛t✐❛❧ ❜❧♦❝❦s ♦❢ s✐③❡ S × S❀ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦
S2 ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❜❧♦❝❦ str✉❝t✉r❡s✳

✷✵



✭❛✮ ∣∣x∣∣1 = ∑p∣xp∣ ✭❜✮ ∣∣x∣∣B1,2 = ∑b∈B ∣∣xb∣∣ ✭❝✮ ∣∣x∣∣B1,2 = ∣∣x∣∣
B1

1,2 + ∣∣x∣∣
B2

1,2

❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦ ℓ1/ℓ2✲♥♦r♠✳ ✭❛✮ s♣❛rs✐t② ♦❢ t❤❡ ✐♠❛❣❡ ✐♥
❛♥ ♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❣r❛② ♣✐①❡❧s ❝♦rr❡s♣♦♥❞s t♦ ❧♦✇ ❝♦❡✣✲
❝✐❡♥ts✮❀ ✭❜✮ ❛ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❜❧♦❝❦ str✉❝t✉r❡❀ ✭❝✮ s♣❧✐tt✐♥❣ ♦❢ ❛ ♠♦r❡ ❝♦♠♣❧❡①
str✉❝t✉r❡ ✐♥t♦ t✇♦ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❧❛②❡rs✳

✻✳✶✳✸ ❘❡❣✉❧❛r✐③❛t✐♦♥ ν∣∣Wx∣∣TV

❚❤❡ s❡❝♦♥❞ r❡❣✉❧❛r✐③❛t✐♦♥ ❢❛✈♦rs ♣✐❡❝❡✇✐s❡✲s♠♦♦t❤ ✐♠❛❣❡s✱ ❜② ✐♥❞✉❝✐♥❣
s♣❛rs✐t② ♦♥ ✐ts ❣r❛❞✐❡♥t ❬✹✼❪✳ ❚❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ s❡♠✐✲♥♦r♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞
❛s ❛ s♣❡❝✐✜❝ ✐♥st❛♥❝❡ ♦❢ ℓ1/ℓ2✲♥♦r♠✱ ∣∣y∣∣TV = ∣∣∇y∣∣BTV

1,2 ✱ ✇✐t❤

∇ ∶ { I Ð→ I2

y z→ (V ∗ y,H ∗ y) ❛♥❞ ∣∣ (v, h) ∣∣BTV

1,2 = ∑
p∈J1,NK2

√
vp

2 + hp
2 ,

✇❤❡r❡ t❤❡ ❣r❛❞✐❡♥t ✐s ❝♦♠♣✉t❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s t❤r♦✉❣❤ ❝♦♥✈♦❧✉t✐♦♥
✇✐t❤ ❛ ✈❡rt✐❝❛❧ ✜❧t❡r V ❛♥❞ ❛ ❤♦r✐③♦♥t❛❧ ✜❧t❡r H✱ ❛♥❞ BTV ✐s ❝❧❡❛r❧② ♥♦♥✲
♦✈❡r❧❛♣♣✐♥❣✳ ❋♦r s♦♠❡ s♣❡❝✐❛❧ ❣r❛❞✐❡♥t ✜❧t❡rs✱ t❤❡ ♠♦❞✐✜❡❞ ❚❱ s❡♠✐✲♥♦r♠
❝❛♥ ❜❡ ✐♥t♦ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✼✱ ✺✽❪✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦♥s✐❞❡r
♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✜❧t❡rs

V = ( −1 0

1 0
) ❛♥❞ H = ( −1 1

0 0
)

❝❡♥t❡r❡❞ ✐♥ t❤❡ ✉♣♣❡r✲❧❡❢t ❝♦r♥❡r✳ ■♥tr♦❞✉❝✐♥❣ ❛♥ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ ❛s ❛❞✈♦✲
❝❛t❡❞ ✐♥ ✭✻✳✹✮✱ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② r❡♠❛✐♥s t♦ ✐♥✈❡rt t❤❡ ♦♣❡r❛t♦r (Id+γ∇∇∗)✳
❯♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(N2 log(N))
♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ❋♦✉r✐❡r ❞♦♠❛✐♥✳

