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A trajectorial interpretation of the dissipations of entropy and
Fisher information for stochastic differential equations

J.Fontbona* B.Jourdain'

January 25, 2015

Abstract

The dissipation of general convex entropies for continuous time Markov processes can be
described in terms of backward martingales with respect to the tail filtration. The relative
entropy is the expected value of a backward submartingale. In the case of (non necessarily
reversible) Markov diffusion processes, we use Girsanov theory to explicit the Doob-Meyer
decomposition of this submartingale. We deduce a stochastic analogue of the well known
entropy dissipation formula, which is valid for general convex entropies, including the total
variation distance. Under additional regularity assumptions, and using It6’s calculus and
ideas of Arnold, Carlen and Ju [2], we obtain moreover a new Bakry Emery criterion which
ensures exponential convergence of the entropy to 0. This criterion is non-intrisic since it
depends on the square root of the diffusion matrix, and cannot be written only in terms of
the diffusion matrix itself. We provide examples where the classic Bakry Emery criterion
fails, but our non-intrisic criterion applies without modifying the law of the diffusion process.

Keywords : long-time behaviour, stochastic differential equations, time reversal, Gir-
sanov theory, Bakry Emery criterion, convex Sobolev inequalities

AMS 2010 subject classifications : 60H10 60H30 37A35 26D10 35B40

Introduction

We are interested in the long-time behaviour of solutions to the stochastic differential equation
where b: R = R%, o : R — R4 and W = (W;,t > 0) is a standard Brownian motion in R? .

In case (0.1) admits a reversible probability measure, the celebrated Bakry Emery curvature
dimension criterion which involves the generator, the carré du champs and the iterated carré du
champs is a sufficient condition for this reversible measure to satisfy a Poincaré inequality and a
logarithmic Sobolev inequality. From these inequalities, one can respectively deduce exponential
convergence to 0 as t — oo of the chi-square distance or the relative entropy between the marginal
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at time ¢ of the process and its reversible measure. These results have been extended to more
general entropy functionals (see for instance [1]).

In general, even when the stochastic differential equation (0.1) admits an invariant probability
measure, this measure might be not reversible. It is well known from both a probabilistic point
of view [13] and the point of view of partial differential equations [2] that a contribution in the
drift term, antisymmetric with respect to the invariant measure, may accelerate convergence to
this invariant measure as t — oo.

Throughout this paper, we assume
HO) U :[0,00) — R is a convex function such that inf U > —oo,

and we consider the U—entropy of a probability measure p on a measurable space (E, &), with
respect to another probability measure g on (E, ), defined by

Jea U (@) da(e) ifp < q

+o00 otherwise.

Hy (plg) = {

The particular cases U(z) = 1,50z In(z) and U(z) = (x — 1)? respectively correspond to the
usual entropy and the y2-distance. For U(x) = |z —1|, Hy(p|q) coincides with the total variation
distance when p < ¢. Notice that U is continuous on (0,+0c0) and that U(0) > lim,_,q+ U(z).

The primal goal of this work is to recover, by arguments using Itd’s stochastic calculus, the
results of [2] and [1] about the long-time behaviour of the U-entropy of the law of X; with
respect to the invariant measure. Our approach is based on the following simple remark, valid
for an arbitrary (possibly non-homogeneous) continuous-time Markov process (X; : t > 0) with
values in a measurable space (E,&):

If we denote

e by P; and @) the time marginal laws of X; when the initial laws are Py and @, respectively,
and

e by (X/)i>0 and (XtQ)tzo realizations of the process (X;) with Xy respectively distributed
according to Py and Qo,

then, as soon as Hy (P;|Q¢) < +oo for some t > 0, one has Py < @, for all s > t and the process

(v(iee®))

is a backward Fs-submartingale with respect to the filtration Fy := O’(X7»Q ,7 > s). In fact, it
is easily deduced from the Markov property that if P, < @; for some ¢ > 0, then the law of

(XF )r>¢ is absolutely continuous with respect to the one of (Xf2 )r>¢ and moreover, Py < Qg for

all s > t with <355 (XSQ)> ., 8 backward martingale with respect to the filtration Fs. Jensen’s
s s>t

inequality ensures that ¢ — Hy (P;|Q:) is non-increasing and implies the remark.

The convergence of the U—entropy

(P10 =2 (v (55:69))) 2B (v (2(Gox®)] nea s ) )) <o 02




is then deduced from the a.s. convergence of jgss (X)) to E %(X?)‘ Ns>0 Fs | (the fact that

7 dQr
possible discontinuity of U at 0).

for > t, 4 (XTQ) = 0 a.s. on the set {IE (%(X?)‘ Ns>0 ]:S> = 0} permits to cope with the

The first section of the paper is dedicated to time-inhomogeneous Markov diffusions given by
the stochastic differential equation

dXt = O'(t, Xt)th + b(t, Xt)dt (03)

where b: Ry xR? 5> R? ¢ : Ry xRY — R9® Under assumptions that guarantee that for both
initial laws, the time-reversed processes are still diffusions, we use Girsanov theory to explicit

the Doob-Meyer decomposition of the submartingale <U (ggs (X @ ))> o In this way, we obtain
s s>t

a stochastic analogue of the well known entropy dissipation formula, valid for general convex
entropies (including total variation). Taking expectations in this formula, we recover the well
known fact that the U-entropy dissipation is equal to the U-Fisher information. The proofs of
the main results of this section are given in Appendix A.

It should be noticed that the idea of considering a trajectorial interpretation of entropy to obtain
functional inequalities is not new, at least for reversible diffusions (see e.g. the work of Cattiaux
[5] whose results are nevertheless of quite different nature). However, even in the reversible case,
time reversal of a diffusion starting out of equilibrium modifies the dynamics of the diffusion.
The backward martingale approach takes this fact into account and moreover permits the use
of It6’s calculus under less regularity than a priori needed when working in the forward time
direction. Its interest thus goes beyond the treatment of non-reversible situations.

In the second section, we further suppose that the stochastic differential equation is time-
homogeneous (i.e. of the form (0.1)) and that it admits an invariant probability distribution,
that is chosen as the initial law ()y. Under additional regularity assumptions, and using It6’s
calculus and some ideas close to Arnold, Carlen and Ju [2], we obtain a new Bakry Emery
criterion which ensures exponential convergence of the U-Fischer information to 0 and therefore
exponential convergence of the U-entropy to 0. In addition, under this criterion, the invariant
measure satisfies a U-convex Sobolev inequality. This criterion is non-intrisic : it depends on
the square root o of the diffusion matrix a = go* and cannot be written only in terms of the
diffusion matrix itself whereas, under mild regularity assumptions on b and a, the law of (X;)¢>0
solving (0.1) is characterized by the associated martingale problem only written in terms of a
and b. The main results of this section are proved in Appendix B. In Appendix C, we point
out that our approach allows us to recover the results and criterion provided in [2]. We also
highlight the difference between the arguments leading to each of the two criteria. Additionally,
we provide a combined criterion.

Last, we provide in the third section two examples where the classic Bakry Emery criterion fails,
but our non-intrisic criterion ensures exponential convergence to equilibrium without modifying
the law of the diffusion process.

As future work, we plan to investigate how to choose the square root o of the diffusion matrix in
order to maximize the rate of exponential convergence to equilibrium given by our non-intrisic
Bakry Emery criterion.

Throughout this work, we use the convention of summation over repeated indexes.

