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ADAPTIVE ESTIMATION OF THE DYNAMICS OF A DISCRETE
TIME STOCHASTIC VOLATILITY MODEL

F. COMTEY, C. LACOUR®, AND Y. ROZENHOLC®

ABSTRACT. This paper is concerned with the discrete time stochastic volatility model
Y: = exp(Xi/2)n:;, Xit+1 = b(X:) + 0(X;)&i+1, where only (Y;) is observed. The model
is re-written as a particular hidden model: Z; = X; + €;, Xix1 = b(X;) + o(Xi)&it1,
where (§;) and (g;) are independent sequences of i.i.d. noise. Moreover, the sequences
(X;) and (e;) are independent and the distribution of € is known. Then, our aim is
to estimate the functions b and ¢? when only observations Zi,...,Z, are available.
We propose to estimate bf and (b* 4+ ¢?)f and study the integrated mean square error
of projection estimators of these functions on automatically selected projection spaces.
By ratio strategy, estimators of b and o2 are then deduced. The mean square risk of
the resulting estimators are studied and their rates are discussed. Lastly, simulation
experiments are provided: constants in the penalty functions defining the estimators are
calibrated and the quality of the estimators is checked on several examples.

J.E.L. Classification number: C13-C14-C22.

KEYWORDS. Adaptive Estimation; Autoregression; Deconvolution; Heteroscedastic; Hid-
den Markov Model; Nonparametric Projection Estimator.

1. INTRODUCTION

In this paper, we consider the following model:

Y, = eXp(Xi/2)77i7
(1) { Xit1 = b(Xi) + o(Xi)&iv1,

where (n;) and (§;) are two independent sequences of independent and identically dis-
tributed (i.i.d.) random variables (noise processes). Only Yi,...,Y,, are observed, while
the process of interest is the unobserved volatility V; = exp(X;/2), and in particular the
functions driving its dynamics, b(.) and o(.). We will describe an estimation method
leading to nonparametric estimates of these functions.

For identifiability of the model, the density of n must be known (e.g. N(0,1)). This
model is often called a discrete time stochastic volatility process. Examples of such rep-
resentation for economic or financial processes can be found in Shephard (2005) or Shep-
hard (2006).
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() Laboratoire de Probabilités et Statistique, Université Paris Sud-Orsay.
claire.lacour@math.u-psud.fr.
1



2 F. COMTE, C. LACOUR, Y. ROZENHOLC

1.1. Comparison with continuous time stochastic volatility models. Let us em-
phasize that our model is written directly in discrete time with fixed (to 1) step of obser-
vation.

This makes its structure different from stochastic volatility models when first considered
in continuous time and in a second step discretely sampled. It would be conceivable to
study a system

) dlog(S;) = VU W,
(2) { dU, = m(U)dt + w(U;)dB,

where (Wy, By) is a two dimensional (standard) Brownian motion and U is a positive diffu-
sion process. In that case, define Y; = log(S;+1/S;). Then, Y; has the same distribution as
Vin; where V; = (fiZJrl Usals)l/2 and n; are i.i.d. N(0,1) random variables. Consequently,
the first equation of (2) can lead exactly to the first equation of (1) with specific Gauss-
ian distribution for 1. The tools for estimating the common density of the V;’s are thus
common to both models. But the second equations of models (1) and (2), even if they
represent the same idea of a time dynamics, do not coincide.

Indeed, many statistical tools have been developed for the estimation of p and w, see
Reno (2008), Bandi and Reno (2008), Comte et al. (2009) in the nonparametric setting, or
Gloter (2008) in the parametric context. But all these authors consider the high frequency
data context, a set of assumptions which are often meaningful, but specific to observations
with small step A = A, that tends to zero when n grows to infinity, and long interval
of time: T,, = nA, tends to infinity with n. Most strategies in this context require
a huge sample of observations, which may not be available. Moreover, the discrete time
approximations of the variables crucially exploit the small step assumption. Therefore, this
does not correspond to the discrete time setting with fixed step of observation. Very few
papers use another context to provide estimators of the continuous time model. Following
ideas developed in Hansen and Scheinkman (1987) and later in Hansen et al. (1998),
Gobet et al. (2004) propose a strategy for low frequency data (i.e. fixed sample step A
of observation). They obtain nonparametric estimators in this context, but their method
is specific to the underlying continuous time model. The methodology is similar to the
operator eigenvalues approximation studied in Carrasco et al. (2007) but can not be applied
to our model.

Consequently, Model (1), and in particular the autoregressive equation in (1), is not an
approximation of the continuous time model (2) (it would require a small sample step for
an approximation to hold) and does not share any underlying continuous time structure.

1.2. Logarithmic transformation of (1) and related models. When the model is
described in discrete time only, estimation strategies have been proposed for the estimation
of the stationary density of (X;) only, see van Es et al. (2005), Comte et al. (2008). In
this case, the model is rewritten as

Xit1 = b(X;) + o(Xi)&i

where &; = In(n?) — E(In(n?)) and Z; = In(Y;?) — E(In(n?)). In our setting, E(In(n?)) is
known. Clearly, the logarithmic transformation of YZ-2 implies that the sign of Y; can not
be recovered. When we are interested in volatility dynamics, the sign of the innovation in

Y does not matter since we have the additional assumption of independent volatility and
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price innovation, i.e. (1) and () are independent. All our results require this independence
assumption, and thus, this context does not authorize the so-called leverage effect (see also
Remark 3.1).

It also happens that in some contexts, model (3) is considered directly. Such a non lin-
ear autoregressive model observed with additive noise is also called an errors-in-variables
model and is commonly considered in economic and biological applications (see Schen-
mach (2007), Hong and Tamer (2003) or Benett and Wakefield (2001)). Statistical methods
used to study these models are mainly related to parametric or semiparametric specifica-
tions of the model, see Chanda (1995), Comte and Taupin (2001).

Lastly, Model (3) belongs to the general class of hidden Markov models (HMM). These
models constitute a very famous class of discrete time processes with applications in various
areas (see Cappé, Moulines and Ryden (2005)). Here our model is simpler in the sense
that our noise is additive, but in standard HMMs it is assumed that the joint density of
(Xi, Z;) has a parametric form.

1.3. Statistical bibliography for model (3). To our knowledge, the question of esti-
mating b and o2 in Model (3) on the basis of observations Zi, ..., Z, has not been studied
yet.

Only the following regressive model Z; = X; +¢;, Y; = b(X;)+&;, in which (Y;) and (Z;)
for i =1,...,n + 1 are observed, has received attention. In that case, two processes are
observed, all sequences (X;), (&), (¢;) can be supposed independent identically distributed
(ii.d.) and independent from each other, and (Y;) is homoscedastic (o(z) = 1). In this
context, Fan and Truong (1990), and Comte and Taupin (2007) study the problem of
the estimation of b. See also Fan et al. (1991), Fan and Masry (1992), Ioannides and
Alevizos (1997), Koo and Lee (1998). Most authors propose estimators of b based on the
ratio of two estimators, namely an estimator of bf divided by an estimator of f, where f
denotes the common density of the (i.i.d. in their context) (X;).

Several papers develop estimation methods for f, see Fan (1991), Pensky and Vi-
dakovic (1999), Comte et al. (2006), Carrasco et al. (2007), and the optimality of the
rates are studied in Fan (1991), Butucea (2004) and Butucea and Tsybakov (2007).

1.4. Statistical strategy. The quotient strategy is also adopted in our more general
setting. More precisely, we assume that the process (X;) is stationary, with stationary
density denoted by f, and we estimate b (resp. b? + 02) as a ratio of an estimator of bf
(resp. (b?+02)f) divided by an estimator of f. We estimate f with the adaptive estimator
proposed by Comte et al. (2006). To estimate the numerators, we adopt the same type of
strategy as for the estimation of f, namely: first, we study a projection estimator, then
we propose a model selection criterion to choose the best projection space as possible, in
term of mean integrated risk bound.

In the setting of (3), regarding the identifiability of the model, it must be assumed that
the distribution of e, f. (or equivalently of n) is fully known. For instance, the process 7
is often modeled as a standard Gaussian i.i.d. sequence, and then ¢; has the distribution
of In(NV(0,1)?) +1In(2) + C where C is the Euler constant. Van Es et al. (2005) specifically
study this case in terms of density estimation, however more general distributions can also
be considered (see Comte et al. (2006, 2007)).

