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Optimality properties in estimating jumps

Emmanuelle Clément* Sylvain Delattref Arnaud Gloter?

July, 19 2011

Abstract

We study the problem of the optimal estimation of the jumps for stochastic processes.
We assume that the stochastic process (X¢);co,1) is discretely observed with a sampling step
of size 1/n. We first propose an estimator of the sequence of jumps (AXr, )i based on the
discrete observations. This estimator has rate \/n and we give an explicit expression for
its asymptotic error. Next, we show some lower bounds for the estimation of the jumps.
When the marks of the underlying jump component are deterministic, we prove a LAMN
property. We deduce then some convolution theorem, in the case where the marks of the
jump component are random. Especially, this implies the optimality of our estimator.
MSC 2010. Primary: 62G20, Secondary: 60F05, 60HO5.

Key words: It6 process, LAMN property, convolution theorem.

1 Introduction

The statistical study of stochastic processes with jumps, from high frequency data, has been
the subject of many recent works. A major issue is to determine if the jump part is relevant
to model the observed phenomenon. Especially, for modelling of asset prices, the assessment
of the part due to the jumps in the volatility of the price is an important question. This has
been addressed in several works, either by considering multi-power variations ([6], [7], [11]) or

by truncation methods (see [18]). Another issue is to test statistically if the stochastic process
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has continuous paths. The question has been addressed in many works (see [1], [2], [4]) and
is crucial to the hedging of options. A clearly related question is to determine the degree of
activity of the jump component of the process. Estimators of the Blumenthal-Getoor index of
the Levy measure of the process are proposed in several papers ([3], [8], [20]).

In that context, the main statistical difficulty comes from the fact that one observes a discrete
sampling of the process, and consequently, the exact values of the jumps are unobserved. As a
matter of fact, a lot of statistical procedures rely on the estimation of a functional of the jumps.
In [13], Jacod considers the estimation, from a high frequency sampling, of the functional of the
jumps

Y. fAX) =) f(AXp),
k

0<s<1,AX#£0

for a smooth function f vanishing at zero. In particular, he studies the difference between the
unobserved quantity » (.., f(AX;) and the observed one Z?:_Ol (Xit1 — Xi). When X is
a semi-martingale, it is shown that the difference between the two quantities goes to zero with

rate \/n. Rescaled by this rate, the difference is asymptotically distributed as
> F(AXp)[on-VUEN,, + or,\/1 = UeN,/ ], (1)
k

where the variables Uj, are uniform variables on [0,1] and N, , N,j are standard Gaussian
variables. The quantity o7, — (resp. o, ) is the local volatility of the semi martingale X before
(resp. after) the jump at time 7). This result serves as the basis for studying the statistical
procedures developed in [4, 15].

However, the problem of optimality in these methods seems to have never been addressed.
Motivated by these facts, we discuss, in this paper, the optimal way to estimate the exact values
of the jumps, from the discrete sampling (X i Jo<i<n-

In this paper, we restrict ourself to processes X solutions of
t ¢
X =0 —i—/ b(s, Xs)ds +/ a(s, Xs)dWs + Z co(Xr,—, Ag),
0 0 Tt
where we assume that the number of jumps on [0, 1], denoted by K, is finite. We note J =
(AX7,,...,AXr, ) the vector of jumps, and A = (Ay,...,Ag) the random marks. We first
construct J" a consistent estimator of the vector J based on the observation of (Xi)i. We

prove, as a preliminary result (Theorem 1), that the rescaled error \/ﬁ(:f ™ —J) is asymptotically



distributed as the vector [a(Ty, X7, )vVUr N, + a(Tk,XTk)MN:]k:LMK. This result is
highly connected to the expression (1) obtained in [13].

Our main result states that this estimator is optimal, and thus it precises the law of the
minimal error for the estimation of the jumps. Let us stress, that the meaning of optimality
is not straightforward here. Indeed, we are not dealing with a standard parametric statistical
problem, and it is not clear which quantity can stand for the Fisher’s information. The notion
of optimality is stated as a convolution result in Theorem 2 . More precisely, we prove that for
any estimator J" such that the error \/ﬁ(j” — J) converges in law to some variable Z, the law

of Z is a convolution between the law of the vector

[a(Ty, X1, - )V UkN, + a(Ti, X1y,) V1 — Us N i1k

and some other law. Contrarily to the standard convolution theorem, we do not need the
usual regularity assumption on the estimator. The explanation is that we are not estimating a
deterministic (unknown) parameter, but we estimate some random (unobserved) variable J.

The proof of this convolution result relies on the study of a preliminary parametric model:
we consider the parametric model where the values of the marks A are considered as an unknown
deterministic parameter A € RX. The resulting model is a stochastic differential equation with
jumps, whose coefficients depend on this parameter \. We establish then in Theorem 3, that
this parametric model satisfies the LAMN property, with rate y/n and some explicit Fisher’s
information matrix I(\).

By Hajeck’s theorem, it is well known that the LAMN property implies a convolution theorem
for any regular estimator of the parameter A (see [17]). However our context differs from the
usual Hajeck’s convolution theorem on at least two points. First, the parameter A is randomized
and second the target of the estimator J = (¢(X7,—,Ag))r depends both on the randomized
parameter and on some unobserved quantities X7, . As a result, the connection between the
minimal law of the convolution theorem and the Fisher’s information of the parametric model is
not straightforward. The proof of the convolution theorem, when c¢(X7, -, Ax) = c¢(Ax) does not
depend on X7, _, is simpler and is given in Theorem 4. The proof of the general case is given in
Proposition 8.

Remark that it is certainly possible to state a general result about the connection between the
LAMN property and convolution theorems for the estimation of unobserved random quantities.

The proof of the Proposition 3 is a step in this direction. However giving such general results is



beyond the scope of the paper.
The outline of the paper is as follows. In Section 2, we construct an estimator of the jumps.
In Section 3, we give the statements about optimality of the estimator. The LAMN property is

enounced in Section 4. The proofs of these results are postponed to the Section 5.

2 Estimation results

Consider (X¢)¢cp,1) an adapted c.a.d.l.a.g., one dimensional, stochastic process defined on some
filtered probability space (2, F, (Ft)ic(0,1),P). We assume that the sample paths of X almost
surely admits a finite number of jumps. We denote by K the random number of jumps on [0, 1]
and 0 < T < --- < Tk < 1 the instants of these jumps. We assume that the process X is a
solution of the stochastic differential equation with jumps

¢ t

X, =10 +/ b(s, X,)ds +/ a(s, Xs)dWs + Y o(Xr,—, Ag), (2)

0 0 To<t
where W is a standard (F;); Brownian motion. The vector of marks (Ag)y is random. The
Brownian motion, the jump times and the marks are independent.

It is convenient to assume that the process is realized on the canonical product space of
the Brownian part and the jumps parts Q = Q! x Q2, P = P! ® P2. More precisely, we note
QYL FLPY = (C([0,1]), B,W), the space of continuous functions endowed with the Wiener
measure on the Borelian sigma-field and (Ftl)te[()’l] the filtration generated by the canonical
process. We introduce (22, 72, P?) = (RN xRN, B(R)®*N@B(R)®N, P2), where P? is the law of two
independent sequences of random variables (Tg)g>1, (Ax)k>1. We assume that, P2-almost surely,
the sequence (T})x>1 is increasing and tends to infinity. Then, ((W}):cjo]; (Th)k>1, (Ag)r>1) are
the canonical variables on ). We assume that (F;); is the right continuous, completed, filtration
based on (F}! x F?); and F = Fi.

We make the following assumptions:

A0 (law of the jump times). We note K = card{k | Ty € [0,1]}. Conditionally on K the
law of the vector of jump times T' = (T1,...,Tk) admits a density fr.

A1l (smoothness assumption). The functions a : [0,1] x R — R, b : [0,1] x R — R and
c:R? — R are continuous.

A2 (indentifiability of the jumps). We have almost surely: ¢(Xp, _,A;) # 0, Vk €
{1,...,K}.



This last condition ensures that the jump times of X are exactly the times T}.

Remark that if T — Ty_1 is exponentially distributed, the jumps times are arrival times
of a Poisson process. Then, if the marks (Ag)r are i.i.d. variables, the process ZTkgt Ay is a
compound Poisson process. In this particular case, the equation (2) becomes a standard S.D.E.
with jumps based on a random Poisson measure with finite intensity.

Let us note J = (Ji)g>1 the sequence of jumps of X (on [0,1]): we set J, = AXyp, =
X7, — X1, for k < K and we define J;, =0 for & > K.

