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RECORD PROCESS ON THE CONTINUUM RANDOM TREE

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. We consider the number of cuts X, needed to isolate the root of the sub-tree
spanned by n leaves uniformly chosen at random in Aldous’s continuum random tree 7. We
prove the almost sure convergence of X}/ V2n to a Rayleigh random variable Z. We get
from the a.s. convergence a representation of Z as the integral on the leaves of T of a record
process indexed by the tree 7. The proof relies on a Brownian Snake approach. This result
was motivated by Janson’s convergence in distribution of the renormalized number of cuts
in a discrete random tree.

1. INTRODUCTION

The problem of random cutting down of a rooted tree arises first in MEIR and MOON
[18]. The problem is the following: consider a rooted tree 7T, with n vertices, select an edge
uniformly at random, delete that edge and keep the part of the tree that contains the root.
Continue recursively until only the root is left. We let X, denote the number of cuts that
are needed to isolate the root. What is the asymptotic behavior of X,, as n tends to oo?

This problem has been in particular tackled in [18] and in BERTOIN [9] for Cayley trees
(uniform labeled tree with n vertices), in PANHOLZER [19] for simply generated trees or in
JANSON [15] for conditioned Galton-Watson trees. The main result in [15] states that, if the
offspring distribution of the Galton-Watson process is critical (that is with mean equal to 1)
with finite variance, which we take equal to 1 for simplicity, then the following convergence
in distribution holds:

(1) (Ta/ N Xa/ V) —2— (T, 27)

where T is Aldous’s continuum random tree (CRT) introduced in ALDOUS [6, 7], the condi-
tioned law of Z given T is specified by its moments, and Z7 has a Rayleigh distribution with
density = e=e’/2 1¢,~0y- However, there is no constructive description of Z7 conditionally on
T.

The goal of this paper is to consider a continuous cutting of the CRT and to give an a.s
convergence for a quantity similar to X,,. More precisely, we consider a CRT T, associated
with a branching mechanism v(u) = au? under the excursion measure N. This tree is coded
by the height process \/2/a Bey, where B, is a positive Brownian excursion. Let m’ be
the corresponding measure on the leaves of 7~ (see Section 3.1 for a precise definition of m7).
We set 0 = m7 (T) the total mass of the tree 7. Notice that Aldous’s CRT is distributed as
T under N[dT | 0 = 1] with o = 1/2.

We throw points uniformly on the CRT at rate 2a in the same spirit as in ALDOUS and
PIrTMAN [8] (see also ABRAHAM and SERLET [4] for a direct construction and ABRAHAM,
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2 ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

DELMAS and VOISIN [3] for the general Lévy tree). When a mark appears, we cut the tree
on this mark and discard the sub-tree that does not contain the root. For x € T, we denote
by 6(x) the time at which z is separated from the root. Then we define:

0= [rﬁ(x) m’(dz) and Z = \/?@.

Conditionally on o, the random variable Z is distributed according to the Rayleigh distribu-
tion, see Proposition 4.4. Let us denote by 7T;, the reduced tree spanned from the CRT T by
n leaves uniformly chosen at random and the root. The tree T, is distributed as a uniform
binary tree with n leaves and hence 2n — 1 vertices, but with edges with random lengths. Let
X} be the number of cuts (generated by the continuous cutting) that are needed to isolate
the root of this reduced tree. In this setting the root is isolated as soon as the remaining tree
containing the root is reduced to one edge. Notice that several cuts may appear on the same
edge of T},, so X looks like X5,,_; for binary trees but is not exactly the same object. The
main result of this paper, see Theorem 6.1, states that N-a.e.:

X 2
lim =/ 0 =2
n—+00 \/2n g

In fact, we also prove the result conditionally on {o = 1}, that is for Aldous’s CRT. This
strongly suggests that Z and Z7 are equal. To get this equality, it is enough to check the
equality of all their moments conditionally on 7. In fact, we were able to compute only the
3 first moments of Z conditionally on 7, and we present the two first in Proposition 4.8 and
Remark 4.9. The 3 moments indeed coincide when o = 1/2. So, at this stage the question is
still open.

We provide also another representation of © in terms of the mass of the pruned tree
(a similar result also appears in ADDARIO-BERRY, BROUTIN and HOLMGREN [5]). More
precisely, we set for ¢ > 0:

g = frl{emzq} m’ (dz)

the mass of the remaining tree at time ¢. It is also the mass of a tagged fragment in Aldous-
Pitman’s fragmentation. The process (o4, > 0) is distributed conditionally on {o = 1}, as
(1/(14+174),q > 0) ) where 7 is a stable subordinator of index 1/2, see ALDOUS and PITMAN
[8] or ABRAHAM and DELMAS [1]. Then we prove that:

—+00
0= / o4 dq.
0

Using results from ABRAHAM, DELMAS and HOSCHEIT [2] on pruning of Lévy trees, we also
derive asymptotics about (¢¢,i € T) the sizes of the removed sub-trees during the cutting
procedure. According to Propositions 8.2 and 8.3, we have N-a.e.:
1 ; «@ 20
Jm e Vet = Jm Vi) 0y = 2\/;@ - \/; z
1€L i€

The paper is organized as follows. In Section 2, we define the record process constructed
from the continuous cutting procedure on the real line, then we construct the cutting pro-
cedure on the CRT in Section 3. In Section 4 we compute the law of © and some moments
under various probability laws. We then introduce the reduced tree with n leaves in Section
5 and state and prove the a.s convergence of the number of cuts in Section 6. Section 7 is
devoted to the proof of a key result needed in the proof of Theorem 6.1. We give the other
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representation of © in Section 8 and we end the paper with an Appendix that gather technical
proofs of several lemmas used along the paper.

2. THE RECORD PROCESS

Let a > 0. We consider § = (0(t),t > 0) the record process and X = (X (t),t > 0) the
record counting process defined as follows. Let N(dt,dq) = >, t,,4,(dt,dq) be a Poisson
point measure with intensity 2aly>0 4>0ydtdg. For 6(0) € [0, +oc] and X (0) € N, we set for
all t > 0:

6(t) = min(6(0),inf{g;;t; <t}) and X(t)=X(0)+ Y 1, -6,

0<s<t

By construction § and (6, X') are Markov processes. We shall denote by P, with ¢ € [0, 4+00]
(resp. P ) with g € [0,+0c] and k € N) the law of the process ¢ (resp. (¢, X)) starting at
q (resp. (g,k)), and we denote by E; (resp. E(g ) the corresponding expectations.

