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Investigation of elastic modes propagating in multi-wire

helical waveguides

Fabien Treyssède∗,a, Laurent Laguerrea

aLaboratoire Central des Ponts et Chaussées, BP 4129, 44341 Bouguenais, France

Abstract

Elastic guided waves have some potential for non-destructive inspection of

civil engineering multi-wire steel cables. However, wave propagation inside

such structures is not yet fully understood. This paper investigates multi-wire

helical waveguides with special attention to the common seven-wire strand

configuration (one straight core surrounded by one layer of six helical wires).

A helical coordinate system is first proposed. Though non-orthogonal, this

system preserves translational invariance along the helix centreline to ex-

plicitly perform a spatial Fourier transform. Then, it is shown that for the

analysis of multi-wire helical strands a twisting system – which is a special

case of helical systems – is translationally invariant. A semi-analytical finite

element method is developed reducing the problem on the cross-section only.

A straightforward computation of energy velocity is proposed. Dispersion

curves for a single straight wire and a helical wire are first computed to ver-

ify the adequacy of the twisting system. Finally the seven-wire strand is

analysed using simplified contact conditions. Theoretical dispersion curves

are compared to low-frequency magnetostrictive measurements. Good agree-
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ment is found for the first compressional-like mode and its associated veering

central frequency (’notch frequency’).

Key words: waveguide, propagation, helical, strand, finite element,

experiment

1. Introduction

Elastic guided waves are attractive tools for non-destructive testing and

structural health monitoring because of their potential ability to inspect,

in a single measurement, the whole width of the structure over an appre-

ciable length along the guiding direction. Theoretical modelling effort is

generally required to enhance physical insight into the complex behaviour

of guided waves, which are multimodal and dispersive. Though cylindri-

cal elastic waveguides have extensively been studied since the early works

of Pochhammer in 1876 and Chree in 1889 [1, 2], less attention has been

paid to helical and multi-wire waveguides. A typical application in civil

engineering concerns steel multi-wire cables, which are widely employed in

bridges (suspended, cable-stayed and prestressed) and anchored retaining

wall constructions. These civil engineering structures suffer from ageing and

degradation due to corrosion and fatigue.

The basic element of these cables is usually a seven-wire strand, consist-

ing of one straight cylindrical core wire surrounded by one layer of six helical

wires. The simplest and usual way to consider wave propagation in a seven-

wire strand is to approximate the latter by an infinite cylinder of equivalent

diameter. Various experimental studies have been conducted in the literature

for the cylindrical bar and the seven wire strand, trying to find similarities
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between both behaviours that could be interpreted from Pochhammer-Chree

solutions, either for the bare waveguide case [3, 4, 5, 6, 7] or the embedded

one [8, 9]. Even if the non-destructive inspection strategy of a seven-wire

strand with guided ultrasonic waves has gained from this approach, the au-

thors point out the limits of Pochhammer-Chree solutions for the accurate

interpretation of experimental data. Indeed, the theoretical understanding

of guided ultrasonic waves in multi-wire strands is still challenging because

of the complexity of this structure, due to the helical geometry of peripheral

wires, the inter-wire coupling and contact effects, the presence of applied

loads and concrete embedment (if any).

The aim of this paper is to propose a numerical method to study elastic

wave propagation along multi-wire helical waveguides in order to help the

interpretation of guided waves in these structures. According to the com-

plexity of the problem, a computational approach is preferred to a purely

mathematical approach. As a first step, inter-wire contact conditions will be

simplified, and prestress and embedment will not be considered.

In order to deal with complex geometries, some of the most popular and

efficient numerical techniques involve finite element (FE) methods. The so-

called semi-analytical finite element (SAFE) method is a first popular ap-

proach to study uniform straight waveguides of arbitrary cross-section – see

for instance Gavric [10], Hayashi et al. [11], Damljanovic and Weaver [12],

Bartoli et al. [13]. This method assumes an axial dependence of the form

eiks (k and s are the wavenumber and distance along the waveguide axis re-

spectively), hence reducing the problem from three to two dimensions (only

the cross-section is meshed). The SAFE method has also been extended to
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curved waveguides. Demma et al. [14], Finnveden and Fraggstedt [15] investi-

gated toroidal waveguides. Onipede and Dong [16] extended SAFE methods

to study uniformly pretwisted waveguides along a straight axis.

A second approach is based on the theory of wave propagation in peri-

odic structures from Floquet’s principle (this approach is more general be-

cause non-uniform waveguides can be analysed). A review can be found in

Ref. [17]. Based on a general theory presented by Mead [18], some periodic

FE approaches and procedures have then been developed – see for instance

Gry and Gontier [19], Mace et al. [20]. The periodic FE method allows to

study the single repetitive substructure alone, thanks to the application of a

set of periodic boundary conditions involving a propagation constant corre-

sponding to the eigenvalue. Periodic FE methods only need the mesh of one

repetitive cell.

