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Approximation and relaxation of perimeter in the Wiener space

M. Goldman * M. Novaga

Abstract

We characterize the relaxation of the perimeter in an infinite dimensional Wiener
space, with respect to the weak L2-topology. We also show that the rescaled Allen-
Cahn functionals approximate this relaxed functional in the sense of I'-convergence.

1 Introduction

Extending the variational methods and the geometric measure theory from the Euclidean
to the Wiener space has recently attracted a lot of attention. In particular, the theory of
functions of bounded variation in infinite dimensional spaces started with the works by
Fukushima and Hino [21, 22]. Since then, the fine properties of BV functions and sets
of finite perimeter have been investigated in [4, 5, 3, 1]. We point out that this theory is
closely related to older works by M. Ledoux and P. Malliavin [26, 27].

In the Euclidean setting it is well-known that the perimeter can be approximated by
means of more regular functionals of the form

/(gywm@) da

when ¢ tends to zero, in the sense of I'-convergence with respect to the strong L'-topology
[29, 28]. An important ingradient in this proof is the compact embedding of BV in L!.

A natural question is whether a similar approximation property holds in the infinite
dimensional case. The main goal of this paper is answering to this question by computing
the I'-limit, as ¢ — 0, of the Allen-Cahn-type functionals (see Section 2 for precise

definitions)
€ W(u
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In the Wiener space there are two possible definitions of gradient, and consequently two
different notions of Sobolev spaces, functions of bounded variation and perimeters [4, 1].
In one definition the compact embedding of BV, (X) in L} (X) still holds [4, Th. 5.3] and
the I'-limit of [} is, as expected, the perimeter up to a multiplicative constant. We do
not reproduce here the proof of this fact, since it is very similar to the Euclidean one.

A more interesting situation arises when we consider the other definition of gradient,
which gives rise to a more invariant notion of perimeter and is therefore commonly used
in the literature [21, 22, 4]. In this case, the compact embedding of BV,(X) in L!(X)
does not hold anymore. In particular sequences with uniformly bounded F.-energy are not
generally compact in the (strong) L%—topology, even though they are bounded in L%(X ),
and hence compact with respect to the weak L,QY (X)-topology. This suggests that the right
topology for considering the I'-convergence should rather be the weak L%(X )-topology.

A major difference with the finite dimensional case is the fact that the perimeter function

defined by

P,(E) ifu=yxg
F(u) =
+00 otherwise
is no longer lower semicontinuous in this topology, and therefore cannot be the I'-limit of
the functionals F.. The problem is that the sets of finite perimeter are not closed under
weak convergence of the characteristic functions. However, it is possible to compute the

relaxation F of F' (Theorem 4.6), which reads:

2 2 -
Flu) /X\/L{ (u) + |Dyul? dy fo<u<l1

+00 otherwise.

Such functional is quite familiar to people studying log—Sobolev and isoperimetric in-
equalities in Wiener spaces [6, 7, 10].

Our main result is to show that the I'-limit of F., with respect to the weak L%(X )-
topology, is a multiple of F' (Theorem 5.3). The proof relies on the interplay between
symmetrization, semicontinuity and isoperimetry.

The plan of the paper is the following. In Section 2 we recall some basic facts about Wiener
spaces and functions of bounded variation. In Section 3 we give the main properties of
the Ehrhard symmetrizations. We also prove a Pdlya-Szego inequality and a Bernstein-
type result in the Wiener space (Propositions 3.12 and 3.5), which we believe to be
interesting in themselves. In Section 4, we use the Ehrhard symmetrization to compute
the relaxation of the perimeter (Theorem 4.6). Finally, in Section 5 we compute the
I'-limit of the functionals F. (Theorem 5.3) and discuss some consequences of this result.

Acknowledgements: The authors wish to thank Michele Miranda for valuable discus-
sions. The first author would like also to thank the Scuola Normale di Pisa for the kind
hospitality, and Luigi Ambrosio for the invitation and the interest in this work.



2 Wiener space and functions of bounded variation

A clear and comprehensive reference on the Wiener space is the book by Bogachev [§]
(see also [27]). We follow here closely the notation of [4]. Let X be a separable Banach
space and let X* be its dual. We say that X is a Wiener space if it is endowed with a
non-degenerate centered Gaussian probability measure . That amounts to say that ~
is a probability measure for which x*f~v is a centered Gaussian measure on R for every
z* € X*. The non-degeneracy hypothesis means that ~ is not concentrated on any proper
subspace of X.

As a consequence of Fernique’s Theorem [8, Th. 2.8.5], for every z* € X*, the function
R*a*(x) = (2%, z) is in L2(X) = L*(X,v). Let H be the closure of R*X* in L2(X); the
space H is usually called the reproducing kernel of v. Let R, the operator from H to X,
be the adjoint of R* that is, for he H,

Rh = /X xh(z) dvy

where the integral is to be intended in the Bochner sense. It can be seen that R is a
compact and injective operator. We will let @ = RR*. We denote by H the space RH.
This space is called the Cameron-Martin space. It is a separable Hilbert space with the
scalar product given by

[ha, holm = <iL17iL2>Lg(X)

if h; = Rh;. We will denote by |- |g the norm in H. The space H is a dense subspace of
X, with compact embedding, and v(H) = 0 if X is of infinite dimension.
For z7,..,z;, € X* we denote by Il;: .« the projection from X to R™ given by

H:v’{,..,:v;‘n(x) - (<.%'L.%’>, xE <x:n7x>)

We will also denote it by II,, when specifying the points x is unnecessary. Two elements
z] and x5 of X™ will be called orthonormal if the corresponding h; = @z are orthonormal
in H. We will fix in the following an orthonormal base of H given by h; = Qz;.