We construct an estimator of J in the following way.

Let (un)n be a sequence of positive numbers tending to 0. We set i} = inf{0 < i <

n—1: )X i+1 — Xi| > u,} with the convention inf ) = +00. We recursively define for k > 2,

%Z:mﬂﬂ%<i§n—1:‘X%L—X%Zuﬁ. (3)

We set K, = sup{k > 1 : EZ < oo} the number of increments of the diffusion exceeding the

threshold u,,. We then define for k£ > 1,

_ Xing =X, k< Ky
J,ZL = . 3 (4)
0, if k> K,

~

The sequence (J™),, is an estimator of the vector of jumps J, and (I?n)n estimates the number

of jumps.

Proposition 1 Let us assume A0-A2 and u, ~n~% with w € (0,1/2). Then, we have almost

surely,
K,=K for n large enough
ifk<K, J'I2% g, = AXy,
if k > K, j,? = 0 for n large enough.

We now describe the asymptotic law of the error between J" and J. We need some more
notation. Following [13], we introduce an extension of our initial probability space. We consider
an auxiliary probability space (€, 7', P’) which contains U = (Uy)r>1 a sequence of independent
variables with uniform law on [0,1], and N~ = (N, )g>1, NT = (N )g>1 two sequences of
independent variables with standard Gaussian law. All these variables are mutually independent.
We extend the initial probability space by setting Q@ = Qx Q, F = Fo F,P =Pa P,
Fi=F®F.



Theorem 1 Let us assume A0-A2 and u, ~ n~% with w € (0,1/2). Then /n(J" — J)

converges in law to Z = (Zy)k>1 where the limit can be described on the extended space O by:

Z, = VUka(Tyy, X1, )N, + /1 = Uga(Ty, X1y, )N,", for k < K,

Zr =0, fork>K.

Moreover the convergence is stable with respect to the sigma-field F. Let us precise that, here,
the convergence in law of the infinite dimensional vector \/ﬁ(j" — J) means the convergence of

any finite dimensional marginals.

Remark 1 The Theorem 1 shows that the error for the estimation of the jump AXr, is asymp-
totically conditionally Gaussian. The variance of this error is random and equal to Uga(Tk, XTk_)2+

(1 —Ug)a(Tg, X1,)%.

3 Optimality results

We now prove that the estimator introduced in the Section 2 is optimal. We need some more
assumptions on the model. Especially, to avoid cumbersome notation we will now assume that
the number of jumps is deterministic. This is not a real restriction, since we could reformulate
our result by conditioning on the number of jumps K. The probability space 2 introduced in
Section 2 is modified accordingly, Q = Q! x Q2, Q' = C([0,1]) and Q2 = RX x RX. The space
Q = Q x Q with @ = R3X extends the initial space with the sequences N~ = (N, )i<k<K,
Nt = (N hew<k, U= (Up)i<k<k-
HO. The number of jumps K is deterministic and the law of T' = (T3,...,Tk) is absolutely
continuous with respect to the Lebesgue measure. We note fr its density.
H1 (smoothness assumption). The functions (¢,z) — a(t,x) and (¢,z) — b(t,x) are C5? on
[0,1] x R. We note a’ and ¥ their derivatives with respect to  and we assume that «’ and ¥/
are C12 on [0, 1] x R. Moreover the functions a, b, and their derivatives are uniformly bounded.
The function (z,0) + c(z,6) is C*! on R xR, with bounded derivatives. We note ¢ its derivative
with respect to # and ¢ its derivative with respect to #. We assume moreover that ¢ is Ch! with
bounded derivatives.
H2 (non-degeneracy assumption). We assume that there exist two constants ¢ and @ such
that

V(t,z) € [0,1] xR 0<a<a(tz)<a;



V(z,0) e RxR |1+ (z,0)] > a.

H3 ("randomness” of the jump sizes). The law of A = (Aq,...,Ak) is absolutely contin-

uous with respect to the Lebesgue measure and we note fy its density. We assume also
V(z,0) e RxR ¢(x,0) #0.

Let us comment on these assumptions. Apart from the fact that K is deterministic, the
assumption HO is the same as AO. The regularity conditions HI-H2 are more restrictive than
the condition A1l stated for the existence of the estimator. However, in order to find a lower
bound, we need to deal with a kind of regular model. Remark that the non degeneracy of
|1+ c(x,0)] is a standard assumption which implies that the equation (2) admits a flow. The
assumption H3 is more specifically related to our statistical problem. We want to prove a
lower bound for the estimation of the random jumps sizes. Hence, if these quantities do not
exhibit enough randomness, it could be possible to estimate them with a rate faster than /n.
For instance, the condition H3 excludes that the jump sizes do not depend on the underlying
random marks.

We can now state our main result. We recall that J = (Ji)1<k<ix = (c(X1,—, Ak))i<k<ik =
(AXT,)1<k<i € RE is the sequence of the jumps of the process.

We will call (j ")n>1 a sequence of estimators if for each n, J" € RE is a measurable function

of the observations (X;/n,)i=0,...n-

Theorem 2 Assume HO-HS. Let J" be any sequence of estimators such that

Vn(J" = J) === 7 (5)

law

for some variable Z. Then, the law on s necessarily a convolution,
7' (porty-12N 4 R, (6)

where I°Pt is the diagonal random matriz of size K x K defined on the extended probability space

Q, with diagonal entries:
I}gpt - [Uka(Tk,XTk—)2 +(1- Uk)a(Tk,XTk)g]_l, fork=1,... K. (7)

The vector N is a standard Gaussian vector on R independent of I°P*, and R is some random

variable independent of N conditionally on I°Pt.



Theorem 2 states that any estimator of the jumps with rate \/n, must have an asymptotic law
with a dispersion greater than (I°P*)~Y/2N. From Theorem 1, we know that the estimator J"

(1°P)~1/2N. Hence, we deduce that J" is optimal for

law

satisfies /n(J" — J) nl:—woo> Z with Z =
estimating the size of the jumps.

It is well known that in parametric models, the Hajek’s convolution theorem usually requires
a regularity assumption on the estimator (see [12]). Here, it seems that our theorem does not
require any assumption on the estimator, apart its convergence with rate y/n. This comes from
the fact that the target J of the estimator is random, yielding to some additional regularity
properties, compared with the usual parametric setting (see a related situation in Jeganathan
16]).

In Section 4, we consider a parametric model related to our model (2), and enounce the
associated LAMN property. This is the key step before proving Theorem 2. Remark that
directly considering the values of the jumps size as the parameter is not the right choice. The
reason is that the jump sizes are not independent of the Brownian motion (W;);. Instead, we

prefer to consider the values of the marks A as the statistical parameter.

4 LAMN property in the parametric case

We focus on the parametric model where the values of the marks A are considered as the unknown
(deterministic) parameters. This is the crucial step before proving our optimality result.

More precisely, our aim is to obtain the LAMN property for the parametric model

t t K
X} = g +/ b(s, X2)ds +/ a(s, X2)dWs + > (X7, i) (8)
0 0 k=1

where the parameter A = (A1,...,A\g) € REX. We note T' = (T1,...,Tk) the vector of jump
times such that 0 < 177 < ... < Tk < 1. Let us remark that, under the assumption H1, the
solutions of (8) might be defined on the probability space Q' x RX endowed with the product
of the Wiener measure and the law of the jumps times. Hence, to avoid new notation, we can
assume that, for all A € R¥ the process (X?)te[o,l] is defined on the space (2, F,P) of Section
3.

We observe both the regular discretization (X i)\/n)léiﬁn of the process solution of (8) on the

time interval [0, 1] and the jump times vector 7.



Under HO and H1 the law of the observations (7, (Xi)}n)lﬁién) admits a density p™*. We
note p™7T the density of (X{\/n)léiﬁn conditionally on T. For h = (hi,...,hx) € RE we
introduce the log-likelihood ratio:
pn,)\+h/\/ﬁ

Zn(MA+h/n, T, x1,...,2,) = log —
p:

(T, z1,...,2,) (9)

Theorem 3 Assume HO, H1 and H2. Then, the statistical model (p”’)‘)AeRK satisfies a LAMN
property. For A € RE, h € RE we have:

K
> W (Mg + opna(1)  (10)
k=1

N =

K
k=1
where I,,(\) is a diagonal random matriz and N,()\) are random vectors in RX such that

(In(A), Na(N)) == (I(A), N),

law

with:
(X k)2
T = G X ar e 2UTk 2(Tj, X 2 oa-uy W
a? (T, X7 )1+ (Xg, _ Ae)PUk + 0 (Tie, X + (X7, Ak)) (1 — Ug)
where U = (Uy,...,Uk) is a vector of independent uniform laws on [0,1] such that U, T and

(Wi)iejo,1) are independent, and conditionally on (U, T,(Wi)icpo,1)), N is a standard Gaussian

vector in RE,

Actually, we can complete the statement of the theorem by giving explicit expressions for I, ()

and N, (A):

(X35 M)’ V(X = X3, = o(X3,, M)
LNk = — sy Na(Wk = : 2 —
nDmARk (X5 ) nDnARk (X )

n -k
n

1+ 1

—T;
7’“ n’ ok = k)

DMAK(XY ) = 0P (0, X0 (14 (X0 M) (T = ) @ (0, X0+ e(X0 )

where iy, is the integer part of nTk.