Recently, Treyssède extended both periodic FE [21] and SAFE [22] meth-

ods to model a single helical wire. Both methods are based on a specific

curvilinear coordinate system attached to the helical waveguide. Such a sys-

tem is non orthogonal but remains translationally invariant along the helix

centreline, which allows a Fourier analysis (or a Floquet analysis with an

arbitrarily small repetitive cell). In this paper, it is shown how the proposed

approach can also be readily used to study a multi-wire helical waveguide. In

Sec. 2, the helical coordinate system is first recalled. A particular twisting

coordinate system is then discussed for the analysis of multi-wire waveg-

uides. A SAFE method, whose weak variational formulation is rewritten in

terms of the helical coordinate system, is then presented in Sec. 3. Sec-

tion 4 gives preliminary results for a single wire both for the cylindrical and
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helical cases. Section 5 shows some numerical results (including dispersion

curves and modeshapes) for the seven-wire strand configuration in civil en-

gineering. From longitudinally-polarized magnetostrictive measurements in

the low-frequency range (<500kHz), a first experimental validation of theo-

retical dispersion curves is performed both for the single constitutive wires

(cylindrical and helical) as well as the assembled seven-wire strand.

2. Translationally invariant coordinate systems

Let (x, y, s) denote a curvilinear coordinate system attached to a curved

waveguide, where x and y are the cross-section coordinates and s is the axial

coordinate. In order to still speak of propagation modes, the physical system

must be translationally invariant. In other words, one has to assume that an

exponential axial dependence eiks can be separated from all field components

(which is equivalent to perform a spatial Fourier analysis in the s direction).

This assumption indeed requires to meet the following three conditions:

1. the cross-section of the waveguide does not vary along s ;

2. the material properties do not vary along s ;

3. the coordinate system (x, y, s) is such that s does not appear explicitly

in the coefficients of the equilibrium equations.

The first condition is an obvious geometrical condition. Condition 2 will be

assumed to be satisfied throughout this work. The aim of this section is to

propose some coordinate systems verifying the third non-trivial condition.

For a fundamental introduction to the use of general curvilinear coordinate

systems, the reader may refer to Chapter 2 of Ref. [23] for instance.
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2.1. Helical coordinate system

A helical coordinate system is now built. One starts by defining the helix

centreline curve, described by the following position vector in the Cartesian

orthonormal basis (eX , eY , eZ):

R(s) = R cos(
2π

l
s + θ)eX + R sin(

2π

l
s + θ)eY +

L

l
seZ (1)

where l =
√

L2 + 4π2R2 is the curvilinear length of one helix step. R and

L are respectively the radius of the centreline in the (X, Y ) Cartesian plane

and the helix step along the Z axis (see Fig. 1). θ is the helix phase angle

in the Z = 0 plane. For instance, a seven-wire strand comprises six helical

waveguides with θ = (k − 1)π/3, k = 1, ..., 6. The unit tangent, normal and

binormal vectors to the centreline are respectively obtained from T = dR/ds

and the Serret-Frenet formulae [24]: dT/ds = −κN, dN/ds = τB+κT and

dB/ds = −τN (B = T∧N). Note that N is oriented outward the curvature

in this paper (this is just a matter of taste). For a helix, both the curvature

κ = 4π2R/l2 and torsion τ = 2πL/l2 are constant. In the Cartesian basis,

N, B and T are expressed as:

N(s) = cos(2π
l
s + θ)eX + sin(2π

l
s + θ)eY ,

B(s) = −L
l
sin(2π

l
s + θ)eX + L

l
cos(2π

l
s + θ)eY − 2πR

l
eZ ,

T(s) = −2πR
l

sin(2π
l
s + θ)eX + 2πR

l
cos(2π

l
s + θ)eY + L

l
eZ

(2)

In this way, a new coordinate system can be built from the orthonormal

basis (N,B,T), for which any position vector Φ = XeX + Y eY + ZeZ is

expressed as follows:

Φ(x, y, s) = R(s) + xN(s) + yB(s) (3)
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Figure 1: Left: helix centreline curve (one step) with its associated Serret-Frenet basis

and (x, y, s) helical coordinate system. Right: plane view. The point s = 0 lies in the

(X, Y ) plane.
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yielding the non-orthogonal covariant basis (∂Φ/∂x, ∂Φ/∂y, ∂Φ/∂s) denoted

by (g1, g2, g3):

g1 = N(s), g2 = B(s),

g3 = −τyN(s) + τxB(s) + (1 + κx)T(s).
(4)

The covariant metric tensor, defined by (g)ij = gi · gj is:

g =











1 0 −τy

0 1 τx

−τy τx τ 2(x2 + y2) + (1 + κx)2











. (5)

g does not depend on s. As a consequence, the coefficients of any partial

differential operators expressed in the so-defined coordinate system are inde-

pendent on s too (condition 3 is hence satisfied).

For clarity the contravariant basis (g1, g2, g3), defined by gi · gj = δi
j , is

given by:

g1 = N(s) + τy

1+κx
T(s),

g2 = B(s) − τx
1+κx

T(s), g3 = 1
1+κx

T(s)
(6)

yielding the following contravariant metric tensor, defined by gmn = gm · gn:

G = g−1 =
1

g











g + (τy)2 −τ 2xy τy

−τ 2xy g + (τx)2 −τx

τy −τx 1











(7)

where g = (1 + κx)2 is the determinant of g. The Christoffel symbol of the

second kind Γk
ij , defined by Γk

ij = gi,j · gk, can be readily calculated from the
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Serret-Frenet formulae:

Γk
11 = Γk

12 = Γk
21 = Γk

22 = 0, Γ2
23 = Γ2

32 = Γ3
23 = Γ3

32 = 0,

Γ1
33 = −κτy2

1+κx
− κ(1 + κx) − τ 2x, Γ2

33 = κτ2xy

1+κx
− τ 2y, Γ3

33 = −κτy

1+κx
,

Γ1
13 = Γ1

31 = κτy

1+κx
, Γ1

23 = Γ1
32 = −τ, Γ2

13 = Γ2
31 = −κτx

1+κx
+ τ, Γ3

13 = Γ3
31 = κ

1+κx
.