Notice that # and X are non-increasing, and a.s. X (t) = 400 for every ¢t > 0 if #(0) = +o0.

Remark 2.1. Let us denote by 1 > ¢; > t9 > --- the jumping times of the process (6(t),0 <
t < 1) under Py,. By standard arguments on Poisson point measure, the random variable ¢;
is uniformly distributed on [0, 1]. Conditionally given ¢, the random variable ¢ is uniformly
distributed on [0, ¢;] and so on. We are thus considering the standard stick breaking scheme
and the random vector (1 — ¢1,¢; — tg,...) is distributed according to the Poisson-Dirichlet
distribution with parameter (0, 1).

Remark 2.2. The coefficient 2« in the intensity is added to have the same intensity as in
the pruning procedures of [4, 3, 2] but, as we can see from the previous remark, it does not
appear in the law of the number of records.

Let Y; be an exponential random variable with parameter 2at. Notice that inf{g;;t; < t}
is distributed as Y;. Let g be a bounded measurable function defined on [0, +00]. For every
q € [0, +0oc] and t > 0, we have

Eq[g(e(t))] = E[g(min(q,}/;))] — e—2aqt g(q) + /Oqg(x) 2ate—2atm dr.

Notice that if g belongs to C'(R*) with ¢’ bounded on R, we have by an obvious integration
by parts that, for ¢ € [0,+o0] and ¢ > 0,

Eqlg(6(1))] = g(0) + /0 " ) et gy

We can then compute the infinitesimal generator of 8 denoted by L. Let g be a bounded
measurable function defined on [0, 400] such that g — g(+00) is integrable with respect to
the Lebesgue measure on R*. For ¢ € [0, +oc], we have:

L(g)(q) = lim Eqlg(6())] — 9(a)

t—0 t
1— —2aqt q
= lim —g(q)ei + / 2ag(x) e 2 dg
t—0 t 0

~20 [ (gle) - 9(a)
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Let go > 0. This result also holds for ¢ < gy and g a bounded measurable function defined
on [0, go]. In that case, we get that the process M9 = (M/,t > 0) is a martingale, where M9
defined by:

@) MY = g(0(0)) + 20 | s / " (506 - 9(@)) d:

Remark 2.3. If furthermore g belongs to C}(RT) and if  — x¢/() is integrable with respect
to the Lebesgue measure on R, then we have for ¢ € [0, +o0]:

L(g)(q) = -2« /Oq zg'(x) d.

Similarly, we can also compute the infinitesimal generator of (6, X), which we still denote
by L. This quantity is of interest only for #(0) finite. Let g be a bounded measurable
function defined on R* x N. Standard computations on birth and death processes yield that
for (¢, k) € RT x N:

Eg,mlg(0(t), X(1))] — 9(q, k)

t—0 t
— g 2aqt q
= %g% —9g(q, kz)f + /o 2ag(x, k+ 1) e 2 dgz + o(1)

=20 [M(glek+1) = gla. 1) do.

In that case, we get that the process M9 = (M7, t > 0) defined by:

t 0(s)
B M= g0 X(0) -2 [ ds | (ng(s)+1>—g<e<s>,x<s>>) d,

is a bounded martingale.

Let n € N. Taking g(g, k) = kAn, we deduce that the process N — (Nt(n)7 t > 0) defined
for ¢t > 0 by:

t
Nt(") =X({t)An— 2a/ 0(5)1{x(s)<n} ds
0
is a bounded martingale under P(, 1y (for ¢ < +00). Notice that for (¢,k) € R* x N, we have:

t
E ([N < Byl X (1) Al + 20 /0 E(q[0(s)] ds

t t
=kAn+ 204/0 E(q,k) [0(3)1{X(s)<n}] ds + 204/0 E(Qﬁ) [9(8)] ds

<k + 4atq,

where we used that X is non-negative in the first equality, that N is a martingale in the
second one, and that @ is non-increasing in the last one. As (N n € N) converges a.s. to
the process N = (Ng,t > 0) defined for t € R by:

(4) Ny = X(t) — 2a/0 0(s) ds,

we deduce that IV is a martingale under P, ;) for every (q,k) € RT x N.
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By taking g(q, k) = k? and using elementary stochastic calculus and similar arguments as
above, we also get that the process M = (M, t > 0) defined for ¢t > 0 by:

t

(5) M; = N? — 2a/ 0(s) ds
0

is a martingale under P, 1 for every (¢, k) € R+ x N.

3. THE BROWNIAN SNAKE OF RECORDS

3.1. Real trees. We recall here the definition and basic properties of real trees. We refer to
Evans’s Saint Flour lectures [14] for more details on the subject.

Definition 3.1. A real tree is a metric space (T,d) satisfying the following two properties
for every x,y € T :
o (unique geodesic) There is a unique isometric map fz, from [0,d(z,y)] into T such
that fpy(0) =2 and fyu(d(z,y)) =y.
o (no loop) If ¢ is a continuous injective map from [0, 1] into T such that ¢(0) = = and
o(1) =y, then
©([0,1]) = fay ([0, d(z,y)])-

A rooted real tree is a real tree with a distinguished vertex denoted () and called the root.

We denote by [z,y] the range of the mapping f,,, which is the unique injective path
between z and y in the tree. We also define a length measure denoted by ¢(dz) on a real tree
by:

U([z,y]) = d(z,y)-

We will consider here only compact real trees and these trees can be coded by some
continuous function which is very useful for constructing real trees, in particular random
trees. We consider a continuous function ¢ : [0, +00) — [0, +00) with compact support [0, o]
and such that ¢(0) = ((0) = 0. This function ¢ will be called in the following the height
function. For every s,t > 0, we set

t) = inf
me(s,t) re[sl{lnsvﬂC(?“),

and
d(s,t) = C(s) + ¢(t) — me(s, t).
We then define the equivalence relation s ~ t iff d(s,t) = 0. We set 7¢ the quotient space

7~C = [07+OO)/ ~ -

The distance d induces a distance on 7; and we keep notation d for this distance. For
simplicity, for s > 0, we shall denote by s the equivalence class which contains s. The metric
space (7¢,d) is a compact real tree, see [13] Theorem 2.1. It can be viewed as a rooted real
tree by setting ) = 0. We shall write m7 for the measure on (the leaves of) 7 defined as the
Lebesgue measure on [0, ¢]. In particular, we have m” (T) = o.