Acknowledgements : We thank Tony Lelievre (CERMICS) for pointing out to us the paper



of Arnold, Carlen and Ju [2] at an early stage of this research. We also thank Anton Arnold (TU
Wien) for suggesting an improvement of our non-intrinsic Bakry-Emery criterion (see Remark
2.3 below). The first author last thanks the hospitality and partial support of CERMICS.

1 Entropy dissipation for diffusion processes

From now on we assume that (Xy,¢ > 0) is a Markov diffusion process, solution to the stochastic
differential equation
dXt == O'(t, Xt)th + b(t, Xt)dt (11)

where W = (W,,t > 0) is a standard Brownian motion in R? and b : R, x R* — R% o :
Ry x R* — R4 are mesurable coefficients satisfying conditions that will be specified below.

For Py and Qg two probability measures on R?, we now denote by (X[ );>¢ and (XtQ)tzo two
solutions of (1.1) with X respectively distributed according to Py and Q. For ¢t > 0, the law
of X}’ (resp. X,°) is denoted by P; (resp. Q).

Our first goal is to explicitly describe the backward submartingale U <ng3§ (X @ )) when Py < Qg

and, as a byproduct, the decrease of its expectation Hy (Ps|Qs). In a way, this backward-in-time
approach to entropy is converse to Follmer’s approach to the study of time reversal of diffusion
processes [8] (see [9] for the infinite dimensional case) based on the stability under time reversal
of the usual pathwise entropy. The latter corresponds to U(r) = rInr in Remark 1.1 below.

We fix a finite time-horizon T' € (0,400) in order to work with standard (forward) filtrations
by time reversal in [0,7]. Let us introduce some notation:

e QT (vesp. PT ) will denote the law of the time reversed processes (ch—?it)tST (resp.
(XE_)i<r) on the canonical space C([0, 7], RY).

e (Y;);<r stands from now on for the canonical process on C([0,7],R?) and G; = o(Ys,0 <
s < t) denotes its natural (complete, right continuous) filtration.

e In all the sequel, E” will denote the expectation under the law Q7.
Whenever Py < Qp, by the Markov property we have PT <« QT with % = %(YT) and
def dPT _ dPpy
daqr |, ~ dQr
is a QT —G; martingale. Moreover, Hy (Ps|Qs) < +oo for s € [0, 7] if and only if (U (D)) o<t<r—s

is a uniformly integrable Q7 — G; submartingale, in which case one has

Hy (P|Qy) = BT (U (Dr_y)) for all t € [s,T).

D, (Y;), 0<t<T (1.2)

Remark 1.1 If Hy(P1|Py) denotes the pathwise U—entropy of a probability measure Py on
C([0,T],R%) with respect to a second probability measure Po:

Jeqorn U (Z%(w)) dPy(w)  if P1 < Py,

400 otherwise,

HU(Pl “P’Q) = {

we easily deduce that Hy (Py|Qo) = Hy <law (XF:0<t<T)

law <XtQ L0<t< T>> = Hy (PT|QT).

4



In order to use Itd calculus to obtain the explicit form of the Girsanov density D, as a QT — G,
martingale, and then deduce the Doob-Meyer decomposition of the submartingale U (D;), we
will assume that the Markov processes (X%{ .t <T) and (XE_,,t <T) are diffusion processes
as well. Conditions ensuring this fact have been studied in Follmer [8], in Hausmann and
Pardoux [11], in Pardoux [18] and in Millet et. al [17] among others, who in particular provide
the semimartingale decomposition of (X?ft,t < T) in its filtration. We recall in Theorem 1.2
below the general results in [17] in a slightly more restrictive setting. The following conditions
are needed:

H1) For each T > 0, supycpo 71(|b(t, 0)|+|o(t,0)]) < +oc and for every A > 0 there is a constant
K7 4 > 0 such that

d/
|b(t,x) — b(t,y)| + Z |oei(t,x) — 0ei(t,y)| < K7 alx —y|, Vt € [0,T], Vz,y € B(0,A),
=1

where g,; denotes the i-th column of the matrix o and B(0, A) is the ball of radius A > 0
centered at the origin in R%. Moreover,
H1)" the constants K7 4 do not depend on A, or

H1)" for each s > 0, equation (1.1) starting at time s is strictly conservative, and for any
bounded open set D C R,

T ,
sup sup E < exp / 4B () + 82 |A? ()| dt| p < oo,
z€D s€[0,T) s j ’

S

L .
where By () = | X0y Oib((t, Xoa(@))?] ", AL y(@) = |S8cy Qo (1, X (2))?]
and X ;(x) denotes the solution to (1.1) starting from x at time s < t.

H2)g For each t > 0, the law Q;(dx) of XtQ has a density g;(z) with respect to Lebesgue measure.

H3)q Setting a;; = (00*);j, for each i = 1,...,d the distributional derivative 0;(a;;(t,x)q:(x))
is a locally integrable function on [0, T] x R¢:

T
/ / |0 (ai;(t, )gq¢(x))|dzdt < oo for any bounded open set D C RY.
0 D

For (t,z) € [0,T] x R? we write

o a;j(t,x) ==a;(T —t,x),i,7=1,...,d,

. l_)?(t,x) = —b(T — t,x) + aj(a”(i;filq):“t(m)) (with the convention that the term
involving QT—lt @ is zero when qr—t(zx) is zero)

and notice that b9(t, ) is defined dt ® dz a.e. on [0,7] x R? under assumption H3)g.

Theorem 1.2 Assume that H1) and H2)q hold.



a) Suppose moreover H3)g. Then, QT is a solution to the martingale problem:
t
1 _
(MP)g: M/ := f(Y) — f(¥p) - /0 5ii(5, Y004 £ (V) +02 (5, Yo)0if (Ya)ds, t € [0,7]

is a continuous martingale with respect to the filtration (G;) for all f € C§°(RY).

b) Let b:Ry xR - RY and 6 : Ry x RY — R pe measurable functions such that
fOT Ip la;(t, )| + |bs(t, z)|qr—i(z)dzdt < oo for any bounded open set D C RY. Assume
moreover that QT is a solution to the martingale problem with respect to (Gi) for the
generator Lof (z) = 3a;5(t, )0y f () + bi(t, x)0; f(x). Then H3)q holds, b="b and a = a.

Proof . According to Theorem 3.3 [17], under H1), H2)g and H3), (Mtf)te[oj) is a continuous
Gi-martingale under Q7. When f is C° on R? and vanishes outside B(0, A), we have

= ( [ T|6?<s,n>||aif<n>|ds)

B(0,A) [0,T]x B(0,A) [0,71xB(0,A) ;4

d
< sup |Vf] <T sup  |b(s, )] —i—/ Z |0;(aij(s,x)qs(x))| dsdx)
(1.3)

where the right-hand side is finite under H1) and H3)g. This implies that IET(|M%|) < 400,

and together with H1), that (Mtf )telo,7] 1s a continuous Gi-martingale under QT. Part b) follows
from Theorem 3.3 in [17]. ||

Assume H1), H2)p, H2)g, H3)p and H3)q. Then, under (MP)q and (M P)p, the process Y;
is respectively a weak solution to the SDEs

dX, = a(t, X;)dW, + b9(t, X,)dt, te[0,T) (1.4)

and
dX; = a(t, Xy)dW, + bF'(t, X,)dt, te0,T],

where (t,z) = o(T —t,z) and W and W are d’ dimensional Brownian motions in possibly
enlarged probability spaces. If for all ¢ > 0, x — pi(z) and = — ¢(x) are strictly positive and
differentiable, then the difference between the drift terms of the two equations is given by

BZP(t, .%') — BZQ (t, .%') =0Q;; (t, )3] lin_t(.%') — Q45 (t, )3] In qT_t(m)

—a;(t, 1), [m Z: (g;)} .