(8)

2.2. Particular system for a multi-wire waveguide

Consider wires of circular cross-section in the normal plane to the guiding

axis. The cross-section of a single helical wire does not change along the

helical axis s (condition 1 is also fulfilled). Hence for helical waveguides, the

previously described coordinate system allows a wave mode analysis. The

analysis of a single straight wire, corresponding to the special case κ = τ = 0,

is also readily performed. However, a question arises about the choice of the

invariant coordinate system to be used for a multi-wire helical waveguide,

made of both straight and helical wires. Of course, the choice κ = τ = 0

cannot be applied because condition 1 would not be satisfied for helical wires,

and similarly κ 6= 0, τ 6= 0 cannot be applied because it would not be satisfied

for straight wires. The same problem also occurs for any additional layer of

peripheral wires because each layer would have a different curvature and

torsion.

The adequate system is indeed given by κ = 0 and τ = 2π/L. It cor-

responds to a twisting coordinate system along the Z axis (s ≡ Z) with

axial periodicity L. The (x,y) plane rotates around Z but remains parallel

to (X,Y ). With this choice, a central straight wire (cylinder) has an invari-

ant circular cross-section along Z (“a twisted cylinder remains a cylinder”).

Furthermore, the cross-sections of peripheral helical wires do not change ei-
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ther along Z. In Sec. 4, it will be checked that this coordinate system yields

right results for both a cylindrical and a helical waveguides. It should also

be noted that this system coincides with the one proposed in Ref. [16] for

the analysis of pretwisted waveguides. It also had already been considered

in electromagnetics [25, 26].

However, one has to be careful with such a system because the cross-

section shape of helical wires is no longer circular (the cutting plane being

not normal to the helix centreline). Let us find the cross-section cut by the

plane Z=0. Equation (3) yields:



















X = (R + x) cos(2π
l
s + θ) − y L

l
sin(2π

l
s + θ)

Y = (R + x) sin(2π
l
s + θ) + y L

l
cos(2π

l
s + θ)

Z = L
l
s − 2πR

l
y

(9)

so that s = 2πyR/L at Z=0. In a helical coordinate system, the surface of

a helical wire with a circular cross-section of radius a is given by (x, y) =

(a cos t, a sin t), with t ∈ [0; 2π] and s ∈ R. Consequently, the cross-section

shape can be parametrized as follows:







X(t) = (R + a cos t) cos(αa sin t + θ) − aL
l
sin t sin(αa sin t + θ)

Y (t) = (R + a cos t) sin(αa sin t + θ) + aL
l
sin t cos(αa sin t + θ)

(10)

where α = 4π2R/(lL). With a twisting coordinate system, this shape must

be used for generating the FE mesh (see Sec. 4).

As a side remark, the particular case τ = 0 degenerates into a coordinate

system attached to a toroidal waveguide of curvature κ (of no interest in this

paper).
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3. Numerical method

3.1. SAFE formulation

One assumes a linearly elastic material, small strains and displacements

with a time harmonic e−iωt dependence. There is no external force for the

purpose of studying propagation modes. The 3D variational formulation

governing elastodynamics is given by:

∫

Ω

δǫT
σdV − ω2

∫

Ω

ρδuTudV = 0 (11)

for any kinematically admissible trial displacement field δu = [δun δub δut]
T .

Components in the orthonormal Serret-Frenet basis (N,B,T) are preferred

here. δǫ denotes the virtual strain vector [δǫnn δǫbb δǫtt 2δǫnb 2δǫnt 2δǫbt]
T and

σ is the stress vector [σnn σbb σtt σnb σnt σbt]
T . The superscript T denotes the

matrix transpose. ρ is the material density and Ω is the structural volume.

The stress-strain relationship is σ = Cǫ, where C is the matrix of material

properties (whose components are also given with respect to the Serret-Frenet

basis). The volume element dV is given by dV =
√

gdxdyds, where g is the

determinant of the metric tensor previously defined.
√

g can be understood

as the Jacobian of the transformation.

The strain-displacement relation can be written as follows:

ǫ = (Lxy + Ls∂/∂s)u (12)

where Lxy is the operator containing all terms except the derivatives with

respect to the s-axis. Now an exponential eiks is assumed for u (e−iks for

δu) and separated from all field components, k being the axial wavenumber.