✻✳✷ ❘❡s♦❧✉t✐♦♥ ✇✐t❤ ❙♣❧✐tt✐♥❣ ▼❡t❤♦❞s

✻✳✷✳✶ ❚❡st❡❞ ❆❧❣♦r✐t❤♠s

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣ str❛t❡❣✐❡s r❡q✉✐r❡❞ t♦
❛♣♣❧② t❤❡ t❤r❡❡ t❡st❡❞ ❛❧❣♦r✐t❤♠s t♦ ✭✻✳✶✮✳

✷✶



●❡♥❡r❛❧✐③❡❞ ❋♦r✇❛r❞✲❇❛❝❦✇❛r❞ ✭●❋❇✮ ❚❤❡ ♣r♦❜❧❡♠ ✐s r❡✇r✐tt❡♥ ✉♥✲
❞❡r t❤❡ ❢♦r♠ ✭✶✳✶✮ ❛s

min
x∈H

u∈I2

1

2
∣∣y −MKWx∣∣2 + µ

S2

∑
i=1

∣∣x∣∣Bi

1,2 + ν∣∣u∣∣BTV

1,2 + ιC∇W
(x,u) ,

✇✐t❤ F (x) ≡ 1

2
∣∣y −MKWx∣∣2 ❛♥❞ n ≡ S2

+ 2✳ ❚❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ιC∇W
✐s

❞❡✜♥❡❞ s✐♠✐❧❛r❧② ❛s ✐♥ ✭✻✳✹✮✳ ■♥ ❆❧❣♦r✐t❤♠ ✶✱ ✇❡ s❡t ❡q✉❛❧ ✇❡✐❣❤ts ωi ≡ 1/n✱
❛ ❝♦♥st❛♥t ❣r❛❞✐❡♥t st❡♣✲s✐③❡ γ ≡ 1.8β ❛♥❞ ❛ ❝♦♥st❛♥t r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r
t♦ λ ≡ 1✳

❘❡❧❛①❡❞ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞ ✭❉❘✮ ❍❡r❡ t❤❡ ♣r♦❜❧❡♠ ✐s s♣❧✐t ❛s

min
x∈H
u1∈I

u2∈I
2

1

2
∣∣y −M u1∣∣2 + ιCKW

(x,u1) + µ
S2

∑
i=1

∣∣x∣∣Bi

1,2 + ν∣∣u2∣∣BTV

1,2 + ιC∇W
(x,u2) ,

❛♥❞ s♦❧✈❡❞ ✇✐t❤ ❆❧❣♦r✐t❤♠ ✶✱ ✇❤❡r❡ F ≡ 0 ❛♥❞ n ≡ S2
+ 4✳ ❆s ♠❡♥t✐♦♥❡❞

✐♥ ❙❡❝t✐♦♥ ✺✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❧❛①❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉♦✉❣❧❛s✲❘❛❝❤❢♦r❞
❛❧❣♦r✐t❤♠✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ✇❤❡♥ ❛❧❧ ωi✬s ❛r❡ ❡q✉❛❧✱ ❛s ✐♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱
t❤❡② ❤❛✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r♦①✐♠✐t② ♦♣❡r❛t♦r ❛s t❤❡② ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ✐♥
t❤❡ ❝❤♦✐❝❡ ♦❢ γ̄✱ s❡t ❤❡r❡ t♦ 1/n✳
Pr✐♠❛❧✲❉✉❛❧ ❈❤❛♠❜♦❧❧❡✲P♦❝❦ ✭❈P✮ ❆ ✇❛② t♦ ❛✈♦✐❞ ♦♣❡r❛t♦r ✐♥✈❡rs✐♦♥s
✐s t♦ r❡✇r✐t❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❛s

min
x∈H

G(Λx)
✇❤❡r❡

Λ ∶ { H Ð→ I × (H)S2

× I2

x z→ (MKWx,x, . . . , x,∇Wx) ,

❛♥❞

G ∶

⎧⎪⎪⎨⎪⎪⎩
I × (H)S2

× I2
Ð→ R(u1, x1, . . . , xS2 , g) z→ 1

2
∣∣y − u1∣∣2 + µ∑S2

i=1 ∣∣xi∣∣Bi

1,2 + ν∣∣g∣∣BTV

1,2

.