If uniqueness in law holds for the second stochastic differential equation, then the simplest form
of Girsanov theorem allows us to deduce that

¢ ¢

Dy = 2L (Yy) exp {/ v* [m Pr—t (Yt)] a(t,m)dv‘[ft—l/ v* [m @] (Ys)a(s, Ys)V [m @} (Ys)ds}
ar 0 qr—t 2 Jo qr-s qr-s

(in the above equation and from now on, we denote by V* the transpose of the gradient ).

However, in the general case when ¢;(x) or p;(x) may vanish and are possibly not differentiable,

it is not clear what sense should be given to the derivatives above. If the diffusion matrix is

singular, neither is it clear that the difference of drift terms b9 and b” (defined by means of



distributional derivatives) is in the range of the diffusion matrix, which is required in order to
use Girsanov theorem.

The problem of finding D; in the general case is reminiscent and, somehow, reciprocal to the
stochastic construction of Nelson processes, where Q7 and the possibly singular difference of drift
terms are given, and one aims to construct P? (see for instance [6]). The following technical
lemma answers the question in the most general situations covered by Theorem 1.2. Its proof,
not hard but lengthy, relies on Girsanov theory in the absolutely continuous setting and is given
in the Appendix A.1l section. Recall that an element Py € M of a given set M of probability
measures in C([0,T],R?) is said to be extremal if Py = alP; + (1 — )Py for some Py, Py € M
and « € (0,1) implies Py = Py = Ps.

Lemma 1.3 Assume that H1) , H2)g, H3)g and H3)p hold, with Py < Qo, and let %(x) be
the Radon-Nikodyn derivative of p;(x)dxdt w.r.t q(x)dzdt on [0,T] x R%. Then,

a) there exists a measurable function in [0,T] x R? — R denoted (t,z) VIn[E](z) such
that

b (t,x) —b9(t,z) = a(t,z)V [ln Pr—t (CC):| , pr—i(z)dz dta.e..
ar—t

b) Define q;(x)dx dt a.e. in [0,T] x RY the function (t,x) V[’;—z](x) by
P (. Pt P
\% [a] () = ” (x)V [ln Qt:| (x)

and assume moreover that QT is an extremal solution to the martingale problem (M P)g.
Then, the QT <(G;) martingale (Di)iejo,m introduced in (1.2) has a continuous version
(denoted in the same way) satisfying

t
qr 0 qr—s

t
_pr Pr—s )
=g 0 +/0 v [qT_J VLo vym0y ~ M

where My = (M})%_, are the continuous local martingales w.r.t. QT and (G;) defined by

t
M =Y!-Y) — / BZ-Q(S,Y;)ds, t € [0,7]
0

and R is the (Gy)-stopping time R := inf{s € [0,T] : Dy = 0}. Moreover, QT a.s., one has

)= [ 9[22 (a(s, Y9 |22 (1. s e € 0.7,

From the proof of Lemma 1.3 it will be clear that if p; and ¢; are everywhere strictly positive
and of class C1, (t,x) — V[’;—z](:v) and (t,x) — Vln[%](m) can be respectively taken to be the
usual gradient and gradient of the logarithm of %.

We now introduce the notations U” and U”(dy) for the left-hand derivative of the restriction of
the convex function U : [0,00) — R to (0, +00) and the non-negative measure on (0, +00) equal
to the second order distribution derivative of this restriction.

We are ready to state the main result of this section:



Theorem 1.4 (Stochastic U-Entropy dissipation) Let Qo and Py be probability measures on R?
such that
HU(PO‘QO) < 00

and assume that H1) , H2)g, H3)qg and H3)p hold. Suppose moreover that QT is an extremal
solution to the martingale problem (MP)q.

Then, the submartingale (U(Dt))icpo,r) has the Doob-Meyer decomposition

vt e (0.7], UD) <U(Do) + [ U D)V [Z} (Yi)locr - dM,
= (1.5)
1

3 [ LU ) - Lerey AU(O),
(0,400)

where R :=inf{s € [0,T] : Dy = 0}, AU(0) =lim,_,q+ U(z) — U(0) <0 and L{(D) denotes the
local time at level r > 0 and time t of the continuous version of the martingale (Ds)se[o,T]-

In particular, if U is continuous on [0, +00) and C? on (0,+0c), one has

0 qr—s
1 t —s —8 —S
+§/ U <p—T (Ys)> (V* [pT—] a(s, )V [pT D (Ye)Locrds.
0 ar—s qr—s 9T —s

Theorem 1.4 is proved in the Appendix A section. We next briefly discuss some of its assumptions
and then state some consequences.

vt € [0,T], U(Dy) =U(Do) + /t U'(Ds)V [pT_S} (Ys)Ls<r - dM;

(1.6)

Remark 1.5 a) By Theorem 3.1 in [11], conditions H2)g and H3)¢g hold under condition

qg (z)dx

e < Foo for some

H1)" if Qo has a density qo w.r.t. the Lebesque measure s.t. [pa
k > 0 and either

VT >0, 3e >0, Y(t,z) € [0,T] x R, a(t,z)=00"(t,x) > ely,

or the second order distribution derivatives aamiga; (t,x) are bounded on [0,T] x R? for each
T >0 (by Theorem 3.1. in p. 1199 [11], the latter conditions imply that (A)(ii) in p. 1189
and thus Theorem 2.1 therein hold). In particular, under H1)" and the previous conditions,
H2)p and H3)p also hold if for instance Py < Qo and % has polynomial growth.

b) Condition H1)” introduced in [17] allows us to include in our study the fundamental ex-
amples of Langevin diffusions with a(x) = I and b(x) = —VV (x) for a nonnegative C*
potential V', possibly superquadratic but satisfying:

limsupi‘;(lﬂ) < +00, limsup ;= (z) < 2 and limsup M(Cﬂ) =0. (1.7)

See the Appendiz section A.5 for a proof of this fact.

¢) Extremality of the solution QT to the martingale problem (MP)q is implied by pathwise
uniqueness for the stochastic differential equation (1.4). In the relevant case when o and
b in (1.1) are time-homogeneous and (0.1) admits an invariant density pso(z) > 0, for the
choice Qy(dx) = poo(z)dz equation (1.4) takes the form

dX, = o(X,)dW; + (M(Xt) - b(Xt)> dt te[0,T].

Poo

8



Pathwise uniqueness for this SDE can be proved under H1) by a standard argument using

localization, Ito’s formula and Gronwall’s lemma, whenever the function — M is the
sum of a locally Lipschitz function and a monotone function. This is for instance the case
when a = I and p(z) = Ce V@ for some convex function V : R* — R, or when the
strictly positive density poo and a have locally Lipschitz derivatives.

The proof of Theorem 1.4 will justify that expectations can be taken in (1.5) and (1.6), yielding

Corollary 1.6 (U-Entropy dissipation) Under the assumptions of Theorem 1.4,

Ve 0.T], Hu(PIQ) = Hu(PriQr)—AU0)QT(0 < R < T—t)+= /( o T (D) U ),
7 (1.8)

If U is moreover continuous on [0,+00) and C? on (0,+00), we get the well known expression
for the entropy dissipation:

vVt € [0,T], Hy(P|Q:) = Hy(FPo|Qo)

Ly ) (2] i 0

with U (r) now standing for the second order derivative of U at r > 0.