∂/∂s can be replaced by ±ik. The problem is hence reduced from three
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to two dimensions (from the volume Ω to the cross-section S of the waveg-

uide). Then, the FE discretization of Eq. (11) finally leads to the following

eigenvalue problem for the column vector U containing nodal displacements:

{K1 − ω2M + ik(K2 − KT
2 ) + k2K3}U = 0 (13)

with the following elementary matrices:

Ke
1 =

∫

Se
NeTLT

xyCLxyN
e√gdS, Ke

2 =
∫

Se
NeTLT

xyCLsN
e√gdS,

Ke
3 =

∫

Se
NeTLT

s CLsN
e√gdS, Me =

∫

Se
ρNeTNe√gdS

(14)

where Ne is a matrix of nodal interpolating functions of displacement on the

element and dS = dxdy.

The solution of Eq. (13) yields the propagation modes. Because of the

symmetry of K1, K3 and M and using the property detAT = detA (A

is any matrix), it can easily be checked that if k is an eigenvalue of (13),

then −k is also an eigenvalue. Hence, the eigenproblem has two sets of

eigensolutions (kj,U
+
j ) and (−kj ,U

−

j ) (j = 1, ..., n), representing n positive-

going and n negative-going wave types (n being the number of degrees of

freedom (dofs)). With no damping, eigensolutions for which kj is purely real,

purely imaginary and fully complex represent propagating waves, evanescent

waves and inhomogeneous waves (decaying but oscillatory) respectively.

At fixed real k, the eigenproblem (13) is linear for finding ω2. This sim-

pler approach is useful only in the case of propagating modes in undamped

systems. Given ω and finding k, the eigenproblem is quadratic. It can be

recast into a generalized linear eigensystem written for [UT kUT ]T in order

to be solved by standard numerical solvers – see Treyssède [22] for instance

or Tisseur and Meerbergen [27] for more details.
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3.2. Expression of operators in curvilinear coordinate system

The strain-displacement relationship ǫ = 1/2(∇u + ∇uT ) (here, ǫ must

be understood as a second order tensor), must be written in a general non-

orthogonal curvilinear coordinate system. Using product and differentiation

rules of such a system (see for instance Chapter 2 of Ref. [23]), it can be

shown that the strain tensor is given by:

ǫij = 1/2(ui,j + uj,i) − Γk
ijuk. (15)

Subscripts i = 1, 2, 3 denote covariant components with respect to the con-

travariant basis (g1, g2, g3). The notation (·),i (i = 1, 2, 3) is used for deriva-

tives with respect to x, y and s respectively.

Note that covariant components generally have non-physical units and

the contravariant basis is non-orthogonal. Physical components with respect

to the orthonormal Serret-Frenet basis (N,B,T) are preferred. Then we

have the following transformations:

ui = Jαiuα, ǫij = JαiǫαβJβj (16)

with:

J =











1 0 −τy

0 1 τx

0 0 1 + κx











(17)

where the greek subscripts α = n, b, t denote components with respect to

(N,B,T). Note that g = JTJ.

Finally from Eqs. (15)–(17) and after calculations, the following operators
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Lxy and Ls involved in Eq. (12) are:

Lxy =
1

1 + κx





























(1 + κx)∂/∂x 0 0

0 (1 + κx)∂/∂y 0

κ 0 τy∂/∂x − τx∂/∂y

(1 + κx)∂/∂y (1 + κx)∂/∂x 0

τy∂/∂x − τx∂/∂y −τ −κ + (1 + κx)∂/∂x

τ τy∂/∂x − τx∂/∂y (1 + κx)∂/∂y





























,

(18)

and

Ls =
1

1 + κx





























0 0 0

0 0 0

0 0 1

0 0 0

1 0 0

0 1 0





























. (19)

The components of C must also be expressed with respect to the Serret-

Frenet basis. For an isotropic material, one has:

C =
E

(1 + ν)(1 − 2ν)





























1 − ν ν ν 0 0 0

ν 1 − ν ν 0 0 0

ν ν 1 − ν 0 0 0

0 0 0 (1 − 2ν)/2 0 0

0 0 0 0 (1 − 2ν)/2 0

0 0 0 0 0 (1 − 2ν)/2





























(20)

where E is the Young modulus and ν denotes the Poisson coefficient.
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3.3. Computation of energy velocity

The energy velocity is an important wave property that remains appropri-

ate even for damped media [28] (as opposed to the group velocity definition

vg = ∂ω/∂k, which is not generally valid for damped waveguides). From the

previously defined SAFE matrices, a straightforward computation of energy

velocity is proposed in this subsection.

The cross-section and time averaged energy velocity in waveguides is de-

fined as follows [29]:

ve =

∫

S
P̄ · ndS

∫

S
(Ēk + Ēp)dS

(21)

where bars denote time averaging. n is the unit vector along the propagation

direction (normal to the cross-section). P is the Poynting vector, Ek and Ep

are the kinetic and potential energies, defined by:

Pα = −σαβ u̇β, Ek =
1

2
ρu̇αu̇α, Ep =

1

2
ǫαβσαβ . (22)

Once the eigensystem (13) is solved, the energy velocity of any eigenmode

(k,U) can indeed be directly post-processed from SAFE matrices. First, it

can easily be deduced that:

∫

S
ĒkdS = ω2

4
Re(UT∗MU),

∫

S
ĒpdS = 1

4
Re{UT∗(K1 + ik(K2 − KT

2 ) + k2K3)U}.
(23)

The computation of the cross-section and time averaged Poynting vector

requires further developments but can also be simply expressed. Noticing

that n = T, one has:

P̄ · ndS =
ω

2
Im{u∗

ασαtdS}. (24)
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Then, it can be checked that u∗

ασαt = uT∗LT
s σ(1 + κx) = uT∗LT

s C(Lxy +

ikLs)u(1+κx), so that the following useful expression holds for the averaged

Poynting vector:

∫

S

P̄ · ndS =
ω

2
Im{UT∗(KT

2 + ikK3)U}. (25)

Expressions (23) and (25) allow a direct computation of the energy velocity

defined by Eq. (21).