We denote by N the o-finite measure on the Polish set T of real trees (with the Gromov-

Hausdorff distance) of the real tree 7; when ( if an excursion away from 0 of \/g | B| where

|B| is a standard reflected Brownian motion. The tree 7 is then the genealogical tree of a
continuous state branching process with branching mechanism 1(u) = au? under its canonical
measure.
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The density, with respect to Lebesque measure, of the length o of the excursion ¢ under
N is given by:
dr
(6) Wl{rw}-

In particular, we have for p > 0:

N [1 - ef‘w] = \/,u/—oz.

Using the scaling property of the Brownian motion, there exists a regular version of the
measure N conditioned on the length of the height process ¢. We write N(") for the probability
measure N[- |0 = 7].

3.2. The spatial process. We now consider a snake with lifetime process the excursion (
and with spatial motion the record process 6 (see [17] for the definition and the existence of
a snake and [10] for the case of a discontinuous spatial motion). A snake is a path-valued
Markov process ((¢s, Ws), s > 0) such that, conditionally given ({5, s > 0), the process is still
a (inhomogeneous) Markov process such that

e For every s > 0, the process (Ws(t),t > 0) is distributed as the record process 6 killed
at time (.
e For every 0 < s < s/, we have
— Ws(t) = Wy (t) for every t € [0,m¢(s,s)].
— The process (Ws(t) — Ws(me(s,s')),t € [me(s,s’),(]) and the process (W (t) —
Ws(me(s,s')),t € [me(s,s"),(s]) are independent.
Let us remark that, by definition, the starting points Wy(0) are the same for all s. We

denote by N; (resp. N((Ir)) the law of the snake when ( is distributed according to N (resp.
N™) and when W(0) = ¢

Equivalently, we can define directly the record process on the tree using a Poisson point
measure: conditionally given ¢, we consider a Poisson point measure ), ;& xi)(dq, dx) on
R4 x T¢ with intensity 2acdq ¢(dx). For every x € T¢, we set

0(z) = min(q, inf{q;, z; € [0, z]}).
Then it is not difficult to see that the law of the process
((¢s; (B(z), 2 € [0, 5])),5 = 0)
when ¢ is distributed according to N (resp. N(") is N, (resp. N((f)).

We will write, for every s > 0,
= Wi(Gs) = 0(s).
4. DISTRIBUTION OF © AND RELATED COMPUTATIONS
Recall that o = m7 (7). We set:
2a

0= /ads_/ 0(z) m” (dz) and Z=4/— O.

g

In order to stress that O is defined from 7, we may write O(7) for ©.
Let A >0, p >0 and f(x) = A\x 4+ p. We set for ¢ € [0, +o0]:

(7) F(q) =N, [1 o J5 500 ds} '
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We define the function:

(8) Glx) = WE L ) KoV A

2a 2a
The function G is one-to-one from [y/p/a, +00) to [0,+00), is increasing and is of class C™°.
Lemma 4.1. Let A > 0, u > 0. The function F is of class C' on [0,4+00) and solves the

following equation on [0,+00):

q
9) aF (@) +2a [ 2F(z) dv = f(a).
0
Furthermore, we have F = G~1.
The proof of this Lemma is postponed to the Appendix, Section 9.
Notice that F(4+00) = 400 which doesn’t able us to compute the Laplace transform of
Iy f(0s) ds. However, we have the following result.

Corollary 4.2. Let A > 0, u > 0. We have:

1
1 —po-xe| _ L
(10) N [ae ] N D
Proof. We have for g € [0, +00):
(11) OuF(q) = Ny {Ue_ Jo f(és)ds] .

Since G(F'(q)) = q we get:
(0.G)(F(@)) + G'(F(q)) ,F(q) = 0.

We have:

1 20 [T 1 1

0,G(x) 3 e NN )\( aG(z) + 2ax + N).
Notice that G'(F(q)) = 1/F'(q). We deduce from (37) that:
1 1
0,F(q) = 20 + 2aF (q) + A
e (U s
= 14 .
2 /au+ X 2a(F(q) +q)

Letting ¢ go to infinity gives the result. O

Using (6), we get that for every non-negative measurable random variable V| for ¢ €
[0, 400

e dr
12 NyV]= | ———5 N[V
(12) M= [ 5 N
In particular, we deduce from Corollary 4.2 that:
1 > dr 1
13 _ 2N om0 - -
(13) 2yar Jo  r ¢ 0 {e ] 2/ + A

The proof of the next Lemma is postponed to the Appendix, Section 9.
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Lemma 4.3. Let Z' be a Rayleigh random variable with density ze % /2 10y Let p >0,
c>0. We have:

1 [T dr 57 o 1
14 - = MR e~ 2reZ’| _ .
(14) VT Jo o T ¢ [e ] c+ /i

We then deduce the following result.

Proposition 4.4. Let Z' be a Rayleigh random variable with density e /2 lips0y. We
have that for all r > 0, the random variable © is distributed under Ng;) as \/9= Z'. In other
(r) (d) o

words, for all v > 0, under Noo', we have Z =

Proof. By comparing Equations (13) and (14), we obtain that:

1 < dr 1 oo dr =
15 _ aThkT N(T’) -0 _ BNy T 1) M2
(15) 2yar Jo /r ¢ o {e ] 2yar Jo  Jr ¢ {e i }

for every > 0. This implies that dr-a.e.:
NEQ [e_)‘e} =K [efA izl] ,
but, thanks to the scaling property for Brownian motion, the function
T Ng;) {e_)‘g]

is continuous, and so is the right-hand side of Equation (15). Thus the equality holds for
every r, which ends the proof. O

We deduce the following Corollary.
Corollary 4.5. We have:

(16) NO O] =5/ and N [67] = L.

Proof. This is a direct consequence of Proposition 4.4 and the following fact:

(17) E[Z™] = 2"/*T((n +2)/2) for n > —2,

which implies E[Z'] = \/7/2 and E[Z?] = 2. O

The last part of the Section is devoted to the computation of the first moment of © under
N((Jr), with ¢ < 400. We first give the asymptotic expansion of F' with respect to small
. We write O(A\¥) for any function g of ¢, and A such that for any ¢ > 0, u > 0 and

e > 0 there exists a finite constant C' (depending on ¢, p and ¢) such that for all A € [0,¢],
lg(q, 1, \)] < CA*. Notice that O(AF) is not uniform in g or p.