❚❤❡ ♦♣❡r❛t♦r Λ ✐s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❛♥❞ ✐ts ❛❞❥♦✐♥t ✐s ❡❛s②
t♦ ❝♦♠♣✉t❡✱ ❛♥❞ G ✐s s✐♠♣❧❡✱ ❜❡✐♥❣ ❛ s❡♣❛r❛❜❧❡ ♠✐①t✉r❡ ♦❢ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳
◆♦t❡ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ♦♥❧② s♣❧✐tt✐♥❣ ♣♦ss✐❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡
t❤❡ ♣r♦❜❧❡♠ ♦♥ ❛ ♣r♦❞✉❝t s♣❛❝❡ ❛s min

(xi)i∈H
ιS((xi)i)+∑i Gi(Λixi)✱ ✇❤❡r❡ Gi

✐s ❡❛❝❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ G ❛❜♦✈❡✱ ❛♥❞ Λi ✐s ❡❛❝❤ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs ✐♥
Λ✳

❚♦ s♦❧✈❡ t❤✐s✱ ✇❡ ❤❡r❡ ✉s❡ t❤❡ ♣r✐♠❛❧✲❞✉❛❧ r❡❧❛①❡❞ ❆rr♦✇✲❍✉r✇✐❝③ ❛❧❣♦✲
r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✹❪✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦t❛t✐♦♥s ✐♥ t❤❛t ♣❛♣❡r✱ ✇❡ s❡t t❤❡
♣❛r❛♠❡t❡rs σ ≡ 1✱ τ ≡ 0.9

σ(1+S2
+4) ❛♥❞ θ ≡ 1✳

✷✷



✻✳✷✳✷ ❘❡s✉❧ts

❆❧❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❞✐s❝r❡t❡ ✐♠❛❣❡ ♦❢ ✇✐❞t❤ N ≡ 256✱
✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ r❛♥❣❡ [0,1]✳ ❚❤❡ ❛❞❞✐t✐✈❡ ✇❤✐t❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ❤❛s
st❛♥❞❛r❞✲❞❡✈✐❛t✐♦♥ σw ≡ 2.5 ⋅10−2✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r W ✉s❡s ♥♦♥✲
s❡♣❛r❛❜❧❡✱ ❜✐✲❞✐♠❡♥s✐♦♥♥❛❧ ❉❛✉❜❡❝❤✐❡s ✇❛✈❡❧❡ts ✇✐t❤ ✷ ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts✳
■t ✐s ✐♠♣❧❡♠❡♥t❡❞ s✉❝❤ t❤❛t ❡❛❝❤ ❛t♦♠ ❤❛s ♥♦r♠ 2−j ✱ ✇✐t❤ j ∈ J1, J0K ❛♥❞
✇❤❡r❡ J0 ✐s t❤❡ ❝♦❛rs❡st r❡s♦❧✉t✐♦♥ ❧❡✈❡❧✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ s❡t t❤❡ ✇❡✐❣❤ts µb

✐♥ t❤❡ ℓ1/ℓ2✲♥♦r♠ t♦ 2−j ❛t t❤❡ r❡s♦❧✉t✐♦♥ ❧❡✈❡❧ j ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❜❧♦❝❦
b✳ ❲❡ ✉s❡ J0 ≡ 4✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❞✐❝t✐♦♥❛r② ✇✐t❤ r❡❞✉♥❞❛♥❝② J = 3J0+1 = 13✳
❆❧❧ ❛❧❣♦r✐t❤♠s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❛t❧❛❜✶✳

❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✷✱ ✸✱ ✹ ❛♥❞ ✺✳ ❋♦r ❡❛❝❤ ♣r♦❜❧❡♠✱ t❤❡
t❤r❡❡ ❛❧❣♦r✐t❤♠s ✇❡r❡ r✉♥ 1000 ✐t❡r❛t✐♦♥s ✭✐♥✐t✐❛❧✐③❡❞ ❛t ③❡r♦✮✱ ✇❤✐❧❡ ♠♦♥✐✲
t♦r✐♥❣ t❤❡✐r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s Ψ ❛❧♦♥❣ ✐t❡r❛t✐♦♥s✳ Ψmin ✐s ✜①❡❞ ❛s
t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ r❡❛❝❤❡❞ ♦✈❡r t❤❡ t❤r❡❡ ❛❧❣♦r✐t❤♠s ✭✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱
t❤✐s ✇❛s ❛❧✇❛②s ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✮✱ ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝✲
t✐✈❡s ❝♦♠♣❛r❡❞ t♦ Ψmin ✐s ❞✐s♣❧❛②❡❞ ❢♦r t❤❡ ✜rst 100 ✐t❡r❛t✐♦♥s✳ ❇❡❝❛✉s❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ✐t❡r❛t✐♦♥ ♠❛② ✈❛r② ❜❡t✇❡❡♥ ❛❧❣♦r✐t❤♠s✱
❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ❢♦r 100 ✐t❡r❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜❡s✐❞❡ t❤❡ ❝✉r✈❡s✳ ❇❡❧♦✇ t❤❡
❡♥❡r❣② ❞❡❝❛② ❣r❛♣❤✱ ♦♥❡ ❝❛♥ ✜♥❞ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡✱ t❤❡
❞❡❣r❛❞❡❞ ✐♠❛❣❡ ❛♥❞ t❤❡ r❡st♦r❡❞ ✐♠❛❣❡ ❛❢t❡r 100 ✐t❡r❛t✐♦♥s ♦❢ ❣❡♥❡r❛❧✐③❡❞
❢♦r✇❛r❞✲❜❛❝❦✇❛r❞✳ ❉❡❣r❛❞❡❞ ❛♥❞ r❡st♦r❡❞ ✐♠❛❣❡s q✉❛❧✐t② ❛r❡ ❣✐✈❡♥ ✐♥ t❡r♠
♦❢ t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ✭SNR✮✳

❋♦r t❤❡ ✜rst t❤r❡❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ♥♦t
✉s❡❞✳ ■♥ t❤❡ ❞❡❜❧✉rr✐♥❣ t❛s❦ ✭❋✐❣✉r❡ ✷✮✱ ❜❧♦❝❦s ♦❢ s✐③❡ 2×2 ❛r❡ ✉s❡❞✳ ●❋❇ ❛♥❞
❉❘ ♣❡r❢♦r♠ s✐♠✐❧❛r❧②✱ ✇❤✐❧❡ ❈P ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡ ❛❞❛♣t❡❞ t♦ t❤✐s ♣r♦❜✲
❧❡♠✳ ❲❤❡♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦ str✉❝t✉r❡s ✭✐♥♣❛✐♥t✐♥❣✱ ❋✐❣✉r❡ ✸✱
s✐③❡ 4×4✮✱ ●❋❇ ❣❡ts s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r t❤❛♥ ❉❘✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❛❞✈❛♥t❛❣❡ ♦❢
✉s✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❜❡❝♦♠❡s ♦❜✈✐♦✉s ✐♥ t❤❡ ❝♦♠♣♦s✐t❡ ❝❛s❡✿ ✐♥ ❋✐❣✉r❡ ✹✱ ❉❘
♣❡r❢♦r♠s ❤❛r❞❧② ❜❡tt❡r t❤❛♥ ❈P✳ ■♥❞❡❡❞✱ ✐♥ ❝♦♥tr❛st t♦ ♣r❡✈✐♦✉s ❝❛s❡s ✭s❡❡
❙❡❝t✐♦♥ ✻✳✶✳✶✮✱ F ✐s ♥♦t s✐♠♣❧❡ ❛♥②♠♦r❡ ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❛✉①✐❧✐❛r②
✈❛r✐❛❜❧❡ ❞❡❝r❡❛s❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ ❉❘✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥
✐s ❢✉rt❤❡r ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❧❛st ❝❛s❡✱ ✇❤❡r❡ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✐s ❛❞❞❡❞✱ ✐♥✲
tr♦❞✉❝✐♥❣ ❛♥♦t❤❡r ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡✳ ■♥ ❋✐❣✉r❡ ✺✱ ❈P ❜❡❝♦♠❡s ♠♦r❡ ❡✣❝✐❡♥t
t❤❛♥ t❤❡ ❉❘✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝♦♠♣♦s✐t❡ t❛s❦ ✭Φ ≡ MK✮✱ t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡
r❛t✐♦ ♦❢ t❤❡ r❡st♦r❡❞ ✐♠❛❣❡ ✐s ❣r❡❛t❡r ✇❤❡♥ ✉s✐♥❣ ❜♦t❤ r❡❣✉❧❛r✐③❛t✐♦♥s r❛t❤❡r
♦♥❡ ♦r t❤❡ ♦t❤❡r s❡♣❛r❛t❡❧②✳ ▼♦r❡♦✈❡r✱ ✐t ②✐❡❧❞s r❡st♦r❛t✐♦♥s ♠♦r❡ r♦❜✉st t♦
✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs µ ❛♥❞ ν✳ ❚❤♦s❡ ❛r❣✉♠❡♥ts s❡❡♠ t♦ ❜❡ ✐♥ ❢❛✈♦r
♦❢ ♠✐①❡❞ r❡❣✉❧❛r✐③❛t✐♦♥s✳