In this respect, this allows to consider general classes of noise density f. and also various
classes of regularities for the functions to estimate (bf, (b2 + 02)f, f). Then, when all
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functions belong to fixed (but user-unknown) regularity spaces, our risk bounds provide
rates of convergence of the estimators.

We want here to emphasize the following point. After the pioneering work of Fan (1991),
people mainly remembered that the estimation of a twice differentiable density measured
with an additive gaussian noise € had a deplorable logarithmic rate. This is true, but
often, the functions to recover are much more regular than only twice differentiable. If the
signal has the same regularity as the noise, then the rate can become polynomial again
(see Example 3.1 below). This was found by Carrasco et al. (2007) with their specific
method and also by Pensky and Vidakovic (1999), Comte et al (2006), or Butucea and
Tsybakov (2008) with wavelet, projection or kernel estimators respectively.

The plan of the paper is the following: we first give the notations, the assumptions and
describe projection spaces in Section 2. Next, Section 3 explains the estimation strategy
for b and gives bounds of the integrated mean square risk of the estimators. Section 4
develops the same study for the estimation of ¢?. Simulation experiments are conducted
in Section 5 in order to illustrate the method. Lastly, proofs are gathered in Sections 6-7-8
and an appendix (section 9) describes auxiliary tools.

2. GENERAL SETTING AND ASSUMPTIONS

2.1. The principle. Let us assume that the sequence (X;) is stationary and let us denote
by f the common density of the X;’s. The principle of the estimation methods relies in
all cases on a “Nadaraya-Watson-strategy” in the sense that b or b + 02 are estimated as
ratio of an estimator of £ = bf (respectively ¥ = (b + 0?)f) and an estimator of f.

In all cases, we use the adaptive estimator of f described in Comte et al. (2006) or Comte
it et al. (2008) which study independent and S-mixing contexts.

2.2. Notations and Assumptions. Subsequently we denote by u* the Fourier transform
of the function u defined by u*(t) = [ €@ u(x)dz, and by |jul|, ||ulsc, |t rx, < u,v >,
u * v the quantities

lull* = /uQ(l‘)d% [ulloe = sup [u(z)], [[uflco,x = sup [u(z)],

zeR zeK
<u,v >= /u(:c)ﬁ(x)d:c with 2Z = || and u * v(z) = /u(t)v(x —t)dt.
Moreover, we recall that for any integrable and square-integrable functions u, u1, us,
(4) (w*)*(x) = 2mu(—2) and (uy,us) = (2m) " {u}, us).

We consider the autoregressive model (3). The assumptions are the following:

A1l (a) The ¢g;’s are i.i.d. centered (E(e1) = 0) random variables with finite variance,
E(e?) = s2. The density of 1, f-, belongs to Lo(R), and for all z € R,
fe(@) #0.
(b) The &;’s are i.i.d. centered with unit variance (E(£2) = 1).
A2 The X;’s are stationary and absolutely regular.
A3 The sequences (§;)ien and (g;);en are independent.

It follows from A3 and the data generating process of the X; that the sequences (X;);en
and (g;);en are independent.



ADAPTIVE ESTIMATION IN A DISCRETE TIME SV MODEL 5

The Z;’s are observed but the X;’s are not, the stationary density f of the X;’s is
unknown but the density f. of the g;’s is known.

Standard assumptions on b, o and the ;’s ensure that the sequence (X;);ez is stationary
with stationary density denoted by f. This sequence is also absolutely regular, with 3-
mixing coefficients denoted by ((k), see Doukhan (1994) or Comte and Rozenholc (2002)
for precise sets of conditions. We shall consider that the mixing is at least arithmetical
with rate 6, i.e. that there exists # > 0 such that

(5) Vk e N, B(k) < (1+ k)~ (+0),

or, more often, geometrical, i.e. 30 > 0,Yk € N,B(k) < e7%. The definition of the
[-mixing coefficients and related properties are recalled in Section 9.
As we develop a L2-strategy, we need the target functions to be square-integrable.

A4 The function to estimate (¢ = bf, 9 = (b + d2)f, or f) is square-integrable.
In the following, we also assume that f. is such that
A5 For all ¢ in R, Ao(t? +1)™7/2 exp{—ult|°} < [f2(t)] < Ap(t* + 1)/ exp{—p|t[’},
with v > 1/2 if § = 0.
Under Assumption A5, when § = 0, the errors are usually called “ordinary smooth” errors,
and “super smooth” errors when § > 0, u > 0. The standard examples are the following :
Gaussian or Cauchy distributions are super smooth of order (y = 0,u = 1/2,0 = 2) and
(v =0,u = 1,0 = 1) respectively, and the Laplace (symmetric exponential) distribution
is ordinary smooth (§ = 0) of order v = 2. When ¢ = In(n?) — E(In(n?)) with n ~ N(0,1)
as in van Es et al. (2005), then E(In(n?)) = —1In(2) — C, where C is the Euler Constant,
and Var(In(n?)) = 72/2 and ¢ is super-smooth with vy =0, y = /2 and § = 1:
T

Ty (®) = 7=

D(L+id@), | fiee (@) ~aoroo 2/ee”TwI/2,

2.3. The projection spaces. As projection estimators are used in all cases, we hereby
provide a description of the projection spaces. Let us define

p(r) =

where m can be replaced by 2. The key point is that ¢*(x) = Tj_; ;(z). It is well
known (see Meyer (1990), p.22) that {¢y, ;}jcz is an orthonormal basis of the space of
square integrable functions having a Fourier transform with compact support included
into [—mm, m]. Such a space is denoted by Sy,.

Sm = Span{p,, ;, j € Z} = {f € L*(R),supp(f*) C [~mm, mn]}.

Moreover, (Spm)mem,,, with M,, = {1,...,m,}, denotes the collection of linear spaces.

sin(mx .
# and @, j(z) = Vmp(ma — j),

In practice, we should consider the truncated spaces Sy(,? ) = Span{ep,,,, j€Z, |j| <
K,}, where K, is an integer depending on n, and the associated estimators under the
additional assumption: [z%¢*(z)dr < A, < oo, where ¢ = bf, (b? + o%)f or f is the
function to estimate. This is done in Comte et al. (2006) and does not change the main
part of the study. For the sake of simplicity, we write the sums over Z in the theoretical
part of the present study.
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3. ESTIMATION OF b

3.1. The steps of the estimation.

3.1.1. First step: the estimators of £ = bf. The orthogonal projection of £ = bf on Sy,
L, is given by

(6) by = Zam,j(@@m,j with apm, (4) = / Pm,j (z)l(z)dr = <‘Pm,j>£>'
JEZ R
For t belonging to a space Sy, of the collection (Sy,)menm,,, let
1 .
() == (IEI* = 2Zir10; (Z3), w(x)

n-
=1

_ 1t (=2)
27 fi(x)

The following sequence of equalities, relying on the Fourier equalities (4), explains the
choice of the contrast ~,:

E(Zoui(Z1)) = EO(X1)ui(Z1)) = (uf * fo(=.),bf) = %(%f;(—-), ®f)")
= (b)) = (8.6) = BG0)HX0) = [ ta)b(a)f(e)da
(7) = (t,4),
using that
(8) E(o(X1)&ui (X1 + 1)) = E(&)E(o(X1)ui (X1 +€1)) = 0.

Therefore, we find that
E(1n () = 1t — 2(¢,8) = ||t — £]* — 1¢]®

is minimal when ¢ = ¢. Thus, we define

~

9) b = arg min y,(t)

m

~

As ~,, is minimized over S,, only, £, is in fact an unbiased estimator of ¢,,, which in turn
is expected to be near of /. Indeed, the estimator can also be written

X A . 1
(10) b =Y g (0)prmjs With . (£) = - > Zin, (Z0),

JEL i=1
an clearly, (7) implies that E(dy, j(£)) = am,;(¢). Now, the decomposition of the Mean
Integrated Squared Error (MISE) will show that m plays here the role of a bandwidth
parameter. Thus, we have to explain how to select an adequate value of m. To this end,
we define ¢y, by setting

i =arg min {n(lm) + pen(m) } .

meMy,
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where the penalty function is given by pen(m) = kE(Z2)¥(m) where

A o <5< 1/3
n 1 ™  dx
Ay wm) - and Am) = o [
mlG5=1/2108 A () 21 J_pm | f2(2)]

if 6 >1/3
=itz 1/,

where z A y := inf(x, y).

The idea behind this criterion is that 'yn(ém) estimates the squared bias part of the
MISE, and pen(m) has the order of the variance term. A kind of cross-validation method
is thus performed here.

