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HYPERBOLIC EISENSTEIN SERIES
FOR GEOMETRICALLY FINITE
HYPERBOLIC SURFACES OF INFINITE VOLUME.

THERESE FALLIERO

ABSTRACT. Let M be a geometrically finite hyperbolic surface of infinite volume. After
writing down the spectral decomposition for the Laplacian on 1-forms of M, we generalize
the Kudla and Millson’s construction of hyperbolic Eisenstein series (Invent Math 54:199-
211, 1979) and other related results (see theorems 3.1, 4.2, 5.1).

INTRODUCTION.

The spectrum of the Laplace-Beltrami operator for a compact Riemann surface is discrete,
it is no more the case when M is not compact. For example when you withdraw one point
from M, it appears a continuous part in the spectrum whose spectral measure is described
by an Eisenstein series. The study of the limiting behavior of the spectrum of the Laplace-
Beltrami operator for a degenerating family of Riemann surfaces with finite area hyperbolic
metrics have been used to explain this apparition (see for example [22], [15], [13]) and one
of the motivation of this paper is the interest in a question of L.Ji in [15], p.308, concerning
the approximation of Eisenstein series by suitable eigenfunctions of a degenerating family of
hyperbolic Riemann surface. We hope to surround it via hyperbolic Eisenstein series (for
results on degenerating Eisenstein series see, for example [18], [19], [8], [9]). What we really
do here is to develop the suggestion in [17], to construct hyperbolic Eisenstein series and
harmonic dual form in the infinite volume case: in this context we verify the convergence of
hyperbolic Eisenstein series and the fact that it permits to realize a harmonic dual form to a
simple closed geodesic on a geometrically finite hyperbolic surface of infinite volume (theorem
3.1) and in a similar way of an infinite geodesic joining a pair of punctures (theorem 4.2).
We obtain a degeneration of hyperbolic Eisenstein series to horocyclic ones (theorem 5.1 and
corollary 5.2):

Theorem 0.1. Let (S)); a degenerating family of Riemann surfaces with infinite area hyper-
bolic metric and €., = Y the hyperbolic Fisenstein series associated to the pinching geodesic
¢;. For Res > 0, the family of 1-forms F%Ql(s, m(.)) converge uniformly on compact subsets

r(1+%
of So to %Im&x,(s—l— 1,.).

1. PRELIMINARY DEFINITIONS

Let us recall the standard analytic and geometric notations which will be used. In this
paper a surface is a connected orientable two-dimensional manifold, without boundary unless
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otherwise specified. We denote by H the hyperbolic upper half-plane endowed with its
standard metric of constant gaussian curvature —1. A topologically finite surface is a surface
homeomorphic to a compact surface with finitely many points exised and a geometrically finite
hyperbolic surface M is a topologically finite, complete Riemann surface of constant curvature
-1. We will require that M is of infinite volume, then there exists a finitely generated, torsion
free, discrete subgroup, I', of PSL(2,R), unique up to conjugation, such that M is the
quotient of H by I' acting as Md&bius transformations, I' is a fuchsian group of the second
kind and I' has no elliptic elements different from the identity. The group I' admits a finite
sided polygonal fundamental domain in H. We recall now the description of the fundamental
domain of M = T'\H (see [1]). Let L(I') be the limit set of I" and O(I') = RU {oo} — L(I").
As L(T") is closed in R U {oo}, O(T") is open and so can be written as a countable union of
O(T') = UaeaOy where the O, are disjoint open intervals in R U {oo}. Then let I'y, = {7 €
F,V(OCV) = OCV}

This is an elementary hyperbolic subgroup of I'. The fixed points of ', are exactly the end-
points of On. There is a finite subset {a(1),a(2),...,a(ns)} C A so that, for a € A, O, is
conjugate to precisely one Oy j) (1 <j <ny). Let Ay be the half-circle, lying in H, joining
the end-points of O,. Let A, be the region in H bounded by O, and A,. The A, (o € A)
are mutually disjoint.

Let P be the set of parabolic vertices of I', and for p € P let I'), be the parabolic subgroup
of I fixing p. There is a finite subset {p(1),p(2),...,p(n.)} C P so that I', is conjugate to
precisely one T',;) (1 < j < n.). A circle lying in H and tangent to OH at p is called a
horocycle at p. We can construct an open disc C), determined by a horocycle at p € P so
that:

(i) if p, g€ P,p # q,then C,NCy =10,

(i) g(Cp) = Cg(p) (gel),
(7i1) CpﬂAQZV)(pGP,OzGA).

If we consider the set H — (U,cp Cp U Upea Do), we see that it is invariant under I'. We
can find a finite-sided fundamental domain D for the action of I' on this set; D is relatively
compact in H.

Proposition 1.1. There is a fundamental domain D for I' of the form
n C
D = K*UU;L Doy Ups, (k)

where

1) K* is relatively compact in H.

2) Dy is a standard fundamental domain of T'n(jy on Aqj)
3) D;(k) is a standard fundamental domain for T'py on Cpyay.

We should note that p # 0 if and only if ' is of the second kind.

The Nielsen region of the group T is the set N = H — (UaealAq), the truncated Nielsen
region of ' is K = N — (UpepC,), K = T\ K is called the compact core of M. So the surface
M = T'\H can be decomposed into a finite area surface with geodesic boundary N, called
the Nielsen region, on which infinite area ends F; are glued: the funnels. The Nielsen region
N is iteself decomposed into a compact surface K with geodesic and horocyclic boundary on
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which non compact, finite area ends C; are glued: the cusps. We have M = KUCU F',
where C =C1U...UC),, and F = Fj U ... U Fy,.

