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Extensive Bounds on the Entropy of Repe-
llers in Expanding Coupled Map Lattices

Ricardo Coutinho and Bastien Fernandez

Abstract. Beyond the uncoupled regime, the rigorous description of the
dynamics of (piecewise) expanding coupled map lattices remains largely
incomplete. To address this issue, we study repellers of periodic chains
of linearly coupled Lorenz-type maps which we analyze by means of
symbolic dynamics. Whereas all symbolic codes are admissible for suf-
ficiently small coupling intensity, when the interaction strength exceeds
a chain length independent threshold, we prove that a large bunch of
codes is pruned and an extensive decay follows suit for the topological
entropy. This quantity however does not immediately drops off to O.
Instead, it is shown to be continuous at the threshold and to remain
extensively bounded below by a positive number in a large part of the
expanding regime. The analysis is firstly accomplished in a piecewise
affine setting where all calculations are explicit and is then extended by
continuation to CML based on C-perturbations of the individual map.

Mathematics Subject Classification (2010). Primary 37L60; Secondary
37D50,37B40.

Keywords. Coupled Map Lattices, Piecewise Expanding Dynamical Sys-
tems, Topological Entropy.

1. Introduction

Coupled Map Lattices (CML) were introduced almost thirty years ago to sim-
ulate the time evolution of spatially extended systems [15]. Often designated
as "discrete time dynamical systems with discrete space”, their dynamics is
generated by the iterations of a mapping acting on real sequences. In ap-
plications, these sequences usually represent the spatial profile of a physical
quantity distributed in an extended domain; e.g. the status of an advection
flow in atmospheric circulation [22], the distribution of a dispersed popula-
tion in Ecology [27] or the concentration of a chemical oscillator in a large
vessel [28].

This work was funded by EU Marie Curie fellowship PIOF-GA-2009-235741.
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While easy to implement, CML were specifically designed to preclude
numerical instabilities and other asymptotic divergences that materialize in
traditional PDE’s and coupled ODE’s models [24]. Their simplicity and con-
venience contributed to their success as a simulation tool in many scientific
disciplines [16]. This buoyant usage in applications has naturally called for
the development of a mathematical theory that could put the observed phe-
nomenology onto a rigorous footing.

Whereas their numerical simulations are easily accessible, the rigorous
description of the global dynamics of CML is usually not [6]. The latent ex-
istence of large/infinite dimensional attractors brings additional problems to
standard difficulties that arise in the analysis of concrete dynamical systems.
Moreover, their mappings are typically composed of an individual nonlin-
earity at each lattice site and a (diffusive-like) interaction between the sites.
The relative weight of these components is quantified by a coupling parameter
whose intensity has a deep impact on the attractor; an increase of coupling
may bring its dimension from a large number down to or below 1.

Not surprisingly, mathematical results on arbitrarily large/infinite lat-
tices have been limited to the cases where one of the ingredients dominates
the dynamics. In particular, for (piecewise) expanding individual maps, ac-
complishments mostly concern the existence of physical measure in the weak
interaction regime, when the CML resembles the interaction-free system, see
e.g. [1, 4,5, 13, 19]. In brief, these results are based on perturbation argu-
ments applied to uniformly hyperbolic subsets. Proofs have however required
substantial efforts and the introduction of original objects in order to be
achieved for the models employed in simulations. For smooth real individual
maps, some rigorous results can be found on synchrony phenomena that take
place when the interaction prevails [8, 14]. But to the best of our knowledge,
no study exists on the (global) CML dynamics beyond the uncoupled regime
when the individual map is (piecewise) expanding. Of note, few papers have
considered the entire coupling range by limiting the analysis to small lattices,
basically with 2 sites [10, 18, 20]. Moreover, proofs of the phase transitions,
i.e. the co-existence of two 'Gibbs phases’ on a unique indecomposable at-
tractor, have been given in specially designed examples [3, 11].

The aim of this paper is to provide insights into the dynamics of (stan-
dard) CML on large lattices with piecewise expanding individual maps, throu-
ghout the domain where the mapping remains expanding. For simplicity, fo-
cus is on the description of repellers in periodic chains of coupled piecewise
increasing Lorenz-type [12, 25, 26] maps. The analysis follows the approach
developed in the case of 2 sites [7, 9]. It primarily consider piecewise lin-
ear maps and then extends the results by continuation to CML based on
C*'-perturbations of the individual map.

Our strategy consists in analyzing the symbolic dynamics associated
with the restriction of the CML to its repeller in the expanding regime. An
equation for spatio-temporal symbolic sequences is established whose solu-
tions coincide with the codes of orbits lying in the repeller. By analyzing
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the equation, the maximal coupling parameter up to which all sequences
are solutions (and hence the CML remains conjugated to its interaction-free
counterpart) is computed. Beyond that threshold (which does not depend on
the chain length), many sequences are pruned and coupling-dependent esti-
mates of both forbidden and admissible sequences are established. Inspired
by the physical nature of diffusive-type interactions, the main criteria for
(non-)admissibility is the size of space-time reactangles where the orbits are
composed of heterogeneous configurations, viz. when their coordinates are
out of sync.

The estimates imply upper and lower bounds on the topological entropy
of repellers, which become sharper and sharper as the coupling is decreased
back to the threshold. Not only these bounds apply to coupled periodic chains
of any (even) length, but there are shown to be extensive, namely to scale lin-
early with the period length. In that way, we prove that while a macroscopic
change of the dynamics occurs beyond the uncoupled regime, the dynamics
remains ”extensively” chaotic in a large part of the expanding domain.

2. Model and main results

We consider basic Coupled Map Lattices (CML) on periodic chains Zyy, :=
Z/2L7 with even number 2L of sites (L > 1 is an arbitrary integer).! Thus
the phase space is the set R?2L of periodic configurations v = {x,}cz,,
with real components x5, endowed with uniform norm || - ||. In this set, the
dynamics is generated by the iterations of the map F, o5, defined by [6, 16]

(Fezw)s = (1= ) f (@) + 5 (F@em) + f(011)), Vs € Zor,

where € € [0,1] is the coupling strength and the individual map f is the
piecewise affine symmetric expanding map [12, 25, 26], see Figure 1, left.

fx)=ax—(a—1)H(x—1/2), Vx € R.
Here the slope a > 2 is fixed and H denotes the Heaviside function

{0 if x<0

Hx)=911 i x>0

Vx € R.

The assumption a > 2 implies that the repeller k; of the individual dy-
namical system (R, f), namely the subset of points x € R whose forward orbit
{f*(x)}+>0 is bounded, is a Cantor set bounded away from the discontinuity
x = 1/2. As a consequence, k; is uniformly hyperbolic and hence structurally
stable with respect to small C'-perturbations. Moreover, the system (ks, f)
is topologically conjugated to the full Bernoulli shift with two symbols and

1 Assuming even number of sites makes the analysis much simpler. However, it is likely
that the existence of extensive bounds on the topological entropy does not depend on that
assumption and holds for periodic chains of any number of sites. Similarly, these bounds
might hold for one-dimensional lattices with other types of boundary conditions instead of
periodic ones.
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FIGURE 1. Left: Graph of the individual map f for a = 3.
Right: Graph of a small C'-perturbation of f.

as such, its topological entropy is equal to log2. (For a definition and basic
properties of the topological entropy in dynamical systems, see e.g. [17, 26].)
In brief, the individual system is the most basic example of a simultaneously
chaotic and robust system.