In practice E(Z3) is unknown and is replaced by its empirical version, (1/n)> 1 | Z2.
Then, the resulting penalty function, pen, becomes random. We note that ’Yn(gm) =
— 2 jezlim,; (£)]%, which explains (13) below.

Remark 3.1. We can see here why we can not omit the independence assumption between
(e;) and (&;), and consider the so-called leverage effect. Indeed, assume that we have
& = pe;i + /1 —p%e;, for an i.id. centered noise (gi), independent of (g;). Then,
because of the dynamics of the autoregressive X; sequence, if the noises (g;) and (&;) are
not independent, then the sequences (X;) and (g;) are not independent either. Then, as for
a given i, X; and &; are no longer independent in model (3), we can not estimate f (the
basic convolution link is lost). To keep X; and €; independent for a given i (and then f
can still be estimated, see Comte et al. (2007,2008)), we have to write the dynamics of X;
as follows: X;11 = b(X;) + o(X;)&. But then, Equality (7) which justifies the definition
of the contrast v, (t) used for the estimation of £, is no longer true. Indeed, instead of (8),
we have

E(o(X1)6ui (X1 + 1)) = pE(o(X1)e1uy (X1 +€1)),
and this last term is not necessarily zero. As a conclusion, the independence assumption
between (¢;) and (&;) is necessary.

3.1.2. Second step: the estimators of f. The second stage of the estimation procedure is
to estimate f. In fact, Comte et al. (2006) explain how to estimate f in an adaptive way
and the mixing context is studied in Comte et al. (2008). The estimator of f on S,, is
defined by

n

. 1
(12) Fn = am () omy With am;(f) = - > ub (Z).

jez i=1

Then we define fm,

(13) i = arg min { - ;Z[&m,j(f)P +pén(m) ¢,
J

where the penalty function is given by pén(m) = £¥(m) with ¥(m) given by (11). For
the properties of f,;, we refer to Comte et al. (2006). Up to the multiplicative constants,

the control of the mean square risk of the estimator is the same as the one obtained for /¢
here.
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3.1.3. Last step: the estimator of b. We estimate b on a compact set B only and the
following additional assumption is required:
A6 (a) Vr e B, fo< f(x)< f; for two positive constants fy and fi.
(b) b is bounded on B.

Then we can define:

(14) b= by = f”ﬂ if |0/ fiill < @y b= by =0 else,

"

where a,, is a sequence to be specified later.
3.2. Risk bound for /,, and fm

3.2.1. Risk bound for 0. We define the following empirical centered process

n

1 *
valt) = — > (Zo1ui (Ze) — (. 0)),
k=1
and with (6) and (10), we note that the following equalities hold
1€ = Cnll® = 1= lnll® + 16 = Cnll> = 1€ = Linll* + D (am,5(6) = i 3(0))°

JEZ
= ”E - gmH2 + Z V?L(‘Pm,j)'
JEZL
Therefore
Ell¢ = Lnl® < 11€ — €l + ) Var[vn(pm,))-
JEZ
The term ||[{—£,,||? is a deterministic integrated squared bias term. The part corresponding
t0 > ez Var[vy(pm,;)] is the variance term, which has to be bounded. Then, the risk bound

on the estimate fm is as follows:
Proposition 3.1. Consider the estimator {,, of { defined by (9) where £ = bf with b and

f as in Model (3). Then under Assumptions A1-A4, if E(b*(X1)) < +oo and § > 1 for
arithmetical mizing (see (5)), we have

A(m) m

(15) B( = fnll?) < = Lnl® +2B(25) = + 8K

Note that the last term m/n in (15) is always smaller that A(m)/n and might have
been omitted, up to a less precise constant before A(m)/n.

3.2.2. Rate of the estimator. When f} satisfies A5, then the order of the variance term is
bounded by:

CA(m)/n < C'm*> 170 exp(2u(mm)%) /n.
For the squared bias term, we have ||¢ — £,,|> = (27)~! flmlzwm |f*(2)|?dz. To evaluate
this term, regularity conditions must be considered for ¢. We shall assume that ¢ belongs
to the space:

+o00
(16) Ss.ar(A) ={u : / |u*(2)|?(x? + 1)® exp{2alz|" }dx < A},

— 00
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0=0 >0
fe ordinary smooth fe supersmooth

r=0 i = O(n'/(s+27+1)) 7 = [In(n)/(2u + 1)]/°

£ Sobolev(s) rate = O(n~28/(2s+27+1)) rate = O((In(n))~2°/9)

"> 0 T = [ln(n)/Za]l/T m solution of

00 In(n)@y+0/7 M2 T2 exp{2u(mm)® + 2an"1m"}
¢ C rate=0 ( —F—— — O(n)
" =

TABLE 1. Choice of m and corresponding rates under A1-A5 and if ¢
belongs to Ss . (A) defined by (16).

for nonnegative constants s,a,r and A > 0. When r = 0, this corresponds to Sobolev
spaces of order s, which are classically considered. But we can also think that ¢ may be
as regular as f. can be. When r > 0, a > 0, this corresponds to analytic functions, which
are called ”super-smooth” functions.

When ¢ belongs to a space S q,(A) defined by (16), then the order of the squared bias is

1€ — L = (271')1/ |f*(2)|*dz < Cm™2 exp(—2a(mm)").

|z|>7m

In this setting, we obtain from (15) the risk bound terms:
Cm ™2 exp(—2a(mm)") + C'm> 17 exp(2u(7m)®) /n.

Example 3.1. Consider the example of a Gaussian 7, n ~ N(0,1), i.e. ¢ = In(n?) —
E(In(n?)) is super-smooth with v = 0, u = 7/2 and § = 1. It is true that if ¢ is in a
Sobolev i.e. belongs to Ss 4 (A) with r = a = 0, then the best attainable rate is of order
[log(n)]~2. But if £ is as regular as f- and belongs to Ssq,(A) with s =0, r =1, a > 0,
then the optimal choice is mm = log(n)/(m + 2a) and the resulting rate is polynomial, of
order n=2¢/(7+20) " This is summarized in Proposition 3.2 and Table 1.

Proposition 3.2. Assume that the Assumptions of Proposition 3.1 hold. In addition,
assume that £ belongs to a space Ssqr(A) defined by (16) and that Assumption A5 is
fulfilled. Then the estimate 0 with T as in Table 1, has the rates given in Table 1 in
terms of its mean square integrated risk B(||lym — £||?).

When r > 0,6 > 0 the value of 7 is not explicitly given. It is obtained as the solution
of the equation

sty exp{?,u(mﬁ)é + 2am"™m"} = O(n).
For explicit general formulae of the rates in these cases, we refer to Lacour (2006).

We just recall the particular case § = r, for positive other parameters: this gives the
(almost) polynomial rate n=#/(a+1) (log(n))~" with 7 = [2ud 4 (6 — 2y — 1)a]/[(a + p)d].

3.3. Risk bound of /;. These rates enhance the interest of building an estimator for
which the choice of the relevant model m is automatically performed. This is done with
L, and we can prove the following result:
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Theorem 3.1. Assume that Assumptions A1-A4 hold, that E(b%(X1)), E(c®(X1)) and
E(£9) are finite and that E(e}) < +o0o. Assume moreover that the process X is geomet-
rically B-mixing, (or arithmetically B-mizing with 6 > 14) and that the collection M,, is
such that for all m € M, pen(m) <1, then

" (04
E(ln — 1) < C_inf (£~ £ul® + pen(m)) + =

The proof of Theorem 3.1 is sketched in Section 6.

Theorem 3.1 shows that the estimator automatically selects the optimal m when § <
1/3: indeed, in that case, the penalty has exactly the same order as the variance (namely
A(m)/n). When 6 > 1/3, a compromise is still performed, but the penalty is slightly
greater than the variance. In an asymptotic setting, this implies a loss in the rate of
convergence of the estimator, but this loss can be shown to be negligible with respect to
the rates. For discussions on this point, see Comte et al. (2006).

3.4. Risk bounds for b. Comte et al. (2008) prove that i satisfies the same inequality
as £y, We recall their result.

Theorem 3.2. Assume that Assumptions A1-A4 hold. Assume that the process X is geo-
metrically B-mizing, (or arithmetically G-mizing with 6 > 3 in (5)) and that the collection
M,, is such that for all m € M,,, pén(m) < 1, then

A~ Cl
E(|| fm — fII?) < inf — fl? é —
(1= FIP) £ C_inf (I = full + pin(on) + =
where f,, denotes the orthogonal projection of f on Sy,.