We also denote by H,, = span(hi,..,hy) ~ R™ and X;- = Ker(Il,,,) = H—#-IX, so that
X = R™ @ X;-. The map II,, induces the decomposition v = 7, ® 75, with Y., V-
Gaussian measures on R™, Xan respectively.

Proposition 2.1 ([8]). Let hy, .., hy, be in H then the image measure of v under the map

is a Gaussian in R™. If the h; are orthonormal, then such measure is the standard
Gaussian measure on R™.



Given u € L%(X ), we will consider the canonical cylindrical approximation E,, given by

Bue) = [ ll(o).9) dri ).

Notice that E,,u is a cylindrical functions depending only on the first m variables, and
E,,u converges to u in L,QY(X).

We will denote by FC(X) the space of cylindrical C! bounded functions that is the
functions of the form v(I1,,(x)) with v a C! bounded function from R™ to R. We denote
by FC}(X, H) the space generated by all functions of the form ®h, with ® € FCL(X)
and h € H.

We now give the definitions of gradients, Sobolev spaces functions of bounded variation.
Given u: X > R and h = Rh € H, we define

Ou, . . u(x+th)—u(z)
an ) = t
whenever the limit exists, and
N ou -
Oru = T h(u).
We define Vyu : X — H, the gradient of u by
+oo
ou
Vit oh,

and the divergence of ® : X — H by

+oo
divy ® = > 05 [®, hi .

i=1

The operator div, is the adjoint of the gradient so that for every u € ]:C; (X) and every
® € FCL(X, H), the following integration by parts holds:

/udivvfbd’y:—/ [Vau, @] gdy. (1)
X X

The Vg operator is thus closable in L%(X ) and we will denote by H%(X ) its closure in
L2(X). From this, formula (1) still holds for u € H1(X) and ® € FC}(X, H).
Following [21, 4], given u € L}Y(X) we say that u € BV, (X) if

/X\Dyu]H:sup{/Xudivyfbdfy; ® € FCL(X, H), ]@\HglvgceX} < +00.
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We will also denote by |D,u|(X) the total variation of u. If u = xg is the characteristic
function of a set E we will denote P,(F) its total variation and say that E is of finite
perimeter if P,(F) is finite. As shown in [4] we have the following properties of BV, (X)
functions.

Theorem 2.2. Let u € BV, (X) then the following properties hold:

o D u is a countably additive measure on X with finite total variation and values
in H (we will note the space of these measures by M(X, H)), such that for every
® € FCHX) we have:

/u@,’;j@dwz—/ Pdp VjeN
X X
where pj = [hj, Dyulp.
o |Dyu|(X) = inflim{ [y |[Vyui|gdy : uj € HY(X), uj — u in LL(X)}.

Proposition 2.3. Let u = v(Il,,) be a cylindrical function then u € BV, (X) if and only
if ve BV, (R™). We then have

/|D’YU|H:/ |Dvmv|-
X Rm

Proposition 2.4 (Coarea formula [2]). If u € BV,(X) then for every borel set B C X,

IDyl(B) = [ P> 1}, B . 2)

In Proposition 3.12, we will need the following extension of Proposition 2.4.

Lemma 2.5. For every function u € BV, (X) and every non-negative Borel function g,

J st ap i@ = [ ([ stw)aip s a 3)

where By := {u > t}.

Proof. The proof of this lemma mimic the standard proof in the Euclidean case [14,
Th.2.2]. By [20, Ch.1,Th.7] we can write g as

—l—oo1
9= =xa,
=1



where the A; C X are Borel sets. Using the coarea formula (2), we then get

—+00

[ s@aiDsult@) = 3 71Dl

i=1

+o0 1
=7 [ Dl a
-1 "R

+o0 1
:/R</Xi21€XAid|D’YXEt|(x)> dt

_ /R /X (@) d|D- x5 | () dt.
O

In [4] it is also shown that sets with finite Gaussian perimeter can be approximated by
smooth cylindrical sets.

Proposition 2.6. Let E C X be a set of finite Gaussian perimeter then there exists
smooth sets E,, C R™ such that 111 (E,,) converges in L1 (X) to E and Py(IL,}(Ey,)) =
P, (Em) converges to Py(E) when m tends to infinity.

Note that, for half-spaces, the perimeter can be exactly computed [4, Cor. 3.11].
Proposition 2.7. Let h = Rh € H and ¢ € R then the half-space
E={zeX : h(z)<c}

has perimeter

3 The Ehrhard symmetrization

The Ehrhard symmetrization has been introduced by Ehrhard in [18] for studying the
isoperimetric inequality in a Gaussian setting. We recall the definition and the main
properties of such symmetrization.

Definition 3.1. We define the functions ® and « by

O(x) = \/% /_J: e_é dt and alz) = o7 (x).

a2 x
we then let U(x) = D' o a(x) = \/LZ—WefT()



Notice that ®(t) is the volume of the half-space {h(z) < t} and that U(z) is the perimeter
of a half-space of volume x.

Lemma 3.2. Let iLl, hy € H, with |hi|g = |ho|lg = 1, and suppose that there exist
C4, Cy € R such that
{h1 < Cl} C {hg < CQ}

Then le = ?L2.

Proof. Assume by contradiction hy # hg, and let 7 > 0 be such that |h; — B2|L%(X) > .
We shall bound from below by a positive constant the quantity

7 ({m@ < afn{ie = c})
thus contradicting the inclusion
{Bl < Cl} C {Bg < Cz}.
Letting A be a unitary vector in H orthogonal to hq, we can write
ha = Ahy + Bh

with A\? + 82 = 1. Up to exchanging h with —h, we can also assume that 3 > 0. We then
have |hy — ho|g = 2(1 — A) and thus —1 <A <1 -2
Let us first suppose that —1 < A < —%, then

{ﬁl(x) < min (cl, —%>} N {ﬁ(x) > o} c {ﬁl(x) < cl} N {ﬁQ(x) > cg} .
As hy and h are orthogonal we have Hf}l,hm = 79 and thus
0 ({ﬁl(x) < min(C1, —%)} N {iL(.%’) > 0}) = %Cb(min((}’l, —C5/N))
> %@(min(Cl,QCb)).
Hence, for —1 < A < —%,

7 ({in@) < 1} 0 {ha@) > Ga}) > 2 @min(cy,202).