A hyperbolic transformation 7' € PSL(2,R) generates a cyclic hyperbolic group (T'). The
quotient C; = (T')\ H is a hyperbolic cylinder of diameter | = I(T"). By conjugation, we can
identify the generator T with the map z — €'z, and we define I'; to be the corresponding
cyclic group. A natural fundamental domain for T'; would be the region F; = {1 < |z| < €!}.
The y—axis is the lift of the only simple closed geodesic on C}, whose length is [. The standard
funnel of [ > 0, Fj, is the half hyperbolic cylinder I',\ H, F; = (R"), x (R\Z), with the metric
ds® = dr? + 1% cosh?(r)da?.

We can always conjugate a parabolic cyclic group (T') to the group I', generated by z +— z+1,
so the parabolic cylinder is unique up to isometry. A natural fundamental domain for I's
is Foo = {0 < Rez <1} C H. The standard cusp C is the half parabolic cylinder I'oo\ H,
Coo = ([0,00]); x (R\Z), with the metric ds® = dr? + e * dx?. The funnels F; and the cusps
C; are isometric to the preceding standard models. We define the function r as the distance
to the compact core K and the function p by
(r) = { 2¢7" inF

p e” inC
We will adopt (p,t) € (0,2] x R/[;Z as the standard coordinates for the funnel F};, where ¢ is
arc length around the central geodesic at p = 2.
For the cusp our standard coordinates (p,t) € (0,1] x R/Z are based on the model defined
by the cyclic group I'ss. The cusp boundary is y = 1, so that y = ¢” and p = 1/y. We set
t =z( mod Z).

2. HYPERBOLIC EISENSTEIN SERIES ON A GEOMETRICALLY FINITE HYPERBOLIC SURFACE
OF INFINITE VOLUME.

2.1. Return to Kudla and Millson hyperbolic Eisenstein series’ definition. In the
following, M will denote an arbitrary Riemann surface and L?(M), the Hilbert space of
square integrable 1-forms with inner product

1 _
(wi,wz) = = wy A *¥Wy,
2Jm

and correspondig norm ||.|[.
Let ¢ be a simple closed curve on M. We may associate with ¢ a real smooth closed differential

n. with compact support such that
/ w = / wAnNe,
c M

for all closed differentials w. Since every cycle ¢ on M is a finite sum of cycles corresponding
to simple closed curves, we conclude that to each such ¢, we can associated a real closed
differential n. with compact support such that (2.1) holds.

Let a and b be two cycles on the Riemann surface M. We define the intersection number of

a and b by
a.b:/ Ng N\ N .
M
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In [17], Kudla and Millson construct the harmonic 1-form dual to a simple closed geodesic
on a hyperbolic surface of finite volume M in terms of Eisenstein series. Let us recall the
definition:

Definition 2.1. Let n be a simple closed geodesic or an infinite geodesic joining p and q. An
1-form « is dual to n if for any closed 1-form with compact support, w

/w/\a:/w.
M n

Or equivalently: for any closed oriented cycle ¢, we have

(1) /c/a:n.cf.

Kudla and Millson construct a meromorphic family of forms on M, called hyperbolic
Eisenstein series associated to an oriented simple closed geodesic c¢. Let ¢ be a component of
the inverse image of ¢ in the covering H — M and I'; the stabilizer of ¢ in I'. The hyperbolic
Eisenstein series are expressed in Fermi coordinates in the following way for Re s > 0:

&) 0ufs.2) = 0a.2) = 7 IZ\:F”H?W
with
1 1 s
o) (5)r(+3)
r <1 + g) '

By applying an element of SL(2,R) we may assume ¢ is the y— axis in H and that T'; is

generated by v : z — elz. The Fermi coordinates (z1,x2) associated to ¢ are related to

euclidean polar coordinates by
1
1

cosh x9

r = e

sinf =

At the end of their paper they do the remark that “it is also interesting to consider the infinite
volume case”.

2.2. The infinite volume case. We are going to verify that this definition retains a meaning
in the case of a geometrically finite hyperbolic surface of infinite volume, M = I'\ H.

Proposition 2.1. The hyperbolic Eisenstein series (s, z) converges for Res > 0, uniformly
on compact subsets of H, is bounded on M and represents a C* closed form which is dual
to c. Moreover it is an analytic function of s in Res > 0.

The proof in the infinite volume case is as straightforward as in these in the finite volume
case ([17], [10]), but for the convenience of the reader we give some details.

Lemma 2.1. Let K a compact of the fundamental domain D of T', there exists n > 0 such
that for all zo € K, (B(vz,1)),er,\r are disjoints.
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Let choose for fundamental domain of I';, Dy = {z € H : 1 < |z| < }. After passing to
ordinary Euclidean polar coordinates (r,#) we obtain with o = Re s:

1 1
19691 < 6] 2 Tty

1 o+1 1
0] > (%) %) = 59 2. o)

INAVS [v]eTr\TI',yz€D1

Moreover for all z € K: fB(z ) yotl % = Any(z)‘”‘l. We note as in [17]: R(T1,Ts) = {P €

Dy : Ty < x9(P) <Tp}. Sofor T >2n:

! 1 1 o+1
Tl @mna S ) 2 v 02

yeEM\Iyv2€R(=T,T) [y]el1\I',yz2eD1 —R(~T,T)

We need the following:

Lemma 2.2. Let v € T')\I', z, ( € H such that for vz ¢ R(-T,T), v¢ € B(yz,n) then
V¢ & R(=T+2n,T —2n).

Proof. As orthogonal projection P is 1- lipschitzien, we have d(Pvyz, Py() < d(vyz,7¢) <17 .
If zo(yz) > T :

T < d(yz, Pyz) < d(v2,7C) + d(v¢, PyC) + d(Pyz, Py(Q) .