4. Preliminary results

The aim of this section is to verify that a twisting system yields the same

physical results as those obtained with a straight coordinate system for a

cylindrical waveguide, and similarly as those obtained with a helical system

for a helical waveguide. The material is assumed to be isotropic, with no

material damping. A value of 0.30 is chosen for the Poisson coefficient.

One considers a waveguide with a circular cross-section of radius a. The

normalized frequency is given by ωa/cs, cs =
√

E/2ρ(1 + ν) denoting the

shear wave velocity. FE computations are held at fixed real wavenumbers k.

Six-node triangles meshes are used. The helix lay angle φ is defined from:

tanφ = 2πR/L.

4.1. Cylindrical waveguide

For a cylindrical waveguide, we have φ = 0 and its axis corresponds to the

Cartesian Z axis. As previously mentioned, the Cartesian system (X, Y, Z),

which is the special case κ = τ = 0, obviously yields a translational invari-

ance. As clearly shown in this subheading, a cylinder can also be analysed

with a twisting coordinate system (κ = 0, τ 6= 0), where τ can be any value.
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Figure 2: Left: cross-section FE mesh of a cylindrical waveguide (and of a helical waveguide

analysed with the helical coordinate system). Right: cross-section FE mesh of a helical

waveguide R = 2a, φ = π/4 analysed with the twisting coordinate system.

Both cases (κ = 0, τ = 0) (reference solution) and (κ = 0, τ 6= 0) are com-

puted. In order to check the adequacy of the twisting system, we choose a

high torsion τa = 0.5 (high rotation rate). For clarity, Fig. 2 (left) illustrates

the cross-section FE mesh used (the same for both coordinate systems). Fig-

ure 3 exhibits the dispersion curves (normalized frequency vs. wavenumber)

obtained from both systems. Wavenumbers of compressional L(0,n) and tor-

sional T (0,n) modes are left unchanged because of their axisymmetry.

However, one must be careful when interpreting the strong differences

found for wavenumbers of flexural modes F (m,n), which are non-axisymmetric.

With a Cartesian system, the wavenumbers of F (m,n) modes occur in pairs

of double roots. With a twisting system, their phase velocity become distinct

due to the rotation of the (x, y) plane around Z (the axisymmetry is broken),

their wavenumbers being translated by ±mτa (see Fig. 4 for clarity). This

was also obtained in Ref. [16], where further explanations can be found.

Note that a wavenumber translation from ka to ka±mτa does not affect

the slopes of curves in Fig. 3. Hence, the group velocity vg = ∂ω/∂k should

remain unchanged with the twisting system. Because no damping is consid-
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Figure 3: Plot of normalized frequency vs. wavenumber for a cylindrical waveguide. Black:

Cartesian system (reference), gray: twisting system.

Figure 4: Wavenumber translation for some examples of F (m,n) modes (same legend as

Fig. 3). The wavenumber of the L(0,1) mode is left unchanged (axisymmetric mode).
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Figure 5: Plot of normalized frequency vs. wavenumber for a cylindrical waveguide. Black:

Cartesian system (reference), gray: twisting system.

ered here, the group velocity is also equal to the energy velocity [28], and can

be computed from Eqs. (21), (23) and (25). The energy velocity is plotted in

Fig. 5: the same curves are obtained for the straight system and the twisting

system. Consequently, both systems clearly yield equivalent results from a

physical point of view.

4.2. Helical waveguide

One considers a waveguide with a helix radius R = 2a and a strong

helix lay angle φ = π/4. This yields (κa = 0.25, τa = 0.25) for the heli-

cal system and (κa = 0, τa = 0.5) for the twisting system. The computed

solution given by the helical system, for which the cross-section is circular

(same mesh as Fig. 2 – left), is considered as the reference solution (see

Refs. [21, 22]). Figure 2 (right) exhibits the cross-section mesh associated

with the twisting system. This cross-section, corresponding to a Z=0 plane
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Figure 6: Plot of normalized frequency vs. wavenumber for the helical waveguide R = 2a,

φ = π/4. Black: helical system (reference), gray: twisting system.

cut as parametrized by Eq. (10), is no longer circular as considered earlier.

One must also be careful when considering results obtained with the helical

system: in order to transform results from a curvilinear helical s-axis to a

straight Z -axis, the energy velocities must be divided by the step ratio l/L

(the wavenumbers k must be multiplied by l/L). Figure 6 shows the disper-

sion curves computed for both the helical and twisting coordinate systems.