If now —5 < A < 1— 2, we can assume that 7 is such that 1 — 2 > % Let us start by
computlng the Fourier transform of 10, o gv. Denoting by i the Fourier transform of a

measure 4 (see [8, Sec. 1.2]) and letting IT := II; for every (21, 22) € R? we have

h1 h t
[T (21,22) = [ e dlig(o)
R
= [ e
X
:/ gilah @) +22ha (@) gy ()
X
:/ ei[(zl—l—zz)\)ﬁl(96)+Z25i7/(x)]d7(x)
X

= /2 ellrtaalotzied gy (4 ay)
R

= Y2(z1 + A2z, B22)
—e 2[(zl+)‘32)2+ﬁ2 ]

— 6*5[21+22+2)\z1zg]
Thus, if we set K := (i\ i‘), we have ITﬁ/y(z) = ¢ 27Kz Tt follows that Ify is a
centered Gaussian measure with density g \/éeve_%zq( ~'% and thus
My (21, 22) = 127;)\26_%[2%+Z§_2A2132]dz.

We now compute

7 ({m@ <arfn{ho@ = c}) = /X X s ()<} X 2130y () A (@)

:/ X{z1<C’1}( )X{z2>02}(z) dHfW(Z)

Cy
/ / Al ATIPN %[z%+z§72)\z1z2]dzldz2
]
\/7 __Zle__z2e)‘zmdz1d22
- 27T

Finally, when Azjz9 > 0, we can bound e**1?2 from below by 1, and when \z;120 < 0 we
can bound it form below by e 2 217122| 56 that we can always bound from below

7 ({n(@) < 1} 0 {ha(a) = Co})
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by a positive constant. O

We now define the Ehrhard symmetrization.

Definition 3.3. Let £ C X and let m € N. The Ehrhard symmetral of EE along the first
m variables is defined as (see Figure 1):

{(@, 2, 2p) ER™ X R X X;h ¢ 2 < a(Epo1xp(z)} ifm>1

E* =
{reX : (z7,2) <aly(E))} if m=1.

ES

IErnleE (x)

Figure 1: The Ehrhard symmetrization.

The interest of this symmetrization is that it decreases the Gaussian perimeter, while
keeping the volume fixed.

Proposition 3.4. Let E be a set of finite perimeter and E* be an Ehrhard symmetral of
E, then

V(E) =(E), (4)

Epn—1xEx = Epm_1XxE and
P, (E*) < Py(E). (5)



In particular, we have the isoperimetric inequality
P (E) > U(y (E)),
with equality if and only if E is a half-space.

For the proof we refer to [7, 10], and to [4] for the extension to infinite dimensions.
We can also prove a stronger result which is a kind of Bernstein Theorem in this setting.

Proposition 3.5. The half-spaces are the only local minimizers of the Gaussian perimeter
with volume constraint.

Proof. Let E C X be a local minimizer of the (Gaussian) perimeter and let v = v (E).
This means that, for every R > 0 and every set F' of finite perimeter, with v (F') = v and
EAF C Bp (where Br denotes the ball of radius R centered at 0), we have

P,(E) < P,(F),
If F is not an half space then, by Proposition 3.4, there exists n > 0 such that
Py(E) > U(v) + 1.
Let ar be such that
v(ENBg) =~ ({{z1,2) < ar} N Bg).

We have that ap tends to «(v) when R goes to infinity and P, ({(z],z) < ar}) tends to
P,({(z],z) < a(v)}). Letting

Fr = ({{z],2) < ar} N Br)U(ENBR)

we get
U) +n < Py(E) < Py(Fr) < Py({(z},2) < ar} N Bg) + Py (E N BY)
< Py({(},2) < ar}) + Py(Br) + P,(E N BR)
< Py({(z1,2) < a(v)}) +e(R)
=U(v) +(R),

where we used various time the inequality (see [23])
P,(EUF) + Py,(ENF) < Py(E) + P,(F)

and where (R) is a function which goes to zero when R goes to infinity. We thus found
a contradiction. O
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Remark 3.6. In the Euclidean setting, half-spaces are the only local minimizers of the
perimeter only in dimension lower than 8 (see [23]). Notice also that if we drop the
volume constraint, half spaces are no longer local minimizers for the Gaussian perimeter,
since there are no nonempty local minimizers.

In the sequel we will also need another transformation which from a finite dimensional
function gives an Ehrhard symmetric set whose sections have volume prescribed by the
original function. More precisely:

Definition 3.7. Given a measurable function v : R™ — [0, 1], we define its Ehrhard set
ES,,(v) C X by

ESp(v) := {(x,xmﬂ,xiﬂ) e R™ x R x X,#H D g1 < a(v(x))} .

Given a measurable cylindrical function u : X — [0,1] depending only on the first m
variables, that is, w = v o I, for some v : R™ — [0, 1], we set

ESp(u) = ESy,(v).
The link between Ehrhard sets and Ehrhard symmetrization is the following:

Proposition 3.8. Let E be a set of finite perimeter and E* be its Ehrhard symmetrization
with respect to the first (m + 1) variables, then

E* =ES,(E,(xE)).

In the next proposition we compute the perimeter of Ehrhard sets. It slightly extends a
result in [15].