The particular case U(z) = |z — 1| of the total variation distance is more intricate but we are
still able to derive an analogous dissipation formula. To our knowledge this formula is new:

Corollary 1.7 (Dissipation of total variation) Under the assumptions of Theorem 1.4, suppose
moreover that for a.e. t € [0,T], the functions v — q(x) and z — E(z) are respectively

of class C' and C? and there exists a sequence (ry), of positive numbers tending to +oo as

<Je<2rn} a(t,z)V [Z—z] (m)‘ qt(z)dx = 0. Furthermore, assume

: [d(s,x)v [Z;—:z] (w)qT_s(x)] ‘ dxds < oo. Then, Vt € [0,T],

n — 0o, such that limy, s % f{rn

that [ fra |V

[P; — Qtlltv = [P0 — QollTv + 5 / / sign (— — 1> (2)V - [a(s,x)v [p—} (:c)qs(:v)} dxds

ds

where sign(r) = —1(_s0,0)(7) + L(0,00) () and the integral is non-positive for all t € [0,T].
The proof is given in Appendix A.3.

Remark 1.8  a) Denote by Q the law of (XtQ,t < T) and by E the corresponding expectation.
The following “forward” version of formula (1.8) holds under the assumptions of Theo-
rem 1.4 if moreover (Y}) is a continuous (Gy) semimartingale under Q (in particular if

(t,x) — jgt( x) has a version of class C12):

DT, Hu(RIQ) = HolRIQy+aU0R0 <5< - [ 5 (15 (L)) v,



where S :=inf{s € [0,T] : Z—z(YS) > 0}. This follows from the pathwise relation

g (P ) - o (2= ) = o (B x9)

qr—. qr—.

and the fact that <pT_t (Xj?_t>) 0] s a.s. stopped upon hitting 0, by Lemma 1.3.
te|o,

qr—t

b) The limit type assumption in Corollary 1.7 is not too stringent. Thanks to (1.9) and
Cauchy-Schwarz inequality, it holds true for instance if the matrix a is uniformly bounded

and Hy(PolQo) < oo for U(r) = (r — 1), since |aV [%]

Tl ).

= sup‘v‘gl(av)*(JV%) <

We end this section providing sufficient conditions in order that lim; o, Hy(P|Q¢) = 0. The
proof of the following result is differed to Appendix A.4.

Proposition 1.9 Let us assume that the coefficients o and b are time-homogeneous and globally
Lipschitz continuous. Then the semigroup associated with the SDE (0.1) is Feller. Let us also
suppose that (0.1) admits an invariant density pso, locally Lipschitz and bounded away from 0

and 400, and such that [pq p%‘jr(ﬁc)ﬁx < 400 for some k > 0 and that —*aj(a';pw)

locally Lipschitz function and a monotone function. We last suppose that

is the sum of a

VA >0, Jeq >0, V|z| < A, a(x) >eqly (1.10)

with either €4 not depending on A or the second order distribution derivatives agfgx] bounded

on RY. Then, the tail sigma-field Ny>o0 (X, v > t) is trivial a.s. w.r.t. the law of (XtQ)tZO-
In particular, if U(1) = 0, then as soon as Hy(Ps|Qs) < +oo for some s < +o00, one has
limy 00 HU(Pt’Qt) =0.

Remark 1.10 The triviality of the tail sigma-field still holds when (Xt)¢>o is Feller, has an in-
variant distribution and a strictly positive transition density p¢(x,y) with respect to the Lebesgue
measure which is continuous in (x,y) for each t > 0 (The continuity implies the strong Feller
property, the positivity implies the ergodicity of the invariant measure and combining both, one
checks that (X¢)i>0 is Harris recurrent. Then one concludes by Theorem 1.3.9 in [15].) Notice
that conditions ensuring the positivity and joint continuity in (z,y) of ¢i(z,y) can be found in
[10] Chapter 9 under uniform ellipticity, and in [16] Theorem 4.5 under hypoellipticity.

2 Dissipation of the Fisher information and non-intrisic Bakry
Emery criterion

We will from now on focus in the case when Qo(dx) = poo(x)dx is a stationary probability law
for the time-homogeneous Markov diffusion (0.1) . We denote

Iy (ps|poc) = l/ v’ <&> v [&] aV [&} Poodi
2 {;’Tso>0} Poo Poo Poo

the integral that appears in the right-hand side of (1.9), and we refer to it as the U— Fisher
information.
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Inspired by the famous Bakry-Emery approach, we want to compute the derivative of It/ (ps|pso)
with respect to the time variable.

In all the sequel, we make the following assumptions :

H4) The drift function b and the matrix o are time-homogeneous and such that H1) holds.
Moreover, b (resp. o) admits first (resp. second) order derivatives which are locally a-
Hélder-continuous on R for some a > 0.

H5),, The Markov process defined by (0.1) has an invariant density poo(z) and Qo(dx) =
Poo(x)dx. Moreover, po, admits derivatives up to the second order which are locally -

Hélder-continuous on R for some o > 0 and py(z) > 0 for all z € R%.

oo

H 6)50 The initial distribution Py admits a probability density pg with respect to the Lebesgue
measure. Moreover, we assume that H2),, holds and that p,(z) has spatial derivatives
up to the second order for each ¢ > 0, which are continuous in (t,z) € (0,7] x R? and

bounded and Hélder continuous in 2 € R? uniformly on [§, 7] x R¢ for each § € (0, T).
Let us also introduce some notations :

e We write PL := Q7 and b; ::B?,izl,...,d.

e By possibly enlarging the probability space G; — PL | we introduce a Brownian motion W
such that Y; solves the stochastic differential equation :

0;(aij ()P (y))

dY; = o(Yy)dW,; + b(Y;)dt, t € [0,T] where b;(y) = —bi(y) + oo (V)

(2.1)

By assumptions H4) and H5).., the coefficients o and b are locally Lipschitz so that tra-

jectorial uniqueness holds for this SDE. By the Yamada-Watanabe theorem, one deduces

that uniqueness holds for the martingale problem (MP)q.

o We write pi(z) := %(Cﬂ), te[0,T].

Notice that Hb5),  implies H2)g for Qo(dz) = poo(x)dr and combined with H4), it implies
H3)g. Moreover H 6)3;0 implies H2)p and H3)p. Therefore the hypotheses of Theorem 1.4
hold within the present Section. Notice also that, under H5)s and H 6)50, the first order
spatial derivatives of I% are defined everywhere. Thus, we may and will assume in the sequel
that Lemma 1.3 b) and Equation (1.9) hold with the standard gradient Vz%. Under H4), if
moreover a and b are bounded with a uniformly elliptic, then H 6)50 holds for any compactly

supported probability density pg, by [10] Chapter 9. We refer to [16] for conditions ensuring
that H 6)50 holds under hypoellipticity.

To compute the dissipation of the U-Fischer information, in all the sequel we make the following
regularity assumption on U:

H7) The convex function U : [0, 00) — R is of class C* on (0, +00), continuous on [0, +-0c0) and
satisfies U(1) = U'(1) = 0.