No difference is observed in wavenumber predictions, demonstrating the ad-

equacy of the twisting system. Note that the differences previously observed

for flexural modes inside a cylinder do not occur here because both systems

rotate at the same rate along Z. Obviously, results for energy velocities are

also identical.
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5. Analysis of the seven-wire strand

Now wave modes propagating inside a typical seven-wire steel strand

are studied both numerically and experimentally. The core wire radius is

a=2.7mm. The helical wires have a radius equal to 0.967a and a pitch

L=240mm, yielding a lay angle of φ = 7.9◦. Mechanical properties are as

follows: E=2.17e11Pa, ν=0.28, ρ=7800kg/m3. It is outlined that peripheral

wires do not contact each other (this is a rather widespread design criterion

for minimizing friction effects). As before, FE computations are performed at

fixed real wavenumbers k and six-node triangles meshes are used. The energy

velocity defined by Eq. (21) is computed thanks to the useful formula (23)

and (25).

5.1. Numerical results

The twisting coordinate system is (κa = 0, τa = 0.0705). The FE mesh,

corresponding to a Z=0 plane cut, is given by Fig. 7. Though not visible

in the figure, there is no physical contact between peripheral helical wires

and their cross-section is not exactly circular (even if this non-circularity

has a negligible effect here). For a better accuracy of numerical results,

the mesh has been strongly refined at physical contact points, yielding 6975

dofs. For simplicity, one assumes stick contact conditions between the core

and outside wires (no slip, no separation and no friction are considered). This

is equivalent to suppose that friction is high enough to prevent any slipping

between wires, and to consider continuous displacement in every directions at

the six contact points. The results are computed at fixed real wavenumbers

k for the normalized frequency range [0;2].
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Figure 7: Cross-section FE mesh for the seven-wire strand φ = 7.9◦ (6975 dofs).

We first compute the dispersion curves for single constitutive wires. Fig-

ure 8 shows the frequency vs. wavenumber and energy velocity vs. frequency

plots for a single core wire and for a single peripheral wire. As already shown

in previous papers [21, 22], minor differences are found between cylindrical

and helical wires for small lay angles (7.9◦ being a small lay angle). A very

small velocity decrease can be observed because waves travel at slower ve-

locity in the curved wire. It should be noted that the shift observed for the

F (1, 2) mode is indeed mainly due to the fact that the cross-section radius

of a peripheral wire is slightly different from that of the central one. An

interesting point to be outlined for the helical wire is that a strong decrease

of energy velocity occurs for the L(0, 1) mode at lowest frequencies. This

decrease is confirmed by experiments in the next subsection. Note that this

phenomenon also occurs for the torsional T (0, 1) mode (see Fig. 8).

Figure 9 gives the frequency vs. wavenumber plot and the energy veloc-

ity plot for the seven-wire strand. Compared to Fig. 8, a far more complex
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Figure 8: Dispersion curves for single wires. Black: central wire, gray: peripheral wire.

Left: plot of normalized frequency vs. wavenumber, right: plot of normalized energy

velocity vs. frequency.

behaviour is observed resulting from strong interactions between wires. It

clearly shows an apparent cut-off of the fastest mode (compressional-like

L(0, 1) mode) around ωa/cs = 0.35, corresponding to 68kHz. This phe-

nomenon is also confirmed by experiments in the next subsection. In fact,

this apparent cut-off is due to a rapid veering of branches occurring near

0.35 – this can be more clearly observed in the normalized frequency vs.

wavenumber dispersion curves (see Fig. 9 – left). As a consequence, the up-

per curve of the energy velocity plot (Fig. 9 – right) is indeed composed of

two distinct branches, describing the behaviour of two distinct wave modes.

Though somewhat subjective, a visual inspection of modeshapes has been

performed in order to identify the evolution of both branches on a wider

frequency range, as obtained in Fig. 10. The frequency vs. wavenumber plot

exhibits a lower branch and an upper branch, denoted 1 and 2 respectively.

As observed in the energy velocity plot (Fig. 10 – right), the fastest mode
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Figure 9: Dispersion curves for the seven-wire strand. Left: plot of normalized frequency

vs. wavenumber (inset: zoom on the veering region of compressional-like L(0, 1) modes),

right: plot of normalized energy velocity vs. frequency.

corresponds to branch 1 at low frequencies and branch 2 at higher frequencies.

Comparing Figs. 8 and 10, it may be seen that the behaviour of branch 1 at

low frequencies (1a portion) tends to the compressional L(0, 1) cylinder mode.

Its group velocity then quickly drops around the cut-off frequency of branch

2, near ωa/cs = 0.35. Branch 1 then asymptotes to the flexural F (1, 1)

cylinder mode (1c portion), while branch 2 becomes the L(0, 1) cylinder

mode (2c portion). It must be emphasized that both branches asymptotes

to the energy velocity of the L(0, 1) mode inside a single wire (of radius a)

– see Figs. 8 and 10 – as opposed to a cylinder with an equivalent radius to

the strand (of about 3a). Note that another veering happens to branch 2

around ωa/cs = 1.7, where the energy velocity suddenly drops.

Surprisingly, a similar trend can be observed in pipes [30], where the

L(0,1) and L(0,2) modes play the role of branches 1 and 2: in pipes, the
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Figure 10: Branch identification of compressional-like L(0, 1) modes for the seven-wire

strand (black: branch 1, gray: branch 2). Left: plot of normalized frequency vs. wavenum-

ber. Right: plot of normalized energy velocity vs. frequency. The modeshapes correspond-

ing to points 1a, 1b and 1c are given by Fig. 11, those corresponding to 2a, 2b and 2c are

given by Fig. 12.