Proposition 3.9. Let u € BV, (R™) with 0 <u <1, then

P(ES(w) = [ \fu(w?+ D, v,

where

[ i+ 1D i, = [ A VP d + D5 (X)
m Rm

and Dyu = Vu~y + Dju is the Radon-Nikodym decomposition of Du.

Proof. By [15, Th. 4.3] the result holds for u € H;m (R™). We will show by approximation
that the same holds for v € BV, (R™).

Let E = ESy,(u), then we can find sets E,, such that v(E,AE) — 0 and P, (E,) — Py(FE)
as n — +oo, and all the F,, have smooth boundary and are Ehrhard symmetric. Thus,

11



for every n € N, there exists a smooth function u,, such that 0 < w,, <1, E,, = ES,,(u,),
Up — U in L'lym (R™), and

Py(E,) = /m VU(un)? + Dyt dry.

Since, by Proposition 4.4, the functional [g,. \/U(w)? + [Ds,, u>dyp, is lower semicontin-
uous in L} (R™), we get

PJ(E) = lim P, (E,)

n—oo

— lim/ \/U(un)2+|D7mun|2d7m

n—oo

> [ a0, b

The other inequality follows as in [15]. Let E = IL,41(E) € R™ and observe that
(E) = Py(F). By Vol'pert Theorem [2, Th. 3.108] there

Ym+1(E) = v(E) and Py, .,
exists a set B C R™ such that for every z € B, v | (z,a(up(z))) exists and is not equal

to zero, where v | denotes the last coordinate of the unit external normal to O*E. By
[15, Lemma 4.4], v,-almost every = € B is a point of approximate differentiability for .
By Lemma 4.5 and 4.6 of [15] we then have

P

’Ym+1(E) = P‘/m+1(E’B x R) +P’Ym+1(E’BC x R)

S/ \/U(u)Q—i-\VuPd’ym—i-/ ]D%u\—i-/ U(u) dyp, -
B Be Be

As 4, (B€) = 0, we find that
| VIR RuP v+ [ 1Dyl = [ )+ Wl + (D3, ul (R
B Bec RmM

and thus Py(E) = Py, (E) < [om /UW)? + D, ul2dypm. O

The last transformation that we consider is the analog of the Schwarz symmetrization in
the Gaussian setting, and was first introduced by Ehrhard in [19].

Definition 3.10. Let u € X — R be a measurable function and let m € N be fized. We
define the m-dimensional Ehrhard symmetrization u* of u as follows:

o for allt € R we let E be the Ehrhard symmetrization of Ey := {u > t} with respect
to the first m wvariables;

12



o we let u*(x) :=inf{t : x € Ef}.

As (4) implies y({u* > t}) = y({u > t}) for all t € R, from the Layer Cake formula it
follows that, if u € L%(X), then u* € L%(X) and

[ ki = [ k. ©)
X X
Indeed, we have

/X|u|2d7 = / y({u > t}) dt—2/0 y({u < t})dt

0

- / v({u* > t}) dt—2/ Y({u® <t})dt

o
_ / * 2y,
X

Lemma 3.11. Let u,v: X — [0,400) belonging to L2(X), then
o — " llza ) < e — 0l xy- 7)

Proof. The proof is a straightforward adaptation of the analogous proof for the Schwarz
symmetrization [25, Th. 3.4].
Recalling (6) with p = 2, we have only to show that

/uvdfyg/ wrv*dy. (8)
X X

Again by the Layer Cake formula we have

+oo +oo
/ wodry = / / / Nus (@)X (oo (2)dry () dt ds.
X 0 0 X

Thus (8) would follow from the same inequality for sets, that is,
V(AN B) <7 (A" N BY). 9)

Let z,, € R™ and assume that

/ XA (T + y)dym (y) > / XB(@m + y)dyom ()
pat pan

m

then by definition of the Ehrhard symmetrization we have

B N (zy, + X5) C A" N (2 + X5)

13



and therefore

/ XA (T + Y) X5+ (Tm + Y)dvm (y) = / XA (T + y)dyim (y)
Xk X

= / XA (@m + y)dvm (y)
X

3

> / XA(@m + 9)XB(Em + ¥)dvE 1)
XL

m

This inequality also holds if [y, xp(zm + y)dy;k(y) > Jxr xa(@m + y)dy;:(y) so that
finally " "

Y(A"NB*) = / /XL Xa+ (@ + y)xs (@ + 1) dvm (y)dym ()

> / /X  Xa(@ +y)xB(@ + y)dv (y)dym (@)
=7(AN g)
which gives (9). O

As for the Schwarz symmetrization, a Pélya-Szego principle holds for the Ehrhard sym-
metrization.

Proposition 3.12. Let u € H}(X), let m € N and let u* be the m-dimensional Ehrhard
symmetrization of w. Then u* € H% and

[t < [ 19l (10)
X X
Moreover, if m =1 and equality holds in (10), then

u=1u <B($)) for some h € H,

and h can be chosen to be a unitary vector.

Proof. In [19, Th. 3.1], inequality (10) is proven for Lipschitz functions, in finite dimen-
sions. We extend it by approximation to Sobolev functions.

We can assume u > 0, since we have (u™)* = (u*)*, where u™, (u*)* denote the positive
and negative part of u and u*, respectively.

Let u, € FC!(X) be positive functions converging to u in H%(X), then by (7), u}
converges to u* in L2(X) and thus by the lower semicontinuity of the H(X) norm we
have

[t < i [ < im [ Vi = [ 9
X X

n—oo J X n—oo JX

14



We now turn to the equality case for one-dimensional symmetrizations. For this we closely
follow [10] and give an alternative proof of (10), based on ideas of Brothers and Ziemer
[9] for the Schwarz symmetrization.