Then
T —2n < d(v¢, PC) .
O
Then

o 1 orq dzdy
A I D VI M
vyel'1\I',vz¢R(—T,T) n vel\[,y2&R(—T,T) B(yzm) Y

< i/ o+1 dxdy

= Ay JRre(—rom,m—2n) y?

where R¢(—T" + 2n,T — 2n) is the complementary in D; of R(—T + 21,7 — 2n). Note that
if v2 ¢ R(—T,T) then y(vyz) <

, SO:

chT

IN

B
/8 /ch(T—Qn) o1
— Yo dy
Ay Jo

Afa <ch(TB— 2n)>0 '

From this follow the uniform convergence of (s, z) on compact subsets of H, uniformly on
compact subsets of the half plane Res > 0. We next show that Q(s, z) is bounded on D.
For this we use a ”very useful (and well-worn) fundamental lemma” (sic), see [14], p. 178,
[12], p.27:

> y 1 (v2)

y€T1\I'v2¢R(—=T,T)

IN
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Proposition 2.2. For any fuschian group T, there exists C(q,T"), such that for all z € H
y(y2)?
Y =i <Ca.T)
2 )
2 T+ =
The constant C(q,T") depending only of ¢ and T.

Let z € H, there exists a system of representant S of I'; \I" such that for all v € S, |yz| < 5.
Then:

UJFI o+1
<
Z\ 1_{_5 — Z\ 1+ |7Z| 2(o+1
>
(o+1)
= 1+|7Z| (o
< C(o+1,T)

and the result.
The fact that (s, z) is dual to ¢ follows straightly from the construction of Kudla and
Millson.

3. SPECTRAL DECOMPOSITION AND ANALYTIC CONTINUATION.

The aim is to realize the injection H! — H!, where H! is the first de Rham’s cohomology
group with compact support of M and H' is the space of L? harmonic 1-forms of M. Recall
that in our context dim H! = oo (see [2], p. 27).

We are going to prove, as in [17], the analytic continuation of the hyperbolic Eisenstein series.
The essential difference with the finite volume case is the spectral decomposition of L?(M).

3.1. Spectral theory. For any non-compact geometrically finite hyperbolic surface M, the
essential spectrum of the (positive) Laplacian Ay defined by the hyperbolic metric on M (the
Laplacian on functions) is [1/4,00) and this is absolutely continuous. The discrete spectrum
consists of finitely many eigenvalues in the range (0,1/4). In the finite-volume case one
may also have embedded eigenvalues in the continuous spectrum, but these do not occur for
infinite-volume surfaces. Then if M as infinite volume, the discrete spectrum of Ay, is finite
(possibly empty). The exponent of convergence § of a fuchsian group I' is defined to be the
abscissa of convergence of the Dirichlet series:

d = inf{s > 0, Z e U=Tw) o0}
Tell

for some z,w € I.

Let T" be a fuchsian group of the second kind and L(T") be its limit set, then 0 < § < 1 with
d > 1/2 if T" has parabolic elements. Patterson and Sullivan showed that § is the Hausdorff
dimension of the limit set when I' is geometrically finite. Furthermore, if § > 1/2, then
d(1—9) is the lowest eigenvalue of the Laplacian Ajs. The connection to spectral theory was
later extended to the case § < 1/2 by Patterson. In this case, the discrete spectrum of Ay,
is empty and ¢ is the location of the first resonance. For a detailed account of the spectral
theory of infinite area surfaces, we refer the reader to [1].
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3.2. Tensors and automorphic forms. This section introduces the notations used in the
following subsection 3.3, section 5. Let M be a Riemann surface of finite Euler characteristic
and carrying a metric ds? of constant curvature —1. let z be a local conformal variable and
ds? = pldz|?. Let TY denote the space of tensors f(z)(dz)? for q integer, on M. The covariant
derivative V sends T into T9® (T'@®T"') and can be decomposed accordingly as V = Viovs,
with V1 :T7 —» T @ T' = T4t V1 = p19p™1, Vy = p 10, Vi : T9 - T @ T = T4 1
The Laplacians A(‘; and A;l on T are defined by A;‘ = -V VY, Ay = —-V,1VY9 Thus
Ag = AB—L is the Laplacian on functions. The operators Aqi are non-negative selfadjoint. We
recall now the link between g—forms and automorphic forms of weight 2¢'. We make use of
the uniformization theorem. M may be realized as H\I', where H is the upper half plane
and « a discrete subgroup of PSL(2,R). Let I' € SL(2,R) be the groupe covering I under
the projection SL(2,R) — PSL(2,R). Using notably the notations in [11] and [7], let

Definition 3.1. Set

4 (cz+d)? cz+d vz \ 7 a b

]"/(Z) |CZ+d|2 cé+d |’}/,Z| Y c d S

Let F; be the space of all functions f : H — C with
fOr2) =3, (2)*f(2), veT,
and if D = I'\H is the fundamental domain of I', define the Hilbert space H, = {f €
Folf- ) = [p|f(2)]*du(z) < oo} with du(z) = df/;ly and the inner product (f,g) =
Jp f(2)g(2)du(z). Fy is isometric to T through the correspondance I:
T> f—=ylf.

Under this correspondence, the operators V¢, V1 go over to the Maasz operators L, : F;, —
Fo—1, Kq : Fy — Fyq41 according to the diagram

Te-1 L0 opa Vi qen
I I I

Lq Kq
qul — ]:q — ]:q+1

where Ly, = (Z — z)% —qand K, = (z — 2)% + g. We have also:

—2iy1+q 9

L _
027

— —-q —
q _K_q

9 .
K, = Qiylfqayq:L_q.

We note
_Lq+1Kq = _A2q + (I(q + 1)
—Kg-1Lg = —Ay+q(g—1)
with ) )
0 0 0
Ao, = 12 (= + —=) — 2iqy— .
2 = Y~ ( 52 0y2) lay5-

1Some authors called them of weight ¢ or —2¢q
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These second order differential operators are self-adjoint on F,. Furthermore the isometry I
conjugates Al with —Ag, + ¢(g + 1) and A, with —Ay, +q(q —1).