Given such simple features for the individual dynamics, we would like to
get insights into the corresponding characteristics for the CML (RZ2E, F, o).
In particular, we ask about the topological entropy in the repeller K or,
(which, again, is defined as the set of points whose forward orbit remains
bounded). For simplicity, we only consider the case where the CML is ex-
panding, namely when e € [0,¢.] where e, = “2—;1 is independent of L, see
equation (12) in Appendix A.
Structural stability of the individual system implies that the same property
holds for the uncoupled system Fj o, uniformly in the lattice size [23]. As
a consequence, (Keor, Feor) and (Ko2r, Fo21) remain topologically conju-
gated provided that € is small enough. Thanks to the piecewise affine assump-
tion, the maximal coupling parameter up to which this property persists can
be explicitly computed. When formulated in terms of the topological entropy
heor, = hiop(Ke2r, Fe2r), the robustness of the uncoupled system with re-
spect to small variations of coupling writes as follows.

Proposition 2.1. For every L > 1, we have hear, = hoar = (2L)log?2 iff

. a—2
[ S

Notice that the maximal coupling parameter ¢, does not depend on L
and €. < €.. The proof of this statement relies on symbolic dynamics and is
given in Section 3.2.

Since (2L)log2 is a maximum for the CML entropy, Proposition 2.1
stipulates that this quantity must decrease beyond the uncoupled regime
(i.e. hear < (2L)log?2 for all L when € > ¢.). However, it does not provide
any estimate about the decay behavior when the number L of sites diverges.
A more accurate analysis of non-admissible sequences beyond €. shows that
this decay is actually extensive.
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Proposition 2.2. For every € > ¢, there exists § > 0 such that for all L > 1,
we have heop, < (2L)(log2 — §).

For the proof, see Section 3.3. Of note, one expects that § — 0 when
€ — €. This property will follow from the next statement.

Whereas the CML entropy is subjected to extensive decay for € > €., it
does not immediately drop off to zero. Uniform positive lower bounds exist
for the entropy per lattice site h. 21 /(2L) provided that e is sufficiently close
to the threshold e.. More precisely, we have the following statement whose
proof is given in Section 4.

Proposition 2.3. For every 0 < § < log2, there exists €5 > €. such that for
all e < €5 and L > 1, we have h o1 > (2L)0.

This phenomenology, namely the existence of upper and lower bounds
on the entropy per lattice site across the expanding coupling range, is not
limited to piecewise affine CML. It extends to every CML with individual
maps that are small C'-perturbations of the piecewise affine map f, see
Figure 1, right. In order to accurately state this result, let g : R — R be a
continuous and increasing map for x < 1/2 and for x > 1/2 and let

ag = lnf M
x<y<g or 3<x<y Y —X

and [lg — f]| := Sup lg(x) = f)[. (1)
Let also F ¢ 21, denote the CML with individual map g, namely

(Fyeane)s = (L= g(es) + 5(9(wam) + g(ze)), Vs € Zor. (2)
Theorem 2.4. For every 0 < p < min{e., (e, —€.)/2}, there exists n > 0 such
that for every e < e, —p and L > 1, any CML F . o5, with individual map g

satisfying ||g — fll + lag — a| < n has a repeller I, . o1, on which the entropy
satisfies

5 < htop(Ig,e,2L7 Fg,e,QL) < 367
- 2L

where the upper and lower bounds € +— §_ and € +— 5. have the following
properties

0, =log2 if e<e.—p ) B
{5€<1°g2 i o> p s, e =los2,

and

6. =1log2 if e<e.+p
0. <log2 if e>e.+p

For the proof, see Section 5. A schematic illustration of the entropy
bounds is given in Figure 2.
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FIGURE 2. Schematic illustrations of upper and lower
bounds (black step functions) on the CML entropy (red
curves) per lattice site. Propositions 2.1, 2.2 and 2.3 and
Theorem 2.4 attest that these bounds are independent of the
lattice period 2L. Left: Piecewise affine CML Fi or,. Right:
CML F, . o1, with piecewise increasing individual map g.

3. Symbolic dynamics: Basic features

3.1. Symbolic description of the CML

In order to define a symbolic dynamics for the CML, we first introduce
a coding that is inspired from the natural coding of the individual map.
Given a periodic configuration x € R%2% a periodic symbolic configuration
{0s}sez,, € {0,1}72L is assigned according to the components location with
respect to 1/2. Namely, we set

0s = H(xs —1/2), Vs € Zoy,
where H still denotes the Heaviside function. Now, the code 6 = {60"};>( asso-

ciated with « is simply the sequence of symbolic configurations (the symbolic
sequence for short) associated with the iterates F, 5’2 LT, Viz.

0L = H((F!ypa)s — 1/2), Vs € Lo, t > 0.

The symbolic dynamics of the CML relies on the property that con-
figurations in the repeller can be entirely determined by their code. This
is a consequence of Lemma 3.1 below. Moreover, their expression is known
explicitly and depends upon the function x. 2z defined by

a—1 =
Xeor(0) = Statt N ik ok

a
k=0 ne€lor,

where the coeflicients €( o7, are the entries of the inverse powers C oz, of the
coupling operator C¢ a1, (See Appendix A), namely we have

ce 3 T)s = Z En 21 Ts+ns VS € Loy, (3)

n€Zar
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for all k£ > 0 and z € R%2L. This expression follows from the fact that Ceor is
a convolution operator on R%?L and the inverse powers C: 2ch are well-defined
when e < e, and are also convolution operators [1]. Throughout the paper,
we shall extensively use various properties of the coefficients fif%L. These
properties are collected in Appendix A. In particular, we show in Claim A.3

that
Za*k Z |€(k2L| < 400

n€Zar
which implies that the function x. 2y is well-defined. Hence, not only this
function provides an expression of configurations in the repeller but it can be
used to characterize those symbolic sequences that are actually the codes of
such configurations. Let Ry, and Ry; respectively denote the space and time
translations acting on symbolic sequences, i.c.

(Rspf)L = 0!y and (Rub). =0, Vs € Zop,t > 0.
Lemma 3.1. A periodic configuration x € R%2L belongs to K. or, iff we have
Ty = Xeor 0 R, (0), Vs € Zyr,

where 0 is the code associated with x. Independently, given a symbolic se-
quence 0, the configuration {X. 21 © R, (0)}sez,,, belongs to K. o, iff 0 solves
the equation

6t =

S

H(XS,QLoijoRii(G)—l/Q), Vs € Zop, t = 0. (4)

Notice that a version of this statement for L = 1 has been given in [9].