Lemma 4.6. Let g € (0,+00). We set z=gq - We have:

woooA A2 z —log(1l+ 2) 3
1 F(q) =4/—+ —log(1 — .
(13) @ =&+ 510801 +2) — 1y A o)

In particular, we deduce that:

1 9 1 z —log(1 + z)
(19) NF(@)p=0 = 5-log(1+2) and O5F(g)r=0 = REYETYE P
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Proof. Using the second part of Lemma 4.1 and (8), we get:
A 20q + 2aF (q) + A
(20) F(q) = £y 2 log a (@) :
a 2« 2./ap + A
Using (7), we get that F'(q) decreases to /u/a when A goes down to 0, that is F(q) =
vV iu/a+ O(1). Plugging this in the right-hand side of (20), we get:

F(q) = \/g—l— O(N).

Plugging this in the right-hand side of (20), we get:

_m A 2
F(q) = \/;+ 5 log(1+ z) + O(\?).
Plugging this again in the right-hand side of (20), we get (18). This readily implies (19). O
(r)

We can then compute the first moment of © under Ny .

Proposition 4.7. Let Z' be a Rayleigh random variable with density re /2 1iz>0y. We set

(21) Hy(r) = \/% /0 e dy E [e—yz/] .

Forr >0 and q € [0, +00), we have:
N{ ] = Hy(r).
Since 0 <1—e7%* < z for z > 0, we get:
(22) 0<qr— Hy(r) < 5 V7w r>

We also deduce from the previous Proposition that:

N (0] = Hoo(r) = \/% /Om dy E [e*yz’} - \/% E[1/Z'] = ;/\;_g

where we used (17) with n = —1. Thus we recover the first part of (16) (notice that this
relies on the following identity for the Rayleigh random variable: E[Z'] = E[1/Z']).

Proof. By the change of variable y = gv/2az, we have
T d +o00 2
Hy(r) = q2£/0 \/—Z ; dx x exp <—% - q\/20¢zx> .

Then we compute for p > 0,

/+oo dr *W’H( )_ q /+ood o /r% Jrood 56_2 5
; o —omre g7 = 1= ; Te v T T exp 5 qVvVazx

q /+oo dz +o00 g ur /+oo J .%'2
= — re- rxexp| —— —qV2azzx
dra o Vz2 . 0 < 2 >

+oo

q 1 [T dz e 2
4\/ﬁ,u/0 \/Ee ; T X exp 5 qv22azzx
q 1 1

NG N

where we used equality (14) for the last equality.
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On the other hand, we have:

/Jroo dr e ) 0] = -9 /+Oo o dr o 0]
0 2v/anr ¢ 9 TR 2 am 32 ¢ q

= —9,Ny [e " O]

— 0, [N (@)pmo)

=— %@log <1 —i—q\/g)
g 1 1
NG RN
where we used (12) for the second equality, the definition (7) of F' for the third one and (19)

for the fourth one. Therefore, we have that dr-a.e. N((f) [©] = Hy(r). Then the equality holds
for all » > 0 by continuity (using again a scaling argument). O

We end that section with the computation of the first moments of © conditionally given
the tree 7¢ or equivalently conditionally on the height process (.

Proposition 4.8. We have:
1 dty 9 / / dtidty
© ©
[ ‘ C] 20&/0 Cl [ | C 20[ L1L2 ’

where L1 = (;, and Ly is the length of the tree spanned by t1 and ty i.e. Ly = Gy + (i, —
mc(tl,tg).

Remark 4.9. We deduce from Proposition 4.8, that:

1 (’@ 9 _L/U/UdtldtZ.
Z | C \/2040 Cy N [Z | C] ao Jo Jo LiLo
Recall the rate at which marks are thrown is 2a. Using notations (1), we deduce from
Theorems 1.9 and 1.10 of [15] that, for & = 1/2, Z and Z7 have, conditionally on 7 the same
first two moments. We also check this is true for the third moment. But we were not able

to perform computations of N, [Z k ‘ C] in closed form for general k in order to check that
Z and Z7 have the same distribution conditionally on 7.

Proof. We have: .
Nool6 | (] = /0 Noolf, | CJds

But, conditionally on (j, 0, is distributed according to an exponential random variable with
parameter 2a(s by standard results on Poisson point measures. Therefore, we have:

1 ds
o105, &
For the second moment, we have:
«[0%] (] = / / dt1dtaNog 04,0y, | €.
0o Jo

Let us set hg = 2am¢(ti,t2), hi = 2aly, — hg, and hy = 2a(, — hg. Remark that
= (ho + h1)/2a and Ly = (hg + h1 + ha)/2a. Moreover, under N4, conditionally given (,
we have

A~ A (d
(9151’9252) ( ) (Yb /\YlaYb /\Y2)
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where Yp, Y1, Ys are independent exponentially distributed random variables with respective
parameter hg, hy and hy. Consequently, we have

Noclfufuy | () = [ duho ™" Bfu A YiJEu A Vi
0

e h 1 h h
/0 u hg e Il e e

_ 1 <1 __ho  ho n ho )
 hihs ho+h1  ho+ha ho+hi+hs
1 1
_|_ .
(ho +h1)(h0 + hy +h2) (ho +h2)(ho + hy +h2)

When integrating with respect to dtidts, these two terms give the same contribution by
symmetry and we get the second moment of the Proposition. U

5. SUB-TREE WITH 1 LEAVES

5.1. Definition. Let » > 0 and let 7 be a tree distributed according to N, Let (ty,...,t,)
be n points uniformly chosen at random on [0,r] and let T;, be the sub-tree of 7 spanned
from these n points and the root:

T, = |JI0, t]-
k=1

Notice that T}, has 2n — 1 edges. Let (hq,...,ho,—1) be the lengths of the edges given in
lexicographic order. We shall consider the total length of T),;:

2n—1
L, = Z hy.
k=1

We first recall the density of (hi,...,ha,—1), see also [13]. The proof of this Lemma is
given in the Appendix, Section 9.

Lemma 5.1. Under N, (hy,... ho,_1) has density:

(2n —2)! o —al?
e T L,e @ /T 1{h1>0,...,h2n—1>0}'

(r) -9
fn (h17"'7h2n—1) (’I’L—l)' o

We set hy, = hy for the length of the edge of T}, originating from the root, that is
hg.n, = d(0,my) = £([0, my,]) with m,, defined by:

(23) (10, t] = [0, m].
k=1

5.2. The total length of the sub-tree. The main result of this Section is the following.

Proposition 5.2. Let L, be the total length of T,,. Then L2, is distributed under N as
rI'y/a where Ty, = Ey+- - -+ By, with (Ey, k € N*) independent exponential random variables
with mean 1. In particular, we have that N()-q_s.

lim L,/vn=/r/a.

n—-+4o00
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Proof. Use the density fr(f) to get:

2n—1

NM[g(L})] / <Z hk) FS R, hapo1) dhy -+ - dhan

(2n —2)!