Then it is common (see e.g. Lacour (2008) or Comte and Taupin (2007)) to obtain a
bound on the MISE computed on a compact set, denoted here by B. In the following
result, we denote by ||h||% := [ h*(x)dz, for any square integrable function h on B.

Theorem 3.3. Assume that the assumptions of Theorems 3.1 and 3.2 and A5-A6 hold,
that f belongs to a space Ssq,(A) with s >1/2 if r =0 and { to a space Sy o ,(A’), that
In(In(n)) < m, < (n/In(n))Y@*Y for fs. Then, for n great enough, we have

N . - C
E(|b —bllB) < CiE(|lfin — fI?) + C2E (|15, — %) + ;3

where a, = n* with w > 1/2 and C1,Cy, C3 are constants.

The MISE bound in Theorem 3.3 means that the rate for estimating b will be the worst
between the rates of estimation of f and bf, which are optimal or near-optimal.

The proof of this result is omitted. The reader is referred to Lacour (2008) or Comte
and Taupin (2007).

4. ESTIMATION OF o2

4.1. Steps of the estimation. We now aim at estimating o2 and we also follow the
strategy described in Section 2.1.
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First step. We set 9 = (b2 + 02) f and we first estimate 9. To this end, we consider the
following contrast:
2 n
(17) In(t) = [1H]% — - Z (Zi1 — 82) ui (Z).-
k=1

As f. is assumed to be known, then so is the variance s2. Suggestions on how to estimate
this quantity can be drawn from Butucea and Matias (2004), but this has a cost and they
obtain logarithmic rates of convergence for both the variance estimator and the induced
plugged in estimator of the density. Then we define

(18) Oy = arg min %, (t) and m = arg min 5, (J,) + pén(m)

teSm meMy,
where pén(m) is a penalty function given by: pén(m) = FE((Z3 — s2)2)¥(m), with ¥(m)
given by (11). Again, the expectation E[(Z5 — s2)?] is replaced by its empirical version in
practice, namely (1/n) Y " (22 — s2)2.

Second step. As previously, we use as an estimator of f, the estimator fm defined by
(12)-(13). Its risk is controlled by Theorem 3.2.

Third step. We obtain, by defining, similarly to (14),

A~

[ A A
b2+ 02 = " if |94/ finll < @ and 0 otherwise,

"

and a,, is a sequence to be specified in the same way as a,, for the estimation of b. Clearly,

b2 4 02 is an estimator of b? + o2. For the study of steps 2 and 3, see Section 3.4.

Fourth step. The estimator of o2 must be built by setting

5% = b2 + 02 — (b)2.
Clearly, as |62 — 02||? < 2/|b2 4 02 — (B> + 02)||? + 2||b + b]|?||b — b||?, the risk of the final
estimator is the sum of the risks of the estimators of b? + 02 and b, provided that b is
bounded (by M) and b is bounded (by 2M;) with probability near of one. The latter step
is studied from an empirical point of view only.

4.2. Risk bounds for 9, and J,;. It is not difficult to check that (¥, (t)) = ||¢]|2—2(0, )
which justifies the choice of %, given in (17). We can also easily obtain the decomposition
Fn(t) = Fn(s) = [t = 9| = s = 9||* — 205, (t — ) where

3 RS

n(t) = = (e — s2)ui(Zi) = (1.9)]

k=1

As for b previously, we can write that

[9m = 9> = [[9m = I+ D V(P )

JEZ

With the same tools as for the study of ¢, using a relevant decomposition of the empirical
process U, we prove (see Section 7) that:
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Proposition 4.1. Consider the estimator U, of 9 defined by (18) where 9 = (b*> + o2 f
with b, o and f as in Model (3). Then under Assumptions A1-A4, and if &, e1,b%(X1)
and 0?(X1) admit moments of order 4, then

A(m) om

+ K=

E([9 = 9ml3) < |19 — O® +4E[(Z3 — s2)?] -

where K = 16, /2 57,0k + DARE(R2(X1) + 02(X0)1) if 5, k() < +oc.

The empirical processes involved in the decomposition of 7, are of the same type as the
processes studied for the estimation of ¢. Therefore, we give the risk bound for 9,5 but we
omit the proof.

Theorem 4.1. Assume that Assumptions A1-A4 hold, that E(b’(X1)), E(oP(X1)) and
E(&Y) are finite for a p > 16 and that E(e 12) < 4oo0. Assume that the process X is
geometrically f-mizing and that the collection M, is such that for allm € M,,, pén(m) <
1, then

/

. C
E(||d,5, — 9]%) < inf (|9 —9,,]|% + pé =
([0 — Y| )_leenMn(H |* + pén(m)) + -

5. SIMULATION RESULTS

5.1. The models. We start from the first equation of the multiplicative model, Y; =
exp(X;/2)n;,, i = 1,...,n. Then we compute:

(19) Zi =In(Y?) —E(ln(n}), i=1,...,n

and the Z;’s follow the equation Z; = X; + ¢;, where ¢; is centered with variance s . We

have &; = In(n2) — E(ln(n})).

We consider three types of noises: the case ¢; Laplace with variance 337 1, the case g;
Gaussian N (0,02 ), and the case called hereafter "logx?(1)” where 7; in N/(0,1); in that
case, E(In(n})) = —C — In(2) where C is the Euler constant, and sZ , = 7/2. In practice,
we generate directly the ¢;’s. To compute the Z;’s, we need also to generate the X;’s.

We want to experiment different models, thus we have to choose functions b,o. In
all cases, the &;’s are i.i.d. N(0,1) random variables. Then we consider the following
functions, defining three models

b)(z) = 0.25z od(x) =
(20) b9 (x) = 0.25sin(27x + 7/3) od(z) = (f/?)(o 31 + 0.7 exp(—52?)),
W (x) = —0.25(z + 2 x exp(—162?)) o{(x) = 0.2 + 0.4 exp(—222).

The first model is a simple linear model, the two other ones are arbitrary chosen to lead
to different types of curves.

We compute recursively, up to initial conditions, a sample Uy,...,U, with U1 =
VO(U;) + 0 (U;)€it1, for (b°,0°) taken as one of the (b(]), ]) j=1,23. Note that we drop
out the first 100 observations to have a stationary sample.

At last, we take (X;,b,0) = (U;,b°,0°) when the ¢;’s are Laplace or Gaussian, and
X; = Ui/3., b(z) = b(5.2)/3:, o(z) = 0°(3.2)/5. when the g;’s are log x2(1). The
factor . is a scaling factor computed to have the same signal to noise ratio (i.e. the ratio
Var(X)/Var(e)) for the three different noises e. Therefore we take s.; = s.¢ = 1 and
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thus 5. = v/2/7 for Model 1, and Se,1, = Se,¢ = 0.05 and thus 5. = 0.05v/2/m for Models
2 and 3.

5.2. Description of the estimation algorithm. Let us describe the way the procedure
works. Consider data (Y;)1<;<n for a given noise  in Model (1). Then E(In(n?)) is known
and we compute Z; as given by (19). For instance if 71 ~ N(0,1), we take

Z; = In(Y?) + C 4 In(2)

where C' is the Euler constant.
The first step is to estimate £. Given the Z;, we compute

1 n
~ _ * 7wZ gpmd
am,j(f)—gg Ziv1ug,, (Zi) E Zi1

i1

for j = —N,...,N, and N great enough. Note that the a,, ;j(¢) are real. Indeed, let
Qz(x) = (1/n) Y 1_| Zr41€Z%. Then with an elementary change of variable, we obtain

[T gema)et 1T (G (—mu)e
i) =5 [ g = 2 e (P ) i

where Re(z) denotes the real part of the complex number z. Then m is selected by
minimizing over a grid of possible m’s the quantity:

V(b)) + pen(m) = — Z[dm’j (0))* + pen(m)

with
1 In?®(7m) B ™ du
pen(m) = o (ﬁ ;ZZ2> (1 + —(wm)(l e + C(m,55)> A(m), A(m)= 2/0 TEOIE
where
(21) fi(x) = ;(Laplace), fi(x) = exp(—lsg %) (Gaussian)
1+ 255 74 2"

or, for the log-x?(1):

(22 f2le) = S2 OO 4 i + C + In(2))

Nz

and C'(m, s.) = 0 if g1 is Laplace,
2
C(m,se) = g(ﬂm)%ag if £1 is Gaussian, C(m,s.) = mmse  if &1 ~ In(x*(1)).