The assumption that U’(1) = 0 is inspired in the analysis on admissible entropies developed
in Arnold et al. [1] and is granted without modifying the functions p — Hy(p|ps) and p +—

11



Iy (plpso) by replacing U(r) by U(r) — U'(1)(r — 1) if needed. Notice that if H7) holds, U(r)
attains the minimum 0 at 7 = 1 and therefore U > 0 by convexity. Following [3] p.202 (see also
[1, 7]), we introduce an additional assumption on U:

HT') ¥r € (0,00), (UB(r)? < 20" (r)UD(r),

which is satisfied for instance by U(r) = rlnr — (r — 1) and by U(r) = (r — 1)2. Let us recall
consequences of H7)" pointed out in [1] (see Remark 2.3 therein) which will be used in proving
the following results.

Remark 2.1 Condition H7') implies that (%)” < 0 at points where U" # 0. Since U" > 0,

and excluding the uninteresting case where U" identically vanishes, the previous implies that
% is finite in [0,00), and therefore that U is strictly convexr. We then deduce from HT') that
U >0 in (0,00). By concavity and positivity of % this function is moreover non decreasing,
and we deduce that U®) < 0 in (0,00).

We do not assume that the entropy function U is C* on the closed interval [0, +o0c), since we
want to deal with U(r) = rln(r) — (r — 1). That is why we introduce some regularization Us
indexed by a positive parameter § : we chose Us such that Us(r) = U(r + J) for r > 0 and Uy
is extended to a C* function on R. In the next proposition as well as in the remaining of the
paper, we will omit the argument (¢,Y;) in order to obtain more compact formulae.

Proposition 2.2 Under H4), H5),.., H6). and HT), one has on the time-interval [0, T]

d (U} (p)V*paVp] = tr(AsT)dt + Uf (p)fdt + dM® with tr(AsT) > 0 under HT)'
and where Mt(5) = fg o (U} (p)V*paN p| o1 dWT is a Gy — PL —local martingale,

— 1 1- 1 _
0= 2{@//@/’ [Z(ako'ljakmamo'l’j — 01iOk01jOmjOmoy;) + §bm8mall’ + §Ul'iamk3mk0u — aml’ambl]

+ [0viGmk — OkiGmy] 31'P3m01i<9kl,0},

and As and I' are the square matrices defined by

Us (p) U(§3) (p) r.— [ 'y (0ei - VP)QV*/) aV(oe; - Vp) }
U (o) Lu®(p) (0ei - Vp)V*p aV(0e; - Vp)  [V*paVp|

. 2
with 'y = Z‘ij:l (okjo10kp + 3(0%;Ok01 + 01iOko1;)O1p)

As =

The computation of d[Uf (p)V*paVp]| is postponed to Appendix B. Let us nevertheless discuss
the sign of the term ¢r(AsT") which is inspired from [3] p.202 and also from the term ¢r(XY) in
[2] pp 163-164 (see Appendix C for a detailed comparison with the computations in that paper).
Since, by Cauchy Schwarz inequality,

1 2
((0ei - Vp)V*p aV(0ei - Vp))? = <(0*Vp)i(0*vp)j (%mﬁmﬂ + 5(%%%’ + O'kiakalj)al/)))

d
<Tu Y (0"Vp)i(0"Vp); =T [V*paVpl?,
ig=1
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the determinant of the matrix I' is nonnegative and this matrix is positive semidefinite. Under
HT), As is also positive semidefinite and tr(AsI") > 0.

Remark 2.3 In a previous version of this paper, the coefficient I'yy was chosen equal to

d d
Z (O’ij'liaklp + O’kjakoualp)Q = Z (O'*V(O'*Vp)l)j2 = V*((UVp)ZaV((UVp)Z)
1,5=1

ij=1

We thank Anton Arnold for pointing out to us that the positive semidefiniteness of the matrix
I' is preserved under the new choice of this coefficient. Notice that, by symmetry of o1;01;0k1p
m i and j,

d d

1
Z (0kj01:0kp + 03O0 01p)> — T11 = 1 Z ((040k01 — Oki0k01;)01p)?
i,j=1 hj=1

1
= 5(3k01jakm3m01'j — 01Ok 010 mjOm0i) 01 py p

is a nonnegative quadratic form applied to Vp which implies that the Bakry Emery criterion
below improves upon the one of the previous version.

We introduce one last assumption on the density flow p; = ppT_t :

HE')! For each T” € (0,T) the following integrals are finite:

o JT UG (p) v =117 |V*paV pP*pes () dadt

. fOTI {U"(p) A 1)2 V*(V*paV p)aV (V* paV p)peo (z)dzdt

o [ W (O)AD[|(@ritme — Cuitmi)Omoti|+0% ([oviamk — kiamp] Omou)| ] |0 pl | Oup|poo () dacdt
o [y (WU"(p) AV [[(0vitmk — Tkitmp)Omo1i(B1pOk 10 poc + Oukp) | |00 plpoc () davdt

We also denote by H6)52 (resp. H6')5°) the assumption that H6)! (resp. H6')] ) holds for
each T' > 0.

Theorem 2.4 Let © denote the d x d symmetric matriz defined by
1 1 1 1
O = _gbmamall’ + §(akl’8kbl + apOkby) — Zamkamkall’ - §(akl'5kjalj + ag Ok ar ;)
1 1
— @51 Oy In(poo) — §(aklakal’j + apy Or )0 In(pos) — Z(amkamaliakal/i + 0kiOk01jOmjOmor;)

1 1
+ 50k (Om0uitmyr + Omoviam) Ok W(poo) + 50k[0ki(Omoniam + Imoviam)]
and assume that ©(z) is poo(x)dx — a.e. positive semidefinite. Then, under H4), H5),_, H6)L

Po
H6/)$07 HT) and HT'), for a.e. t € [0,T] one has

d

pn . U" (p)[V*praV pi|pocdz > 2/ U" (p:)V* piOV pipooda. (2.2)
pt>

pt>0

If moreover Iy (polpec) < +o0, H6)
intrinsic Bakry-Emery criterion

oo and H6')pe hold and the matriz © satisfies the non-
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NIBEC) 3\ > 0, Yz € RY, O(z) > \a(x),

then Yt > 0, Iy (pt|poe) < e M Iy (po|pso) and the non-increasing function t — Hyr(ps|poo) also
converges at exponential rate 2\ to its limit as t — oo.

Remark 2.5 o The matriz © and therefore our Bakry-Emery criterion are non-intrinsic in
the sense that they cannot in general be written in terms of the diffusion matriz a only,
without making explicit use of o. This is because we have got rid of the nonnegative term
tr(AsT') which appears in the first equation in Proposition 2.2 and involves the non-intrisic
term I'1q.

o In case a = 2vly and b= —(VV + F) with F such that V.(e"V/VF) = 0, then peo o< e=V/",
b=—-b+20VInpy = —~VV +F and © = v(2V?V —VF —VF*). For the canonical choice
o = /2vly, condition NIBEC) therefore writes I\ > 0, Vx € RY, V2V (z) — YLV () >
Mg which is exactly condition (A2) in the introduction of [2], page 158.