We are first interested in the case ¢ = 2. Let Ap;g the (positive) Laplacian on 1-forms on a
geometrically finite hyperbolic surface, Apig = dé+dd, 6 = —*xd* with * the Hodge operator.
In the following we note Ap;g = A. If w is a 1-form in the holomorphic cotangent bundle,
w = f(z)dz, then we define the image by the isometry I, I(w) = I(fdz) = yf(z) = f(2).
We have the relation: if yA(f dz) = —(Aq f )dz, in other words, with the preceding notations
A=AT.

3.3. Generalized eigenfunctions. We are going to give the spectral expansion in eigen-
forms of A; we use [7], [20], [1]. For a finitely generated group of the second kind, for each
cusp and for each funnel of the quotient there is a corresponding Eisenstein series, this is
what we are going to develop now.

Proposition 3.1. For Res > 0§, the kernel of the resolvent Gs(z,w,1) for the self-adjoint
operator Ay acting on the Hilbert space Lo o of automorphic forms of weight 2, is given by
the convergent series

(z,w,1) Z]“/ w)gs(z, yw, 1)
yerl’
—zT DI'(s—1
with gs(z,w,1) = —;U_; (s jl_ﬂz(;j) )J*SF(S + 1,5 — 1,550 1) and F is the Gauss
hypergeometric function.

For the funnel case, we identify 2z’ with the standard coordinates (p’,¢') in the funnel F},
and define

(3) Ejfl(s,z,t)— lim o' °Gy(z, 2, 1),
’ p'—0
for j =1,...,ns. In the cusp C}, with standard coordinates 2’ = (p,t’), we set
(4) E¢(s,2) = lim p/ °Gy(2,2, 1),
’ p'—0
forj=1,...,n
Let

P(z,¢) = Im(2)/|z — ¢[?
where z € H and ¢ € R be the Poisson kernel. For b € O(T') = RU {oo} — L(T") define the
Eisenstein series ([20], [3])

(z,8,k) = > §(1,2)" P(7(2),0)* (+(2), b)*
~yel’
where j(v,2) =7/(2)/|7/(2)] and (z,b) = (2 = b)/(z = b).
For the standard funnel F; which corresponds to the region Rez > 0 in the model C; =
I')\H, we have (see [7] p.200):
1 . s
1_—28El’f1(s,z,x’) = Z}l_r)rglﬁ/(lmz’) Gs(z,2',1)
4 T(s+1)I'(s—1)

- = Ey(z,5,1).
ir T(29) w(281)
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We note then f
E! (s, z,a
Ep(s,z,2") = M dz.
Y
Recall 3.1. Recall the definition of the classical Fisenstein series. The stability group of a

cusp a is an infinite cyclic group generated by a parabolic motion,

lo={yeTl:ya=a}=(7),

11
0 1
scaling matriz of the cusp a, it is determinated up to composition with a translation from the
right. The Fisenstein series for the cusp a is then defined by:

Ea(z,8) = Y ylog'v2)°

T\l

say. There exists 0 € SLa(R) such that o400 = a, 05 V404 = We call o4 a

where s is a complex variable, Res > 1.

An FEisenstein series of weight 2 associated to a cusp a is the 1-form, defined for Res > 1,
by:
E
Ea(s)= Y wlos 'y dlogtyz) = Pl g
JEla\ Y
with
Eai(s,2) =y Y ylog'v2)* " (03 '7)2) .
vEL\T

We now verify that it corresponds to the defining formula (4).
For the standard cusp, we write

;N czZ+d I ,
GS(Z7Z 71) - FZ\:F <CZ—|—d> Gs (")/2’72’ 71)7

where GL>=(vyz,2/,1) is the resolvent kernel of the standard cusp for automorphic forms of
weight 2. We use then [7] p. 155 (38), p.177 for Imz’ > Im~z, p. 172 (see also [1] p.72,
p.102) to conclude that

) - z+d\ (Imyz)* 1
l 1s—1 / 1 — o fd E .
Yo Gs(2,7,1) FZ\:F cz+d) 1-2s 1—2s e (52)

With the preceding notations we then have (see for example [7], [20]). For w = f(z)dz
square integrable, we have
m

wz) = YW )+

i=1

1

4mi

Ne +00
Z/ (w,E; (1/2 +it, ))E, (1/2 + it 2) dt +
j=177%°

nf 400 22
ﬁZ/ [/ f<w,5fj(1/2 +it, ., b))Ey, (1/2 + it, 2,b) db| dt.
. 1

j=1"7>°
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Remark 3.1. One can easily deduce the formula for an arbitrary square integrable 1-form

m

O(z) = fdz+gdz =Y () (2)+

i=1

4mi/+m 0, €0, (1/2 1 it ) (12 4 it 2) + (0 E., (1/2 4 it, ) 1), (1/2 + it, 2)_y dt +
nf +00 )\2
47”2/ / (0Ep (1/2 4 it, . D)Ey, (12 + it 2.0) + (€5, (1/2 + it . b)_1)Ep, (1/2 + it, z,b)_y dbd

dz. To simplify we will write

1 [T
Q2) = (), (2) + — / (O, &, (1/2+it, )+)Ec, (1/2 + it, 2) 1 dt +

1 [T

ami J_

)\2
[/ N85 (12 4 it b)L)Es (12 + it, 2, b)+ db| dt.
1

3.4. Harmonic dual form. We are now going to see
Proposition 3.2. The hyperbolic Eisenstein series . are square integrable.