5 Proof section

We divide the proofs into three sections. The Section 5.1 is devoted to the proof of the conver-
gence and normality of the estimator Jn. Then, we prove the LAMN property of the parametric

model in Section 5.2. Finally, the convolution result is established in Section 5.3



5.1 Study of the estimator Jn: proof of Proposition 1 and Theorem 1
5.1.1 Proof of Proposition 1

For k € {1,..., K}, let us note i; the integer such that ix/n < Ty < (ix + 1)/n. We set
Z ={iy,...,ix} and consider a variable which counts the number of false discovery of a jump

by the estimator,

n—1
Ep = Z 1\X(i+1)/n*X1~/n!2un Ligr (12)
=0

For M > 0, we define Q) as the event Qy = {sup,c(o 1)[|b(s, Xs)| + |a(s, X5)[] < M}.
We have

PH{E, >1}NQy) < IE[E 1a,,]

|X('L+1)/n7X7,/n | >Un Z¢IIQNI]

-5
S

gp[{

With aps = (a A M)V (—M) one has using Markov and Burkholder-Davis-Gundy inequalities:

(i+1)/n (i+1)/
a(s, Xs)dWs +/ b(s, Xs)ds

i/n

> Un} mQM]

(13)

(i+1)/n
a(s, Xs)dWs

M
S
n

i/n

(i+1)/n M (i+1)/n M
P / a(s, Xs)dWs Zun—; NQuy| <P / ap(s, Xs)dWs Zun—?
< Cp(up — —) PpPI2 p >0
=0(n?) (14)

since u, ~ n~% with w < 1/2.
From (13) and (14) we get -, P({E, > 1} N Q) < oo, and by Borel Cantelli’s lemma we
deduce that P((,>; Ups, ({Ep = 1}N€2)) = 0. It immediately implies P ((ﬂn21 Upsn{Ep = 1}) N QM) =
0 and since Upr>182pr = €2, we easily deduce that almost surely, there exists n, such that Vp > n,
E, = 0. Recalling the definitions (3) and (12), we conclude that almost surely, if n is large
enough, {%711, e ,%}i(n} C 7 and, as a consequence, IA(n < K.

Now, remark that we have almost surely the convergence, for all k < K,

Xigt1)m — Xign —— X1y, — Xpp— = o(Xp,—, Ay). (15)

10



From the assumption A2, we have ¢(X7,_,A;) # 0 and using that u, — 0, we deduce that for
n large enough, 7 C {%711, e ,%’[‘? }.

As a consequence, we have shown that,
almost surely, for n large enough, K, = K and EZ =i, Vk < K. (16)

Eventually, the proposition follows from (4), (15) and (16).

5.1.2 Proof of Theorem 1

We use the notation introduced in the proof of Proposition 1: for k € {1,... K}, we have

ix/n < Ty < (ip +1)/n. Let us define for 1 < k < K, G} = X, 41)/n — Xip/n — AX7, and

k/m

G} =0 for k > K. Using (4) and (16), we see that, almost surely, for n large enough, we have

J" — J = G™. Hence it is sufficient to study the limit in law of /nG™.

Consider any Ky € N such that P(K = Kj) > 0. Actually, we will prove the convergence of
v/nG"™ conditionally on the event {K = Ky}, to the law of Z conditional on {K = Ky}. It is
easy to see that it is sufficient to prove the theorem.

For Ky € N, define PKo = ];({I?j;go})ﬂ”, the conditional probability. Clearly PKo << P, and

(W,), is still a (F;); Brownian motion under PXo.

For k > Ky we have G = 0, hence we focus only on the components G with k < Kj.
Define Q" = {X has at most one jumps on each interval of size 1/n}. We have lim,,_, o ]/I\DKO(Q”) =

1. On ﬁ”, the following decomposition holds true PXo almost surely, for any k£ < K,

VG = alix/n, Xiy n)ey, + a(Te, Xr oy, + en

where
O[];n = \/E(WTk - vvzk/n)v az:n = \/E(W(zk—i-l)/n - WTk)a (17)
Ty, (ix+1)/n
enk =VN / (a(s, Xs) — alix/n, Xy /n))dWs +/n (a(s, Xs) — a(Tk, X1,))dWs
(ig+1)/n
++/n b(s, Xs)ds.

First, we show that e, converges to zero in pKo probability as n — oo. It is clear that the
ordinary integral converges almost surely to zero. It remains to see that the two stochastic

integrals converge to zero.

11



Using that the jumps times are Fp-measurable, we can write the stochastic integral \/n flf’;n (a(s, Xs)—

a(ig/n, X; /m))dWs as alocal martingale increment fol VL, m (8)(a(s, Xs)—alix/n, X, jn))dWs.

The bracket of this local martingale is [ ‘T’;n a(s, Xs) — a(ix/n, X;, /n))?ds, which converges to
zero almost surely, using the right continuity of the process X. We deduce that \/n f /n (s, Xs)—
a(iy/n, X;, /n))dWs converge to zero in probability. We proceed in the same way to prove that

\ff (i1 /n a(s, Xs) — a(Ty, X1, ))dWs == 0 in probability. This yields to the relation,
VG = alix/n, X, m)ay., + a(Te, X1, ) oy, + opi, (1), for k < Ko

Using A0, and the independence between (W¢);c[o,1) and 7" under @KO, we can apply Lemma 1

below. We get the convergence in law, under ]?DKO,

(Tk)k=1,.... K0 (Oé;;n)kzl,...,Ko, (a:n)kzl,...,l(o: (Wt)iepo,1))

T2 (Tk)k=1,.... k0> (VURNE Ji=1,...k0s (V1 = Ue N ie=1,.... ko> (W )sefo,1))-

Since the marks (Ag)g, the Brownian motion, and the jump times are independent, it is easy to
deduce that, under PKo, (O al—;n)kSKo converges in law to (vULN, , /1 — UpN; k<K, stably
with respect to the sigma-field generated by (Wi)ico1], (Tk)x and (Ag)g. The limit can be
represented on the extended space Q endowed with the probability P conditional on K = K.

But the process X is measurable with respect to F7, and we deduce the stable convergence,

\/HGZ = a(ik/n, Xik/n)oc,;n—i—a(Tk, XTk)aZ—,n 0, a(Tk, XTk vV Uka_—i-a(Tk, XTk)\/ 1-— Uka

for k =1,... Ky, under PHo.
By simple computations, this implies the convergence of (v/nG}); under P, and the theorem

is proved. o

Lemma 1 Let Kg € N\ {0} and consider T = (T4, ...,Tk,) a random variable on [0,1]50 with
density fr. For k =1,..., Ky, we note iy, = [nT}y| the integer part of nTy. Let (Wt)te[o,l] be a
standard Brownian motion independent of T

Then, we have the convergence in law of the variables

n

(T, (n(Ty — %))m (Vn(Wr, — Wi, )k, (\/ﬁ(W% = Wr)ks (Wi)eepo,1))

to

(T, U)i, VUN i, (V1 = UeN e, Wa)icion))

12



where U = (Uy, ..., Uk,) is a vector of independent uniform laws on [0,1], N~ = (N ,... 7NI;0)
and NT = (Nfr, e ,N}O) are independent standard Gaussian vectors such that T, U, N=, N*

and (W) are independent.

Proof See Lemma 5.8 in [13] (or Lemma 6.2 in [14]). o

5.2 LAMN property: proof of Theorem 3

We use the framework of Section 4 and we introduce some more notation. For k=1,..., K, we
note i, = [nT}] the integer part of nT}, and for t € [ix/n, (ix + 1)/n], we note (Xf’k) the process
solution of the following diffusion equation with only one jump at time T}:
t t
XPF = Xo+ /0 b(s, XPF)ds + /0 a(s, XIF) AW, + (X3 0) 1, (18)

Under H1 and H2 and conditionally on 7', this process admits a strictly positive conditional

density, which is C' with respect to 8. We will note p?7 (& ’k:{l,x y) the density of X%+1

n?