Let u € H}(X) and p(t) = y({u > t}) = v({u* > t}). By the coarea formula (3), for all
t € R we have

(®) = ({u > 140 {Tu =0} + [ - ( /{ d\DyxETQ d.

Viuzo} [Vauln

Hence

1
—i(t) > / d|DyxE,| for a.e. t € R. (11)
(Vauzo) |[Vauln

Since u* is a function depending only on one variable, arguing as in [14] we get
d * *
pr y{u* >t} n{Vyu" =0})=0 for a.e. t € R.

As u* is monotone we have that |V gu*|g is constant on {u* = t}N{Vgu* # 0}. Observe
also that, being u* one-dimensional, {u* = ¢} has a well defined meaning. We thus find:

_ B{w >1})

!/
—u'(t) = ” for a.e. t € R,
IV | pe =g
which implies, recalling (11),
P. >t
M > / d|DyxE,| for a.e. t € R. (12)
\Vuu o=y — Jivguzoy [Vauln

Let us note that as in [10, Lem. 4.2}, using (3) with g = x{v,u—0} we find

/ X{Vgu=0} |V Hulpdy =0 = // X{V u=0y 4| Dy XE, | (2) dt
X RJX
and thus for almost every t € R,

[ XDy (@) = 0.

This shows that for almost every t € R, Vyu(z) # 0 for | D, xg,|-almost every x € X and
thus

1 1
——d| D xEg,|(x) = / ——d| D xg,|(x for a.e. t € R. 13
/{vHu;AO} |V iuln D xE (@) NVl | Dy x e |(2) (13)

15



By (3), (5),(12) and (13), we eventually get

[ Pay = [ 19l Py > e

Py({u* > t})?
:/R <VPW({U*it§) )dt

IV Eu*] [ —1y

{u > t})?
/ Jx wrars A x e (@) “

< / / IV grulgr d| Doy, |(x) dt
RJX

= / |V |3 dry .
D'

As a consequence, if equality holds in (10), then equality holds in the Gaussian isoperi-
metric inequality, that is,

Py(u>1t)=Py(u" >1) for a.e. t € R.

This implies that almost every level-set of u is a half-space, i.e. for almost every t € R
there exists hy € # such that {u >t} = {h; < a(u(t))}, and without loss of generality we
can assume that |k = 1. Such half- spaces being nested, by Lemma 3.2 we have that
hy does not depend on ¢ and thus u(z) = v(h(z)). O

Remark 3.13. We notice that the fact that equality in (10) implies that u is one-
dimensional is a specific feature of the Gaussian setting, and the analogous statement does
not hold for the Schwarz symmetrization in the Euclidean case [9]. Indeed, this property is
a consequence of the fact that Gaussian measures, differently from the Lebesgue measure,
are not invariant under translations.

4 Relaxation of perimeter

In this section we compute the relaxation of the perimeter functional

{ P,(E) if u=yxpg

+00 otherwise

F(u) ==
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with respect to the weak L%(X )-topology. The fact that F' is not lower semicontinuous can
be easily checked by taking the sequence E,, = {(z},z) < 0}. Indeed, the characteristic
functions of these sets weakly converge to the constant function 1/2, which is not a
characteristic function, while the perimeter of E,, is constantly equal to 1/ V2.

We will show that the relaxation of F' is equal to

_ U?(u) + |Dyu|*dy ifo<u<1l ~-—ae.
oo | [ V@ 1D

400 otherwise

where

/X\/LIQ(u)—i—\Dq/u]Qd’y:/X\/Z/IQ(U)-l-‘VHU‘%{d'Y‘i"Dzu‘(X)

with Dyu = V gudy+ Dju. Observe that the functional F already appears in the seminal
work of Bakry and Ledoux [6] and in the earlier work of Bobkov [7] in the context of log-
Sobolev inequalities. This functional has been also studied in [10]. See also [4, Remark
4.3] where it appears in a setting closer to ours.

Let us first recall the definition of the lower semicontinous envelope of a function (see
[16] for more details).

Definition 4.1. Let X be a topological vector space. For every function F : X — R, its
lower semicontinuous envelope (or relaxed function) is the greatest lower semicontinuous
function that lies below F'.

When X is a metric space, the following caracterization holds.

Proposition 4.2. Let X be a metric space. For every function F : X — R, and every
x € X, the relazed function F is given by

Fla) = inf{ lim F(zn) 2 — m}

n—oo

We now show a representation formula for F' which is reminiscent of the definition of
the total variation and of the nonparametric area functional (see [23]). We start with a
preliminary result.

Lemma 4.3. Let g € L>=°(X) with g >0, let u € M(X, H), and define

Flg, 1) == \/g? + |h% dy + |,

where = h~y 4+ p®. There holds

Fawx) = sw L [@ain+ [ gears oh+ i <1aemx}. qy

DEL} (X, H)
§ELL(X)
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Proof. The proof is adapted from [17].
Notice first that, for (A\,p) € R x H, the function f(\,p) := y/A? + |p|% defines a

norm on the product space R x H. Moreover, if we let fi(p) := y/A? + |p|%, then the
convex conjugate of fy is f5(®) = —\y/1 — |®[%. We divide the proof into three steps.
Step 1. Let

M(g, ) =  sup {/ @,duH—i—/g 1—|®% dy: @Hgla.e.inX}.
(9, 1) X[ ] A |@[F dy : [P

PeLL(X,H)

We will show that
Mg, hy) = /X F(g. h)dy. (15)

By definition of convex conjugate, it is readily checked that M (g, hy) < [y f(g, h)dy. We
thus turn to the other inequality. By definition of the Bochner integral, for every d > 0,
there exists h; € H and A; C X with A; disjoints Borel sets and ¢ € [1,m] such that if

we set
m

0= ZXAJL@'

i=1

then |6 — h| L < 0. Analogously there exists 1; € X such that setting

m
9= Z XA i
i=1

we have |g — g|L}/ < 4. By the observation at the beginning of the proof and the triangle
inequality we get

For every i, by definition of convex conjugate, there exists {; € H with |§|g < 1 such

that
Fiyhi) < [& il + i/ 1 — |&]% + 6.

