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The Pickands representation of an arbitrary survival Marshall-Olkin copula is computed. In dimension d ≥ 2, the corresponding dependence measure is discrete with support consisting of 2 d -1 atoms on the d-dimensional unit simplex.

Introduction

The d-dimensional Marshall-Olkin distribution is constructed as follows. On a probability space (Ω, F , P) let {E I | ∅ = I ⊂ {1, . . . , d}} be a collection of 2 d -1 independent exponential random variables with means E[E I ] = 1/λ I > 0, respectively. The random vector (τ 1 , . . . , τ d ), defined via τ k := min I : k∈I, I⊂{1,...,d}

{E I }, k = 1, . . . , d,
is said to exhibit the Marshall-Olkin distribution with parameters λ I , ∅ = I ⊂ {1, . . . , d}. [Marshall, Olkin (1967)] introduce this multivariate distribution and emphasize that it can be considered as a multivariate extension of the univariate exponential distribution, if one characterizes the latter in terms of the so-called lack of memory-property, see also [Galambos, Kotz (1978), p. 103-132] for a well-written exposé on this topic. By the so-called minstability of the exponential distribution, it follows that the random variable τ k is exponentially distributed with parameter Λ k := I:k∈I, I⊂{1,...,d} λ I , for k = 1, . . . , d. Moreover, the dependence structure of (τ 1 , . . . , τ d ) can be studied conveniently by means of its survival copula Ĉ. It is computed explicitly in [Li (2008), Proposition 1]. However, for the purpose of this article an alternative form is more appropriate, which is established as follows. The random vectors (τ 1 , . . . , τ d ) and (Λ 1 τ 1 , . . . , Λ d τ d ) have the same survival copulas. The latter follows a min-stable multivariate exponential distribution with standard exponential margins. It is derived from [Li (2009), Equation (4.3)] that the survival function of (Λ 1 τ 1 , . . . , Λ d τ d ) is given by

P(Λ 1 τ 1 > t 1 , . . . , Λ d τ d > t d ) = exp - I : ∅ =I⊂{1,...,d} λ I max z∈I {Λ -1 z t z } , (1) 
for t 1 , . . . , t d ≥ 0. The survival copula of (Λ 1 τ 1 , . . . , Λ d τ d ), and hence of (τ 1 , . . . , τ d ), is obtained from (1) by setting

t i = -log u i , u i ∈ [0, 1], for i = 1, . . . , d. It is hence given by Ĉ(u 1 , . . . , u d ) = I : ∅ =I⊂{1,...,d} min z∈I u λ I /Λz z , u 1 , . . . , u d ∈ [0, 1]. (2) 
It is straightforward to verify that Ĉ is an extreme-value copula, i.e. for all t > 0 it holds that Ĉ(u t 1 , . . . , u t d ) = Ĉ(u 1 , . . . , u d ) t . [START_REF] Pickands | Multivariate extreme value distributions[END_REF]] proves that each extreme-value copula is uniquely characterized by a finite measure δ on the d-dimensional unit simplex

S d = {(w 1 , . . . , w d ) ∈ [0, 1] d | w 1 +. . .+w d = 1}, which satisfies the boundary conditions S d u k dδ(u 1 , . . . , u d ) = 1, k = 1, . . . , d.
(3)
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It is shown that a copula C is of extreme-value kind if and only if there exists a measure δ on S d satisfying (3) such that

C(u 1 , . . . , u d ) = d i=1 u i P log u 1 log d i=1 u i ,..., log u d log d i=1 u i
, where the so-called Pickands dependence function P is defined on S d by

P (w 1 , . . . , w d ) = S d max{w 1 u 1 , . . . , w d u d } dδ(u 1 , . . . , u d ).
The measure δ is called Pickands dependence measure. Given the Pickands dependence function of an extreme-value copula, it is possible to conveniently compute coefficients of tail dependencies, see e.g. [Li (2008), Li (2009)] for computations of tail dependence coefficients in the Marshall-Olkin case and formulas for general extreme-value copulas. In order to study the dependence at sub-extreme levels, which is of interest in the field of extreme-value analysis, it is not enough to know the Pickands dependence function P . For this application, the associated measure δ is required.