The proof of (2.2) is postponed to Appendix B.2. Let us deduce the last assertion of Theorem
2.4. Reverting time in (2.2) and using NIBEC), one obtains that for r > 0,

d
JIU(I)APOO) < =20y (pr|poo)-

Hence Vr >t > 0, Iy (py]poo) < e 227 It (pt|poo). Since by Theorem 1.4, one has d%HU(pApOO)
—Iy(pr|pss), we deduce that

) 0 T e—ZAtI
0 < Hylpudnw) = Jim Hurlpoe) = [ Torlpocyi < L0I) < € T0Bulie) (g
t

We deduce

Theorem 2.6 Assume H4), H5),,, H6);> H6')>°, HT) and HT'), that the matriz ©(x) is
Poo(x)dx — a.e. positive semidefinite, that the diffusion matriz a is locally uniformly strictly
positive definite and that Hy (ps|pso) < +00 for some s > 0. Then Hy (pt|peo) converges to 0 as

t — oo. Moreover, under NIBEC), fort > s, one has the convex Sobolev inequality

1
Hy (pe|pso) < ﬁIU(pt\Poo% (2.4)
and V't > s, Hy(pt|pso) < e_QA(t_S)HU(ps|pOO). (2.5)

Proof . Reverting time in (2.2), we obtain that ¢ — Iy (pps) is non-increasing. When
Hy(ps|poo) is finite for some s > 0, writing (1.9) on the interval [s,T] in place of [0,7] with
arbitrarily large 7', we deduce that Iy (p¢|pso) is finite on (s,+o00) and tends to 0 as ¢ — oo.
When a is locally uniformly strictly positive definite, the beginning of the proof of Theorem
2.5 [2] (before Part(a)), ensures that p; tends to ps, in L'(R?). As a consequence, in the

notations of the introduction, E ‘%(X? ) — 1| tends to 0 as t — oo and therefore the a.s. limit

E <2%§(X?)‘ Ns>0 ]:S> of %(X?) is equal to 1. By (0.2), one concludes that Hy(p:|pso) tends
to U(1) = 0.
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Under NIBEC), for t > s, Iy(pt|pso) < 400 and reasoning like in the derivation of (2.3), one
obtains (2.4). This implies that

d
EHU(pt’poo) = —Iy(ptlpeo) < =2 Hy (pt|poo)

from which the last assertion follows readily. [ |

Remark 2.7 In view of (0.2) and Remark 1.10, the local uniform strict positive definiteness as-
sumption on the diffusion matrix a may be replaced by some hypoellipticity assumption, in order
to ensure that Hy (pt|pso) tends to 0 as t — oo at exponential rate 2\ as soon as Hy (ps|pso) < 00
for some s > 0. By the last step of the proof of Theorem 2.6, this implies (2.4) and (2.5) under
NIBEC).

3 Examples

Consider the reversible diffusion process in R? with coefficients given for each (z1,22) € R? by
a(xy,x2) = Iz, and b(xy,x9) = —=VV (21, 22),
where V is the globally C? convex potential

V(zy,@2) = |o1]? + 21 — 22T + |z P

2V

for some a € (0,1). The invariant measure is po, < e~ *", and we have

NV =2z, + (2 + a)sign(x; — x2)|x] — 20| T
RV =2+ a)sign(x2)|x2|1+o‘ + (24 a)sign(xg — x1)|xe — x1|1+0‘
and
2 (2 0 w1 -1
ViV = ( 0 2+ a)1+ )l ) + (24 a)(1 + a)|zy — zo ( 1 )

The drift b = —VV is locally Lipschitz continuous. Moreover, (z1,22).VV (z1,22) > 0 and

VOir VOV (z1,22) < C\/1+ |z2]2* + |21 — 22]2* 50 that 1m SUP| (4, ) 400 kV(mf,xSI v2) _
0. Last AV (z1,29) < C(1 + |z2]|* + |21 — x2|*) whereas

’VV‘Q(.%'l, .%'2) 2(2‘.%'2‘ + (2 + O‘)’xl - xQ’1+a)2lsign(mg);ésign(:vgfxl)
+ (2 + O‘)2(|x2|1+a + |$1 - x2|1+a)2lsign(mg):sign(mgfxl)
since sign(x2) # sign(ze—z1) iff 21 > 29 > 0 or 21 < 29 < 0. Therefore im sup|(;, 4,400 \VA“//P (x1,12) =
0 and, by Remark 1.5 b), H1)" is satisfied.

The classic Bakry-Emery criterion fails since V2V/(0,0) is singular but a logarithmic Sobolev
inequality can be obtained by the perturbative argument of Holley and Stroock [12]. The
potential V' is also a particular case of the examples considered by Arnold, Carlen and Ju in the
Section 3 of [2]. We notice that in order to check that ps, satisfies the convex Sobolev inequality
(2.4), they first modify the Fokker-Planck equation by adding a non-symmetric drift term F' as
described in Remark 2.5 ii) above. Exponential convergence to 0 of Hy(pi|ps) for the solution
p¢ of the original Fokker-Planck equation is only deduced in a second step.
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It is nevertheless of interest to see how our non-intrisic Bakry Emery criterion allows us to prove
directly that p., satisfies the convex Sobolev inequality (2.4) and that Hy(pt|peo) converges
exponentially to 0. In contrast to [2] we modify the stochastic differential equation associated
with the diffusion processes, by changing the square root ¢ of the diffusion matrix, but not the
law of its solution or the associated Foker-Planck equation. We consider

_ cos¢p sing
7= —sin¢g cos ¢

for a function ¢ : R? — R? of class C? to be chosen later. We obtain after some computations
1 1 (029)*  —01902¢ > Orpp  Peoud
0 =V - - |V[’I, — -~ + = 3
4‘ (b’ 2 4 ( —31¢82¢ (al¢)2 322¢2311¢ —D190

. 98,00,V PNV — DoV
POV — DoV 20500,V

We now consider a parameter ¢ > 0 which will be chosen small and a C? function ¢ : R — R
such that ¢(s) = s if |[s| <1 and ¢(s) = 0 if |s| > 2. Then, we define
G(1,22) = —epe(x1)pe(w2), (21,22) € R?
where . (s) = ep(s/e). Notice that
if |s] <e,

1
pe=0(e), ¢l =0(1/e), and g.=q O(1) ife<|s| <2,
0 if|s| > 2e.

Then, defining B, := {(71,22) € R?s.t. |71| V |z2| < €} and C. := By, \B., we have

O(e?) if (z1,22) € B,
Otz ot ) :{ 0( ) if Exi é; c B?
) -

—e  if (z1,22) € B,
O12¢(w1,72) = § O(e) if (z1,12) € C,
0 if (z1,292) € BS,,
1 0 if (z1,22) € B,
5(31@(361,362) — O2d(z1,12)) = ¢ O(e) if (w1,22) € C,
0 if (x1,22) € BS,,
and 01V = O(g), BV = O(e!7%) on Bs.. It follows that

@:V2V+<_O6 2)—1—0(53)2(256 g>+0(a3) on B..

Next, the smallest eigenvalue of V2V (21, x2), is given by

Yo =14 k1 + Ko/2 — \/1+n% — Ko+ K3/4 > 1+ ka/2 — \/(K2/2 —1)2 = kg A2 (3.1)

with k1 = K1(21,22) = (24 a)(14+a)|x; —x2|* and ko = Ko(x1,22) := (2+a)(1+a)|x2|*. Since
Y- = k1 + ko + O(K2 + K3) as k3 + k3 — 0 and |22|® + |11 — 22|* > (|@a| + |71 — 22|)* > |21]%,
we deduce that on C,

0=V +0(@) > 2+ a)l +a)Ely +o(eY).
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Last, by (3.1), inf (4, zp)eps. - = (2 4+ a)(1 + a)(26)%) A2 > 0. We conclude that for & small
enough NIBEC) holds.