Oén _ 2

Consider now the change of variables:

(% (% «
up = _h17 oty Up—2 = _hQn—Qa T = _Ln7
r r T

_1
with Jacobian equal to (%)n 2, 'We have:

o= G fo () eafar ()

L0130, usn—2>0} Luy 4 tupn o <a}dUi - - - dugn—2dx

1 2
= ( ol /g <2> 2w e~ x2n_211>0d:6
n—1)! « =
1 rz\ _ _
= (n — 1)' /g (E) e 7" llzzodz,

where we used that:

x2n—2
/1{u120,...,u2n_220}1{u1+---+uzn-zs:v}d“1 o dugn—2 = (2n —2)!
for the second equality and considering the obvious change of variables z = x? for the last
equality. Then use that T, has distribution gamma with parameter (n,1) to get the first part
of the Proposition.

For the second part, we compute

>(%-1)]-15

N(™)

n=1

(——1)4] 2*2‘07112 <3+ ><+oo.

n=1

4
This implies that N(-a.s. +oo <L7% — g) is finite, which proves the last part of the

n=1
Proposition. O
5.3. The length of the vertex originating at the root.

Proposition 5.3. The sequence (v/nhy,,n > 1) converges in distribution to \/r/a Ey/2,
where Eq is an exponential random variable with mean 1.

Proof. Let k € (=1, +00). We set Hy, = (a/r)*/?N() [hg ). We have:

(2n — 2)! @ Hk/2
(n—1)! prtk/2

Hy =2 / dhy ... dhop_1BE Ly e @Ln/T
R2n71
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Consider the same change of variables as in the proof of Proposition 5.2 to get:

(2n — 2)! o Hk/2 PNR2 N2 rn—3
B = 20200 i fyne (Z) e (5) e sz ()

du1 e dUQn,QdCC

2n - 2)!
’I’L — 1 R2 duldml{ul <z} ulxe R% 3 .. duZn—21u2+~~~+u2n,2§x—u1

_ (2n—2 T e —z? k 2n3
_Q(n—l).(Qn—?))!/O d /Odhh( —h)

Set y = 22, to get:

— 2! +o0o
H, =2 ((271 12))' G L 3)'ﬁ(k¢ +1,2n —2) / dp g2kl =2
n—1) (2n—3)! 0
en—2)! 1

—+00
= ’ k+1.2n—2 d ntk-1 _—r
n=1) @n_g kL )/0 yyoe e

2n — 2)! 1 T'(k+1)(2n — 3)! k
_(@n-2) (ke @n=3 Lk
m—1! 2n—-3)! T(@2n+k-1) 2
I'k+1) TI'(n-— %)
2 T(n+%-1y
where, for the last equality, we used twice the duplication formula:
L@2n—1) 2 2T(n—1/2)

24 =
We observe that lim,, o N(") [nk/th N = % (é)k/2 = E[(v/7E1/(2y/a))¥]. This gives the
result, as the exponential distribution is characterized by its moments. O

From the proof of Proposition 5.3, we also get the following result.

Lemma 5.4. For all k € (—1,+00), we have, when n goes to infinity:

k1 (T\2L(E+1) I(n—3)
N (a> 2 Tn+5-14)

~ (r/a)* 27k 297k (K + 1),

6. NUMBER OF RECORDS ON SUB-TREES

Recall the vertex originating from the root of T, is [0, m,], with m,, defined by (23). Let
T be the sub-tree of T, where we remove the edge [0, my]:
T: =Ty \ [[(Damn]]a

and Ly its total length i.e. L}, = L, — hy,. We also set 0y, = 6(m,,), and conditionally on
hg n, 0p, is an exponential random variable with mean 1/hg,, < 4o00. Thus, we have:

N

[e.9]

0(x) {(d) | T::,e@,n] < Ly, < +oo.
Ty

Let X be the number of records on the tree T};:

X5 =" Lo >0}

xeT}
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where f(z—) = lim  0(y). We can then state the main result.
y—x
yel0,z]\{z}

Theorem 6.1. We have that, for all r > 0, Ng})—a.s.:
X*
lim =2 =2,/26.
n—-+00 \/ﬁ r

)(; Ngkas gg C)ZZZ:
/2n — 1 n—o0 r

Notice that the binary tree T}, has 2n — 1 vertices; and it corresponds to a critical Galton-
Watson tree with reproduction law taking values in {0,2} and with variance ¢ = 1 condi-
tionally on its number of edges being 2n — 1. Therefore, we get a similar result as Theorem
1.6 in [15].

Remark 6.2. We have:

(25)

The proof of Theorem 6.1 relies on the following technical result, which will be proved in
Section 7.

Proposition 6.3. We have that, for all r > 0, Ng,)—a.s.:

, 1
(26) nETooﬁ T;H(ﬂc) U(dz) = =,
and N _q.s.:
(27) NG | = [ o)ty | 1| < 220 [0 | 1,] + R,
v Jr vn

where R], is non-negative and o(T,,)-measurable and the sequence (R},,n > 1) converges NG
a.s. to 0.
Proof of Theorem 6.1. We set:

A, X 2«

"V Vi n

Using the martingale of Equation (5), we have that:

0(x) L(dx).

% /T 0 () | T,

r,] = 20 NO)

(28) N (A2 T

We have:

n>1 n>1

Ny K%N@ [9 ‘ Tn4] +R§L4> 1{R;4s1}]

<Y 2t (N (22N (07 1)
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where we used (28) and (27) for the first inequality, Cauchy-Schwarz inequality for the second

one, and Proposition 5.2 as well as (16) for the last one. This result implies that Ngg)—a.s.

limyp, 400 Apalyp <13 =0 and thus N((;)—a.s. limy, 400 Aya = 0 as the sequence (R, n > 1)

converges N(M-a.s. to 0. We deduce from (26), that N{)-as. the sequence (X*,/n*n >1)
converges to 2\/§ ©. Then using that (X},n > 1) is increasing, we get for k € N, such that
nt < k < (n+1)*% that:

w X Xp (4 )7 Koy

n _

m+12 n2 Ve~ n* (+1)?

Thus, we get that N as. the sequence (X7 /Vk,k > 1) converges to 2,/20. O

7. PROOF OF PROPOSITION 6.3

Let F,, be the o-field generated by T,, and (0(x),z € T,). The filtration (F,,n > 1) is
increasing towards V,>1F, = F, the o-field generated by T and (05, s € [0,0]) = (0(x),x €
T).