A combination of the results in [Mai, Scherer (2009a), Mai, Scherer (2009b)] yields the Pickands dependence measure of a survival Marshall-Olkin copula in the special case when the d sets {λ I | |I| = k}, k = 1, . . . , d, are singletons, i.e. the distribution of (τ 1 , . . . , τ d ) is exchangeable. Even though the Marshall-Olkin distribution is widely used in the academic literature, we could not find a reference which states the Pickands dependence measure δ in the general case. Theorem 3.1 fills this gap and provides δ for an arbitrary survival Marshall-Olkin copula, given as in (2).

The Bivariate Case

The bivariate case is considered first, since it is easily verified and illustrates the d-dimensional result. With parameters λ 1 , λ 2 , λ 1,2 > 0 the bivariate survival Marshall-Olkin copula is given by

Ĉ(u 1 , u 2 ) = min u λ 1 λ 1 +λ 1,2 1 • u 2 , u 1 • u λ 2 λ 2 +λ 1,2 2 , u 1 , u 2 ∈ [0, 1]. Lemma 2.1 (Pickands Representation in dimension d = 2)
The Pickands measure δ on the two-dimensional unit simplex S 2 is a discrete
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measure whose support consists of three points. More precisely, it is given by

δ (1, 0) = λ 1 λ 1 + λ 1,2 , δ (0, 1) = λ 2 λ 2 + λ 1,2 , δ   λ 2 + λ 1,2 λ 1 + λ 2 + 2 λ 1,2 , λ 1 + λ 1,2 λ 1 + λ 2 + 2 λ 1,2   = λ 1,2 λ 1 + λ 1,2 + λ 1,2 λ 2 + λ 1,2
.

The corresponding Pickands dependence function is given by

P (w 1 , w 2 ) = max w 1 + w 2 λ 2 λ 2 + λ 1,2 , w 2 + w 1 λ 1 λ 1 + λ 1,2
.

Proof

For notational simplicity, apply the reparameterization

α := λ 1 λ 1 + λ 1,2 ∈ (0, 1), β := λ 2 λ 2 + λ 1,2 ∈ (0, 1).
It is easily verified that the measure δ defines a Pickands dependence measure, i.e. the boundary conditions (3) hold, since

S 2 u 1 dδ(u 1 , u 2 ) = α + (2 -α -β) 1 -α 2 -α -β = 1, S 2 u 2 dδ(u 1 , u 2 ) = β + (2 -α -β) 1 -β 2 -α -β = 1.
The Pickands dependence function is then computed as

P (w 1 , w 2 ) = S 2 max{w 1 u 1 , w 2 u 2 } dδ(u 1 , u 2 ) = α w 1 + β w 2 + (2 -α -β) max 1 -α 2 -α -β w 1 , 1 -β 2 -α -β w 2 = max w 1 + w 2 β, w 2 + α w 1 .
Finally, one may compute that this dependence function corresponds to the claimed Marshall-Olkin survival copula, i.e.

(u 1 • u 2 )

P log u 1 log u 1 +log u 2 , log u 2 log u 1 +log u 2 = min u α 1 • u 2 , u 1 • u β 2 . 2 
3 The General Case 

  Theorem 3.1 (Pickands Representation in dimension d ≥ 2) The Pickands dependence measure δ of a d-dimensional survival Marshall-Olkin copula with parameters λ I > 0, ∅ = I ⊂ {1, . . . , d}, is a discrete measure ACCEPTED MANUSCRIPT on S d with 2 d -1 atoms. More precisely, it is determined by δ = I ⊂ {1, . . . , d}, where e 1 , . . . , e d denotes the canonical basis of R d . The corresponding Pickands dependence function is given by P (w 1 , . . . , w d ) = I : ∅ =I⊂{1,...,d} λ I max j∈I w j Λ j . Proof First observe that for I ⊂ {1, . . . , d} fixed, with j ∈ I, it holds that z∈I With δ as given in the assertion, one computes using (4) in the last equality P (w 1 , . . . , w d ) = S d max{w 1 u 1 , . . . , w d u d } dδ(u 1 , . . . , u d ) = I : ∅ =I⊂{1,...,d} claimed Pickands dependence function is established. Moreover, it is straightforward to verify that P ( e k ) = 1 for all k = 1, . . . , d, which is equivalent to (3). Thus, P defines a Pickands dependence function, i.e. δ is a Pickands dependence measure. Next, one computes with u 1 , . . . , u d ∈ (0, 1) that P log u 1 log d i=1 u i , . . . , log u d log d i=1 u i = 1 d i=1 log u i I : ∅ =I⊂{1,...,d} λ I min z∈I log u z Λ z ,
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and one accordingly verifies that This establishes the claim. 2