-0, T(zk 1p+1

, 2 2, y) its derivative with respect to 6.

conditionally on T and X3, Ok — 4 and P

n

We observe that the log-likelihood ratio Z, only involves the transition densities of X* on

, T(“c ““H ,x,y) if there is exactly one

a time interval where a jump occurs. This transition is p
jump in the corresponding interval. Then, one can easily see that the following decomposition

holds for Z,:

pethe/ T G 4

I
E

Zn()\, A+ h/\/ﬁ, T, X1y ,l‘n)l']'n (T) ,.Tik,l‘ik+1)1']'n (T)

p)\va n ’ n

K Aethi/vm 20T - -
Pt i i+ 1

(19)

where 17, (T) is the indicator function that there is at most one jump in each time intervals
[i/n,(i+1)/n) fori=0,...,n— 1.

We have now to study the asymptotic behaviour of (19). This is divided into several lemmas.
The lemmas 2-4 give an expansion for the score function, with an uniform control in 6. We

.. . Apth 0.7
deduce then an explicit expansion for f)\ wthi/vn ZGT(ZT’L“, betl

, Tip, Tip+1)df in Lemma 5, and

conclude by passing through the limit in Lemma 6.

13



We begin with a representation of £ T(—k z““TJLrl,ﬂlr,y) as a conditional expectation, using
Malliavin calculus. We refer to Nualart [ 9] for a detailed presentation of Malliavin calculus.
The Malliavin calculus techniques to derive LAMN properties have been introduced by Gobet
[10] in the case of multi-dimensional diffusion processes and then used by Gloter and Gobet [9]

for integrated diffusions.

Lemma 2 Assuming H1 and H2, we have ¥(z,y) € R?:

peTﬁ k+1
p9T n’ n

,ﬂ:‘,y) = E‘%T’k <5(Pn0k)‘sz+l = y>

n

where E®TF s the conditional expectation on T and X?I;k =z and P™%* is the process given
i il "
on [, 2] by

(VERYIR) (L4 (X 0)Laar, Jals, XE5)e(XEE )
JUB DI IR =202 (u, XEF) (14 (XE L 0) Ly, )2du

k/m

Pn@k

where (Y;e’k)t is the process solution of
t t
iR =1+ / W (s, XIF\YIkds + / d (s, XIRYYIkaw,. (20)
0 0
We remark that under H1, the process (Yte’k)t and its inverse satisfy Vp > 1,

(E(sup [Y)FP)YP <0, (B(sup [V*| )P <G,
0<t<1 0<t<1

Proof The proof of Lemma 2 is based on Malliavin calculus on the time interval [iy /n, (ix+1)/n],
conditionally on T and (Wy)y<;, /- We first observe that under H1 and H2, the process (Xf k)
solution of (18) admits a derivative with respect to 6 that we will denote by (X} 6%y, Moreover
(Xf’k) and ( ) belong respectively to the Malliavin spaces D?? and D'?, Vp > 1. Now, let ¢

be a smooth function with compact support, we have :

0
%Ew,Tk (X?klj—l) Eka /(X?klj—l )X?klil

n n

Using the integration by part formula, we can write

0.k 0.k 0.k Ok  x0k
ESTR(XTL )X = BP TR o(X 00 ) H(X 0, X500

n n n n n

where the weight H can be expressed in terms of the Malliavin derivative of X ?klil, the inverse

of its Malliavin variance-covariance matrix and the divergence operator as follows:

0,k -0,k >0,k 0,k
H(leﬂﬂleH):‘S(XiéHVa’kDXiéH)

n n n

14



where

(ix+1)/n -
/ Dy(X0%, )Qdu> : (21)

/M n

N (

On the other hand, from Lebesgue derivative theorem, we have:

0 Tk 0k \ o1k ikt 1
29F w(Xz-k:l)—/sD(y)p (g,T,m,y)dy,

this leads to the following representation

o1,k k1 0.k 0.k 0.k i g+ 1
p”(g, - ca,y) = BV (XL A DX )X = y)pe’T(g, T,m,y).

n

n

It remains to give a more tractable expression of X ?,;111 ve’kDX ?,;]il . We first observe that:

n

Ok 0,k Gt ok 0k A ok gk
X”;;l = C(XT;G_’ 0) + / b (U“Xu’ )X'u,’ du’ + / a (u7 Xu’ ))(u7 qu’
n T, T,
and consequently
-0,k 0,k 0,k\—1 -/ v0,k
X = Vil (V)7 He(X2,0), (22)

where (Yte’k) is solution of (20). Turning to the Malliavin derivative of X &, we have for

n

s € [ig/n, (ix + 1)/n):
DXUN = als, XIM)Lecipaym + (X5 0) D XN
- / e Y (u, XOF) D X0k du + / R d (u, XOF) D X0k aw,,
s s
and it follows that

DX = Vil (L4 (X", 0)Loen ) (Y2F) a(s, XOF). (23)

n

From (22) and (23), we obtain

(YR YT 1+ (X 0)LerJa(s, XO1)EXTE,6)

0.k 6k 0.k n,0,k
Xy "D X0, = — = pPrr(24)
e e Li’f:l)/”(Yf’k)—zaQ(u, XOM (1 + (XFE,0)1ucr, )2du
and the Lemma 2 is proved. o

In the next Lemma, we explicit the conditional expectation appearing in the decomposition

.eT . .
P (e iktl
of pe,T(ﬁa n ,a:,y).

15



Lemma 3 Assuming HI and H2, we have

. n 0.k (Y =2 —c(2,0)6,0) otk ok 0k
E5TE (5(P ’07k)|Xik+1 = y> = D”v‘g’k(ﬂf) +E ’TJ{(Q ’9’k|X@ = y)7 (25)

n

with
1+ 1

Dn,@,k(m) — CLZ(%,IL‘)(l +c’(a:,0))2(Tk o %C) +a2(%7x+c($7 9))( _Tk) (26)

and where Q™% satisfies

Tk An,0.k py 1
W21 (BTTHQMOR)YP <G,
for a constant C, independent of x,n and 6.

The first term in the right hand side of (25) is the main term and we will prove later that the
contribution of the conditional expectation of Q™%* is negligible.
Proof We first give an approximation of the process P™?* which depends on the position of s

with respect to the jump time Tj. We have:

0,k in 0.k i 0,k 0,k .0k
<(1+c’(XiI; Oa(, X0 7 (5) + a(, X0F + (X ,9))1[,&7%“](3)) (X", 0)

n n n

Pn,@,k —
s Dn,@,k(X?I;k‘)

+Umok, (27)

where D% (X Zkk) is defined by (26) and Ug' K is a remainder term. We deduce then that

ik n & ik ik
n n n n n

<<1 +(X2E,0))a( e, X8 (W, — Wiy) + a(, X905 4 (X0, 0)(Wiger — WT,J) (X 7,0)

n,0.k _
o(P™m") = Dbk (X0
'k

+6(U™9k), (28)

Now, we can approximate X ?;;]il on the following way:

n

0.k 0.k 0.k Uk 0k Uk 0k 0.k 0.k
X = X3 +C(XT;C—70)+“(E?XL;C )(WTk—W%@)—i—a(g,X& +e(X5) ,9))(W$—WT,€)+R? ,

but observing that
i n
(X, 0) = e(XTF,0) + ¢ (X0, 0)a(r, X0 (W, — Wy ) + By,

i 0 i )

we finally obtain
0.k 0.k 0.k 0.k ik 0k
Xﬂ = XLI@ +C(Xi’0)+(1+cl(X17k’0))a(57X17k )(WTk_W%k)
Fa( X0+ (X8 0)(Wis — W) + RMH. (29)
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Putting together (28) and (29), this yields

0.k 0.k 0k -0,k Ok
. (Xik+1_XLk _C(Xiikae))c(XQC?Q) ok C(Xii>9) .
oPE) = Dbk X0 - B Dbk X0 +o(U™TE). - (30)
'k 'k

Letting Q™%* be the random variable defined by

{X5",0)

Qn,e,k _ 5(Un,6,k> _ Rn,é,k n 7 (31)
D”»evk(XZ};k)

n

where U™%* and R™%F are respectively defined by (27) and (29), we deduce easily the first part
of Lemma 3. It remains to bound E»T:k|Qm0FP vp > 1.