In order to first give a description of the Brownian snake conditionally on F,,, we consider
the sub-trees that are grafted on 7,,. For z,y € T, we define an equivalence relation by
setting

xr~ry = [0,2]NT, = [0,y] N T,

and we set (7;,7 € I,) for the different equivalent classes. The set 7; can be viewed as a
rooted real tree with root x; = 7; N1,. Notice that x; represents the point of T}, at which
the tree 7; is grafted on T},. Finally, we set 6; = 6(x;) and o; = m7 (T;) which corresponds
to the length of the height process of 7;.

Using Theorem 3 of [16] (combined with the spatial motion ), we get the following result.

Lemma 7.1. Under N, conditionally on F,, the point measure

S 6700 (AT, dg, d)
i€l
15 a Poisson point measure with intensity
2al7, (2)¢(dz) N|dT] 6p(z)(dg).

We deduce from that Lemma the next result.

Lemma 7.2. Under N,(;) and conditionally on F,, the point measure

No(do,dg,dz) = 55, 0, 2,)(do, dg, dz)
i€ly

is distributed as a Poisson point measure:

N(daa dQ7 dl’) - Z 5&j,«9j,:vj (d07 dQ7 d.%')
JjeJ

with intensity 2aly, (x)l(dx) Q\/%ﬁlcvo do(z)(dq) conditioned on {>_;c;0; =r}.

We can compute some elementary functionals of N,.
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Lemma 7.3. The point measure N, has intensity:
2alr, (x)¢(dx) B [do] 84 (dg),

where ET)Ln satisfies, for any non-negative measurable function F:

2a/ ((dx) BO 0 [F(z,0)] =E | Y F(s;,6;) ( > oi=r

JjeJ jeJ
We also have:

and E(r),Ln[ai%/?] < 1 LTQ o—aL/ar

— 2y/ar L,

Proof. The first part of the Lemma is a consequence of the exchangeability of (o;,7 € I,,).
With F(q,r") =1/, we get:

(29) EM:Lnlg) =

2L,

20L B o] =20 | t(de) OB fo] =B | Y65 | Y= =7
n = jed

This gives the first equality of (29). Recall that:

N[1-e+] = /OOO % (1— ) = Vifa.

We have, using the Palm formula for Poisson point measures, for a > 1/2:

E E :5§L e HMlies0i| — R E :531 oM o1 ic iz O

Jj€J Jj€J
+oo do
= 2aL,N [J“ e_’“’] exp <—2aLn/O W (1 - e_’”)>

= 2aL,N [J“ e_’“’] e 2bnvap
Moreover, we have:
& dr 1
N [g¢e M0 — a —pr
[o% 7] /0 2 /an r3/2 ne 2/ am
We deduce that:

D(a—1/2)ut/?,

~3/2 1 ~9 —p1> e 55
E ;} <2\/5Lnaj + (3/2) O’j> e Hiuies

1
—2al —2Lyn\/an 92 I 3/2 .—po 2 —uo
aLy,e <\/a 2N[o?/“ e ]+F(3/2)N[U e M

2y/am i p3/2

2
_ 29 o~ Lnvia

- Vmou?
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Using (39), we have

2
0" —Lnyiw _ /
ou2 8,u \/_ 2372 °

1 too 2
- _L2> dx \/Ee—l/xe fozL o Ux
ﬁ<4 n /0

Lpy/a [To° L2 _
=" dr \/r e~ *En/4r g=hr
2V Jo

+oo

— ol dr 2 —al2/4r —ur

=al, —— e e M.
0 2/ am r3/

> d
Xz 2
—1/a: e—4ozL 7%

We deduce that:

Z(Q\/_L 532 4

jeJ

~2> ‘ ZU . 20‘Lnr2 o—al?/4r
' VT '
eJ

Then, using the first part of Lemma 7.3 with F(s,0) = 2y/aL,c%? + ﬁ o2, we get the
second equality of (29). O

We consider the process (M,,n > 1) defined by, for ¢ € [0, +o0]:
M, =N 0| 7l

Thanks to Corollary 4.5, we get that:
T 2 T 2 T 2 r
N [ME <N [9%] < NU [07] ==

Therefore (M,,n > 1) is (a well defined) square integrable non-negative martingale. In

particular it converges N((Jr)—a.s. (and in LQ(N,(IT))) to © as the increasing o-fields F,, increase

to F.

Lemma 7.4. We have, for n > 1,

(30) “R, < M, — Lin / 0(x) £(dx) <V,

where (Ry,n > 1) and (V,,n > 1) are non-negative sequences which converge Ng;)—a.s. to
0. Furthermore the non-negative sequence (R.,n > 1), with R, = Noo(r)[Rpn|Ty] Ln/v/n,
(r)

converges Nod' -a.s. to 0.

This Lemma and the N&-a.s. convergences of (M,,n > 1) to © and of (L,/y/n,n > 1)
to y/7/a (see Proposition 5.2) prove (26). Then use that NG [M, | T,] = NG [© | T,,] to get
(27). This ends the proof of Proposition 6.3.

Proof of Lemma 7.4. We consider the set I} = {i € I,,, x; > m,} of indexes such that 7; is
not grafted on the edge of T}, originating from the root. We set:

Ap={s > 0;[0,s]NT; # 0} = | J T¢, M; =N [/ ésds‘fn} and V, = M, — M.
Ap

q
il
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Notice that the sequence (A,,n € N*) is non-decreasing and that [, .y« A5 = 0, as there is
(r)

no tree grafted on the root. By dominated convergence, this implies that N ’-a.s.:

lim és ds = 0.

n—-+o0o A%

Vitm = NI b, ds | Fuim| <N

és ds ‘ fn—l—m] s
AR

c
n+m

/
(r)

and as Fp 4, increases to F, we get that limsup,, . o Vigm < fAc és ds and thus Nj "-a.s.