18



From this, setting ® = Y| x4,& we have
[ s@nar < [ 1.0 +2
X X
=3 [ sy 28
=1/ Ai
< Z/A [y Pl 41y /1 — |&|3rdy + 30
i=1 7 Ai
= [ [®, hlg +g\/1 — |®|3dy + 36.
[ @+ /1= 0l
Since |§\/1 — @2 — g\/l — @3 | <19 — g| we find

fg,hdwg/q)-h—g 1—|®2,dy + 40
[ semar< [ Vi1l

< M(g, hy) +49.

Since ¢ is arbitrary we have M(g,hy) = [ f(g, h)dy.

Step 2. The proof proceeds exactly as in [17] and we only sketch it. Recalling (15), it
remains to show that

M (g, hy + p°) = M(g, hy) + |p*|(X).

One inequality is easily obtained, since

Mg, hy + p° ——Sup/ <I>,th7—i—/<1>-d,us—|—/gx 1—|®%,dy

( ) " (@, h] ()\/ K35
< sup/ ‘1>,th7—|—/9:6 1—<I>2d7>+/ du®
_<q) (@, Al ()\/ D7 |dp”|

= M(g, hvy) + |p*|(X).

For the opposite inequality, let § > 0 be fixed then there exists ®; and ®5 such that

M(g,h g/@,hdJr/ )/ 1 —|®1|%dy + 6
(9, ) X[l]H’Y Xg()\/ |®1[7,dy

1] (X) < /X (@, dpl11 + 6.
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Taking ® equal to ®5 on a sufficiently small neighborhood of the support of ©* and equal
to @1 outside this neighborhood, we get

M(g, hy) + 1°](X) < /X ®, ]y + /X g1 — [D%dy + /X .yl + O
< M(g,hy + p*) +C9o

which gives the opposite inequality.
Step 3. In order to conclude the proof, it is enough to notice that for every ® € L}L(X, H),
with |®|g < 1, we have

e {/ [q”d"]H+/ gEdy: B} + 162 <1ac. mx}
¢erl(x) UUX X

:/X[i%du]HJr/Xg\/l—\@!?{dv-

Proposition 4.4. Let u € BV,(X) then

F(u)= sup {/ (udiv, @ +Uw)E) dy :  |®(x)[H +|&(x))* <1V € X} . (16)
deFCl(X,H) X
¢eFCl(X)

Proof. We apply Lemma 4.3 with ¢ = Du and g = U(u). Since p is tight [4], the space

FCL(X, H) is dense in L}L(X, H) so that we can restrict the supremum in (16) to smooth
cylindrical functions @, &. U

Remark 4.5. Since U is concave, the duality formula (16) is not sufficient to prove that
F' is lower semicontinuous for the weak L,QY(X )-topology. It shows however the lower-

semicontinuity of F in the strong L,QY(X )-topology.
We now prove that F is the lower semicontinuous envelope of F.
Theorem 4.6. F is the relazation of F in the weak L%(X)—topology.

Proof. Let us first notice that F' takes finite values only on functions of the closed unit
ball of L?Y(X ) which is metrizable for the weak convergence. Therefore the relaxation and
the sequential relaxation in the weak topology of L%(X ) coincide.

Let xg, be a sequence of sets weakly converging in L%(X ) to u € BV,(X), with
uniformly bounded perimeter. We shall show that

lim P, (E,) > F(u).

n—oo
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Notice that, by weak convergence, we necessarily have 0 < u < 1 a.e. on X.
For all n > 1 and k > 2, we let E¥ be the Ehrhard symmetral of E,, with respect to the
first k variables. Recalling the notation of Section 3, we have

P(EFYY <P(E,) and  EF'=ES; (Erxg,)-

As / |DEx(xE,)|H < Py(Er) and Ex(x£, ) depends only on the first k£ variables, by the
X

compact embedding of BV, (R¥) into L (R¥) we can extract a subsequence from Ex(x g, )
which converges strongly to u* := Ej(u). From this we get that E¥*! = ESy(Erxg,)
tends strongly to EFt1 := ES;(u*). By the lower semicontinuity of the perimeter we

then have
lim P,(E,) > lim P,(EFT") > Py(EM).

n—o0 n—o0

For every ¢ € ]:C; (X), with ¢ depending only of the j < k first variables, there holds

/X X B (@)p(2)dy (2) = /

X

w(@)p@)dr(z) = [ u@p) )

X

which implies that the sequence x g, , tends weakly to u. In order to conclude the proof
it remains to show that

lim P,(E*™) = F(u).

k—o0

Notice that, by Proposition 3.9, there holds
P, (EFTY) = F(ub).

For every ® € FCL(X,H) and ¢ € FC}(X), depending on the first k variables and such
that the range of ® is included in Hy, by Proposition 4.4, we have

/ <uk div., @ + Z/{(uk)£> dy = / (wdiv, @ + Uu)E) dy < F(u).
X X
Taking the supremum in ®, £ and recalling (16), we then get

F(u*) < F(u) for all k.