We remark that from H1 and H2
< —2 < nC, (32)

for a constant C' independent on n, k and #. Moreover, we have

(B s [XI XU and (B s XIS XP <L (@)

i n i 1
U <s<Tj— T <s<E0

So, one can easily deduce that, assuming H1,

(Ea:,T,k: Rn,9,k|p)1/p < Cp/n,

and combining this with (32), we derive

. 0.k p

(X5, 0)]

- n <C
0,k —= P

Dn,e,k(XLk )

Em,T,k ’Rnﬂ,k

Turning to 6(U™%F), we first recall that, from the continuity property of the divergence operator

(see Nualart [19]), we have

(BETHSU™IR) ) < Oy [U™OH], + [DUPH,), (34)
where
nokyp _ ek [ ok2 2
ook = BT U s, (3%)
ix/n
(k+1)/n pik+1)/n
HDUn,O,k: ‘g — Ex,T,k(/ / ‘DUUgﬂ’k’Qdev)p/Q- (36)

17



To bound U™%* we first observe that

Gy

it vn
- n

(B sup  |VpRYPRyIR)T2 —ap)e < (37)

Now, combining (32), (33) and (37) in the expression of U™%* given by (27), we can prove

(BTF sup  |UPORPYI < Gy,

R
and consequently
[Tl < Co. (38)

It remains to bound the Malliavin derivative of U™%*. From (27) and (24), we have

0,k Ok _ 0.k 0k 0,k
D, UM% = D, PMF = DU(X%HW DsX¢k+1)-

n n

Under H1, the Malliavin derivatives of X ?:il and D, X ?];Iil are bounded in LP and with the non-
degeneracy assumption H2, it is easy to see that the inverse of the Malliavin variance-covariance

matrix 7%* given by (21), satisfies

(B2 TR IR < nCy and  (E™TF sup DR P)YP < 0. (39)

Putting this together, we obtain

(B®TF  sup D UMRP)P < ne,

gy it
and then
| DUOF|, < Cp. (40)

From (34), (38) and (40), we deduce
(BZTRUmPR) )P < G,

and Lemma 3 is proved. o

The bound on Q%" given in Lemma 3 is not sufficient, since to obtain the LAMN property,

we have to compute the conditional expectation with z = X ;\i and y = X fﬁ . So we complete

n

the Lemma 3 with the following bound.
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Lemma 4 With the assumptions and notations of Lemma 3, we have for 6 such that |0 — \| <

C/vn

Eka‘Eka(

zk+1 = szJrl)‘ < Cl7

where the constant C' is independent of x,n and 6.

Proof We first remark that

pAva(iﬁ ik+1
p?T *n’ n

v, XUh). (41)

n

lkJrl Zk"’l ’ <

n

From Hélder’s inequality and Lemma 3, we obtain for p > 1, ¢ > 1 such that 1/p+1/¢ =1

e Tk | 0, Tk ( Ayn.0.k | v0,k e (P i i+ 1 0.k N
ETEESRE Q™ ’X1k+1_X1k+1)|§Cp E5 pg,T(77 - 2, X)) , (42)

n

and the result of Lemma 4 reduces to prove that there exists gy > 1 such that

A]mT 3 3 90
P i 1+ 1
Tk <p6,T (R, 2 Ja, X0k )> <C (43)

n

where C' is independent of n, x and #. We can write:

Ao, T s . qo0 . . . .
Tk (D e 1+ 1 0.k AT e e+ 1 o1 k k1 _
.E’z7 ’ (pG,T (E? n 7$7 XlkJrl)) = /p ko (7’ 7x7y)q0p ’ (7 7.’E,y)1 qody’

n’ n n’ n

n

(44)
0, T( ik ’Lk+1

and we can express the transition p BT

x,y) by decomposing it in terms on the transitions
of a diffusion without jump on the time intervals (%, Ty) and (T, %)
i e+ 1

1+ 1
PO ) = [T T @ a0 ) ()

Now, assuming H1 and H2, we have the following classical estimates of the transition probabilities

of a diffusion process (see Azencott [5]), for some constants C1, Ca:

G, (T = %), 2) < p"T (2, T2, 2) < CoG(a, (T — 2), 2),

ik +1 i+ 1

ClG(z—i-c(z,H),gZ(' —T%),y) < 6)T(Tk, ,z+c(2,0),y) < CoG(z+c(z,0),a%( —T%),y)

where G(m,o?,y) denotes the density of the Gaussian law with mean m and variance o2. To

simplify the notation, we note o, = T}, — %“ and J,j,n = % — Ty. Plugging this in (45), we

obtain

e 1+ 1
n on

P r,y) > C1/G(x,a201;n,z)G(z—|—c(z 0),a Jkn,y)d =1. (46)
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We get analogously,

Ak?T(%? %axay) < CQ/G(I’,G,QO']C’”,Z)G(Z—F C(Z )‘k) CL O nay)d = 12- (47)

Observe that, in order to bound (44), we have to compute an upper bound for p*s7 (4 ”“:lrl T, Y)

n’?

0, T(zk i+l

and a lower bound for p kL x,y), since 1 — qo < 0.

GT(lk ipt+1 )

Our aim now is to give more tractable bounds for the transition density p =T,y

For this, we make the following change of variables in the integrals I1 and Is defined in (47) and
(46). We put u = ¢(z) = z+ ¢(2,0) — x — ¢(x,0). We observe that ¢(x) = 0. Moreover, from

H1 and H2, ¢ is invertible and its derivative satisfies, for some constant ¢ :
0<a<|¢(z)] <,
and consequently
el <1o7H(z) - 9701 < 5lal
So we obtain, for some constant C
L > Cl/G(O,GQU;@naSO_l(U) — ¢ 1(0))G(u +  + c(x,0), a’ n’y)d

> Cl/G(O,a4a,;n,u)G( c(z,0),a akn,y—u)du

= C1G(x + c(x,0), Q4U];n + g2a,:n, Y). (48)
Proceding similarly,

I, < GGz +c(x, M), 03620,;7” + 6207;”, Y). (49)

Turning back to (44), it follows that

T :
E:E,T,k pr Zﬁ 1+ 1
p?T *n’ n

0
L, X0, )) <C / GO (z+c(w, M), 0 s )G (24c(2,0), 02, y)dy,
(50)
1 _ 222 — | =22 + 2 _ 4 _—

where o}, = cga“o, ,, +a“o,, and of, = a‘o,, + a® ak . We check easily that O'kn and O'kn
are upper and lower bounded by 1/n and satisfy 0 < o7, /oi, < 1.

Finally, choosing qo such that 1 < gy < o} n/(a,i’n—aén) and assuming that [0 —\;| < C/+/n,
we get after some calculus

e, T ; q0
Tk (PR ik ikt 1 0.k /
.Ez7 ’ ( pe}T (gu n )x7 X’Lk+1) S C 9

n

for a constant C’ independent on z, n and # and the Lemma 4 is proved. o
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Lemma 5 Assuming HI and H2, we have:

A A A
/Ak+hk/\/ﬁp97T T G PR \/E(Xiknﬂ X —C(X%Jk))( %7)‘16)
e pG’T n’ n Zk’ szrl = k TLDTL)"C k(X/\)
hQ ( zk7>\k’)
k +0 n)\(l)
p’

T2 Dk (X))

n

Proof We deduce easily from Lemmas 2 and 3 that

>\k+hk/\/ﬁ( x—C(l‘ 9)) ($ 0)

x,y)dd =

/)\k—‘rhk/\/ﬁpe,T Zk Zk:+1
A

0T\
k p n n k

Agthi /1
+/)\ Eka(Qn6k|X1k+1 =y)df

k n

with (z,y) = (XZ}\LNXQ)‘ From Lemma 4, the second term on the right hand side of the
preceding equation tends to zero in probability. Now, from a taylor expansion of ¢, we have the

approximation for 0 € [Ag, A + hg/\/7]

(y —x—c(x,0)é(x,0) _ (y—x—clx, ) = (0 = Ar)e(x, Ar))e(x, Ar)

Dn@k( ) DnAkk ( )
+em 0k (x,y). (51)

From H1, and using (32), we have V0 € [Ag, \p + hi//n]

¢(x, 0) é(x, Ag)