Proof. We only show that if € K, 2, then it writes {x¢ar © R:D(Q)}Sezu.
The proofs of other properties are direct and left to the reader.
The action of the mapping Fi o7, can be written in an operator form as follows

FG,QL:E = a0572Lx - (a - 1)0572[/90.

When € < 1/2 (which is the case when € < ¢.), all eigenvalues of C, oy, are
positive and the smallest eigenvalue is 1 —2¢. Hence C¢ o, is invertible and we
have ||C,, || = (1 — 2¢)~!. By inverting the previous relation and iterating,
one obtains the following expression

r=a tCE 2LF o+ (a—1 Za_(k+1)0 K o0k, Vit >
k=0
If the configuration = € K¢ 2, then the definition of this set implies that the
norm [|F},; || remains bounded for all times. The assumption € < ¢, then
yields

hin lla™ tCeZL 2L~T||—0
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Hence by taking the limit ¢ — 400 in the expression of x above, we obtain
the following expression for its components

a—1
a

Ts =

400
> aMC50%)s, Vs € Loy,
k=0

which is the desired expression. O

Every solution of the admissibility equation (4) is called an admissible

(symbolic) sequence. Let Aoy be the set of solutions, endowed with the
product topology (of discrete topology).
Lemma 3.1 can be interpreted as the existence of a conjugacy, i.e. a uniformly
continuous bijection,? between the symbolic system (Ac o1, Ri) and the CML
(Kear, Feor). In general, this conjugacy needs not be an homeomorphism —
and the topological entropies of the two systems need not be equal — because
A 21, may not be compact. However, uniform continuity and monotonicity
of the entropy with respect to set inclusion assert the inequalities (see e.g.
Proposition 3.1.6 and its proof in [17])

sup htop(Aa Rti) < he,?L < htop(Ae,2L7 Rti)7 Ve < €e,
ACAc 21, A compact, invariant
(5)

where hyop (A, Rii) and hiop(Ae 21, Rii) denote the entropy of the symbolic
(sub-)systems.

3.2. The uncoupled regime ¢ < ¢,

Based on Lemma 3.1, our strategy to investigate topological properties of
the CML dynamics is to determine which symbolic sequences are solutions
of the admissibility equation depending on the coupling parameter. Here, we
consider the simplest case where all sequences are admissible and we rely on
basic properties of the coefficients fglk ; 1 in Xe2r to compute the maximal
parameter up to which this property holds.

a—2

Lemma 3.2. All symbolic sequences are admissible iff € < e.:= %5=.

Proof. A sequence 0 solves the admissibility equation (4) iff
Xear o RS, 0 Ri(0) <1/2 if 6. =0
Xeor © RS, 0 RE(0) >1/2 if 0, =1
Therefore, all symbolic sequences are admissible when the following inequal-
ities hold

Vs € Zsoyp, t = 0.

sup  Xeorn(0) <1/2 and inf Xearn(0) >1/2.
0€Qqy : 63=0 0y : 03=1

where {297, is the set of all symbolic sequences, viz.

Oop, = {9 = {eg}sezzbt>0, : 92 S {0,1}}.

2We use the term conjugacy when the correspondence is a uniformly continuous bijection
and topological conjugacy when the map is a homeomorphism.
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By continuity of the function § — x.2r(0) and compactness of g, these
upper and lower bounds are attained. Furthermore, the normalization

(k
S, =1vk>0
n€Zor,
(see Claim A.2 in Appendix A) implies that following symmetry holds
Xe2r(1—0) =1 — xe20(0)
where 1 — 6 := {1 — 6% }scz,, +>0. Consequently, the previous conditions are

equivalent to

sup  Xeorn(0) < 1/2. (6)
OGQZL . 98:0

Now, using the properties EfS)ZL = 05,0 mod 21, and éi)vﬂ > 0and £(2]:1)+1,2L <0

(see Lemma A.l in Appendix A again) in the expression of x.or, it easily
follows that

sup  Xe2r(0) = Xe,22(0°[(10)4]%)
0eQsag, 98:0

where 63 = 0 and 6? is arbitrary for s # 0 mod 2L. Moreover [(10)%]> is a
shortcut for

0L = H((—1)®), Vs € Zop,t > 1.
In particular, the maximum is attained for a sequence of 2-periodic symbolic
configurations (hence it does not depend on L), viz.

+oo
Xean (110)1) = xea(0810)%) = = 3™ a kel
k=1

_a-1/ 1
2 \a—1 b—1)"
where we have used the explicit expression of Eég) from equation (15) in

Appendix A and b, := a(1 — 2¢). It immediately follows that the condition
(6) holds iff be > 2, i.e. iff € < e,. O

Proof of Proposition 2.1. Lemma 3.2 states that A?“ = Qor when € <

€c. Since this set is compact, the conjugacy between the symbolic system
(Acor, Rii) and the CML (K. 21, Fe 21.) is a homeomorphism. Hence, we have
heor, = hiop(Qar, Ryi) = (2L)log 2 is maximal in this domain. The equality
he, 2r = (2L)log 2 will be shown in the proof of Proposition 2.3 below.

On another hand, the end of the proof of Lemma 3.2 shows that

Xe,20(0°[(10)%]°) > 1/2

for every sequence with ) = 0 when € > e.. By continuity of the map
0 — Xe,2r(0), there exists T, o;, > 1 such that for any sequence 6 so that
09 =0and 0" = (10)X 1 <t < T.ar (7)

we have x.2r(8) > 1/2; hence 6 is not admissible. By a standard argument

that we detail below, this implies that htop(AEQL),Rti) < (2L)log2 which,
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together with the inequality (5), implies that h. 2 < (2L)log2 when € > €,
as desired.

The remaining argument relies on the fact that the topological entropy of the
symbolic subshift (A¢ 2z, Rti) can be characterized as follows [17, 21]

. logNrar, . ,logNrap
lim = inf .

htop (Ae2r, Rii) = Toroo T T>1 T

where Np o is the number of admissible words of length T in Acoz. In
particular, we must have hyop(Ae 2, Rii) < logN% for every T > 1.

In the present case, the non-admissibility of the sequences that satisfy relation
(7) and of symmetric sequences imply the following inequality

NT opt1.2L < 2(2L)(T5,2L+1) _ 22L

which yields

< log N7, ;41,21 - (2L)(Teor + 1)

htop(Ae2r, Rii) < Tour t 1 Tap 1 log2 = (2L)log 2.

The proof is complete. o

For € > €, it is reasonable to expect that the entropy he 27, would mono-
tonically decrease with e. While this property remains to be proved, a similar
trait can be shown for the symbolic system. This is an immediate consequence
of the fact that admissibility of symbolic sequences is a monotonic property
in a neighborhood of €., namely

-Ael,QL D) A62,2L7

when €; < ey (are sufficiently close to €.). The proof is identical to the one of
Proposition 3.2 in [9] and essentially relies on the following property (which

in turn is a consequence of the fact that E(Lk’)zL is the entry with smallest

modulus among the configuration {E;k; L inezar)

sup (Co5.0%0 = (C5,6%)0, VE > 1,
00€{0,1}72L : §O#£(10)L

where 60 = H((—1)*) for all s € Zyy, except for s = L mod 2L. The details
are left to the reader.