Proof. We consider a fundamental domain D contained in {z,1 < |z| < €'} in which the
segment (i,7e!) represents the geodesic c. We note C = {z € D,d(z,¢) = A} and F\ =
{z € D,d(z,c) > A\}. Without loss of generality we can suppose that there is only one funnel
on M and no cusps. Let V) the volume of F\ — F),1 there exists a constant c¢; such that
Vi > c1(sh(A 4+ 1) — sh())). For Res =0 > 0,

[Q2(s, 2)|] = ||2(s, 2)|| < ’I‘Z\:I‘ cosh$2 )+t

Let n(z) = Xr\r W, we have

2 1 2
[ alPau) < g [ R

1 1
= z cosh o dx1 dx
B |k(5)|2 /1§x1§el,—oo<az2<+oo 77( )(COSh $2(Z))U+1 2001 B2
M / 1
< cosh x9 dxq dxo
k()1 J1<a <ol —oo<ma<+oo (cOSh xo9(2))ot!

where M > 0 is such that Vz € H, n(z) < M.

1 g
The last integral is W(el — 1) and the result. O
r(3+3)

As before we have:

A(Q(s,2)) +s(s+1)Q(s,2) = s(s+1)Qs + 2, 2) .
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This formula has a consequence that, for fixed s with Res > 0, the function A*(Q(s, 2)) is
again square integrable for any & > 0.
Set Re s > 0, with our convention of notations

I
Q(s, z2) = Qo(z) + ai(s)pi(z) + — / hS (s, t)Ec(1/2 4 it, z) 1 dt

AT J_

1 +oo A?
(5) +— H(s,t,0)E7(1/2 + it, 2,b)1 db| dt.
47 —00 1
We obtain
H(s,t,b)[1/4+t> + s(s+1)] = s(s + 1)H(s + 2,,b),

where H corresponds to any Hfi From this we get a continuation of H to the region
Res > —1/2 and we note that we have for all ¢ and all b H(0,t,b) = 0.

Moreover for Res > —1/2, Re(s+2) > 0 and we may substitute in (5) to obtain a continuation
of (s, z) to Res > —1/2. Thus we have proved the following theorem

Theorem 3.1. (s, z) has a meromorphic continuation to Res > —1/2 with s = 0 a regular
point and (0, z) is a harmonic form which is dual to c.

Remark 3.2. 1) Another way to see this:

write Q(s, z) = (A +s(s + 1)) (s(s + 1)Q(s 4+ 2,2)) and use the meromorphic continuation
of the resolvent (see for example [1], [21]).

2) With an analogue study of [17] (see also [16]) we can obtain a total description of the
singularities of the hyperbolic Eisenstein series.

4. THE CASE OF AN INFINITE GEODESIC JOINING TWO POINTS.

Without loss of generality we suppose the two cusps p and ¢ to be 0 and oo respectively
and, as the lift of the geodesic, we take the imaginary axis. Let n be the infinite geodesic
|p, q[, can we do the same construction as Kudla and Millson? As in the finite volume case,
the problem reduces to study the following series for Re s > 1:

s—1
(6) P = e [(ﬁ) Im(z—ldz>] — Im(6(2)) .

where

_ T(A/2)l(s/2)
and k(s — 1) = TA21s/2)

4.1. Some useful estimations. As usual we can suppose I'sc = (z — z + 1) to be the

stabilizer of oo in I'" and the stabilizer of 0, I'g is then generated by z +— _C+Z+1 (for some
0

non zero constant co).

First of all we note that, contrary to the finite volume case, we have }_ . \pIm(yz) con-

vergent (see proposition 3.1 and formula 4). Another way to see this “by hand”:
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Remark 4.1. We know that for Res > 6, Y pep e—5UT2) converges, moreover there exists
a constant C' > 0 such that 3 cp_\pIm®(yz) < C X per e 3T2) a5 in our case § < 1, we
have the result.

As Zyerw\r \Ims(vz)iiiﬁ = Zwerw\r Im

Res(y2) we also deduce the convergence of Foo1(1, 2).

With the notations of recall 3.1 and p the standard coordinate for the cusp a, we write
the results of [1](p.110): Ea(s,.) = p~*(1 — xo(p)) +0(p}pe~ 1), p is decomposed as pyp, with
p¢ = p in the funnels and p. = p in the cusps and we define xo € C§°(X) such that

_ 1, »<0
X0=%0 r>1
Lemma 4.1. We have the following asymptotic behaviors for Res > §:
1) in a funnel for all cusp a, Eq(s,z) is square integrable;
2) at a = 00, Ex(s,2) —y* = O(y'~%) and Ey(s, z) = O(y'~*);
3) near a = 0, Eo(s, )=y /(c§|2*)* = O(y'~*/(c}|2*)*~1) and Eso(s, 2) = O(y'~*/(c§|2*)~).
4.2. Convergence of the Hyperbolic Eisenstein series and analytic continuation.

The calculus and results to prove the convergence of (6) adapt easily from the finite volume
case. For the convenience of the lecture we recall the essential points.

s—1 o
We have || >, cp 7 * <|—Z|) Im(z1dz)|| < > er (%) (vz) , where 0 = Res > 1 and if we

denote by § = Z

E (vz), we have
yel’

§= 2. ZIWZJrnI“'

YET s\ nez
Let S, a system of representatives of I'no\I" such that |Reyz| < 1/2, then

sl < > 02) 15§ gy >

V€S, €S, n=1
We have
y(z) y7(v2) 3 1
ses. A1 s, A ng ey + 117
_ v (vz) Y7 (72) 3 1 |
YET\S. vzl ET\S. |v2|” i nel?[(x(vz) + 1/ne)? + y2(yz)]o/2

and for K a compact set in H there exists m in H such that
Vz € K, Vy € T'g\Sz, |vz| > |m| and Im~yz > Imm.
So