We next study a related second example of application of our criterion, where V2V is singular
on a ball with positive radius. Once again, the perturbative argument of Holley Stroock [12]
also ensures that a logarithmic Sobolev inequality holds for this choice of potential.

Let v be a convex C? function which vanishes on [—%,1] and such that v” = 2 on (—o0, 3] U
3, +00). We set v:(s) = e2v (£) and Vi(z1,22) = 2% 4 ve(22) + ve(z1 — 2). For e < 3, let ¢,
be a C? function such that
s when [s| < e
pe(s) = {

0 when |s| > 1

and such that T2 < ¢l < 1, || < 2z and |¢!| < C where C is a constant not depending on
e. We set ¢(z1,m2) = —@-(21)p:(w2) so that —1 < d1a¢(z1,m2) < £= with the first inequality
being an equality on B.. We have |02¢ — 011¢| < 4Ce and |V¢| = O(g). As a consequence,

O = O + O(e) where

6 — ( 2 +v(21 — 22) + O126(21, T2) —vl(x1 — x2) )
—vf (21 — a2) vl (x2) + vl (1 — 12) — O12¢(w1,22) )
On B, we have 012¢(x1,72) = —1 and ©>1 If |z2| > §, then v/(x32) = 2 so that S >
2-1)A < - 12—_56) Iy. When |z3| < § and |z1| > ¢, |21 — 22| > § holds so that v/ (z1 — x2) = 2

and

R 448 —2 :
&> ( +_212<75 2 i ) > (3— V5 + 20120 — (512¢)2> Iy > (3_ 5+ 1—66> L2

We conclude that

YA e (0,3 — \/g), for € > 0 and small enough ,Vz € R?, O(z) > Ao.

A Proofs of the main results of Section 1

A.1 Proof of Lemma 1.3

The proof of part a) relies on the following technical result:

Lemma A.1 Assume that H1) , H2)p and H3)p hold.

i) For each i =1...,d and a.e. t € (0,T], the distribution [a;;(t,-)0jps] = 0j(ai;(t, )pt) —
pi0ja;;(t,-) is a function in L} (dz) and, as a Radon measure in [0,T] x R, one has

[aij(t,-)0jpe)(x)dx dt < py(x)dx dt. A measurable in (t,x) version of the Radon-Nikodyn
density is given by [a;j(t,-)0jp)(x)/pe(x). Moreover, there exists a measurable function
(t,x) — KP(t,x) € R? such that for eachi=1...,d

[a;;(t,)0;pd)(x) /() = ase(t, x)KP(t,z), pi(z)dz dt a.e.

where a;e denotes the row vector (a1, ..., a;q).
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i) If moreover H2)g, H3)g and Py < Qo hold, one has [a;j(t,-)0;p](x)dx dt < q(x)dx dt
and [a;j(t,-)0jpe)(x)/q:(x) is a measurable in (t,x) version of the Radon-Nikodyn deriva-
tive. Furthermore, it holds pr—¢(x)dx dt (but not necessarily qr—(x)dz dt) a.e. that

bF (t,2) — b1, 7) =l (¢, )9pr—i (2) /pr—+ () — (a5 (1. )0jar—)(2) /ar—i(x)
a0 (t,2) (KP(T — t,2) - KU(T —t,2)),

and qr—¢(x)dx dt (and thus pp—_¢(z)dz dt) a.e. that

M _P X —_Q x :]Lt(x)d. T yY _ ) — q . "
QTft(CU) (bz (t’ ) bz (t’ )) QTft(CU) zo(t, )(K (T t, ) K (T t, ))

Proof . The Lipschitz character of a (following from H1)) ensures that a has a.e. defined
spatial derivatives of order 1 in L% ([0, 7] x R?). Thus, the distribution a;;(t,-)9;p; is a function
in L}, .([0,T] x R%) under H3)p. This implies, by Lemma A.2 in [17] (see also Lemma A.2 in
[11]), that a;;(t, £)0;p:(x) vanishes a.e. on {z : p;(x) = 0}. This fact easily yields the remaining

assertions, except the existence of the functions K? or K9, which we establish in what follows.

We will on one hand use the fact asserted in the proof of Lemma A.2 in [17] that, for a.e.
t > 0 and each bounded open set O, a;;(t,z)0;p:(z) is the o(L1(0), L®(0))-weak limit of
some subsequence of a;;(t,x)0;[pn *p¢](x), for compactly supported regularizing kernels p,(x) =
nep(nz). Tt is indeed shown in Lemma A.1 in [11] that for a suitable bounded sequence
an >0, a; x| [Vp,(z)| is again a regularizing kernel. The local Lipschitz character of a then
yields the domination Vo € O, |a;;(t,2)0;[pn * pe)(z)| < |pn * 9;(aij(t, )pt)(z)] + Cayt [ |z —
y| [Vpn(z — y)|p:(y)dy, the right-hand side being, by the previous, an L'(O)-converging se-
quence. Weak compactness is then provided by the Dunford-Pettis criterion, and the limit
is identified integrating by parts against smooth test functions compactly supported in O.
On the other hand, diagonalizing the symmetric positive semidefinite matrix (ai;(t,z)) =
[u(t, @), ..., ug(t, ©)]A(t, ©)[u1 (t, ), ..., ug(t, x)]* provides orthonormal vectors (u;(t,x))%_; and
the corresponding eigenvalues and diagonal components (Ai(t,x))glzl of A(t,x), that are mea-
surable as functions of (¢, x).

We take O as before and a;;(t, z)0;[pn * p](x) to be the subsequence described above. Defining

the vectorial functions w(™ := [uy,...,us]*V[p, * p] and vy = sign(uj[aVp))ug, k = 1,...,d,

we have

/ lvplaVpe]| = lim vi[aV]pp*pe]] = lim )\kw,(gn) sign(uglaVp]) =0,
ONn{\,=0} =0 Jon{r,=0} =00 Jon{i,=0}

since aV[py, * p] = Z}Ql )‘jwj(‘n)

and a.e. x € R%, the vector [a(t, z)Vp;(x)] belongs to the linear space <(ui(t, x))izl,___,d;)\i(t7m)7§0>.
= (u;fant);lzl the coordinates of aVp; w.r.t. the orthogonal basis

u; by the spectral decomposition of a. Consequently, for each ¢

Denote now by w = (w;)4

j=1" -
(uj(t,))j=1,..d, s0 that w is a measurable function of (¢,z). If we moreover denote by A the
diagonal matrix with diagonal coeflicients )\;11)\1.7&0,]’ =1,...,d, and set v := [ug,...,uqg]Aw,
then
av = [ug,. .., ug)Afu, ..., ug [ut,. .., ug)Aw = [ug,. .., ug) AAw = [uq, ... uglw

since w = (wj 1>\j¢0)?:1. That is, (t,7) — v(t,z) € R? is a measurable function such that for
almost every t € [0,7] and each i, a;o(t,z)v(t,x) = [a;;0;pi(x)], dx a.e. Finally, KP(t,x) :=
v(t, ) /pi(2)1p,(2)>0 has the required properties. ||
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We can now take VlIn p—:(x) to be an arbitrary representant of the equivalence class of the
function KP(t,z) — K9(t,x) under the relation f(t,x) — g(t,z) € Ker(a(t,x)), p(x)dx dt a.e.
The identity in Lemma 1.3 a) is then satisfied by construction.