3.3. Finite spatio-temporal word non-admissibility when € > ¢,

As shown in the end of the proof of Proposition 2.1 above, beyond the un-
coupled regime, the CML entropy must be smaller than its maximal value for
every even number of sites, viz. he o < (2L)log2 for all L > 1. In order to
obtain a non-trivial uniform upper bound for the entropy per lattice site, one
needs to refine the restriction (7) on admissible sequences. One way to pro-
ceed is to demonstrate that the presence of specific (large) spatio-temporal
motifs in a sequence induces non-admissibility. This is the purpose of the
next statement.
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t
to+T+ 10---10101---01
to+4+ 10---10101---01
to+4+ 10---10101---01
to+3- 10---10101---01
to+2t 10---10101---01
41l 10---10101--01
0 S
So—Le—— S sotLe

FiGURE 3. Graphic representation of the first forbidden
word in Lemma 3.3. The other word is obtained by exchang-
ing the 0’s and the 1’s.

Lemma 3.3. For every € > €., there exist Le,T. > 1 such that for every
L > L., every symbolic sequence 0 € Qqy, for which there exists (so,to) such
that (see Figure 3)
either 0% =0 and 021" = H((—1)*)
V—L.<s<L,1<t<T.
or 0% =1 and 6221 = H((—1)**?)
is not admissible.

Proof. We begin to prove that if two symbolic sequences coincide on a suf-
ficiently large rectangular space-time window that contains the origin, then
their image under x. oy, are arbitrarily close to each other. Given L, L', T > 1
with L' < L, let 0,5 € Qa1 be two sequences such that

08 =0, V—L' <s<L,0<t<T.

Since we have 6% — #%] < 1 for the remaining pairs (s,t), it follows from the
definition of the function x. 2z above that

[Xe20.(0) = Xe2n.(0)| <Mr +myp, o

where

+oo
_ a—1 _
mr = Z ak Z |£§lk;L\ and

a
k=T+1 n€lsay,
T
a—1 —k (k)
Mmrp LT = a E a E |£n,2L|'
k=0 —L<n<—L" or L'<n<L

The first term Ty is estimated using the property >, o, |€£Lk;L = (1-2¢)7F
(Claim A.3 in Appendix A — recall that b = a(1 — 2¢))
e B N S N
mr = Z a (50,2 - 61,2) = a
k=T+1
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In particular, since b, > 1 when € < €., we have limp_, oo m7 = 0.

In order to control the second term m, ;, , we consider the entries {K%k)}nez
of the inverse powers C* of the coupling operator C, defined on bounded
configurations of the infinite lattice Z. (Just as for its periodic version, the
operator C, is invertible when € < ¢, and its inverse powers are all convolution
operators [1].) That is to say, given « € £°°(Z) we have

(CFz), = ZE;’%SM Vs € Z.
nez

The coefficients é%k have the same sign properties as the Z L in Lemma

A1, see relation (16) in Appendlx A. Moreover we have
k)
n = Z Kiz-&-m(ZL)’ Vn € Zar.
mEZ

This easily implies the following inequality

3 651 < > 16| = (CF )0

—L<n<—L" or L'<n<L —L<n<—L" or L'<n<L

where the infinite configuration x - is defined by (see Figure 4)

|(XU)s

el
-9
I
=9
Ol
s

FIGURE 4. Graphic representation of the configuration xp,
defined in the proof of Lemma 3.3.

(xp)s =(H(s = L)+ H(—-s— L' —1)) (=1)*%, Vs € Z.
We have ||zr/]] = 1 for all L' > 1 and the sequence {xp/}1/>1 point-wise
converges to 0 (i.e. the configuration defined by z, = 0 for all s € Z) as
L' — +o00. Convolution operators commute with point-wise limits of equi-
bounded sequences [1]. It results that for every k& > 0, we have
li ~ky o = (C7F0), =
L,i)IEOO(Ce zr)o = (C70)o =0
which yields limz/ 400 My Lr = 0 for every T >

first part of the proof.
Now given € > e, let = x.2([009][10]°°)—1/2 > 0 where 69 is arbitrary

(see end of the proof of Lemma 3.2). According to the first part of the proof,

> 1. This completes the



Bounds on the entropy of repellers in expanding CML 13

let T, be sufficiently large such that my. < 7/2. Then, let L. be large enough
such that my_; . <mn/2 for every L > L..

By construction, any sequence 6 € Qoy, where 6 = 0 and 6% = H((—1)*) for
|s| < L and 1 < t < T¢ is such that

[Xe22(0) = Xe2([0R][10)°)| < Tz, + 1y, 1

LT <

and hence X 21 (6) > 1/2. Since 6] = 0, this shows that this sequence can not
be admissible. By symmetry, one proves that any sequence such that 6 = 1
and 0! = H((—1)**!) for |s| < L. and 1 < t < T is also not admissible.
Finally, for any symbolic sequence 6 as in the statement, the space-time
translated sequence RZS o RE? (9) must be of one of the previous types. As
such, # cannot be admissible and the proof is complete. O

Proof of Proposition 2.2. Here L. and T, refer to the integers that were
defined in Lemma 3.3. We are going to prove that this Lemma implies the
existence of 1,05 > 0 for every € > €. such that

htop(AéyzL,Rti) < 2L(10g2 — 61) -+ 62, VL > Le.
Then letting L be sufficiently large such that 6y := &, —65/(2L) > 0 and using

hear

from Proposition 2.1 that by = log2 — max, . j 55 > 0, the Proposition

easily follows with § = min{d;,d}.

Recall from the proof of Proposition 2.1 that we must have hop (Ae2r, Rii) <
log N7, 11,21
To+1

in AEVQL.
Let now L > L.. A word {GZ}ZE%M < can be admissible only if each (non-
overlapping) restriction on spatial strips of width 2L, namely

L

t=0,--- , T .
{QZ}SZT(QLE)’... J(r+1)(2L)—-1° Vr = 07 Tty LZJ -1

(where [-| denotes the floor function) is distinct from any forbidden motif
given in Lemma 3.3. It means that if 92(2L yrr. = 0 then there must be
—L.<s< L.,and 1 <t < T, such that

Orar 4L 4s # H((=1)")

and similarly if 62(2L5)+L( =1.

where N7 1, denotes the number of admissible words of length T’