(]
S
)
oy

IN

Z y |0 + Z y GZ) Z* |’I’L€|0(Ilmm)0

v€l\Sz v€l\ Sz

1 1
G Z Y (vz) +2 Z ne)" T >y (v2) s

oo\ neN* oo\l
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and finally

1512 e ¥ 009 +2 5 mrs 3 )
T \I' neN* Too\T
g . 1
2 Z Yy (72)2m7
Too\I' n=1

the uniform convergence on all compact of H and all compact of Res > 1.
From this ultimate inequality we conclude that 6° is square integrable in the funnels as
the Eisenstein series €. To conclude, we have the following theorem:

Theorem 4.1. For Res > 1, the FEisenstein series associated to the geodesic n = (p,q)
converge uniformly on all compact sets. It represents a C* closed form which is dual to n.
For Res > 1 it satisfies the differential functional equation:

AR = s(1—s)[A* — 7"

Now we want to prove the analytic continuation of 7° at s = 1. For this, first of all, we
are going to show that 6°(z) — 1/i(Ex (1, 2) — &u(1, 2)) is square integrable. What we have to
do is to investigate the Fourier expansion of 8°, at each inequivalent cusp : 0 and oo, and to
show that y|0%(z)| is bounded.We have the following proposition whose proof is identical in
the finite volume (see [5]):

Proposition 4.1. At oo
1
0°(2) = (5 +0(1/y)) d
and at 0

0°(2) = <—1.63% +O(1/y) d= .

By proposition 4.1 and lemma 4.1, we conclude:

Proposition 4.2. The 1-forms 0°(z) — 1/i(Ex(1,2) — E(1,2)) and
7°(2) + Re(€xo(1,2) — &0(1, 2)) are square integrable.

Finally as in [5]:

Theorem 4.2. The 1-form 7° has a meromorphic continuation to Res > 1/2, with s =1 a
reqular point and 1 is the harmonic dual form to 7.

5. A CASE OF DEGENERATION.

A family of degenerating hyperbolic surfaces consists of a manifold M and a family (g;);>0
of Riemannian metrics on M that meet the following assumptions: M is an oriented surface
of negative Euler characteristic, and the metrics g; are hyperbolic, chosen in such a way that
there are finitely many closed curves ¢;, geodesic with respect to all metrics, with the length [;
of each curve converging to 0 as [ decreases. On the complement of the distinguished curves,
the sequence of metrics is required to converge to a hyperbolic metric. More precisely there
are finitely many disjoint open subsets C; C M that are diffeomorphic to cylinders F; x J;
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where J; C R is a neighborhood of 0. The complement of | J, C; is relatively compact. The
restriction of each metric g; to C; = F; x J; is a product metric

(z,a) — (2 + a®)dz? + (12 + a*) " da?

and ; — 0 as [ — 0 (the curves F; x {0} C C; are closed geodesics of length I; with respect to
g1). Let M; denote the surface M equipped with the metric g; if [ > 0, and let My = M\ |, ¢;
carry the limit metric lim;_,q g;. Note that My is a complete hyperbolic surface by definition,
which contains a pair of cusps for each i. Here consider a family of surfaces S; = T')\H
degenerating to the surface S with only one geodesic ¢; being pinched, I'; containing the
transformation o;(z) = 'z corresponding to ¢. Let K; be S; minus C; the standard collar
for ¢;. There exist homeomorphisms f; from S;\¢; to Sy, with f; tending to isometries C?-
uniformly on the compact core K; C .5, define m; = ffl. Suppose that p is one of the two
cusps of S arising from pinching ¢;. Let Sp = I'\ H be the component of S containing p and
conjugate I' to represent the cusp by the translation w +— w + 1, in the following p = oco.

s—1
Let for Res > 1 au(s,2) = > e, 7 * [(I—ZI) Im(z_ldz)] such that the hyperbolic

Eisenstein series Q. = ) is related by (s, z) = ﬁal(s + 1,2). Without loss of generality
we suppose S; having only one funnel F;. With the notations of the beginning, S; = K U
(C1U...UCy,)UF; and ¢ is the one geodesic of the boundary of the compact core K, we
consider the specific case of p the limit of the right side of the ¢-collar contained in S;\ Fy .

Theorem 5.1. Let Res > 1, the family of 1-forms l%al(s,m(.)) converge uniformly on
compact subsets of Sp to Im Ex (s, .).

It is a particular case of the theorem 5.2 bellow.

The sketch of the proof of this theorem is the same as in the finite volume case ([4], [22],
see also [8]), but for the convenience of the reader we recall some material and results.

The following lemma can be found for example in [1]. The neighborhood of points within
distance a of a geodesic 7,

Gy, ={z€ K,d(z,7) < a},
is isometric for small a to a half-collar [0,a] x S', ds*> = dr? + 1% cosh? r d6>.

Lemma 5.1. Suppose that v is a simple closed geodesic of length l(y) on a geometrically
finite hyperbolic surface M. Then v has a collar neighborhood of half-width d, such that

1
sinh(d) = ——————— .
sinh(d) = e /2)
As a consequence, if n is any other closed geodesic intersecting «y transversally (still assuming
v is simple), then the lengths of the two geodesics satisfy the inequality

N
Sinh(i(7)/2)

Lemma 5.2. Let v be a simple closed geodesic of length | on a complete hyperbolic surface
M. If a is a simple closed geodesic that does not intersect vy, then

coshd(v,a) > coth(l/2) .

sinh(l(n)/2) =
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A standard collar for a length I geodesic is a cylinder isometric to C\(z ~ e'z) with
C={z=re? 1<r<e,l<0<n—1} CH with the restriction of the hyperbolic metric,
and (z + €'z) the cyclic group generated by the transformation z ~ e'z. There is a constant
co (the short geodesic constant) such that each closed geodesic on S of length at most ¢
has a neighborhood isometric to the standard collar and each cusp for S has a neighborhood
isometric to the standard cusp; furthermore, the collars for short geodesics and the cusp
regions are all mutually disjoint.