Let us mention that the Fourier transforms fX above correspond to the densities
o f-(z) = exp(—Vv2|z|/sc.1)/(V25e.1) for the centered Laplace with variance séb
o f(x)= exp(—xQ/(ng’G))/(\/ 27s. ) for the N (0, SE’G),
o fo(x) = K(z —In(2) — C) where C denotes the Euler constant and K(x) =

(1/v/27) exp((z — €¥)/2), for the centered log(x?(1)) distribution with variance
Sex =T/V2.
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Laplace € logx?(1) € Gaussian €
n= 1000 5000 1000 5000 1000 5000
b1 0.0831 0.0215 0.036 0.00523 0.0781  0.0194
b2+ 07 9.24 1.22 1.2 0.0603  8.95 1.2
o3 7.65 1.05 0.428  0.0744  8.01 1.32
by 2.73e-4 6.52¢-05 2.8¢-4 6.12-05 2.6e-4  6.04e-05
b3+ 03 1.03e-4 1.89e-05 1.56e-4 2.47e-05 1.2le-4d  2e-05
03 6.75e-05 1.29e-05 9.76e-05 1.74e-05 7.93e-05 1.36e-05
by 0.00383 9.45e-4 0.00459 0.00103 0.00447  8.49e-4
b2+ 02 0.00406 0.00114 0.00447 0.00142 0.00416 0.00114
o2 0.00296 8.39e-4 0.00324 0.00106 0.00296  8.96e-4

FIGURE 1. ASE for the estimation of bg and (09)2, j =1,2,3 given in (20),
for 100 replications of the estimation procedure.

The penalties are calibrated so that we recover standard orders m/n when s, — 0.
Indeed, setting s — 0 amounts to set the convolution noise to zero and is a limit case
where X; would be observed.

Moreover, the penalties correspond to the variance order A(m)/n, with no loss for
Laplace errors, with a loss of order m for the log x?(1) case (where § = 1) and a loss of
order m? in the Gaussian case (§ = 2), see formula (11). The common term In?(7wm) is
an additional adjustment for small m’s, which has no asymptotic weight compared to the
other terms.

For the estimation of f, the same procedure applies with

e the function ¢z replaced by fi(z) = (1/n) 37_, €%,
e the factor (1/n) > 1. Z? in the penalty replaced by 1.
For the estimation of ¥, the same procedure applies with

e the function ¢z replaced by
1 n
- V 72 2\
P72(x) n ;( i1 — S2)e

e the factor (1/n)Y " Z? in the penalty replaced by (1/n) Y " (Z2 — s2)2.

In the three cases, we select the three values of m among 125 values ranging from
101In(n)/(mn) to 10 and of course, they are not the same in general.

5.3. Simulation results. Let us present the results of our simulation experiments.

First, we performed a Monte Carlo study which is reported in Table 1. For each sim-
ulation, we compute the average squared error (ASE) at 101 grid points of our adaptive
estimator and average these ASEs over 100 replications. It must be noticed that we give
here the results for the functions b%a?, so that the ASE’s can be compared in function
of the distribution of the noise e. We can see that, as already noticed in the density de-
convolution setting, there is little difference between Laplace, logx?(1) and Gaussian ¢;’s,
in spite of the difference between the theoretical rates. Moreover, it appears clearly that
increasing the sample size leads to noticeable improvements of the results.
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FIGURE 2. True curves: by (left), b? + 07 (center), o7 (right) in dotted-bold
and 20 estimated curves, n = 1000, £ Laplace.

FIGURE 3. True curves: by (left), b3 +02 (center), o2 (right) in dotted-bold
and 20 estimated curves, n = 5000, ¢ logx?(1).

Figures 2 to 6 illustrate our results in the three cases of couples (bj,ajz) given in (20)
with rescaling for logx?(1) errors e. The true curves are bold dotted and are given together
with 20 estimated curves. This set of twenty estimated curves shows, in each case, that
the confidence band around the true function has very small width. Moreover, in all cases,
and for all the noise distributions, the estimation are very good. With the financial setting
in mind, we took samples with large sizes n = 1000 or n = 5000 which are clearly good
sizes for nonparametric estimation.

We can see that b and b? 4 o2 are well estimated by the ratio strategy. The extraction
of 02 sometimes suffers from scale problems (if 0 is much smaller that b? or if both are
very small). In particular, we plot ¢ with the same vertical scale as b + o2 to take this
into account.

We can therefore conclude that the method we propose is very precise to estimate b and
b2 4 o2, and can give an interesting idea of the shape of 2.
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FIGURE 4. True curves: by (left), b3+ 03 (center), o3 (right) in dotted-bold
and 20 estimated curves, n = 1000, £ Laplace.
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FIGURE 5. True curves: by (left), b3+03 (center), o3 (right) in dotted-bold
and 20 estimated curves, n = 5000, logx?(1)-case.

6. PROOFS

6.1. Proof of Proposition 3.1. We use the following decomposition: v, (t) = Vq(ll)(t) +

2 (t) + ) (t) with

1< . 1 < .

(23) vD(t) = ™ > enpau; (Zk), viP(t) = - > & (Xe)ui (Ze),

k=1 k=1

1 n
@) (4) = = * _
(24) vy () = > O(Xp)u; (Zi) = (t,0).
k=1

Here the terms V7(«Ll) and yy(?) can be kept together and benefit from the uncorrelatedness

(3)

of the variables involved in the sums. The term vy’ involves dependent variables. Then
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—0.1}

4 o3l
_o.2|F

—0.3+ s o2k
¥

—o.al

—0.5

—_o0.6 L " o
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FIGURE 6. True curves: bz (left), b3+ 03 (center), o3 (right) in dotted-bold
and 20 estimated curves, n = 5000, Gaussian ¢.

we find
Var([v, (om,j)] < 2Var [V,(ll)(cpm,j) + 1/7(12)(g0m7j)} + 2Var [V,(lg) (cpm,j)} )

The first variance involves uncorrelated and centered terms and leads to

Var % Y (e + o (Xi)&iv)u, (Zz')] = % > E((s2 + o® (X)), (Z0)]]
=1 i=1
so that
82 0'2 m
S Var [0 (6mg) + D (o) = + S Bl(E A (X)), () = CEHHTEDIAM),
j€L J€Z

We use here the following useful property of our basis (resulting from a Parseval’s formula):

Vo e R, fu, (2)P = A(m),
J

where A(m) is defined by (11) and the ug, (x) are just rewritten as Fourier coefficients.
For the second term, we use the standard tools specific to the S-mixing context (namely
Viennet’s (1997) covariance Inequality) and we can easily prove the following Lemma:

Lemma 6.1. Under Assumptions A1-A3, and if E(b*(X1)) < 0o and Y, kB(k) < +o0,

then
5 Var (v () < BE2(00) 20 4 2K

JEZ "
where K = \/2 S0k + DBRE® (X)),

The result of Proposition 3.1 follows. O
Proof of Lemma 6.1.

1 - * ]‘ * *
Var (V;})((pm)) =~ > Var (b(Xk)u%j(zk))Jrﬁ > cov(B(Xp)uh, (Zk), b(X)ub, (Z)).
k=1 1<k#I<n
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Then
1

B0, (2) = 5 [ BOCG)ES)g, (~a)de = (b, ms) =BG (X))

and note that, for k # [,

E((Xi ), (2N, (Z) = - / / (XD b G ()t (0)dady
= 1)O(X1)m,j (X ) om,; (X1)]-

Therefore,

( Zb (Xp)u Zk)> < %Var(b(Xl)u;myj(Zl)) + Var <% Zb(xk)wm,j(xko .
k=1

The last term requires a covariance inequality for mixing variables (Delyon (1990), Vien-
net (1997), Theorem 9.1 in the appendix) and uses the fact that the X;’s are §-mixing
with coefficients (k).