✶❆♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ✐s ❛✈❛✐❧❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇✇✳❝❡r❡♠❛❞❡✳❞❛✉♣❤✐♥❡✳❢r✴⑦r❛❣✉❡t✴

✷✸



✼ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛ ♥♦✈❡❧ ♣r♦①✐♠❛❧ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ❛❜❧❡
t♦ ❤❛♥❞❧❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥❛❧s t❤❛t ❛r❡ t❤❡ s✉♠ ♦❢ ❛ s♠♦♦t❤ t❡r♠ ❛♥❞ s❡✈❡r❛❧
s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳ ■t ❣❡♥❡r❛❧✐③❡s ❡①✐st✐♥❣ s❝❤❡♠❡s ❜② ❡♥❧❛r❣✐♥❣ t❤❡ ❝❧❛ss ♦❢
♣r♦❜❧❡♠s t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ❡✣❝✐❡♥t❧② ✇✐t❤ ♣r♦①✐♠❛❧ ♠❡t❤♦❞s t♦ t❤❡ ❝❛s❡
✇❤❡r❡ ♦♥❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s s♠♦♦t❤ ❜✉t ♥♦t s✐♠♣❧❡✳ ❲❡ ♣r♦✈✐❞❡❞ t❤❡♦r❡t✐❝❛❧
❣✉❛r❛♥t❡❡s ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r♦❜✉st♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡✈❡♥ ❢♦r t❤❡
♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ ③❡r♦s ♦❢ t❤❡ s✉♠ ♦❢ ♠❛①✐♠❛❧ ♠♦♥♦t♦♥❡
♦♣❡r❛t♦rs✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐s ❛❧s♦ ❝♦✲❝♦❡r❝✐✈❡✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ♦♥ ❝♦♥✈❡①
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❡♥❝♦✉♥t❡r❡❞ ✐♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s s❤♦✇ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡
❛❞✈❛♥t❛❣❡s ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❢♦r ❧❛r❣❡✲s❝❛❧❡ ✐♠❛❣✐♥❣ ♣r♦❜❧❡♠s✳

■♥ ❛♥❛❧♦❣② ✇✐t❤ ✜rst✲♦r❞❡r ♠❡t❤♦❞s s✉❝❤ ❛s t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ❛❧❣♦✲
r✐t❤♠✱ ❡st❛❜❧✐s❤✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ✭♦♥ t❤❡ ♦❜❥❡❝t✐✈❡✮ ❛♥❞ ❞❡s✐❣♥✐♥❣ ♠✉❧✲
t✐st❡♣ ❛❝❝❡❧❡r❛t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ ♣❡rs♣❡❝t✐✈❡s t❤❛t ✇❡ ❧❡❛✈❡ t♦ ❛ ❢✉t✉r❡ ✇♦r❦✳