Now to study the right side of the ¢-collar let w = %log z, z € H, and conjugate I'; by

the map w to obtain I'; acting on S; = {w,0 < Imw < w/l}. The hyperbolic metric on §;

2 2
is dsl2 = <M> , which tends uniformly on compact subsets to (M) . Iy is a (non
sin({ Im w) Imw

Mébius) group of deck transformations acting on S;; the quotient fl\Sl is S;. Let fl be the
restriction of f; to the component Sl(r) of S;\¢; containing the right half-collar for ¢;. Let F}
be a lift of fl to the universel covers A; and H, where A; is the simply connected component
of H\7~!(¢;) which contained the standard right collar {z = re??,1 <r < el < 0 < 7/2}.
More precisely [4](p.350), [22]:

Lemma 5.3. The simply connected component A; contains {z = rei? 1 <r<eé, le(l) <0 <
w/2} where ¢(l) — 0,1 — 0.

Start with the standard I' fundamental domain F = {w,0 < Rew < 1,Imw > Im A(w),VA €
T'}. Set D; = F,'(F), then D is a fundamental domain of S;. Divide the cosets of
(o)\(I'; — (07)) into two classes D = {[A], A € T,infRe A(D;) > 0} and G = {[A], A €
Iy, supRe A(Dy) < 0}.

Then fl has a lift fl, a homeomorphism from a sub domain of §; to H: fl Fow™

w(A;) — H.fl induces a group homomorphism p; : I' — I, by the rule A — fl YAf;, AeT.
We call pj(A) € T the element corresponding to A € I'. Now by our normalizations for I
and I the translation w — w41 corresponds to itself. If we specify the further normalization
fi(i) = i then the lifts f; are uniquely determined and then we have [22]

1.

Lemma 5.4. The f; tend uniformly on compact subsets to the identity, and thus for A € T,
the corresponding elements p;(A) tend uniformly on compact subsets to A.

Divide the cosets (z 4+ 1)\(I'; — (z + 1)) into two classes, the left and the right: for F; =
fFHF), L = wGuw™ = {[A],A € T,infIm A(F) > n/2l} and R = wDw™! = {[A],A €
Iy, suplm A(F;) < 7/21} (the line {Imw = n/2l} is a lift of ¢, and we write [A] for the
(z41) coset of A). In particular the cosets (z+1)\(I'— (z+1)) correspond to the right cosets
of Tj: {[p(A)],A €T, (wr w+1)} C R. Then we can write, where x4 is the characteristic
function of {Rez > 0} and x_ the one of {Rez < 0},

")\ e
Apg(s,z) = Z 7 sin®" 16 (vz) dz1

_ YEIEIT ,, YR EP
= X++Z (2) (2 |s q)d +y(z) (X—+ZG: ~(2)7 [y (2)[ 4 )d

and the ¢g-form on S( ), alq(s z) =y(z)°~ "(X++ZD 1 (Zq ‘g((z))ﬂss ;)dzq = 19(sinl Imw)*~9(x+

> r(Fw)?3 w|*~9)dw? where x is the characteristic functlon of w({Rez > 0}) .
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Theorem 5.2. Let S; = T')\H a family of geometrically finite hyperbolic surfaces degenerating
to the surface S with only one geodesic ¢; being pinched and S; having only one funnel Fy; I
contains the transformation oy(z) = €'z corresponding to ¢; and the right half-collar for oy is
in S]\F1. Let Sy be as above. For q € N, we associate to the pinching geodesic c;, the q-form
defined for Res > 1 by:

")\ .
Arg(s,z) = Z 7 sin® 76 (yz) dz?.
et <7(2)>

Let w = }logz and write again with a little misuse of notation A ,(s,w) = a;4(s,w) dw?

and the corresponding q-automorphic form (for Ty) ay4(s,w) = Im(w)%a;4(s,w). Note &ﬁq
the right half of a; 4. Then we have llsdﬁq(s,m(.)) converge uniformly on compact subsets of
Sy and on compact subsets of Res > 1 to the Eisenstein series for weight q:

s [cz+d\!
Eo q(s,2) = Z (Im~y2) <cz+d> .
T\l

Before proving this theorem we give some complements and its corollaries.
Let for Res > 1, by(s) = e™4/2 Jo sin®* " ue™"" du. Note that by(s) = k(s — 1). The func-
-1
tion b, has the following properties (see e.g. [16]): by(s + 2) = %bq(s), b, admits a
§°—4q
meromorphic continuation to all s € C, more precisely
I'(s+1)
P+ D03 +1)
In order to be consistent with the definition of Kudla and Millson’s hyperbolic Eisenstein
series, we may use the normalized g—automorphic forms

— 1
(7) “l,Q(‘s?Z) = bq(S)Al7(I(sz)'
We recall that the series (7) converges absolutely and locally uniformly for any z € H and
s € C with Res > 1, and that it is invariant with respect to I'. A straightforward computation
shows that the series A; (s, z) satisfies the differential functional equation:

AGALg(5,2) = 5(1 = 5)Aig(s,2) = (5 + )5 — ) Arg(s +2,2),
and the series (7)

by(s) = m27512

AqiEl,q(s, z2) —s(1 = 5)=4(s,2) = s(s = 1) 4(s + 2, 2).

Proposition 5.1. The series A 4(s, z) (resp. Zi4(s,2)) admits a meromorphic continuation
to all of C.