L(0,1) mode at low frequencies is the extensional type mode (corresponding

to S0 in a plate); its group velocity drops at around the cut-off frequency of

the L(0,2) mode; the L(0,1) mode then asymptotes to the flexural type mode

velocity (A0 in a plate), while the L(0,2) mode becomes the extensional-like

mode.

The phenomenon related to branch 1 and branch 2 could also be inter-

preted as curve veering [31, 32] (repulsion of branches, veering away from each

other instead of crossing), encountered in eigenvalue problems of weakly cou-

pled systems. Both branches swap properties around ωa/cs = 0.35 in a con-

tinuous but rapid way, and branch 2 seems to continue on the path previously

followed by branch 1, which is characteristic of curve veering phenomena.

Figure 11 shows the modeshape evolution of branch 1 computed at points
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1a, 1b and 1c. These points are located in Fig. 10 and correspond to the solu-

tions (ka, ωa/cs, ve/cs) =(0.1,0.16,1.56),(0.31,0.35,0.12) and (1.34,1.00,0.94)

respectively. In this paper, modes are normalized with respect to the mass

matrix M. Between points 1a and 1b (in the veering zone), it can be seen

that the modeshape undergoes significant transformations. At point 1c, it

becomes more complex and exhibits a combined flexural-torsional motion.

Figure 12 shows the modeshape evolution of branch 2, computed at points

2a, 2b and 2c (located in Fig. 10). These points correspond to the solutions

(ka, ωa/cs, ve/cs)=(0.1,0.36,0.00), (0.2,0.37,0.35) and (0.63,1.00,1.55) respec-

tively. Comparing the modeshapes of points 1a and 2c, one can conclude that

branch 1 and branch 2 have interchanged their shapes (this is another fea-

ture of veering phenomena). Their global axial motion confirms that they

are compressional-like modes. However, these modes are not exactly similar

because the real parts of their axial displacement have opposite signs.

Some computations have also been performed for a straight strand made

of seven straight wires (results not shown for conciseness). Though dispersion

curves are different from that of the helical strand, the veering phenomenon

around 0.35 still exists in a straight strand. For a 7.9◦ lay angle strand, we

can conclude that the curvature of peripheral wires has a weak influence on

this phenomenon compared to inter-wire contact effects.

5.2. Experiments

The final aim of this work is to perform a first validation of the seven-wire

propagation model by comparing theoretical results to experiments in the

low-frequency range for the compressional-like L(0, 1) modes. This was done

on the basis of axisymmetric longitudinal guided waves measurements using

26



Figure 11: From left to right: real part (top) and imaginary part (bottom) of the displace-

ment modeshape of branch 1 computed at points 1a, 1b and 1c (located in Fig. 10). Gray

meshes correspond to the undeformed cross-section. The view of imaginary part is 2D for

clarity.
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Figure 12: From left to right: real part (top) and imaginary part (bottom) of the displace-

ment modeshape of branch 2 computed at points 2a, 2b and 2c (located in Fig. 10). Gray

meshes correspond to the undeformed cross-section. The view of imaginary part is 2D for

clarity.
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magnetostrictive transducers. Explanations on this experimental device can

be found in Laguerre et al. [4, 5].

The device consists of two small encircling dynamic coil transducers, one

transmitter and one receiver, each being mounted coaxially with a solenoid

coil for the static longitudinal polarizing magnetic field. The time pulse ex-

citation to the transmitting transducer is a low radio-frequency burst with

a frequency bandwidth equal to its central frequency. The detected time

signal is then processed using a short-time Fourier transform (spectrogram

method) to recover the group velocity dispersion curves. The experimen-

tal group velocity dispersion curve is then deduced from the spectrogram

by dividing the known travelling distance separating two arrivals with the

associated group-time delay at each frequency.

A first step is devoted to the analysis of the individual constituting wires,

that are the cylindrical core wire and the peripheral helical wire respectively.

Figure 13 shows the comparison between measured and computed group

velocities for the L(0, 1) mode of the single central cylindrical wire (radius of

2.7mm). For SAFE computations, note that group and energy velocities are

equal because no damping was considered in this paper [28]. We observe a

very good agreement between both curves, with the classical behaviour of the

L(0, 1) mode group velocity, starting from the bar velocity estimated here at

5274m.s−1 and decreasing with frequency in this low-frequency range (less

than 360kHz here).

The same procedure was applied to the measured time waveforms of the

single peripheral helical wire (radius of 2.61mm, lay angle of 7.9◦). In Fig. 14,

the particular L(0, 1) low-frequency behaviour intrinsic to the helical geom-
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Figure 13: Central wire (cylindrical). Normalized group velocity vs. frequency measured

with the magnetostrictive device (x-mark) and computed with the SAFE model (solid

line) for the L(0, 1) mode.

etry described in the previous subsection is very well reproduced (low fre-

quencies propagate much slower than higher frequencies). Note that such

a velocity decrease is also in accordance with experimental observations of

Kwun et al. [3].