— <
|Dn,0,k<$) Dn’)‘k7k(x)’ = C\/ﬁ> (52)

where C' does not depend on z. So we deduce that V8 € [Ag, A + hi//n]
€02 (2, y)| < C(L+Vn(y — x — c(z, M),

for a constant C independent on x and y. Consequently, it follows that f Acthi /v om0, (X f‘k , X f‘kﬂ )do

goes to zero in probability as n goes to infinity. o

Lemma 6 Let us assume HO-H2. Let I,,(\) be the diagonal matriz of size K X K, and Ny())

be the random vector of size K ,defined by the entries,

oX %J\k) V(X — X3 —e(X %Jk))
LNk = —— e, NN = n n . 53
( )k n.D™AE kK (Xf\k) ( )k nDn,)\k,k(X)\) ( )
n Yk

n
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Then, we have,

with I(\) the diagonal matriz,

I()) (O, )

QT X7, [+ (X, NPT + @2 (Th, X3, + o(X3, M) (1= Up)’
and U = (Uy,...,Uk) is a vector of independent uniform laws on [0,1] such that U, T and
(Wi)iepo,1) are independent, and conditionally on (U, T,(Wi)ico11), N is a standard Gaussian

vector in RE,

Proof We just have to prove the weak convergence of the couple (nD””\k’k(Xf‘k ) \/H(Xf\ki -
Xf‘i —¢(X?2 , %)) We have from (26)

1 7
n

n n

i+ 1

DR ) = a® (2 XA ) (14 ¢ (X0, M) (T — ) + @ (4 e X0, ) (

—_ Tk)

and from (29)

)
Xho = X4 +e(Xh ) + (L+ ¢ (X5 M)a(C X5 )(Wr, — W)

R

i
"‘(1(57 Xf;k + C(X)‘ )\k))(WM — WTk) + Rn,)\,k’
where R™* is bounded in L by C/n (see the proof of Lemma 3). So as a straightforward con-

sequence of Lemma 1, we obtain that (nD”’Ak’k(X;\i), \/ﬁ(X;\ki - Xiik - c(XZik, Ar))) converges

n n n

in law to
(DMHF(XA ), (14 (X2, Me))a(Th, X9, VTN, + a(Th, X2, + (X3, M))V/T — UpN;H),
with

DMH(X ) = a*(Te, X3, )1 + ¢ (X3, _, M) Up + @*(Th, X3 + (X3, M) (1 = Up).

This gives the result of Lemma 6. o

As noticed earlier, the proof of Theorem 3 follows from the decomposition (19) with P(T" e

7,) 2—=>% 1, and Lemmas 5 and 6.
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5.3 Proof of the convolution theorem

In this section, we prove the Theorem 2 and some related results.

We recall the framework described in Section 3. (92, F,P) is the canonical product space,
on which are defined the independent variables (W¢)ci0,1), T = (T4, ..., Tk), A = (A1,..., AK).
The probability P is the simple product of the corresponding probabilities. From this simple
disintegration of the measure P as a product, we can introduce P* the probability P conditional
on A = X\ € RE. The process X is solution of (2), and we may assume that for any A € R the
law of X under P* is equal to the law of X* solution of (8). We recall that Q is the extension
of Q which contains the uniform variables Uy, ..., Uk, and the Gaussian variables, N, ,..., N,
N NG

With these notations, the LAMN expansion of Theorem 3 writes,

K K
1
ZnMA+ BT, Xy, X1) = hiLn (V) Na (), — 3 > WAk +opa(1)  (54)
k=1

k=1
with _ )
(Xix, Ak) V(X — Xo — (X, M)
I ANk = —"5~—> Np( M)k = - < - ; 59
(A nDmARK (X5, ) (A nDnAwk (X 5, ) (55)
. . . -
DX ) = (R X ) (1 ¢ (X AR = ) a2 X (X M) (= — T

The Theorem 3 states the convergence in law of (I,,(A), N, (X)) to (I(A), N) under P*. Actually,

from the proof of Lemma 6, we get the following convergence result under P.

Proposition 2 Assuming HO-H2, we have the convergence

T Ukt ety (VORN Dt its (V1= UsN e T(A), N(A))
(56)

where N(A) is distributed as a standard Gaussian variable in RX. Moreover this convergence

is stable with respect to F, and the last two limit variables can be represented on the extended

space Q as,
(X, Ag)?
I(A) = k , 57
W = T X )+ ¢ (X AU + (T X)) (L~ U) 7
B G(Tk, XTk—)(l + C/(XTk—7Ak))V Uka_ + a(Tk,XTk)\/l — UkN]:_
N(A) = (58)

[02(Ty, X, ) (1 + ¢( X1, —, AR))2U + a2(Ty, X1, ) (1 — Up)Y?
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Remark that the matrix I(A) is not equal to the matrix I°P* appearing in the statement
of the convolution Theorem 2. Comparing the expression (7) of I°P* with the expression (11)
of I(\), we see that in the parametric case, the information is proportional to (¢(X7y—, \¢))?.
This is quite natural. If instead of estimating the "mark” A\, we estimate the jump, equal to
c(X71,—, \¢) in the parametric model, we can expect that the effect of (¢(Xr,—, A\x))? vanishes
(by a simple first order expansion of the error of estimation). This give some insight on why
é(Xr,—, Ay)? disappears in the expression of 1°Pt.

On the other hand, it is not clear why the expression of the parametric information involves
the quantity ¢/(Xr,—, A\x), which is not present in the expression of I°P*. We will see that it
is due to the fact that the value of the jump ¢(X7,—, ;) depends on the unobserved quantity
X7, and thus is not a simple functional of the parameter Ay.

If ¢ does not depend on X, the situation is simpler and the proof of Theorem 2 is much easier.
For this reason, in the next Section we prove the convolution theorem in this easier setting. The

general proof is given in Section 5.3.3 and some intermediate results are stated in Section 5.3.2.

5.3.1 Proof of Theorem 2 when c(z,0) = c¢(6)
We start with a simple lemma.

Lemma 7 Assume HO-H2 then for all \,h € RE,

h n—oo . 7
In(A+ ﬁ) —I,(\) =20, in P* probability,

No(A+ —) = Npy(A) + L,(N)Y2h 22220, in P probability.

Proof This follows easily from the expressions (55). o

Assume that J" is a sequence of estimator (based on (X /n)i=0,...n) such that N
n—oo

J) 222, Z in law under P.

Then, the Theorem 2 is an immediate consequence of the following result.

Theorem 4 Assume HO-H3 and that c(x,0) = ¢(0). Denote C(A) the diagonal matriz of size
K x K such that C(A) = ¢(Ay).

Then, we have the decomposition for all n,
Vi(J" = ) = C(A)In(A) T2 Na(A) + Ry, (59)
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for (Ry), some sequence of random variables with values in RY.

Along some subsequence (n) we have the convergence in law,

(n)—o0

(CA)La(A)72Nu(A), Ry) = (C(M)I(A)"2N(A), R) = ((I°P) V2N, R) (60)

where N = N(A) is Gaussian, and R is independent of N conditionally on I°P*.
Especially, we have Z = lim,,) V(" —J) = (I?YH)~12N 4 R.

Proof We set R, = /n(J" — J) — C(A)I,(A)"Y/2N,(A) and define,
Ru(A) = Va(J" = c(\)i) — COV L) 2N, (), (61)

so that R, = R,(A). Since J" is a measurable function of the (Xim)i» J = (c(Ag))r and
C(A) are measurable functions of the marks, and from the expression (55), we deduce that
Ry = fu((Xi/m)i, T, A) for some borelian function f,,.

Using Lemma 7 and the expression (61), we easily get:

h n—oo . 1
Ro(A+ —) — Ro(A\) =220, in P probability for any \, h € RE.

vn
Remark now that by Proposition 2 and the convergence of \/n(J"™ — J), we get that (Rp)n»

is a tight sequence of variables.

Hence, we can apply Proposition 3 below. We deduce that,

(In(A), Nu(A), Rn) === (I(A), N(A), R),

law

where the limit can be represented on an extension Q x RE of the space ﬁ, and the convergence
is stable with respect to (T, A, (Wi).g[o,17). On this extension, the variable R is independent of
N(A) conditionally on (7', A, (Wy)sc(0,1]5 (Uk)x). This implies (60), and thus the theorem. o

Proposition 3 Assume HO-H3. Let Ry, = fu((Xi/n)i, T A)) € RE where (f)n is a sequence
of borelian functions. Set Rn(A) = fn((Xi/n)i, T, ), and assume:

n—oo

o R,(A+ %) — R,(\) =20, in P* probability for any A\, h € RX,

o the sequence (Ry), is tight.