There are different ways to prove this; one is to use the differential functiona} equation (7)
and to apply the method developped in [17] (see also [16]). More precisely let A; 4(s, z) (resp.
Z14(s, 2)) the g—automorphic form associated to A;4(s,z) (resp. = 4(s,2)). We have

BagArg(s,2) + 5(1— ) Aug(s,2) = (s + g){g — ) Augls +2.2),
and

(8) A2yZ14(5,2) +5(1 = 8)Z4(s,2) = s(1 — 8)Z (s + 2, 2);
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in other words

él,q =s(l— 5)/ Gs(z, 2, q)éhq(s +2,2" ) du(Z).
D
We precise another calculation we will develop further. We can rewrite fll,q(s, z) as

- cz+d\? (72\Y? [Tm~z\*
A — s
als2) = 2, <cz+d> (vz> 72|

TA\D

and using the Fourier development of Gs(z,2’,q) and the expansion of flel Gs(z,iy',q)dIny’
we obtain the result (see [7] corollary 4.2 p.188).

Theorem 5.3. Let A\, 1 < k < n the eigenvalues of the Laplace-Beltrami operator on Sy
such that 0 < A1 < A < ... < A\ < 1/4 < A\q1 and the corresponding s, = %+ w/% — A

with Res > 1/2. The family (llsleq(s,m(.)))l converge uniformly on compact subsets of Sy

and on compact subsets of Q = {Res > 1/2}\{s1,...,s,} to Ex 4(.,5).

Corollary 5.1. In the case the geodesic c; is not separating (faq(s,m(.))); converge uni-
formly on compact subsets of Sy and 2 to Eo g — Eo 4.

Corollary 5.2. In the case ¢; is the geodesic boundary of a funnel ({aq4(s, m(.))); converge
uniformly on compact subsets of Sy and Q to Fu 4.

Remark 5.1. We refer also to the result of J.Fay [6] final remark p.201-202.

Proof. (theorem 5.2)
We have l%&ﬁq(s,w) = lsl_q (Imw)?(sinl Imw)*~9(x + > g (Fw)9|¥ w|*~7) =

e (Imw) (sin Im w)* =9 (x+ ¢, (F'w) 7" w]*~9)+ g (Im w) ¥ (sin L Tm w)*~ 4 (5, (7'w) 415 w]* ).
Because of lemma 5.4, the principal problem lies in estimating the second sum: it remains

to show that

. ~I |C

lim » | [7'w|” =0,

R—G,

where 0 = Res. It is enough to demonstrate the convergence for g a relatively compact set
in the fundamental domain F. Given € > 0 denote G the set of cosets and representatives
for (z + 1)\I" such that supIm A(F) < € for [A] ¢ G and let G; be the corresponding cosets
of (z + 1)\I'; with corresponding representatives. The set G is finite.
The cosets G of I satisfy (modulo the (z+1) action) {0 < Rew < 1,Imw > €} C UgecA(F);
thus for [ sufficiently small the cosets Gj satisfy (modulo the (z + 1) action) {0 < Rew <
1,2e < Imw < 7/2l} C Uaeq, A(F1) (a consequence of the convergence on compact subsets of
the f; and that JF; contains the right-half-collar for ¢; , {0 < Rew < 1,¢(l) < Imw < m/21}).
Now for a right coset [A] € R — G| then A(F;) lies below the ¢; geodesic {Imw = 7 /2l}
and is disjoint modulo the (z + 1) action from {0 < Rew < 1,2¢ < Imw < 7/2l}, since the
latter is covered by the Gj cosets. Thus for [A] € R — G;, modulo the (z + 1) action, then
A(F) Cc {0 <Rew < 1,Imw < 2¢}. For w €  we write

/
~ !
Do el = 3T la T <lal X Wal,

R—-G| w_l(RfGl)w w‘l(RfGl)w
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where w = $1log 2, and vF; C w1({0 < Rew < 1,Imw < 2¢}). We deduce

~/ [oa 1 [ea
> [Fwl Sm _Z Im”(yz) .
R-G; w1 (R—Gp)w
Let ¢y €]0,sinh™! 1] such that for | < lg(e) and w € B, B(z,¢) C F. Now y° is an
eigenfunction of all the invariant integral operators on H. Let k(z,2’) be the point-pair
invariant defined by k(z,2’) = 1 or 0 according as the distance between z and 2’ is smaller
than ep. Then there exists A¢, independent of zy so that

o dxdy o dzdy
Yy 2 = k(zo’ Z)y )
B(zo,€) Yy H Yy

and
dxdy
ya = Ae Y20 7.
L(zo,s) y2 0 ( )
S
0 Z I (y21)° 1 Z / yo,dacdy
m°(yz)° = .
-1 Ae 1 B(vz1,€0) y?
w~H(R—G)w w1 (R—G))w
Now [22]:

Lemma 5.5. The multiplicity of the projection map H — H\I' restricted to B(zg,n) with
21 < co is at most Mp~=2(zp) where M a constant and p(zo) the injectivity radius at zg.

Proof. It B(z9,n) N B(yz0,m) # 0,y € T, then d(20,7v20) < 21 < ¢ and 2 is in a cusp
region or the collar for a short geodesic. Let ¢ = ¢y/2, then we have p(z9) < c¢. Set m(n) the
multiplicity of the projection restricted to B(zg,n). As 2n+ p(2¢) < 3c and the B(vyzo, p(20))
are disjoints we have

m(n)u(B(z0, p(20)) < u(B(20,3¢)) -

So m(n) < % < 2(cosh 3¢ — 1)p(z0) 2. O

Then we have

Alcg) _ el — 1 (2e1)71
> Im”(yz;)7 < (0)/) ?(21) Ok
) Ae, o o—1
w~H(R—G)w

Moreover as B(zj,€y) C Fi, p(21) > € and the conclusion.
]

Proof. (corollary 5.2) We remark that o; being the geodesic in the funnel, then D = (o7)\(I'}— <
o;)) and G = 0.
U
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