Repeating the same argument with u**! instead of u, we obtain that F(u”*) is nonde-
creasing in k. Therefore there exists £ > 0 such that

lim F(u*) = klim P, (E*) = 0 < F(u).
—00

k—00
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Assume by contradiction that £ < F(u). Then there exists 6 > 0 such that F(u*) <
F(u) — ¢ for all k, hence there exist N € N, ® € FC}(X, H) and £ € FCL(X), depending
only on the first N variables, such that

/ (u’“ div, @ +U(u’“)§) dy < F(u*) < F(u) -6 < / (udivy, ® + U (u)€) dy — g
X X

but for k£ > N we have
/ <uk div., @ + U(uk)g) dy = / (uwdiv, ® + U(u)€) dy
X X

which leads to a contradiction. O

Remark 4.7. Theorem 4.6 provides an example of a nonconvex functional, namely F,
which is lower semicontinuous for the weak L% (X)-topology. We also know that semicon-
tinuity does not holds for general functional of the form

J(u) = / f(u, Dyw)dry
X
since if we take for instance f(u,p) := /g?(u) + |p|?> with g such that g(1/2) > U(1/2)

and g(0) = g(1) = 0, then, letting u,, := {(z},z) < 0}, we have u,, = v = 1/2 weakly in
L%(X)7 so that

*
n’

J(w) = g <%> - U G) _ \/%7 ~ lim J(u,).

One could wonder what are the right hypotheses for a functional of this form to be lower
semicontinuous with respect to the weak topology.

5 TI'-limit for the Modica-Mortola functional

Let us briefly recall the definition of I'-convergence. We refer to [16] for a comprehensive
treatment of the subject.

Definition 5.1. Let X be a topological space, and let F, : X — R be a sequence of
functions. The I'-lower limit and the I'-upper limit of the sequence F,, is defined as

(I' = lim F,)(x) = sup lim inf F,(y)

n—00 UeN (z) n—o0 yelU
I'— lim F = lim inf F,
(' = Tim Fy)(z) poup i inf n(y)

where N'(x) denotes the set of all open neighbourhoods of x in X. When the T'-lower limit
and the I'-upper limit coincide, we say that the sequence F,, I'-converges.
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As for the relaxation, if X is a metric space we have a sequential caracterization of the
I'-convergence.

Theorem 5.2. Let X be a metric space. A sequence of functions Fy, I'-converges to
F: X — R if and only if the following two conditions hold:

e for every sequence x,, converging to x, it holds lim F,(x,) > F(x)
n—oo

o for everyx € X there exists a sequence x,, converging to x with lim Fy(x,) < F(z).
n—oo

Let now W € C'(R) be a double-well potential with minima in {0, 1}, that is, W (¢) > 0
for all t € R, and W (t) = 0 iff t € {0,1}. We also assume W (t) > C(t*> — 1) for some
C >0 and t € R. A typical example of such potential is W (t) = t?(t — 1)%.

For any € > 0 we define the functionals F. : L2(X) — [0,400] as

€ W (u) )
/X <§|VHU|%{+ 6 >d7 if ue H(X)

F.(u) :=
+00 if ue L2(X)\ H}(X).

We are ready to prove our main I'-convergence result.

Theorem 5.3. When e tends to zero the functionals F. I'-converge, in the weak topology
of L2(X), to the functional cw F', where cyy = fol V2W () dt.

Proof. Notice first that the I'-limit does not change if we restrict the domain of F; to the
functions u € H}(X) such that 0 <w < 1. This follows from the following two facts:

- for all u € H}(X), letting & = min(max(u,0),1), we have F(i) < F.(u);

- Fo(u) > [y @dv forallu € H. %(X ), which implies that the I'-limit is concentrated
on the functions u € L2(X) such that u(z) € {0,1} for a.e. = € X.

Since the restricted domain is contained in the unit ball of L%(X ), which is metrizable
for the weak L?Y(X )-topology, by Theorem 5.2 the I'-limit and the sequential I'-limit of
F. coincide.

We now compute the I'-liminf of Fy.
Let u. € H}(X) be such that 0 < u. < 1 and Fy(u:) < C for some C > 0. Then
Jx W(ue)dy < Ce, which gives a uniform bound on H%—:HL%(X) recalling that W(u) >

C(u? —1). As a consequence, there exists a weakly converging subsequence, still denoted
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by u.. Letting u be its weak limit, from 0 < u. < 1 we get 0 < u < 1. Using the coarea
formula (2), we obtain the estimate

Fitu) = [ (§Vuy + F ) an
Z/X\/QW(%)\VHU\HCW
::]/1\/2LV(t)Iy({u5:>t})dt.

0

Fix now ¢ > 0. From the fact that v ({0 <wu. <1-6}) — 0 as e — 0, it follows that,
for every sequence t. € [4,1 — 4], then functions Xy,, .} tend weakly to u in L%(X ). For
every € > 0 let us choose t. € [§,1 — 0] such that

memﬁ%>maz<
d

Then, by Theorem 4.6 we have

lim F(u.) > lim ( /5 - m@ Py ({ue > t})

1-0 1-0

\QW@ﬁ>RH%>QU

h > E( 061_6 \/Wdt> F(u).

Since ¢ is arbitrary we get the I'-liminf inequality.

The I'-limsup is done similarly to the (Euclidean) finite dimensional case [29, 28]. Since
F is the relaxation of F' in the weak L%(X )-topology and since we can approximate sets
of finite perimeter by smooth cylindrical sets by Proposition 2.6, for every v € BV, (X)
with 0 < u < 1 there exists a sequence E,, of smooth cylindrical sets with x g, converging
weakly to u and such that P, (E,) tends to F'(u). This shows that we can restrict ourselves
to smooth cylindrical sets for computing the I'-limsup of F.

Let m € N and E = II,,}(E,,), where E,, C R™ is a smooth set with finite Gaussian
perimeter, and let

d(z, E) := d(IL,,,(z), Ep)

where d(x, ;) is the usual distance function from E,, in R™. Notice that
d"(z, B) = min{|z — ylm;y € E,x —y € H},

moreover d is differentiable almost everywhere with |V yd (z, E)|y = 1.