25



Then, one has the convergence in law, along a subsequence,

(nTy—in)k=1,...5c; V(W1 = Wi, n)k=1,...50s V(Wi 41) e =W, )k=1,....5, In(A), Nu(A), Ry,)

= (Uit it (VURND imttts (VI = UpND )t i, I(A), N(A), R).  (62)

law

The limit can be represented on a extension O x RE of the space Q. On this space, the variable
R is independent of N(A) conditionally on (T, A, (Wt)icp0,1), (Uk)k). Moreover the convergence
(62) is stable with respect to (T, A, (Wi)ejo,1])-

Proof Consider the joint law of the random variables,

VTR b bR (@

defined on the corresponding canonical product space, endowed with the usual product topology.

(T7 A7 (Wt)tE[O,l]a (nTk - ik)kZl,...,Kv (

From the assumption, all the components of this vector are tight, and thus the joint law is tight.
Along some subsequence, it converges in law to some limit, and thus (62) holds true. The stability
of the convergence with respect to T, A, (Wt)te[o,l] is immediate. Remark that from Proposition
2, the law of the limit (7', A, (Wi)iep0,1), (Uk)k=1,....1> (N}, Jk=1,... K, (N,j)kzl,m,K,I(A), N(A),R)
is known, apart for the last component R. It can be clearly represented on an extension Q x RE
of 0

To determine some information on the law of R, we use techniques inspired from the proof
of convolution theorems in [17].

Consider the following set of random variables defined on the space €2,

G=gXs,...,Xs,.), withr>1and (s1,...,s,) €[0,1]",
Gn:g(Xm,...,Xm),
K =kT, ..., Tx), (64)

Ln = l(nT1 — il, ve ,TLTK — iK),

M:m(Al,...,AK),

where g, k, [, m are bounded continuous functions.
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For (1, p2) € R2K we set
Galpir, pz) = B [ neine NG L, M |

Clearly G,, — G in probability, and from the convergence, along a subsequence, of (63), it is

simple to show

(n)—o0

pnlpn, ) = B [ e NOGRIU, L UM (65)
By conditioning on the variable A, whose law admits a density, we have

on i, f12) = / EA [e”‘l'R"()‘)emTN”(’\)GnKan()\)} FANAN,

REK

For h € RX, we make a simple change of variable in the integral,

Onpi1, pi2) = / EA TR/ [eiuar(>\+h/\/ﬁ)€iu2~Nn(/\+h/\/ﬁ)GnKLn} m(A+h/v/n) fa(A+h/v/n)dA.

REK
Now the translation is a continuous operator in L'(R) and by assumption A + m(X)fa(A) is

integrable. Thus, we easily deduce,

onliun,pa) = [ NIV [ i N O G KL | m(3) fa (VA + o(1)

RE
From the assumptions, we know the expansion R,,(A+h//n) = R,(\)+opa(1), and from Lemma
7, we have the expansion N, (A + %) = No(A) = I,(\)Y2h 4 opa(1). In these expansions, all
the random variables are only depending on ((X;/,)i,T). But, from the LAMN property, we
know that the measures P* and PAM"/ V7 restricted to ((X; /n)i>T), are contiguous. Hence, in
these expansions, one can replace opx (1) with opasn/ym(1). Then, using dominated convergence

Theorem, one can get,

@n(#lyﬂQ) :/ E)\—i-h/\/ﬁ [ei,ul-Rn()\)ei,uz-(Nn()\)—In()\)l/Qh)GnKLn] l()\)mA()\)d)\-l- 0(1)

RK
Remark that the random variables appearing in the inner expectation only depends on the
observations ((X;/,)i,T), and thus the likelihood ratio %(T, (Xim)i) = exp(Zn(A A +

h/v/n, T, (X;im):) might be used to change the measure,

R (66)

m(A) fa(\)dA + o(1).
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We deduce,
onlpir, pi2) =E |:6’L'Nl'Rneiﬂ2~(Nn(A)_In(A)1/2h)eZn(A,A+h/\/ﬁyTa(Xi/n)i)GnKLnM] +0(1).

But from the LAMN expansion (54), one can easily get Z, (A, A+h//n, T, (X;/,)i) = h* 1, (A)Y2 N, (A)—
2h*I,(A)h + op(1). Hence, using the convergence in law of (63), and uniform integrability of
the sequence Z,(A, A+ h/\/n,T,(X;/,)i), it can be seen that
(n)—o0
(i, p2) ——
E [eim'Rei”Q'(N(A)’I(A)l/Qh)eh*I(A)l/QN(A)’%h*I(A)hGKl(Ul, . .,UK)M] . (67)

Comparing the expressions (65) and (67), it comes Vu1, po, h,

E eiul'ReW?'N(A)GKl(Ul, S U)M | =

E [eim~Reiu2-(N(A)—I(A)1/2h)eh*I(A)l/QN(A)—%h*I(A)hGKl(Ul’ L Ug)M)| .
We deduce that Yuq, ps, b, the two following conditional expectations are almost surely equal,

B [ Bt NN | X T, (U, A] =
E [eim-Rez’MQ.(N(A)—I(A)l/?h)eh*I(A)l/QN(A)—%h*[(A)h | X, T, (U)w, Al -
But from continuity and analyticity arguments, it can be seen that this equality holds, almost

surely, for any 1 € RX puy € REK h e CK.

Hence, we can set h = —il(A)~'/2u, in the above relation, and find
E eiul.ReiM?N(A) ’ Xa Ta (Uk)ka A:| =F [ei#l.R | X’ Ta (Uk)kvA] 6_“;“2/2'

This precisely states that, conditionally on (X, T, (Ug)k, A), the random variables R and N(A)
are independent. The theorem is proved after remarking that the Brownian motion (W), can

be recovered as a measurable functional of X, T, A. o

5.3.2 Intermediate results

The assumption c(x,0) = ¢(0) is crucial for the proof of Theorem 4. Indeed if ¢ depends
on the diffusion, then Ji = ¢(Xg,_,Ar), and instead of (61), we have R,(\) = /n(J" —
(X1, Me)k) — CO) (M) ~Y2N,(\). This quantity depends on X7, which is unobserved.
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However, the assumption that R, () is only function of ((Xj/,, )i, T') is essential in the Proposition
3 (at the step just before equation (66)).

But if instead of Ry, () we consider RO®(A) = v/n(J"—¢(Xy, jns Mo )k) —COP5(N) I(X) ~V/2N, (M),
where COP3()\) = diag(¢(Xi, /ns Ak)k)- Then, the Proposition 3 can be applied, and we can prove

the following modification of Theorem 4.

(n)—o0

Theorem 5 Let J" be any sequence of estimators such that /n(J" — (e(Xiy /ms M) k) — Z
for some variable Z. Then, the law of Z is necessarily a convolution, Z g C(MI(A)~Y2N(A)+
R, where N(A) is a standard Gaussian vector independent of C(A)~2I(A), and R is some random

variable independent of N(A) conditionally on C(A)"2I(A). A simple expression for the entries
of the diagonal matriz C(A)~2I(A) is

I, = [Upa(Th, X1, )2 (1 + & (Th, X13,2))* + (1 — Up)a(Ti, X1,)*] Y, fork=1,...,K. (68)

Actually, to prove the convolution theorem when the coefficient ¢(z, ) depends on z, we
need a strengthened version of the Proposition 3. Indeed, we will show that the variable R, in
the statement of Proposition 3, is independent of N conditionally on any variable that can be
obtained as a limit of the observations. This yield some additional knowledge on the dependence

between the variable R and the other variables.

Proposition 4 Let us make the same assumptions as in Proposition 3. Assume furthermore
that there exist a continuous function ¥ with value in RX and (Ap)n a sequence of random

variables depending on the observations (T, (X;/,)i), such that

Ay =V ((nTk = i) k=1,...5, VW1, = Wi o )k=1,... 50, VWi, 11y — W1y, k=1,.... k)
27,0, in P probability.
Then, in the description of the limit (62), the variable R is independent of N(A) conditionally
on (T, A, (Wy)seo.1): Uk)i) and ¥ ((Up)k, (VUN i, (VI = TN i)

Proof The proof is a slight modification of the proof of Proposition 3. We simply add to the
list of random variables (64), the new one S, = s(A;), with s being any continuous bounded
function. Accordingly, we set ¢, (u1, p2) = E [ei“l'R"ei“?'N"(A)SnGnKLnM]. Then, the proof

follows the same lines as the proof of Proposition 3. o
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5.3.3 Proof of Theorem 2. The general case

We prove the Theorem 2 in the general situation where ¢(x, ) depends on x.
As seen in the previous section, a difficulty comes from the fact that the target of the
estimator J = (AX7, )k = (¢(X7,—, Ag))r depends on the unobserved value X7, . We introduce

-

J = (c(Xiy,Ag))k, and with simple computations, one can write the following expansion, for

any sequence of estimators J n
VAT = Je) = Va(Tp = Tp) = ¢ (X o AOVA(Xr, - — Xo,) + 0 (L).