Notice that, given 98(2L€)+L€ in such motifs, the other symbols for ¢ = 0 and
—L. < s < L, s# 0 are arbitrary. Hence there are 22<~! motifs for each

choice of 92(2L€)+LF and thus there are 22L< forbidden motifs for each 7.
_22L

Consequently, there remain at most 225« (Te+1) < choices of admissible mo-
tifs on each strip s = r(2L.), - - , (r+1)(2L¢) — 1. Therefore, there are at most
(22Le(Te+1) 722L6)LL%J admissible sub-words on the strip s =0, - - -, LL%JLe -
1. Assuming maximal diversity for the remaining sites s = LLLJ Le,--- ,/L -1,
we finally obtain the following upper bound

Ny 10p < (225(TetD) _ 92Le) £l o=l 7 L) (Tt )
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from which, using basic inequalities for the floor function (viz. t—1 < |z| < z
for all z € R), it easily follows that

log N7 41,21

T 11 < 2L(log2 — 61) + 62

: _ _log(1-272FcTe) —
as desired, where §; = Y A G s Yl 0 and d2 = L log 2. ]

4. Families of admissible subshifts with positive entropy per
lattice unit

The strategy of the proof of Proposition 2.3 consists in showing the admis-
sibility of certain symbolic subshifts that are simultaneously compact and
with topological entropy equal to (2L)d. where . > 0 approaches log?2 as
€ — ej‘. Compactness implies the lower bound he oy > (2L)d. as desired.
More precisely, we introduce a one-parameter family of nested subshifts with
appropriate entropy in the limit of large lattices, and we prove coupling-
dependent admissibility for every set in this family.

The subshift definition relies on the following terminology. The symbolic
configurations 02* and 1%% are called homogeneous configurations. Any other
configuration is said to be heterogeneous. Now, given a configuration {6} :=
{0} sez,, , let the function o : {0,1}%2L s {0, 1} be defined by

[ 0if {6} is homogeneous

o({0:}) = { 1 if {65} is heterogeneous
The idea behind the definition of the subshifts is to restrict repeated occur-
rences of heterogeneous configurations. Recall that symbolic sequences are

denoted by 0 = {0'};>¢ where each #' is a symbolic configuration. Given
v e [0,1], let

to—1
QV’QL = {9 S QQL : Z O’(et) < ’—l/(tg —t1)~|, Y0 <t < tg}

t=t1

where [-] is the ceiling function. Notice that € o5, contains all symbolic
sequences, {2 27, only consists of homogeneous sequences and €, 21, € €., o1,
when v < v5. Moreover, we shall prove below that the sequence

{Pop (2 ny 21, Rii) bnzo

(regarded as a sequence of sequences indexed by L) uniformly converges to
{(2L)log 2} >1. Together with the following statement, this property suffices
to ensure that Proposition 2.3 holds. Note that the proof of Lemma 4.2 proves
that each sequence {htop(Q"i1 2L, Rii) }n>o is strictly increasing. We believe
that the function v + hyop(Qy2r, Rii) is actually strictly increasing.

Lemma 4.1. (i) For every € > €., there exists v € [0,1) such that for every
v < v, we have
Qor C Acor, VL > 1.
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Moreover, for every v > v, and L > 1, some of the sequences in €, 21, are
not admissible.

(it) The map € — v, is a decreasing Devil’s staircase with limit lim__, + ve =
L. )

Proof. Since each set ), o1, is compact and is invariant under the action of
0 — 1 — 6, the reasoning at the beginning of the proof of Lemma 3.2 can be
repeated here to conclude that Q, o5, C Ac oy iff
sup Xe,2r(0) < 1/2 (8)
0 21 : 00=0
The strategy to determine the optimal v, is to obtain a manageable expression
for this supremum. Recall that the definition of X, 21, namely
a—1+X
Xezr(0) = — > a M (C,0M0
k=0

. . - . . k
involves inverse powers Cs,zki of the coupling operator whose entries 6517)%

(see equation (3)) have properties listed in Lemma A.l. In particular, the

sign property implies that (C_76%)o (k > 1) is maximum for 0¥ = (10)* (i.e.
0% = H((—1)®) for all s € Zy,). Moreover the normalization Y neZan Kﬁf;L =

1 (Claim A.2) indicates that, among the two homogeneous configurations,
(C;;Lﬁk)o reaches its maximum for % = 12F.

Therefore, given any sequence 6 € 2, o7, such that 3 = 0, the sequence
0 defined by

. 0° if t=0
ot = (10)L if ¢t>1 and @ is heterogeneous
121 if ¢ >1 and 6! is homogeneous

also belongs to Q01 (because o(f!) = o(#?) for all t > 0) and satisfies
Xe2r(0) < Xe2rn(0). Accordingly, the supremum in (8) is attained in the
subset where all sequences are composed (for ¢t > 1) of configurations that

are either (10)* or 12X and in particular 2-periodic, viz. we have

sup Xe2r(0) = sup Xe,2..(0)
0€Qy, 2L : 09=0 0€Q, 21 : 09=0 and 6t€{(10)L,12L}, Vi>1
= sup Xe,2(0)

0,2 : 63=0 and 0t€{10,11}, Vt>1
Finally, we proved in [7] the existence of a map € — v, such that

sup Xe2(0) <1/2 iff v<u,
0€Q, 2 : 63=0 and 6t€{10,11}, Vi>1
We also showed that this map is a decreasing Devil’s staircase with limit
lim_, + ve = 1. This completes the proof of the Lemma. O

We now study properties of the subshift entropy htop (2,21, Ri). This
quantity is an increasing function of v that can be characterized by an alge-
braic equation (see equation (14) in [7] for the equation of hyop(2.2, Rii))-
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For our purpose here, it is enough (and simpler) to consider the entropy

hpor = htop(Qnil’QL,Rti) of the sets Q%HQL that consist of all symbolic

sequences for which the length of any heterogeneous word is at most n.3

Lemma 4.2. For everyn > 1, there exists 6, > 0 with limit lim,,_, , §,, = log 2
such that we have hy, o, > (2L)6,, for all L > 1.

Proof. hy, o1 is the exponential rate of increase of the number IV; of admissible
words of length ¢ in Q_a_ oy, [17, 21]. Words in this set conclude with either
an homogeneous configuration or an heterogeneous word of length at most
n.

Given t > 1 (not smaller than n), let NP be the number of admissible words

of length ¢ with homogeneous suffix and for £k = 1,--- | n, let Ntlk be the
number of admissible words of length ¢ with heterogeneous suffix of length
(exactly) k. Obviously we have N, = N2 +3°7_, N!" and in order to obtain
the growth rate of Ny, we are going to establish an induction relation for N}.