> | 3 HK X )| <X [ @enstet s < 5 [ o

JEZ
where (3 is a nonnegative function such that E(87(X)) < p) ;5(k + 1)P=13(k) and by
using that || >, |©m.;|?()]lec = m. Therefore if E(b*(X1)) < co and 6 > 1, then

4m\/2 > ksolk + 1)B(R)E(D (X))
Var b(X)om,j( < - :
5= vor 13 03 2

Moreover ., Var (b(Xl)u:;mJ (Zl)> <E (bQ(Xl) > iU, (Z1)) ) so that

3 %Var (b(Xl)u:;m’j(Zl)> - E(b2(X1))A(m)’

- n
JEZ

which gives the result. O

6.2. Proof of Theorem 3.1. The proof could be sketched as follows. Let us define for
m,m' € My, B(0,1) = {t € Sy, [|t]| = 1} and By, 1y (0,1) = {t € Sy, + Sy, [|E]] = 1}
Under the definition of 7, Vm € My, yn(fs) + pen(i) < vn(lm) + pen(m). For all
functions s and t, v, (t) — Yn(s) = ||t — £]|> — ||s — €]|* — 2v,(t — 5), and

Wby — ) < —Hém —ln|?+4  sup  LA(1).
4 t€Bon.1n (0,1)

Thus, we obtain, as || — €2 < 2|0 — £)|? + 2|[€m — £|| that

|m — €] + pen(m) + 4 sup  v2() — pen(in).

1 .
(25) —ls —£)* <
2 t€Bun.1n (0,1)

DN W
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Then we need to find a function p(m,m’) such that

S1Q

(26) E( sup Vﬁ(t)—p(mﬁ)) <
t€Bm, »(0,1)

which in turn will fix the penalty function through the requirement: Vm,m’ € M,,
(27) 4p(m,m’) < pen(m) + pen(m’).
Gathering (25), (26) and (27) will lead to, Vm € M,,

1_ /s NE: ) ic
- - < Z _ y
SE (Il — €12) < Sl — € + 2pen(m) + =

which is the result.
Now, if v, is split into several terms, deduced from the first decomposition given by

(23)-(24), say vp(t) = Z?:1 ?;1 V,gi’j)(t) where p; < 3, then, up to some multiplicative

constants, inequality (26) will follow from inequalities

E( sup [P0 - pijmm)| <=2,
t€ By (0.1) N

with ¢ = 937, .C;; and p(m,m’) = 937, ;p;j(m,m’). The study of the u,(f’j)(t) is
explained below.

(1)

First we split v,/ in two parts, so that both expressions involve independent variables,

) _ Vﬁbl,odd) + V’r(ll,even)

conditionally to (X): e where

1 % 1 *
vihem(t) = = Y egprauf (Zor), pbodd (1) = — > eansouf (Zarsr).

n n
1<2k<n 1<2k+1<n
Now, we shall study Vr(Ll’even) only since both terms lead to the same type of result. As

Talagrand’s Inequality requires the random variables involved to be bounded, we have an
additional step that allows to obtain the result under a moment condition on the ¢;’s:

Vr(ll,even) _ %(1171) + Vy(ll’Q) + y7(zl’3) with
1
@ == 3 [52k+11|52k+1|§n1/4uf(ZQk) — Ex(earrley, yj<maus (Zon) |
1<2k<n
1
v () =~ D Eleanrili,,,<ns) [H(Xor) = E(H(Xor))]
1<2k<n
and
1
1/7(1173) (t) = n Z [52k+1I|62k+1|>n1/4u;,k(22k) - E(52k+1I|62k+1|>n1/4u:(22k))} ’
1<2k<n

where Ex denotes the conditional expectation given (Xg)i<g<n+1. It is worth noticing

that 1/7(11’2) vanishes if the ¢’s are symmetric and V»,(ll’B) (t) is negligible under adequate

moment conditions on the €’s.
The following lemmas are proved below:
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Lemma 6.2.

3Q

E ( sup [Vfll’l)(t)]2 - plyl(m,m)> <

t€ B, (0,1) N

where p11(m,m’) = KE(e2)¥(m V m') where K is a numerical constant and W(m) is
defined by (11).

Lemma 6.3. If the process (X}) is geometrically 5-mizing (or arithmetically with 6 > 3),

then
E( sup [1/7(I )( )] — KE(|e1]) Z,B m+m>
teB, n

m,m(ozl)

IN

¢
-

Lemma 6.4. If E(c%) < +o0, and m,, is the largest value of m such that A(m,)/n <1,

then,
E( o [”9’3)“)12) SE( sup <u,<3’3><t>>2> < )
)

t€Bm,m (0,1 t€Bm,, (0,1) n

For the study of V,(LQ) (t), a result is given, whose proof is detailed in Section 8:

Lemma 6.5. Let 7,(t) = P (t) = (1/n) >y Ek+10(Xk)u; (Zy). Under the assumptions
of Theorem 3.1,

9

=1Q

E ( sup  [1,(1)]? —pT(m,ﬁ"L)> <

t€ B, (0,1) +
where p;(m,m') = kE(c?(X1))¥(m vV m').

For v/{Y (t) we write i) (t) = VT(LS’l)(t) + 32 (t) with

1 n n

D (t) = - > b(X)up(Z) = b(XUXR)], P2 () = = > (Xt XE) — (¢, 0],
k=1 k=1

1

3|

where b(X})t(Xx) = E(x)[b(Xy)u; (Zy)]. For & )(t) we can apply Talagrand’s Inequality
conditionally to (X), for 32 (t), we can use approximation techniques. More precisely,

using the same techniques as previously, we get
Lemma 6.6. If E(b%(X;)) < +oo, and (X;)ien is arithmetically 3-mizing with 6 > 14,
then

(3,1) ()12 R ¢
El sup [ @) —psa(m,m) ) <—,

t€ By 1 (0,1) ;. n

where p31(m,m’) = KE(b*(X1))¥(m VvV m'), and

E( s pBI0P - KEG) Yk + o) 22t <€
t€ By 1 (0,1) - n Lo

where k and k' are numerical constants.
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(3,1)

The proof of the result concerning vy, "’ follows the same line as the proof of Lemma
6.5, which is detailed in section 8 and is therefore omitted here. For 1/(3 2) , the bound can
be obtained directly by applying Talagrand’s inequality (see Theorem 9.2) to this process,
if b is bounded. As this is not assumed, we write b = by + by with by (z) = b(z)X ) <p1/4
and bo(z) = b($)1|b($)|>n1 2. This allows to split the process in two parts and consequently
to obtain the result under E(|b(X1)[®) < +oco and m,, < \/n, where m,, is the largest over
the m € M,, (a condition which is fulfilled in our problem).

Proof of Lemma 6.2. W

We apply Lemma 9.2 to process vy’ )(t) conditionally to the sequence (X)i<k<n. Given
the X;’s, the variables (Zog, €ox+1)k>1 are independent and we have, for m* =m VvV m/,

EX( sup (szl’l)(t)ﬁ)
tGBmym/(O,l)

2
1 * *

< ZEX o Z€2k+11\52k+1\§n1/4u¢m*1j(sz)—EX(52k+11\52k+1\§n1/4u<pm*7j(sz))

JEL 1<2k<n

1 *

< D5 D, Vax (52k+1I|e%+1|3n1/4“<pm*,j(Z%))

jez " 1<2k<n
<ZLZE51 Ty (Z)2
= n2 X 2]€+1 ‘52k+1‘gn1/4 (pm*’j 2k

jez " 1<2k<n

1
T o2 Z Ex 5314?-!-1I|€2k+1|§n1/4 Z(u;m*,j (Z%))Q S E(E%) = H,
1<2k<n jez

as || 3, [uf,,  ()P[loc < A(m) by using Parseval’s formula.
Next

sup [y1)y <oty (2)] < 04 Jup (oo < nt/A = M.
x?y

Lastly, following the same method as in Comte et al. (2006), Lemma 4, we get

1
. SuI,)(o 8 Z Varx (ax+11.,, , | |<ni/att; (Zor))

< s ZEe%mEx[(ut(Z% )?] < E(e3)v/Ba(m?)/(2), where

te€B,, ,,/(0,1) T

(28) - // fx(m fa my)

Then the usual bounds for Ay hold, namely, \/Ag(m*) < A(m*) if § > 1 and if § < 1,
VA (m*) /21 < kA(m*)/(m*)1=9/2 This gives v = c¢A(m*)(m*)~(1=0+/2,

Given that the orders are the same as in Comte et al. (2006) for v and H? and inserting
the slight difference on Mj, it can easily be checked that the conclusion still holds and

2
e (m(z —y))| dzdy.




22 F. COMTE, C. LACOUR, Y. ROZENHOLC

therefore the result of Lemma 6.2 follows. O

Proof of Lemma 6.3.