If \/ﬁ(j,? — J) is tight we can use Theorem 5 and deduce, lim,) \/ﬁ(j,? —Jy) = 2 =
C’(A)I(A);lﬂN(A)k - c’(XTk_,Ak)a(Tk,XTk_)\/UT;N,; + Ry. After a few algebra, involving
the expressions (57)—(58), it could be seen that this reduces to the algebric relation (6), with NV
being some standard normal variable. However by this method, we can not deduce the condi-
tional independence of R with N. Indeed, only the conditional independence of R with N(A) is
known, and we have no information about the joint law of R and N .

To solve this problem, we consider two new statistical experiments where we add the obser-
vation of the diffusion just before (or just after) the jump. We first state the LAMN properties

for these new experiments. We omit the proof, which is similar to the proof of Theorem 3.

Proposition 5 (LAMN property adding the observations before the jumps.) Assume
HO, H1 and H2. Denote (p™*"") the density on R" 2K of the augmented vector of observa-
tions 08" = ((X;/n)i> (Tk)k» (X13,— &) under P*. For A € R, h € RX, define the log-likelihood

aug~ aug” ) — prAth/ViausT (aus )
ratio Z ()\, A + h/\/ﬁa O ) In proXaug” (Oaug™)

We have the expansion:

K K
_ _ 1
ZaO A+ 1/, 0™ = 37 I (V) PNG (V) — 5 DB (Ve +opa(1) - (69)
k=1
where
. (X, A)? - V(X — Xp,— — (X1 —, M)
In & (A)k = A k.aug— ) Nn & ()‘)k = = s (70)
n D™ Ak, R,aug (Xka) \/nDn,)\k,k,aug_ (XTk—)
n,\,k,aug™ 2 i+ 1
D™ (XTk_) =a (Tk7XTk— + C(XTk—7)\]€))( - Tk)'
Moreover

(I3 (N), N (N)) == (1™ (A), N™¢)

law
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where 1?8 (\) is the diagonal information matriz whose entries are

- (X, Ar)?
Iaug — kT .
()\)k aQ(Tk,XTk)(l — Uk)

and N®8" s q standard Gaussian vector in RE.

Proposition 6 (LAMN property adding the observations after the jumps.) Assume H0,
H1 and H2. Denote (p"’)"aung) the density on R"2K of the augmented vector of observations
Oaugt — (Xi/n)i> (Ti)r, (X1, k) under P*. For A € RX, h € RE, define the log-likelihood ratio
Z2 (M + b/, OW") = I B (o)

pn,)\,aug+ (Oaug+ )

We have the expansion:

K K
1
Zu(NA+ b/, OMET) = 37 L (PN (e = 5 DI (Vi +om (1) (71)
k=1 k=1

where
gt (X iy, M) . V(X = X — e(X iy, Ar)) Y
n ( )k - nDn’/\k’k’aug-k(Xiik)a n ( )k - \/nDn,/\k,k,aung (X%) ) ( )
DrAekas® (3, ) = a2(E X0 ) (14 ¢ (Xoy, M)A (T — ).
7 n’ w 3 n
Moreover

(1287 (\), N2ueT (V) 2222 (et (\), NeueT),

law

where 128" (M) is the diagonal information matriz whose entries are

Iaug+ ()‘)k _ é(XTk—> )\k)z
a? (T, X1y.— ) (1 + (X1, —, Ak))2 Uy,

+ . . .
and N28" s q standard Gaussian vector in RE.

We now deduce convolution results from these LAMN properties.

Proposition 7 Let J" be a sequence of estimator based on the observations of (Xi/n)i and

denote J" = (¢(X iy, A))g. Suppose that the sequence \/u(J"—J") is tight and define RZ"®  and

?Lung by the following expansions

V(I — ") = CPS(A) I (A)TV/2NEET (A) + R (73)
= V(X — X5 — o(Xp—, Ap)]e + Ry, (74)
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V("= T") = G ()7 VANGET () + Ry (75)

= V(X7 = Xa = e(Xoe, M)l + R, (76)
where In"® (M) (resp. 128" (A) ) is the diagonal matriz with entries (I3 (N)g) (resp. (If{ug+ (M)
and CP3(A) is diagonal with entries ¢(X i, , Ag).

Then, we have the convergence in law

(n)—o0
==

n

V(X — Xgp— — e(Xg—, M)k, V(X — Xy — (X iy, Ag))g, REE, B2
[(a(Thy X1,)V/ T — UeN{ )iy (a(Ti, X =) (1 + ¢ (X — ) )V Ui Ny, )i, R, R2087],
(77)

This convergence holds jointly with (56) and the limit variables can be represented on an exten-

sion of Q. On this space, one has

RZUg+ = Rzug_ —(L(T‘k7 XTk ) 1+C XTk \/ Uk;N +a Tk;, XTk \/ Uk Vk € {1a s 7K}
(78)
Moreover, the variable R*™¢" is independent of (N, )i conditionally on (T, A, (Wi)iepp.1): (Uk)k: (N} i)-

In a symmetric way, the variable R*™S" is independent of (N}, )k conditionally on (T, A, (Wt)se(0,1), (Uk )k, (V,

Proof The variable B2 and R2"" are defined by the relations (73) and (75). The relations
(74) and (76) are immediate by (70) and (72).

By a tightness argument the joint convergence, along a subsequence, of (56) and (77) is
clear. The relation (78) is a consequence of the equality between the quantities (74) and (76).

Now, we can deduce, from the LAMN property (Proposition 5), a result analogous to

aug™

the Proposition 3. Hence R*' is independent of the limit of Ny"® (A), conditionally on

(T, A, (Wi)ieqo]s (Ur)k). Moreover, remark that in the experiment O*"& | the sequence of vari-

ables

Vi(Xp -~ Xy)

A —
" a?(Ty, X4 )

is observed. But A, — \/n(Br,— — B, ) converges to zero in P-probability. Showing a result
analogous to the Proposition 4, we de(;uce that B¢ is independent of the limit of N;"® (A),
conditionally on (T, A, (Wt)se(0,1), (U )k, (VULN, k). After a few computations, it shows that
R*¢" is independent of (N;") conditionally on (T, A, (Wy)ep.1], (Uk)k, (Ng i)-
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The conditional independence between R™e" and (N, )k is obtained in a symmetric way:

one uses the LAMN property of Proposition 6, and the fact that the sequence

V(X — X))

A =
" (12 (Tk, XTk)
is observed in the experiment based on Oaue’ o

Finally, the Theorem 2 is an immediate consequence of the following result.

Proposition 8 Let J" be a sequence of estimator based on the observations of (Xl-/n)i such that

Vr(J" = J) 2= Z. Then,

law

=~ law _ ~
Z = [a(Ty, X1,- )/ ULN;, + a(Th, X1,.) /1 — Uk N5 + R,

where R is independent of (N s Nk conditionally on (T, A, (Wy)seo,1), (Ur)k)-

Proof First, we write

V(g = Ji) = Va(Jf =) =Vl = Tg)

= Vn(J} —Tp) — c/(X%,Ak)\/ﬁ(XTk, = X)) + op(1), (79)

But the sequence \/ﬁ(j” — J") is tight, and we can apply the Proposition 7. Using (74), (77),
and (79) we deduce

V(TP — J) 2% —a(Ty, Xy, )¢ (X1, -, Ap)VURNT + a(Ty, X1,)/1 — UpN;E + RS

law

We write the last equation as
V(TR = Ji) *5 a( T, Xo ) VURNy, + T, X5) V1= UeNyf + Ry,

where Ry = R™™ — (a(Ty, X1, )(1 + ¢ (X1,—, At))vUeN; ). Using Proposition 7, we deduce
that R is independent of NT conditionally on (T, A, (Wo)epo]s (Ur)ks (N )ie)-

From (78), we have R = Rzug+ + (a(Ty, X1, )v/T = Uy N;")j, and we deduce that R is inde-
pendent of N~ conditionally on (T, A, (W4)te(0.1 (Ur)ks (N )k)-

Remarking that N~ and N* are independent conditionally on (T, A, (Wy).e(0.1], (U )x), We
deduce that R is independent of (N~, NT) conditionally on (T, A, (Wo)eepo,1)s (Uk)k)-

The proposition is proved. o
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