Finally, the case of the seven-wire strand is considered. Numerical vs.

experimental comparisons were performed by superimposing the SAFE com-

puted group time-delays at each frequency upon the measured spectrograms.

This only concerns the direct transmitter-to-receiver wave whose character-

istics are not influenced by the strand-end reflections. A missing frequency

band is observed in Fig. 15 in our experimental dataset. Such a missing

band was initially experimentally found by Kwun et al. [3], and referred to

as ’notch frequency’. This phenomenon is well reproduced by the seven-

wire strand model, assuming stick contact conditions between constitutive

wires. As explained in the previous subsection, this missing frequency band

is related to curve veering between two distinct wave modes. The veering
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Figure 14: Peripheral wire (helical). Normalized group velocity vs. frequency measured

with the magnetostrictive device (x-mark) and computed with the SAFE model (solid

line) for the L(0, 1) mode.

central frequency of the seven-wire strand specimen used in this study is es-

timated at 67kHz from experimental data. This value was determined from

the spectrum of the direct wave measured at different transmitter-to-receiver

distances. The theoretical veering central frequency of 68kHz is hence in

quite good agreement with experiments.

As a final remark, it should be noted that the ’notch frequency’ found by

Kwun et al. [3] in their experiments was around 80kHz at very low prestress,

which is significantly greater than the one found in this paper. In fact, their

strand had a nominal radius of 12.7mm with a pitch of 22cm. This gives

a lay angle of 6.9◦: as explained in the previous subsection, the difference

with our lay angle of 7.9◦ can be neglected. However, their core wire radius

was 2.16mm instead of 2.7mm here, and their bar velocity was slightly lower.

With a =2.16mm and E =2.1e+11Pa, the normalized frequency of 0.35 found

in this paper yields a satisfying result of 83kHz.
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Figure 15: Seven-wire strand. SAFE predictions (gray solid lines) of group-time delays

for the compressional-like L(0, 1) modes superimposed to the experimental spectrogram.

(A), (B) and (C) respectively denote the arrivals related to the electro-magnetic coupling

between coils, the direct mechanical wave and the first reflection of the direct wave.

6. Conclusion

In this paper, a SAFE method has been proposed to analyse elastic guided

wave propagation along multi-wire helical strands. It is is based on a specific

twisting coordinate system that can be considered as a special case of the

helical system. This system allows to preserve translational invariance along

the straight axis of multi-wire waveguides made of a central straight wire

and several peripheral helical wires. This has been checked by comparing

reference results for a single cylindrical waveguide and for a single helical

waveguide with those computed for a strongly twisting coordinate system. A

useful expression has also been proposed for computing the energy velocity

in a straightforward way. Dispersion inside a typical seven-wire strand has

then been investigated by assuming stick contact conditions and results have
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been compared to experimental tests.

From a physical point of view, a far more complex behaviour than for sin-

gle wires has been observed. It has been found that the fastest compressional-

like mode inside the seven-wire strand looks like the L(0, 1) one for a single

wire, excepted in a frequency region typically around 68kHz where a quick

drop of energy velocity occurs due to curve veering between two distinct

modes. This value agrees well with experimental results obtained in this

paper with encircling longitudinally-polarized magnetostrictive transducers,

where curve veering manifests itself as a missing frequency band whose cen-

tral frequency is around 67kHz. Hence, the proposed seven-wire propagation

model allows a relevant interpretation of this experimentally observed phe-

nomenon, often referred to as ’notch frequency’ in the literature. Further

studies should deal with the effects of initial loading.
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[22] F. Treyssède, Elastic waves in helical waveguides, Wave Motion 121

(2008) 457–470.

[23] D. Chapelle, K. J. Bathe, The Finite Element Analysis of Shells – Fun-

damentals, Springer, 2003.

[24] A. Gray, E. Abbena, S. Salamon, Modern Differential Geometry of

Curves and Surfaces with Mathematica, 3rd Edition, Chapman & Hall,

Boca Raton, 2006.

[25] A. Nicolet, F. Zola, S. Guenneau, Modeling of twisted optical waveguides

with edge elements, The European Physical Journal Applied Physics 28

(2004) 153–157.

36



[26] A. Nicolet, F. Zola, Finite element analysis of helicoidal waveguides,

IET Science, Measurement and Technology 28 (2007) 67–70.

[27] F. Tisseur, K. Meerbergen, The quadratic eigenvalue problem, SIAM

Review 43 (2001) 235–286.

[28] A. Bernard, M. J. S. Lowe, M. Deschamps, Guided waves energy velocity

in absorbing and non-absorbing plates, Journal of the Acoustical Society

of America 110 (2001) 186–196.

[29] J. D. Achenbach, Wave Propagation in Elastic Solids, North-Holland,

Amsterdam, 1973.

[30] M. J. S. Lowe, D. N. Alleyne, P. Cawley, Defect detection in pipes using

guided waves, Ultrasonics 36 (1998) 147–154.

[31] N. C. Perkins, C. D. Mote, Comments on curve veering in eigenvalue

problems, Journal of Sound and Vibration 106 (1986) 451–463.

[32] C. Pierre, Mode localization and eigenvalue loci veering in disordered

structures, Journal of Sound and Vibration 126 (1988) 485–502.

37