The result given in Lemma 6.3 is a standard result of density estimation for mixing
variables. We refer the reader to Tribouley and Viennet (1998) or Comte and Mer-
levede (2002), p.217.0

Proof of Lemma 6.4. Let ¢, = 6k1|6k\>n1/4'

1 *
E < sup )( nl 3) 2) < Zval" (ﬁ Z@kﬂ%;mn’j (Z2k)>
k

t€Bm,, (0,1 jez

= 3 Z Z\/ar <€2k+1u¢m (Zar) ) + ) covlemprtl,  (Zok), eairul,  (Za))

JEZ kil
E(e2)A(my,
< w + —~ ZE(63)2 Zcov((pmn,j(XQk)a Ormn.(Xa1))
JEZ k#l
E(e2)A(my,
< BDAO L5 bl ar (e300
JEZ k
RN A SR S

7. PROOF OF PROPOSITION 4.1.

We bound the expectations of the empirical processes involved in order to obtain the
bound of 3~y E(Zn(¢m,j)), using the decomposition 7, = Zf 1 79 with

n

s () = (1/n) Y [(0*(X) + 0% (Xi))uf (Ze) — (8, 9)]

k=1

(1) = (1/n) >he1 (G — Do?(Xp)uf (Zy,), o (1) = ke (eRyy — s2)up (Zk), and
PO () = (2/n) S0 k110 (X) +b(Xk)erst + 0 (Xp)b(Xp)Epi1]uf (Z4). But it is clear

that 75" is the same process as ) with b(X}) replaced by (b? + 02)(X},), that 72 is of
the same type as yy(?) with o(X%) replaced by ¢2(X}) and &1 by fgﬂ — 1. Next, 57(13)

corresponds to 1/7(11) with €41 replaced by 5% 1 s2. Lastly

SEEGn)] = = 3 Elleaban(Xa) +H(X0)e + (06)(X1)E@) (2
JEZL JEZL
< 2B op62(x))) + BE2(X0)(2 + o%(X0))))-

n

The last step is to gather the terms.O
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8. PROOF OF LEMMA 6.5

If t = t1 +to with ¢; in S, and ¢ in S,,/, then ¢ is such that ¢t* has its support included
in [—7 max(m,m’), 7 max(m, m’)] and therefore ¢ belongs to S,,» where m* = max(m, m’).
We recall that By, v/ (0,1) = {t € Sy~ / ||t]| = 1}. Denote by

(29) HZ(m,m') = (n7! Z@Ha A(m*)/n,
and let 02 = E(£2)E(0?(X)) = E(0?(X1)). We have
H2 (m,m') = (n~! Z@m — 02)A(m*)/n + a2 A(m*) /n,

which is bounded by H; (m,m’) + H; 2(m,m’) where

A(m*)

Hr1(m, _1Zfz+10 ) = O 157 €2, 02(X0) o2 [>02/2}
and H,.o(m,m’) = 302A(m*)/(2n). We infer that 7,(t) = 75" (t) + 72 () with

() = 3 G0 () [0 (Z) — (XD 7D () = 3 6o (X)X,
k=1 k=1

and
B sup () — pelm,m));
tEBm,m/ (0,1)

2 sup |5V (6)]7 — 2(1 + 26*(m, m'))H} (m, m')] 1
teB,, ./ (0,1)

+2E[  sup  [r P (0)* — 6pa(m, m)]+
tGBm,m/(O,l)

FE[A(L + 262(m, m') H2 (m, m') + 12pa(m, m') — p, (m.m')

IN

where e(m,m’) = 1if 0 < § < 1/3 and e(m,m’) = C(f.)(x(m v m/))/2=(1/2=0/2)+ (gee
Comte et al. (2006)) and

m*

(30) p2(m,m') = E(o*(X1))—

n
Clearly, p2(m,m’) is negligible with respect to p,;(m,m’) (compare their orders in m*), so
that for simplicity we consider that (12pa(m,m’) — p,(m,m’)/2); < C/n.

(31) E[4(1 + 262(m7 m/))qu_(m, ml) + 12py (ma ml) - pT(m? ml)]+
< 4(1 + 22 (m, m"))E|[H,. 1 (m, m")| + E[4(1 + 2¢*(m, m"))H, 2(m,m) — pr(m,m’) /2] ;.
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Since we only consider values of m such that the penalty are bounded by some constant
K, we obtain that for some p > 2, E|H ;(m,m’)| is bounded by

‘_Z@HU - ‘I{n‘llZz 184 10%(Xi)—03)[>07 /2}

_1 Z 52—{—10— — 0 ‘p

Moreover, we shall see below that e(m, m’) is constant (if 6 =0 or 0 < 0 < 1/3) or at most
of order (In(n))® (if & > 1/3). According to Rosenthal’s inequality (see Rosenthal (1970))
generalized to the mixing case (see Doukhan (1994) and Inequality (34) recalled in Lemma
9.1), we find that,

Eln *Zw ) = 2P < C'(p. &, 0(X)) (0P n P2

< C2P7'E || Jo2P=1),

Now, Assumption A1(1)—A5 implies that v > 1/2, therefore |M,| < /n if § = 0
and has logarithmic order if 6 > 0 and thus, choosing p = 3 leads to ) ,cr. E[(1 +
2e2(m,m/))Hy1(m,m’)| < C(&,0(X))/n, where C(£,0(X)) is a constant depending on
the moments of £; and o(X7). In particular this requires that £ admit a moment of order
8.

The last term of the inequality (31) vanishes as soon as

pr(m,m’) = 8(1 + 22 (m, m’))H, 2(m,m") = 12(1 + 2¢*(m, m’))E(c*(X1))A(m*)/n.
For this choice of p;(m,m’), we obtain that

E[  sup [ma(t)]” — pr(m, )]+
tGBmyfn(O,l)

< 2) B[ sup  (n7' ) &o(Xi)(up(Z) — (X)) 2(1 + 2¢* (m, m'))HE (m, m)]
=1

m/eM,, 1EBm ms(0,1)
C
+2 Y B[ sup [P (B — 6pa(m,m))] + —.
m/EMp, E m,m/ (071) n

Then we apply the following Lemma.

Lemma 8.1. Under the assumptions on the model, if E|&]® < co and E(08(X1)), then
for some given € > 0:

" 2
Y E sup | (% > Gno(Xi) (uf(Zi) - t(Xz‘))) — 2(1 4 2¢*)H2 (m, m’)
) =1

m'EMn, GBm,m/ (O 1 N

02Xol9(m*) 9 A(m*) In*(n)\ 1
<K == - —Koe* ————— 1+ ——) -
A & mg\/l [ n exp( * A21“2(771*))] +< Y )n ’
where Ag is a constant, T'y(m) is defined by
(32) Da(m) = (m)* (/252,05 xp oy (mm)’)
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and K1 and Ky are constants depending on the moments of £ and o(X).

Moreover, it also follows from Baraud et al. (2001) and Comte and Rozenholc (2002),
(2)

that the process 7, ’ is a standard process of the auto-regressive context and satisfies, for
p2(m, m’) defined by (30),

2 Y E[ sup [|rP (1) = 6pa(m,m/)]s <
m' EMp GB 1(0,1)

m,m

S

We denote by

Kla 2 A(m) KlUQ)\QFQ(m) (1/2—68/2)+
A T —-K = a
(m) = - Aol'o(m) exp ( 9€ T () - exp( Ko€?m )

The study of A(m*) is standard in deconvolution (see Comte et al. (2006)) and leads to
choose €2(m,m’) as a constant if § < 1/3 and of order m®~(1/2=9/2)+ if § > 1/3, to ensure
that > crq, A(m*) is less than C/n.

With p,(m,m’) given in Lemma 6.5, by gathering all terms we find the result. O
Proof of Lemma 8.1.
We work conditionally to the (&, X;)’s and E x,¢ and Py ¢ denote the conditional expec-
tations and probability for fixed &1, ..., &0, Env1, X1y -, X

We apply Lemma 9.2 with f;(&;, Xi, Z;) = &i+10(Xi)uf(Z;), conditionally to the &’s
and X;’s to the random variables (§2, X1, 21),..., (&nt1, Xn, Zpn) which are independent
but non identically distributed since the ;’s and the X/s are fixed constants.