Firstly, any homogeneous configuration can follow any admissible word
to form another admissible word. Since there are two homogeneous configu-
rations, this implies that N, ; = 2N,. Moreover, it is easy to see that we have
N}:F = a2LNt1k for k=1,---,n —1 where as;, = 22F — 2 is the number of
heterogeneous configurations. Similarly, we have Nt1+11 = apr, NY. Based on
these relations, we get the desired induction

n n
0 0 1k k ar0
Nipy =2 (Nt + ZNt > =2 ZO‘QLNt—k
k=1 k=0
Since all coefficients in the right hand side are positive, the companion matrix
associated with this induction is non-negative and irreducible. By the Perron-
Frobenius Theorem, it results the quantity N has the following behavior

0

. t+1
lim
t—+oo NP

= >\n,2L

where A, o1, is the largest positive solution of the equation

AT =23 ek AR =0 (9)
k=0

(the only one for which all components of the corresponding eigenvector are
positive). The previous limit implies that

1t _

o . 0N/t _
hnar == tilinoo log(N¢) tilgloo log(IVy)™ /" = log An 2L

In order to complete the proof, we use the equation above to show that
for every 0 < § < log 2, there exists ns > 1 such that for all n > ns, we have

hmar > (2L)5 VL > 1.

3That is to say if 0%,--- ,0t7%—1 are all heterogeneous, then we must have k < n.
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We begin to prove that lim,_, {0 A 21, = 22L for every L > 1. The equation
(9) is equivalent to p, 2r(A) = 1 where the function p,, oy, is defined by

Pr2r(\) =2 Z ok, AT,
k=0

This function has the following properties

A = Dn2r(N) is strictly decreasing,

Pn2r(1) > 1,

Prt1,20(A) > Pnarn(A)

Pr2r(0ern +2) < Dooor(eor +2) =1

which immediately imply that every sequence {\, 21 }n>1 is strictly increas-
ing in [1, aar, + 2]. Moreover, a direct computation shows that p, or(aar) =
2% which yields Ay2r-1_55;, = aor. Accordingly, the series poo2r()) is
uniformly convergent for Ay2r-1_1 95, < A < ar +2. This function is strictly

increasing and it easily follows that lim,_, o An2r = aor +2 = 22L a5
desired.

Uniform control on the asymptotic behavior of A, 2, will be granted by the
following relation which is a consequence of (9)

n
n+1l __ k n—=k n
AL = 22 Ao An o > Qo
k=0

Accordingly, we have

1 1

log (221 2I) (1 - —— — — | log?2
o@74) > (20) (1 g - g7 ) o

n

n
hn}gL > nrl IOgOéQL >

n+1

Now, given 0 < § < log?2, let Ls > 1 be such that (1 — L%) log2 > 4. Using
that limy,— 100 An2z, = 22%, let 7is be sufficiently large such that
hisor > (2L)6, VL € {1,--- 2Ls — 1}.
The inequality above and the definition of Ls imply that
hors—1,2r > (2L)0, VL > 2L;.

Letting ns := max{fs, 2Ls—1}, the monotonicity of the sequences {hy, 21 }rn>1
finally imply that for every n > ns, we have hy, or > (2L)d forall L > 1. O

Proof of Proposition 2.3. This is a direct consequence of the statements in this
section. By Lemma 4.1, for every n > 1, there exists €, > €, such that all the
Qni 2L (L > 1) are admissible for every € < €,. It results from compactness
of these subshifts, from the previous Lemma and from the left inequality in
(5), that heor > (2L)d, for all L when € < ¢, and the Proposition follows
from the limit lim,,_, - d,, = log 2. In addition, the inequality €, > €. for all
n > 1 implies that for € = ¢, we have
he.2r 2 (2L) sup 6, = (2L)log 2

n>=1
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as claimed in Proposition 2.1. O

5. Coupled map lattices with piecewise increasing individual
maps

In this section, the results obtained for piecewise affine CML are extended by
continuation to CML Fj . o, with piecewise increasing individual map g, see
equation (2) in Section 2. The strategy consists in showing that the estimates
on admissible sequences persist for CML based on small C! perturbations of
f

To that goal, we preliminary assert the existence of a symbolic dynam-
ics for piecewise expanding CML Fy . or. Recall the quantity a, defined in
equation (1). Given any real map g as defined before Theorem 2.4 and with

. ag—1
ag > 1, let €5 := Say

< 1/2. Similarly to as in the piecewise linear case, the

code f associated with any point 2 € R~ is the symbolic sequence defined
by
00 = H((F} .op%)s — 1/2), Vs € Zop, t > 0.

s g
As before, the existence of the symbolic dynamics is due to the fact that every
point in the repeller Z, o1, of F; ¢ o1, is entirely determined by its code, which
has to be an admissible sequence.

Lemma 5.1. For every € < ¢4 and L > 1, there exists a function Xg.or :
Qo1 — R such that x € Iy 21 iff its coordinates are given by

Ts = Xg,e,2L © Rip(o), Vs € Zoag,
where the code 0 solves the admissibility equation

0. = H (Xg,e20 © RS, 0 R(0) —1/2), Vs € Zyp, t > 0.

Proof. Following a standard argument, the function xg,c 2z, is constructed by
using the iterated function system associated with the pre-images of Fy ¢ or.
Let go be the linear extension of the left branch of g to the whole R, i.e.

9(x) if x<1/2

90(x) = { ag(x—1/2) +g(1/2—0) if x>1/2
and similarly, let g7 linear extension of the right branch of g. The maps gq
and g1 are invertible and when € < ¢,4, the coupling operator C, oy, is also
invertible. Hence, given any symbolic configuration {6} := {6s}sez,,, the
map F(g,} g, 2r defined in RZ2L by

€
(F(0.},9,e20%)s = (1 = €)ga, () + 3 (96,1 (Ts—1) + 9o.1y (X541)) , Vs € Loy,

is invertible and its inverse F{_al}%w ;. given by

( {_91}7976,2Lx)5 =95, ((Coopm)s), Vs € Za,
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is well-defined in R%2L. We claim that the desired function Xg,e,2L 18 given by
-1
Xg,e.21(0) = hm (Feﬂ .g,e.2L © F917g e2r © 0 FGt,g,e,ZLx)O'

We first need to show that the limit exists and does not depend on x. Mono-
tonicity and the definition of a, imply the existence of a constant ¢, > 0 such
that
lg7 1 (x)] < ay x|+ cg, VxER, i=0,1
from where we get the following bound
1F !y geanll < (ag(l—20)7H[z] + g, Vo € R?5, {6,} € {0,1}7r.

It follows that any sequence {F, 00 g2l Fe1 g2l © 10O Fajlg corTh>0 1s
bounded in R?2t. In addition, the definition of a, and ||C 5, | = (1 — 2¢)~!
yield the following inequality

1Fy geas® = Foly geontll < (a1 —20) Mz =yl (10)

for all z,y € RZ2L and {6} € {0, 1}Z2L Since (ay(1—2€))"! < 1 when € < ¢,
one easily deduces that every {F 90 Y F97171g7e,2L 0---0 Fﬁj,lg,e,QLx}t>0 is
also a Cauchy sequence. Therefore it has a limit in R”?¢ and by the previous
inequality again, this limit does not depend on z.