24



Let 0 > 0, a5 := max{W(t) : t €[0,0] U[l —6,1]} and define Wy, Hs : [0,1] — R as

as  if0<t<)
Ws(t) = { W) if6<t<1-90
as  ifl-6<t<l.

¢
1
Hs(t) := / ————ds.
0 v/2W;s(s)
Finally let 15 be the usual truncated one-dimensional transition profile defined as
0 ift<0
ns(t) =< Hy'(t) if 0<t< Hy(1)
1 if t > Hg(1).
Observe that 7 is a Lipschitz function which verifies § = Ws(ns). We then set
d(z,E
us(x) =15 ( (6 )>

We finally have

1

Wel —— |
Bl ) 2
= /OHS(U <@ + Wa(??s@))) P, ({d > et})dt.

The proof is completed since for every t € [0, Hs(1)], P,,, ({d > et}) tends to P, (Ey,) as

e — 0, and
/ (T + Wg(ng(t))) dt = / \/ 2W5(t) dt.
0 0
Thus we have

i () < (/01 Wdt) Py, (Em),
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which gives the desired inequality letting § — 0 and m — +oo. U

Remark 5.4. As in the Euclidean case, a similar result can be proven for the volume
constrained problems. In this case, the proof of the I-liminf is exactly the same as in
Theorem 5.3, and the I'-limsup is also very similar. The only difference comes from the
fact that we have to adapt the recovery sequence to have the right volume, and this can
be done as in [28] by slightly translating 7s.

We now state some simple implications of the I'-convergence result.

Proposition 5.5. Let m € [0,1] and u. be a minimizer of

, € 9 W(u)>
min —|Vuly + dry 17
o [ (519t + ™ (1)
then u. = ve(he(z)) for some he € H with |ho| = 1 and some v, minimizer of the

one-dimensional problem

min /Ev'2d7+/wd71. (18)
R 2 R &

fR vdyi=m
in particular, ve (strongly) converges to the characteristic function of a half-line.

Proof. For every u € H%(X), by Proposition 3.12, we have fX wdy = fX ud~y and
F.(u*) < F:(u), with equality only if u is of the form u(x) = v(h(z)) for some h € H
with |h|g = 1. Using that & is the limit in L,QY(X ) of linear functions of the form R*x,
it is readily seen that Vyh = h, and thus we get

F.(u) = /X <%v'(ﬁ(m))2 + w> dy = /R (%v’zd’y + /]R @) dm

Therefore problem (17) reduces to the one-dimensional problem (18).

Using the compact embedding of H}ﬂ (R) in L?n (R) (see [4, Th. 4.10]) and the direct
method of the calculus of variations, we get that (18) has a minimizer. Moreover, by the
I’-convergence of the one-dimensional functionals in the strong L%l (R)-topology towards
the a multiple of the perimeter (which can be obtained exactly as in the classical Modica-
Mortola Theorem since compact embedding of BV, (R) in L! (R) holds), we find that
every sequence of minimizers v, of (18) has a subsequence strongly converging towards
the characteristic of the half-line of measure m. O

We finally give another convergence result for the prescribed curvature problem in case
of uniqueness of minimizers.
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Proposition 5.6. Let g € L%(X), then the following assertions are equivalent:
e the functional
FYE) = Po(B)+ [ oy (19)
has a unique minimizer in the class of sets of finite perimeter;

e the functional

Fy(u) = F(u) + /X ugdry (20)

has a unique minimizer in BV, (X).

Moreover, when this holds the two minimizers coincides. Finally, if u. is a sequence in
qu/(X) satisfying

sup <F€(u€) +/ uz—:gd'7> <C
€ X

for some C' > 0, then us has a subsequence strongly converging to xg in L%(X), where K
is the common minimizer of (19) and (20).

Proof. We first notice that the problem (19) always has a solution. Indeed, arguing as
n [12], if E, is a minimizing sequence for (19), it has a subsequence weakly converging
to some u € BV, (X). By the lower semicontinuity of the total variation and the coarea
formula we then have

inf (P»Y<E>+ / gdw) > [ 1Dt [ ugdy = /0 1 <P7<{u>t}>+ /{ u>t}g<w>dw<x>> at

and thus the sets {u > t} minimize F, for almost every t. As F is the relaxation of the
perimeter we have that the minimum values in (19) and (20) are the same and thus any
minimizer of Fy is also a minimizer of Fg. This shows that if uniqueness does not hold
in (19) then it does not hold in (20), too. Now, if u is a minimizer of F,, applying the
coarea formula once again we get

1
it Fy(B) = Fy() > [ |Dyulsr+ [ wgtr = [ <P7<{u>t}>+ /{} g(m)dwm) dt.

As above, this implies that {u > t} solves (19) for almost every ¢. Therefore, if the
minimizer of F; is not a characteristic function, then uniqueness does not hold neither
in (19) nor in (20). This proves the first part of the Proposition.

The second statement easily follows from Theorem 5.3. Indeed, as the functionals F(u)+
S  ugdy I'-converge to Fy in the weak L%(X )-topology, for every sequence u. bounded

27



in energy, there exists a subsequence weakly converging to yg (where E is the unique
minimizer of (19) and (20)). However, by the lower semicontinuity of the norm,

1 . i
m? > lim [Jue|lr2(x) 2 IXEll2(x) = m2.
e—0

Thus ||u|| r2(x) converges to lIxell £2(x), Which implies the strong convergence of uc. [

Remark 5.7. In [24], we provide an example of functionals for which uniqueness of
minimizers holds, namely

Py(E) + /X(g — ) dy

where g : X — R is convex and A € (0, +00) is large enough.
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