(31) lim V, =0.

n—-+4o0o

Recall the function H, defined by (21). We have, with ©; = ©(T;) = fﬂ 0(x) m7 (dx):

* r ) - r o r (04)
M =N M 0, ds }"n} =N Yo | 7| =N | SONT) [e) (fn
n i€l icI;

el

Since Hy(r) < gr, see (22), we get using Lemma 7.3:
1
M* =2a / (dz) BT [Hyy (0)] < 200 / ((dz) §(z)ET) L o] =r— [ Udz) O(x).
T Ts n JTz

This gives the upper bound of (30).
We shall now prove the lower bound of (30). Since H,(r) > qr — 1 Jar ¢*r%/2, see (22),
we also get using the second equality of (29):

M, > M >r Li 0(dz) 0(z) — % Jar B0 [g3/2) / ((dz) 0(x)?

n JTx g
1 1
>r— ((dx) O(z) — = r? eoLn/4r 95n.

n JTx 4 ’

This proves the lower bound of (30) with:
1 19
(32) R, = 1 r2eoln/Ar H%m'
It remains to prove that this quantity tends to 0. First, we have:
1

where we used that 0 ,, is exponentially distributed conditionally given hg, for the second

equality. We deduce that:
0,0
7n 7n
n—

and hence Ng,)—a.s.:

+ 2 p2
= h@,na(/),n
E — 5 <.
n
n=1
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This implies that for some finite constant C1, Ng;)—a.s.:
2 p2 2
h, ,nem’n S Cln .
Using Lemma 5.4, we have NG [hy 111/ 2] ~ n* /ar /2r, which implies by similar arguments
that for some finite constant Cs, Ng;)—a.s.:

(33) hy t? < Con®/2.

Finally, using Formula (32) for R,, we have N a.s.:
R, < (3’1(3’5l n8 e—aLn/4r

As N((;)—a.s. limy, oo Lp/v/n = \/7/a, we deduce that lim,,_, - R, = 0.
Using (33), we deduce that:

[\

7”2

4

L Ly, r 2
R = ZENOI(R, | T,] = =& — e~ ola/4r
TV Vn

1 1 T2
e T h% nl1/2[, o—ali/ar
n

<Cy

(r)

Thus, we get the non-negative sequence (R],,n > 1), converges Nas'-a.s. to 0, which ends the
proof. O

8. ANOTHER EXPRESSION FOR O

For ¢ > 0, we define the measure on real trees:
NIT € o] =N [7' €e; e*aq%] .

This measure corresponds to the excursion measure of the genealogical tree of the continuous
state branching process with branching mechanism ¥,(u) = ¥(u + q) — ¥(q) = au® + 2au,
see [1]. We consider the sub-tree of 7" on which the record process is no smaller than ¢:

T!={z e T;0(x) > q}.

We set 0, = m7 (T?). Notice that o, is also the Lebesgue measure of {s € [0,0], 8 > q}. See
[1] for the distribution of the decreasing process (o4, ¢ > 0). According to [1], the distribution
of 77 is given by NY. In particular, we have:

gl 1
N[O'q]:N[O'e q ]:ﬂq
Let (0;,7 € T) be the set of jumping times of (o4,q > 0). We set:

T ={zeT;0x)=60;} and o =m’(T") =o0y,_ — oy,

K3

According to [1], we have that N{-a.s. T is a real tree for all ¢ € Z. Then the following
result is straightforward as by definition © =}, 7 6;0° and 0g =355 0"

Proposition 8.1. We have Ny-a.e. or Ng,)—a.s.:

+o0
0= / oqdg.
0
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We define the backward filtration G = (G,,q > 0) with G, = o(7",r > q). Following [2],
we get that the random measure:

N(dT',dg) = 57 ,(dT", dq)

i€l

is under Ny, a point measure with intensity:
Ligs012a0, N7 [dT] dg.

This means that for every non-negative predictable process (Y (77,q),q € Ry, T’ € T) with
respect to the backward filtration G,

(34) Neo [ / Y (T, q)N(dT, dq)} = Ny [ / Vg Lggs012a0, dq|

where (Y, = [Y(T7,q)N9[dT"],q € Ry) is predictable with respect to the backward filtration
G. We refer to [11, 12] for the general theory of random point measures.

Recall that, according to Proposition 4.4, Z = \/%O‘ O is a Rayleigh random variable with
density e—e?/2 10y

Proposition 8.2. We have N,

/20
nEIqILloo n Z 1{al>1/n} - 2\/7

Proof. Let M > 0 be large. We consider the G-stopping time 73 = inf{q; 0, < M/2a}. We
define for every 6 > 0 and every positive integer n,

Qn(0) = 1ipin1/n 10,50}

1€

We have Qn(7ar) = D et Lioi>1/n} Loy, . <M/2a} SO that:

< Qutrn)) = | [ o[22y ]|

oo M 2
< Ny i 1 —aq 0]
<N [/0 dg min (aq, 2a> N { {o>1/n} © ]
1 [t 1\ [T dr 2
< — d in | M, - — e T
=2a Jy q min < ) q> /1 o Jar32 e

o \/ﬁ +oo . 1 too dT‘ fanT/n
= 740[3/2\/7?/0 dq min M,; /1 me ,

where the first equality is derived from (34). Elementary computations yields there exists a
finite constant ¢ which depends on M but not on n such that:

+oo

(35) Neo [Qn(7a1)] = Neo [ / g oy [Lo1/m) ]] < ev/i (1 + log(n)Lyzanzy)

™

Classical results on random point measures imply that the process (N, (6 V ar),0 > 0), with:

+o0 5
N,y (0) = Qn(0) — 20 /6 g 0N [Lio1/a 7]
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is a backward martingale with respect to G. Moreover, since (@Q,,(0),0 > 0) is a pure jump
process with jumps of size 1, the process (M, (6 V 7ar),0 > 0), with:

+oo
My (6) = Na(0)° — 20 /g dq 0N [L{o1/my e |

is also a backward martingale with respect to G. Using (35), we get that Ny, [(Nn4 (tar)/ n2)2}

is less than a constant times n~3/2; therefore

> ()

n=1
is finite in L'(Ny) and thus is Noc-a.e. finite. This implies that No-a.e.:

Ny (TM)

lim 3 =0.
n—-+oo n
Moreover, we have by monotone convergence:
200 [t 2 +oo +0o0 dr 27
— d O’N[l eaqa]:2a/ d O’/ — e Y
NG / 4947 [Hoz/n} S AN

+o0
Noo-a.e. o
e P dgoy.
n—o0 i ™

We get that the sequence (Q,4(7ar)/n?,n > 1) converges N-a.e. toward 2,/ 2 dq a,.