Now, continuity of the maps gy and g; implies

- —1
F9079=€72L ( hm F ,g €,2L °© Fel,g €, 2,00 FOt,g,e,QLx>

= tlg-noo F9_1,lg,e,2L "o F_ ,g,€, 2L %

Since Fycorx = Fig,},9,e,20% When x satisfies 0, = H(xz, — 1/2) for all s €
Zo1,, we conclude that the configuration {Rgp © Xg,e,20(0) }sezor = {Xg,e2 ©
R3,(0)}sez,, belongs to Z, . o1, when ¢ is admissible. Finally, proving that
every configuration in the repeller writes {x,.c 21 © RS, (0)}sez,, is easy and
is left to the reader. O

With the existence of symbolic dynamics given, our second ingredient
is the continuity of the component map g — xg.e,2r(#), uniformly in the set
of symbolic sequences.

Lemma 5.2. Let g and § be two individual maps with ag, ag > 1 and such that
llg — gl <n. Then, for every e < min{e,, €5}, L > 1 and 0 € Qop, we have

n
. 0) — Xz.c < —F——%—7
Xg,e,2L(0) — Xg,e,21.(0)] a—(1—2¢)1
where @ = max{agy,az}.

Proof: As in the previous proof, consider the linear extensions gg, g1, go
and g over R of the branches of the maps g and g. Using the definition of
ag and the property ||g — §|| < n, one easily shows that

gi(z +n/ag) > gi(x) and g;(z —n/ay) < gi(x), Yz € R,i=0,1
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which implies the following constraint on the inverse maps
||g; - 7; < n/ag for i =0, 1.

By exchanging the roles of g; and g;, it follows that the inverse CML intro-
duced in the previous proof satisfy the following inequality

I {_91}7976,2Lx - F{_ei},g,e o x|l <n/a, Yo e RZ%L

Using the inequality (10), we subsequently obtain

- -1

[ aogeQLoFel,g,e o, T — Faﬂ,gezL F01,§52L‘T”
1 —

< 90g€2LOF91g£2Lx FOOge2L o Fy: geZLx”

+|| Goge2LOF_ge2Lx F6_0g52L F_ge2Lx||

<n/a+ (aé(l —2e€))” 1” g e2L T — Fel,g,gzL ||

From thereon, an induction and a similar reasoning with the roles of g and g
being exchanged directly lead to the desired conclusion. ([

Proof of Theorem 2.4. We prove the lower bound and the upper bound sepa-
rately. For the lower bound, we first show the following statement: For every
0 < p < €, there exists 1 > 0 such that for every CML F}, . o1, with individual
map g satisfying ||g — f|| + |ag — a|] < n, we have for every €< € — I

hiop(Zge2ns Fye2r) = (20) log2, VL > (11)
In order to prove this fact, we begin to notice that the quantity

Xe,2([069][10]%) = sup Xe,2(0)
0€Qyr, : 63=0 and 0t€{10,11}, Vt>1

introduced in the proof of Lemma 3.2 above is a strictly increasing function
of € which coincides with 1/2 for € = .. Let then

¢ 1= 1/2 = Xee—u2([007][10]>) > 0.

Let now 71 > 0 be sufficiently small such that we have
ay(1 = 2(ec — ) > 1

whenever a, > a —m (n1 exists because a(l — 2(e. — p)) > 2). Let n =
min{ny, ((a — (1 = 2(ec — p))71)} > 0.
Let g be an individual map such that ||g — f|| + |ag — a|] < n. Notice that the
constraint ||g — f|| < +oco implies that a, < a; hence @ = a in this case. The
condition |ag — a| < n implies €. — 1 < €,. Lemma 5.1 then guarantees the

existence of the symbolic dynamics of Fy . o1, for every € < e, — . Moreover,
the condition ||g — f|| < n and Lemma 5.2 imply that

a—(1—2(—p)*
a—(1—2¢)~1
The constant ¢ has been chosen such that for all L > 1

sup Xfe2r(0) <1/2—(, Ve<e. —p.
0eQog, - 98:0

IXg,e,20.(8) — Xf,e,20(0)] < ¢ < V0 EQop, e<ec—ph.
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Therefore, we have

sup Xg,e,QL(g) < 1/27 Ve < e — Hy
0€Q2L : 98:0
from where the relation (11) immediately follows.
In order to obtain a lower bound for € > €, — u, we observe that the
quantities

sup Xe,2(0)

0eQ ni 09=0 and 6*€{10,11}, Vt>1

(see end of the proof of Lemma 4.1) are also strictly increasing functions of
€ [7]. Accordingly, a reasoning similar to the previous one concludes that for
every pu < €, there exists (another) n > 0 such that for every CML Fy . o1,
with individual map g satistying ||g — f|| + |ag — a| < n, we have for every
n=0

htop(Ig,e,2La Fg,e,ZL) = htop(Qn’—il,QLthi) = (2L)6n7 VL = 1; N )

where the §,, were introduced in Lemma 4.2 and the ¢, were defined in
the proof of Proposition 2.3 as the maximal coupling strength for which
Q#NQL C Aecar. The sequence {e,}n>1 is strictly decreasing with ¢y = €.
and lim, 4 o €, = €.. It follows that the lower bound of the Theorem holds
with
5 ._{ log2 if e<e.—p
| O, if e>e.—pwheren :=max{n>1: e<e —pu}
Moreover, the fact that lim,,_, o €, = €. and lim,,_, 4 o 6, = log 2 imply that
lim6—>(€c—u)+ ée = log 2.

For the upper bound, the reasoning also follows the same lines. We first
need an additional restriction on p in a way that e. +p < €. — p, i.e. we take
p < min{e., (e¢ — €.)/2}. Then letting now

¢ = Xeotn2([0607][10]%) — 1/2 > 0,
similarly to as above, we set > 0 (smaller than as before if necessary) such
that ||g — f|| + |ag — a| < n implies ¢; > €. — p and
sup  [Xg,e20(0) = Xfe20(0)] < (/2 Ve < e — p.
0€Qar, L>1
As in the proof of Proposition 2.1, this implies that hiop(Zge o, Fye2r) <
(2L)log2 for all L > 1 when € > €. + p. Just as in the piecewise linear case,
this does not suffice to get extensive decay.
To that goal, the proof of Lemma 3.3 can be repeated mutatis mutandis to
show that for every € < e, — u there exists L., T. > 1 such that any sequence
0 € Qap, where 6 = 0 and 62 = H((—1)®) for |s| < L. and 1 < t < T, is so
that
X£.e20(0) = X71,62([069][10]°)] < ¢/2

and hence X4, 21(6) > 1/2 which we have show to imply
htop(Ig,e,ZLa Fg,e,QL) < (2L)(10g2 - 6)



22 Ricardo Coutinho and Bastien Fernandez

provided that L is sufficiently large, say L > L. This concludes the proof of
the Theorem. O

Appendix A. Properties of the coupling operator C. ,; and its
inverse

The CML mapping F o7, can be regarded as the composition C. of, 0 Fy o1, of
the coupling operator C, »;, defined in RZ2t by

€
(Ceorz)s = (1 —€)zs + E(xs_l + xsy1) Vs € Zop,

and the uncoupled mapping Fj 27, given by

(Foorx)s = f(xs) Vs € Zoy,.