Straightforward calculations give that for Hy(m,m’) defined in (29) we have

EXel sup  n7') Guao(X)(uf(Z) — t(X0)] < HZ(m,m).
t€B,, (0,1) -1

l * * :
Let P)(m) = Exeluf, (Z)uf, (=2)). Write
1/2

sup ZVarxg G10(X)uy (Z1) < %2511102()(1) Z\P(l)

1€ By, (0,1) T =1 jkez

We argue as in Comte et al. (2006). Let recall that Ay(m) is defined by (28). We have
As(m) < A3T3(m), with Iy defined by (32) and As = Aa(v, Ao, &, 1, [|f2]). Now, write P!

e—txj—iyk zmm ¥ X *(_
Pm) = 2 [ e EDE ) e — )y

By applying Parseval’s formula we get that >, \P(l) (m)|? equals Ay(m). We now write

that

suPep, (0.0) (0 200y Varx e(&io(Xui () < (n! 300, 624107 (X0)) Aela(m*),

and thus we take v, (m,m’) = (n! Yoy fz+10 ( Z)))\QFQ( *). Lastly, since SUPsep, (0,1) Il ftlloo <

2max1§i§n ’fi—i—lU(Xi)‘\/A( * , we take MLT(m,m’) = 2max1§i§n \§i+10(Xi)\\/A(m*).




26 F. COMTE, C. LACOUR, Y. ROZENHOLC
By applying Lemma 9.2, we get for some constants k1, ka2, K3

Exel sup  vhi(t) —2(1 + 2¢%)H7],

teBm,m’ (011)
W? ) A(m)
<K E o UL
- A ey
) S &2 ,0%(Xy)
_|_A(T721 )(max fzﬂaz(Xi))exp _ KyeC(e2 \/ 1541

n? C1<i<n max; |§l+1a(X )|

)

To relax the conditioning, it suffices to integrate with respect to the law of the (§;41, X;)’s
the above expression. The first term in the bound simply becomes:

02 Mol (m*) exp|— ke A(m*) /(Ao La(m*))]/n.

The second term is bounded by

¢zz 1 E210%(X0)

InaX1<z<n ‘ferlo'(X )‘

A(m*)
)

(33) E | (max &4 10(X;)|?) exp | —rzeC/(€2

Since we only consider integers m such that the penalty term is bounded, we have
A(m)/n < K and the sum of the above terms for m’ € M,, and |[M,,| < /n is less than

VI €t

maxi<i<n [§i4+10(X;)|

K
ﬁE <1r£1a<x §H_102(Xi)) exp | —kzeC(€?)

We need to study when such a term is less than ¢/n for some constant ¢. We bound
max; |§410(X;)| by me , on the set {max; |§;110(X;)| < m¢,} and the exponential by 1
on the set {max; |¢;410(X;)| > m¢,} and by denoting pe = r3eC(€?), this yields

1<i<n maxj<i<n §i+1o- (XZ)

E

9 \/Z?:1 51‘2+102(Xi)

< mf,aE eXP(—Me me ) +E <11’£1a<X £l+102(Xi)I{max1§i§n |£¢+1U(X¢)|>m§’g}>
N

E (exp(—pueyfno2/(2m2,,))) + P (r% S €20%(X,) — o2 ﬁm)]
=1

(X))

IN

2
Me o

+mg UE( max |€ir10(

IN

mg,aeiﬂéﬁﬁ/(ﬁmf’”) + mZU?pU;?PE <

1 n
LS et - o2
=1

—|—m§ UE( max ’51—}—10 Z‘)’T+2).
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Again by applying Rosenthal’s inequality (see Lemma 9.1), we obtain that

E | max &, 10%(X;)exp (—He Do &0 (j@)]

1<i<n maxi<;<n §i+10'

X
< mgae—ﬂe\/ﬁm/(\/ﬁmm) + mg,ac(p’ ‘i’;( ) [n+ np/2] + nE(|£20(X1)\T+2)ng;

also bounded by
mg’ge—ue\/ﬁaf/(\/ims,o) + C,(p, 57 O'(X))mg,a [nl—p + n—p/2] + nE(|§1|T+2) (‘O’(Xl)‘T+2) { .

Since E|¢1[8 < oo, we take p = 3, ¢ = 4in Lemma 9.1, r = 4, m¢ , = 0,6C(e?)r3/n/[2/21n(n)]
and for any n > 3, and for C; and Cs some constants depending on the moments of £ and
o(X), we find that

n 5 .
E <max §z+10-2(Xi)> exp —I€3€C(62) Z ’Si+102(Xz)

2
1<i< = MaXi1<i<n 5i+1‘72(Xi)

4

< i e In®(n) L

Then the sum over M,, with cardinality less than y/n of the terms in (33) is bounded by
C(1 +1In(n)*/y/n)/n for some constant C, by using again that A(m*)/n is bounded. O

9. APPENDIX

As a reminder, some definitions and properties related to S-mixing sequences are given
in this section. Let (€2, .A4,P) be a probability space. Let Y be a random variable with
values in a Banach space (B,|| - ||p), and let M be a o-algebra of A. Let Py|r( be a
conditional distribution of Y given M, and let Py be the distribution of Y. Let B(B) be

the borel o-algebra on (B, || - ||g). Define now g(M,c(Y)) = E(supAeB(X) [Py am(A) —

Py (A) ]) The coefficient (M, o(Y")) is the usual mixing coefficient, introduced by Volkon-

skil and Rozanov (1960). Let X = (X;);>1 be a strictly stationary sequence of real-valued
random variables. For any k& > 0, the coefficients (x 1(k) are defined by fx1(k) =
B(o(X1),0(X14%)), Let M; = 0(X,1 < k <i). The coefficients fx (k) are defined by
/BX,oo(k) = SUP;>1,>1Sup {ﬂ(MZa U(Xilv <. 7Xil))7i +hk<ip<-- < Zl} ’

In the paper, we do not distinguish between the two types of mixing and denote the
coefficients of the process X by [(k) or Bx (k). It is implicit that when only covariance
inequality are involved, then the milder mixing 8x 1(k) is required, and we shall assume
that stronger Ox (k) mixing coefficients are used in the general case.

Now, a Rosenthal-type inequality for mixing variables can be deduced from Doukhan (1994),
Theorem 2 p.26 and the following result holds:

Lemma 9.1. Let (Y)1<k<n be a sequence of centered and stationary [(3-mizing variables
with coefficients B(k), admitting moments of order r + 1 and r > 2, then if

dec € 2N,c > r, such thatZ(k + 1)0726(k)ci71 < 400,
k>1
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we have the bound
1 n
~> Y
n
k=1

We also use Delyon’s (1990) covariance Inequality, successfully exploited by Vien-
net (1997) for partial sums of strictly stationary processes.

Theorem 9.1. (Delyon (1990), Viennet (1997)) Let P be the distribution of Zy on a
probability space X, [ fdP = Ep(f) for any function f P-integrable. For r > 2, let
L(r, 3, P) be the set of functions by : X — RT such that

by = Z(l + 1)7“721)1’2 with 0 < bl,Z <1 and Ep(blyz) < ,Bz(l)
1>0
We define B, as By = Y 5o(l + 1)"287(l). Then for 1 < p < oo and any function
bz in L(2,5,P), Ep(bt)) < pBpi1, as soon as Byi1 < oo. The following result holds
for a strictly stationary absolutely regqular sequence, (Z;)icz, with B-mizing coefficients
(Bz(k))k>0: if By < 400, there exists by € L(2,3,00) such that for any positive integer n
and any measurable function f € Lo(P), we have

(34) E < C(’I“) {nlfr[ED/ﬂTJrl]r/(rJrl) + nfr/2[(E|}/l|3)]r/3} '

Var (; f(Zi)> < AnEp(by f2) — 4n / by (2) f2(2)dP ().

Lastly, we recall the version of the Talagrand inequality that is required in the paper.
Mention must be made that it is valid for independent but non necessarily identically
distributed random variables, which is useful here when we work conditionally to one or
two of the sequences.

Lemma 9.2. LetY1,...,Y, be independent random variables, let vy y (f) = (1/n) > [f(Yi)—
E(f(Yi))] and let F be a countable class of uniformly bounded measurable functions. Then
for €2 >0
4 (v 2nH2 98M7 2K C(Henn
E Wy (2 =201 22H2} < = (Ypmens P00 T
]Sc‘elg"/ v ()l (1+2¢%) LS R + Kin2C2(&2)° R
with C(€?) =V1+ €2 —1, K3 = 1/6, and

1
sup || flloo < M1, E[sup vy ()] < H, sup = 3" Var(£(Vi)) < v.
feF feF fermn el

This result follows from the concentration inequality given in Klein and Rio (2005) and
arguments in Birgé and Massart (1998) (see the proof of their Corollary 2 page 354).
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