✷✹



✭❛✮ log(Ψ −Ψmin) ✈s✳ ✐t❡r❛t✐♦♥ ★

20 40 60 80 100
0

1

2

3
GFB
DR
CP

✭❜✮ ❝♦♠♣✉t✐♥❣ t✐♠❡

t●❋❇ = 112 s

t❉❘ = 115 s

t❈P = 126 s

✭❝✮ ▲❛❇♦✉t❡ y0 ✭❞✮ y =Ky0 +w, 19.62dB ✭❡✮ ŷ0 =Wx̂, 22.45dB

❋✐❣✉r❡ ✷✿ ❉❡❜❧✉rr✐♥❣✿ σ = 2❀ µ = 1.3 ⋅ 10−3❀ S = 2❀ ν = 0✳

✭❛✮ log(Ψ −Ψmin) ✈s✳ ✐t❡r❛t✐♦♥ ★

20 40 60 80 100

0.5
1

1.5
2

2.5
3 GFB

DR
CP

✭❜✮ ❝♦♠♣✉t✐♥❣ t✐♠❡

t●❋❇ = 226 s

t❉❘ = 228 s

t❈P = 374 s

✭❝✮ ▲❛❇♦✉t❡ y0 ✭❞✮ y =My0 +w,1.51dB ✭❡✮ ŷ0 =Wx̂, 21.83dB

❋✐❣✉r❡ ✸✿ ■♥♣❛✐♥t✐♥❣✿ ρ = 0.7❀ µ = 2.6 ⋅ 10−3❀ S = 4❀ ν = 0✳

✷✺



✭❛✮ log(Ψ −Ψmin) ✈s✳ ✐t❡r❛t✐♦♥ ★

20 40 60 80 100
0

1

2

3
GFB
DR
CP

✭❜✮ ❝♦♠♣✉t✐♥❣ t✐♠❡

t●❋❇ = 238 s

t❉❘ = 240 s

t❈P = 296 s

✭❝✮ ▲❛❇♦✉t❡ y0 ✭❞✮ y =MKy0 +w, 3.89dB ✭❡✮ ŷ0 =Wx̂, 21.85dB

❋✐❣✉r❡ ✹✿ ❈♦♠♣♦s✐t❡✿ σ = 2❀ ρ = 0.4❀ µ = 1.0 ⋅ 10−3❀ S = 4❀ ν = 0✳

✭❛✮ log(Ψ −Ψmin) ✈s✳ ✐t❡r❛t✐♦♥ ★

20 40 60 80 100

0

1

2

3
GFB
DR
CP

✭❜✮ ❝♦♠♣✉t✐♥❣ t✐♠❡

t●❋❇ = 301 s

t❉❘ = 294 s

t❈P = 336 s

✭❝✮ ▲❛❇♦✉t❡ y0 ✭❞✮ y =MKy0 +w 3.95dB ✭❡✮ ŷ0 =Wx̂, 23.80dB

❋✐❣✉r❡ ✺✿ ❈♦♠♣♦s✐t❡✿ σ = 2❀ ρ = 0.4❀ µ = 5.0 ⋅ 10−4❀ S = 4❀ ν = 5.0 ⋅ 10−3✳

✷✻



❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✳✲❏✳ ▼♦r❡❛✉✳ Pr♦①✐♠✐té ❡t ❞✉❛❧✐té ❞❛♥s ✉♥ ❡s♣❛❝❡ ❤✐❧❜❡rt✐❡♥✳ ❇✉❧❧✳ ❙♦❝✳
▼❛t❤✳ ❋r❛♥❝❡✱ ✶✾✻✺✳

❬✷❪ ❇✳ ▼❡r❝✐❡r✳ ❚♦♣✐❝s ✐♥ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ▲❡❝✲

t✉r❡s ♦♥ ▼❛t❤❡♠❛t✐❝s✱ ✻✸✱ ✶✾✼✾✳

❬✸❪ ❉✳ ●❛❜❛②✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ ♠✉❧t✐♣❧✐❡rs t♦ ✈❛r✐❛t✐♦♥❛❧
✐♥❡q✉❛❧✐t✐❡s✳ ■♥ ▼✳ ❋♦rt✐♥ ❛♥❞ ❘✳ ●❧♦✇✐♥s❦✐✱ ❡❞✐t♦rs✱ ❆✉❣♠❡♥t❡❞ ▲❛✲

❣r❛♥❣✐❛♥ ▼❡t❤♦❞s✿ ❆♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥ ♦❢ ❇♦✉♥❞❛r②✲

✈❛❧✉❡ Pr♦❜❧❡♠s✱ ❆♠st❡r❞❛♠✱ ✶✾✽✸✳ ◆♦rt❤✲❍♦❧❧❛♥❞ P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✳

❬✹❪ P✳ ❚s❡♥❣✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ s♣❧✐tt✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❝♦♥✈❡①
♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✳ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✳✱
✷✾✭✶✮✿✶✶✾✕✶✸✽✱ ❏❛♥✉❛r② ✶✾✾✶✳
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