A.1. Eigenvalues and the condition for expanding CML

The coupling operator is linear and commutes with the spatial translations
Ry, on the chain Zyj, defined by (Rspx)s = xs—1 for all s € Zyy,. As such, it
can be diagonalized in the Fourier basis and a direct calculation shows that

its eigenvalues are given by é(e, 2=) for k € Zy, where [2]

é(e,w) =1 —¢(1 — cos2mw), Yw € R/Z.

(Notice that the eigenvalues for k # 0, L mod 2L have multiplicity 2 and the
two other ones have simple multiplicity.) In particular, all eigenvalues are non-
negative when e € [0,1/2] and the smallest eigenvalue is é(e,1/2) = (1 — 2¢).

It follows that the eigenvalues of the (constant) derivative of F, oy, out-
side discontinuities are given by ac(e, %) In particular, the smallest eigen-
value is aé(e,1/2) = a(1 — 2¢); hence for € € [0,1] the CML is expanding iff
a(l —2¢) > 1 ie. iff

a—1

0<e<e = .
~ € 2a

(12)

A.2. Coefficients K;k% , and ng) and their properties

The coefficients Eflk; 1, are the entries of the inverse powers C. QkL of the cou-
pling operator, see relation (3) above. The inverse C’;QlL exists when € < 1/2
and is a convolution operator [1]. Hence, the coefficients fik% 5, can be regarded

as being generated by the following induction

zgzk;rLl) = Z 6571132L€£zk—)m,2L7 Vn € Zor, k=0

meZsry,

where ES));L = 05,0 mod 21, are the entries of the identity in RZ2r (On,m being
the Kronecker symbol). Together with the same properties for the configura-
tion {ES% 1 }nez,.» this induction relation implies the following properties.
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Lemma A.1. Every configuration {K%%L}nezu (k > 1) has the properties

{ o 2L E(k;L

- "’ Vn € Zsy,
np(k

(~1)"tr, > 0

and |€£Lk4)_1’2L\ < |€52L| for alln € {0,--- ,L —1}.

Proof. We first check that if {a,, }nez,, and {b,}nez,, are two configurations
with the properties as in the statement, then the ’convoluted’ configuration
{(a’ * b)’ﬂ}nGZzL defined by

(axb)y = Z Ambp—m
meZsy,

also satisfies the same properties. Indeed, the equality (a % b)_,, = (a * b),
follows from changing m — —m in the previous sum. Moreover, the property
(=1)"(a * b),, > 0 directly follows from the relation

(D)™ axb)n = > (=1)™anm(=1)"""bp_m.
meZsar,

Now, in order to show the inequality |(a * b),11| < |(a * b),,| for all n €
{0,---,L — 1}, given that the signs of (a * b),, are alternating, it suffices to
check that we have

(=1)" ((a*b)y, + (a*b)py1) >0, Vn e {0,---,L—1}.
To that we goal, we shall need the following inequality
(=)™ "™ (@ + @pyma1) >0, Vn,m € {0,--- L — 1} (13)

that holds for every sequence satisfying the properties of the statement. In-
deed, when n,m € {0,--- ,L — 1}, we have

—L+l1<n—-m<L—-1landl<n+m+1<2L-1

and we consider separately the casesn+m+ 1< Land L+1<n+m+ 1.
In the first case, we certainly have |[n —m| < n+m + 1 and the inequality
|an| > |an41| for all n € {0,--- , L — 1} implies

|an—m| = |ajp—mi| > |an+m+1]-

FTL+1<n+m+1<2L—-1, wehave ]l <2L—-n—-m—-1<L—1and
|[n —m| < 2L — n — m — 2 which implies

lan—m| = lajn—m|| > |azL—n—m-1| = |antmt1]-
In both cases, it results that
(*1)n+m(an—m + an—i—m+1) = ‘an—m| - |an+m+1| > 0.

as desired.
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Now, using (13) we have

(axb)p+ (axb)py1 = Z Ap—pm (b, + bmt1)

meZar
L-1 2L—1
= an—m(bm + bm+1) + Z an—m(bm + b7n+1)
m=0 m=L
L—-1

|
(]

(@n—m (b + bg1) + an—2r4ms1(b2n—m—1 + bar—m))

~ 3
Li

(anfm + an+m+1)(bm + bm+1)

3
o

L-1
= (=" Z (=D ™ (@n—m + aptmt1)(=1)" (bm + bimt1)

m=0
from where the desired inequality immediately follows.
It remains to show that the original configuration {ES% L }nez,,, DOssesses
the desired properties. To that goal we shall use the following explicit expres-
sion of the entries 6511) of the inverse C_! of the coupling operator acting in

£=(2)

)7l 1—
é&l):g, VnEZWhere)\:1+’yand7:\/172e<1. (14)
Y Y

Now, the expression of En 5y, reads

from which the properties Z(f) = 6(1)L and (—1 )”6(1)L > 0 easily follow.
In addition, together with (14), thls expression provides an explicit formula
for the coefficients, namely
a n)\n _|_)\2L7n
lop = (—1) 77(1 ey Vn € {0,---,2L}

from which a direct consequence is the inequality |€ﬁ 1100l < |€£,1)2 ;| for all
ne{0,---,L—1} O

Claim A.2. We have ) o* )L =1 foralk >

ne€loary, 7l2
Proof. From the definition of C;Z " we have
Z gslk;L (C;QkLeO)m - 17 Vm € ZQL
n€Zar

where ey = {1}sez,, is the eigenvector associated with the eigenvalue é(e, 0) =
1. O
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0F) | = (1 —2¢)~*. Hence, the

Claim A.3. For all k > 0, we have 3, |05

series ZZ;XS a=" Y onezoy I n12L\ converges for every € < €.

Proof. According to Lemma A.1, we have
(k) (k) o) —k
Z n,2L Z lopor — 2n+1,2L = (Ce,QLeL)O
n€Zar, n€Zsar,

where e, = {(—1)%}sez,, is the eigenvector associated with the eigenvalue
é(e,1/2) (i.e. k = L in the expression é(e, #-) above). The desired expression
then immediately follows from the relation é(e, 1/2) = 1 — 2e. Furthermore,

the series >0 a=* Y nezaL |€n 2L| converges when a(1 —2¢) > 1 i.e. exactly
when € < €. [l

Finally the expression of the ﬁgk% is recalled from [9]

E(k) _ 1+ (—1)"(1 — 26)71c
n,2 = 9

, Vn € Zs. (15)

The entries f%k) of the inverse powers C-* of the coupling operator
acting in £°°(Z) (see proof of Lemma 3.3) have similar properties to the
ones in Lemma A.1l. In particular, using the definition (14) of the fg) in an
induction based on the convolution relation

(D =N nez, k>0

meEZ
easily yields the properties
() = 0B, ()" > 0and ()] > 68, [ VneZ, k=1 (16)
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