Since (Q,(0),n > 1) is non-decreasing, we deduce that N-a.e.:

400
lim @n(T1r) =24/ g/ dq oy.
n——+o0o \/ﬁ T Jory

Since O is finite Ny-a.e., we get that N-a.e. 7y = 0 for M large enough. This gives the
result. O

Proposition 8.3. We have Ny -a.e.:

: i1, =9 /% = .]%

1€l
Proof. The proof is very similar to the proof of Proposition 8.2. We set:
Qu(0) =Y 'L {i<1/n Lo 0)-
1€
We have:
+oo

oo [Qu(ran)] = N | [

M

dg o4N [al{og/n} eaq%]]

— min - —e 00,
=132 v Jy M 4] )y r
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as well as for some finite constant ¢ which depends on M but not on n:

+o0 9
Neo [/ dq o4,N [021{0§1/n} e ‘TH

T™
1 oo n [* >
_ : - —ag®r/n
§4a3/2\/7_rn3/2/0 dg mln(M,q)/O dr /re ™
< en™32(1 + log(n)).

which is finite. Classical results on random point measures imply that the process (N, (6 V
), 0 > 0) and (M, (0 V 7ar),0 > 0), with:

400
N,(0) = Qn(0) — 2(1/6 dq o4,N [O‘l{agl/n} e*aq%}

+oo
My, (6) = Ny (6)? — 20 /9 dg 7N [0*1 g1y €7 |

are backward martingales with respect to G. We get that Ny, [(nQNn4 (TM))Q] is less than

a constant times n~3/2. Following the proof of Proposition 8.2, we deduce that Ny.-a.e.

lim,, s 100 N2 N,a(7a7) = 0. Furthermore, we have:

1
2(1\/5/ dq o,N |:(7]_ e q2 :| = 204\/5/ dq o /" € q2r
o<1
TM / { N /n} TM / 0 2\/@7’1’7‘

+oo 1 d?“ 2r
= 2a/ dgo / e “n
™ * ), 2yamr

a [t
— 2 —/ dq oyg.
T T™

We conclude the proof as in the proof of Proposition 8.2. O

9. APPENDIX

Proof of Lemma 4.1. The first part of the Lemma is a well known result. We introduce the
function u¢(q) defined for ¢ > 0 and ¢ > 0 by:

ug(q) = Ny [1 —eo 0 FO) <y ds] .

We deduce from Theorem I1.5.11 of [20] that u is the unique non-negative solution of:

o) +E, | [ w0007 as] <5, | [ 009 as].

Using the Markov property of 6, we get that for ¢t > r > 0:

3wl 4By | [ oun(06)? s| =, | [ 100 5] + Byfui 60
Notice that lim_, 1o ut(q) = F(q). And we have:
w(q) < Flg) <N |1 - @7 = /(g5 1) a.

By monotone convergence, we deduce from (36) that:

F@) By | [ ap0e)? as| =5, | [ 60 as| + B0
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This implies that the process N = (N, t > 0) defined by:

N, = F(8(t)) + /O (F(0(s)) — aF(6(s))?) ds,

is a martingale under E,, for ¢ < +00. We deduce from (2) (with g = F') that:

t 0(s)
/ (fw(s)) ~aP(O()f -2 [ (F@) - F(@) dw) ds
0 0
is a martingale. Since it is predictable, it is a.s. constant. We get that a.e. for ¢ > 0:

f(@) — aF(q)* 4+ 20qF (q) — 20 /OqF(w) dx =0,

_ \/qz ~2 [P dr+ (la)a) +

Since by construction F is non-decreasing, we get that I is continuous and then of class C'.
An obvious integration by parts gives (9).

We now prove the second part of the Lemma. Notice that F'(0) = Ny [l —e "] = /u/a.
By differentiating (9) we have:

(37) 2aF"(q)(F(q) +q) = .

This implies that F’ > 0 and thus F' is one-to-one from [0, +00) to [\/u/a, +00). Moreover,
F~1 solves the differential equation

that is a.e.:

2xy
(38) g'() = 5 (9(@) + ).
Elementary computations give that the unique solution to (38) with the initial condition
g(v/p/a) = 0is G. Thus, we get by uniqueness F~! = G. O

Proof of Lemma 4.3. We set

:\/E/Ooﬁew Oodﬂfﬂ:e*”ﬁ/?e*c@:v.
2 Jo VT 0

With the change of variable t? = 2ur and with p = ¢/ VI, we get:

J = / dtdaz z exp(—(t? + 2% 4 2ptx) /2)
[0,+

= dtdaz (x+pt) e (et 2ptn) /2 —P/ dide t o=+ +2ptz)/2
[0,+00) [0,+00)2

/ dt [~ exp(—(t* +2° + 2ptﬂv)/2)]gC oo o
0

/ dt e 12 _pJ
0

/2 — pd.

2
This implies that J = v/ = \/E VT , which is exactly what we needed. U
p+1 2c+\/p
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Proof of Lemma 5.1. Let (hy,...,ha,—1) be the lengths of the edges of the tree T,, with leaves
t1,...,tn. Let F be a non-negative function defined on R?"~1. We set:

Jn =N

/ dtl...dtne“UF(hl,...,hgn_l)] .
[0,0]

By conditioning with respect to o, we get:

oo dr

2«/7‘(‘0[/ r3/2

Using Theorem 3 of [16], we also have, for some constant ¢,

In =

nei'ur </F(h17 h2n 1)f( )(h17 7h27l—1) dhl "'dh2n_1> '

Jn = Cn/ dhy...dhop_1 F(h1, ... ’h2n71)N [e—;w | hi,..., h2n71]
[0,400)2—1
= Cn/ dhy...dhop_1 F(hI, . ah2n71) e—ZOanN[l—exp(—Mg)}
[0,400)2—1
= Cn/ dhy...dhoy—1 F(hl,__.,h2n71)e—2\/auLn’
[0,400)2—1

where we used the Poisson decomposition of the continuum random tree (see e.g. Lemma
7.1) for the second equality.
Take F' =1 in the previous equality to check that:
1 oo g (- })

— P e hT

(2\/—)271 1~ 2\/@ 32" - zmun—l/Q'

This gives, thanks to the duplication formula (24):

n 227 (n—3) gn-12n = 2)t
NS (n—1)!

Ch =«

We deduce that:

+oo
ﬂ re T f(r)(hl e h2n71).
AV Y

We recall the following Laplace transform for the density of the stable subordinator of
index 1/2: for a > 0 and p > 0,

Cn 6_2‘/(}“ Ly —

+oo dr 2
39 a/ e Hr—at/(2r) — g=av2i
(39) 0 V2mr3

We then deduce, with a = v/2a L, that:

T dr 2c 2 teo dr 2
Mok [ ZZ. T, —aly/r) _ 2 L / —pr—(v2a Ly)?/2r
wﬁ/ A ( "t > eV e Vame
:cne_QL”\/@.

By uniqueness of the Laplace transform, this gives the result. O
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