The proof of part b) of Lemma 1.3 firstly relies on a martingale representation property ensured
by the extremality assumption, according to Theorem 12.21 in [14]:

Lemma A.2 Assume that H1), H2)g and H3)q hold. For eachi=1,...,d,

t
M =Y!-Y) — / BZ-Q(S,Y;)ds, te[0,T]
0

is a continuous local martingale with respect to QT and (G;), and (M?, M), = J a(s,Ys)ds for
alli,j =1,...,d. Moreover, if QT is an extremal solution to the martingale problem (MP)q,

then for any martmgale (Nt)iejo,r with respect to QT and (G:) such that Ng = 0, there exist pre-
dictable processes (h )tE[O 7).j=1,...d With z” 1 fo hiag(s, Yo)hids < oo, QT a.s., and such that

(f(;t hs - dM, = Z]:l fo rldn? )te[O’T} is a modification of (Ni)iejor)- In particular, (N¢)iepor)
has a continuous modification.

The main assertions in part b) of Lemma 1.3 are then consequences of the next result.

Lemma A.3 Assume that H1), H2)g, H3)g and H3)p hold together. Suppose moreover
that Py < Qo and that QT is an extremal solution to the martingale problem (MP)g. Re-

call that (t,x) = V[2](z) is q(z)dz dt a.e. defined in [0,T] x RY — R? by V [Z—z] () =
2 (£)V [m g_] (z).

i) With R the (G;)-stopping time R := inf{s € [0,T] : Dy = 0}, we have Q" —a.s. that

vt € 0,77, / v* [pT S} (Ys)a(s,Ys)V [pT_S} (Ys)1lscp ds < o0, and
0 qr—s qr—s

t
Vt € [0, R), / v* [m ]ﬁ] (Ys)a(s, Ys)V {m ]ﬁ} (Y,)ds < oo on {R > 0}.
0 qr—s qr—s

it) The process (Dt)te[O,T} has a continuous version, denoted in the same way, such that

t
QFas,vie 0,1, D =0)+ [ v [p“} (Vo) loor - dM,
qr 0 qr—s

t
_pr Pr—s )
A P L e R

qT—s qT—s

and (D) = [ v = (Va(s, YOF | P22 (1) .

Proof . By Lemma A.2, the QT-martingale (D¢)tefo,r] admits the continuous version Dy +

z;l:l fg hIdM? still denoted by Dy for simplicity. The martingale representation property and
standard properties of stochastic integrals moreover imply that D; is determined by the pro-
cesses (D, M*) = Jo@ij(t,Ye)hidt, i = 1,...,d. Consequently, h; can be replaced (leaving
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Dy unchanged) by any predictable process k; such that for each i, [; 2?21 h{dij(t,Y})dt =

Jo @i (t, Ykl dt QT as. (the fact that [ Klas;(s, Ya)kids = [ S2¢._; hlagi(s,Ys)hids < oo QT
a.s. then follows immediately). Furthermore, since D; = Dysgr by standard properties of nonneg-
ative continuous martingales, we may and shall assume that Q7 a.s. h; = hyl;cp = hs1p,o for

all t € [0,T]. Let us also notice that, by Fubini’s Theorem, it Q7 —a.s. holds that D, = Z;:S (Ys)
for a.e. s €[0,7].

(and then 1ip. ) = I{Z;—_:(Ys)>0})
Now, by our assumptions and Theorem 1.2 a), PT <« QT are probability measures respec-
tively solving the martingale problems (MP)p and (MP)g. The processes [;bF (t,Y;)dt and
IN l_)iQ(t, Yy)dt+ |, (Dt)_lhgd(Mi, M) then are PT — indistinguishable (see e.g. Proposition 12.18
v) in [14]). Using these facts, the expression for (M*, M7) in Lemma A.2 and part ii) of Lemma
A.1 we deduce first that, PT—a.s.,

B (1,Y) — 891, Y,) = i (1, Yy) (hi‘ - m)> — (6, V) (KP(T — 1,¥1) — K(T — 1,Y) (A1)
T—t

for a.e. t € [0,T] and each i. By part ii) of Lemma A.1 we then also get
. A . v
[ aste vl = [ aute o2 — 0¥ - KT — v LD
0 0 ar—+(Y)

PT—a.s., and then Q7 —a.s. because of our assumption on k. From these identities and our pre-
: : : — Pr—t _ Pr—t
vious discussion we deduce that we can choose hy = V== (Y})l{p;:z Y)>0} = VE(Yt)l{R»}-

at, i=1,...,d,

q

This proves part ii). The first property of the process VZ%(Y}) in 1) is thus consequence of the

qr

general properties of h in the representation formula for D;. The second assertion in i) easily
follows from the first one, taking into account the definitions of V{%(Y}) and VIn % (Y;) and
the properties of Dy.

A.2 Proof of Theorem 1.4

Since by Lemma 1.3, (Dy)sc(o,r) is a continuous non-negative QT-martingale and U’ is locally
bounded on (0, 4+00), t — fot [’ (DS)]2 d(D); is finite and continuous on [0,7] when R > T and

finite and continuous on [0, R) otherwise. In the latter case, fOR U’ (DS)]2 d(D)s makes sense
but is possibly infinite. Define for any positive integer n the stopping time

R, := inf{t €0, T AR]: D; < % or /Ot [U’,(DS)]zd(ms > n}

For all ¢ € [0,T), [ [U7 (D,)]*d(D)s < n and E ( Jiinten U/_(DS)dDS> = 0. Moreover R, /

R as n — oo.

Let t € [0,7]. By Tanaka’s formula,

t/\Rn 1
U(Diar,) =U(Dy) + / UL(Ds)st+§ /( | inr, (D)U" (dr). (A.2)
0 0,400

The finiteness of Hy(Py|Qo) implies that (U(Ds))sefo,7) is a uniformly integrable Q”-submartingale.
Since the QT-expectation of the stochastic integral is zero, one deduces

&7 (U(Dinr,)) = ET(U(Do)) + 3E7 ( / :ARH<D>U”<dr>> .
(0

,+00)

20



When n — oo, since U is continuous on (0, +00) by convexity, U(Dyar,, ) converges to U(Diar)+
AU(0)1gocp<sy = U(Dy) + AU(0)1jo<r<sy- Then, by uniform integrability, ET(U(D¢nr,))
converges to ET(U(Dy)) + AU(0)QT (0 < R < t). Dealing with the expectation of the integral
in the right-hand-side above by monotone convergence, we obtain

ET(U(Dy)) = E"(U(Do)) — AU(0)Q" (0 < R < t) + %ET ( / :AR<D>U"<dr>> :
(0,400)

Since according to Lemma 1.3 b), D is equal to zero on [R,T], one can replace t A R by t
in the last expectation. Replacing ¢ by T' — ¢ in this equation, one gets (1.8). Moreover Q7
a.s., f(07+oo) L7(D)U"(dr) is the finite limit of the integral with respect to U”(dr) in the right-
hand-side of (A.2) as n — oo. Since the left-hand side converges to U(D;) + AU(0)1{o<r<¢}
we deduce that the stochastic integral in the right-hand-side also has a finite limit. Hence
ngR [U"(Dy)]? d(D)s < +o0, SAR U'(Ds)dDs makes sense and (1.5) holds. When U is continu-
ous on [0, +00) and C? on (0, +0o0), (1.6) follows by the occupation times formula. In that case,

Lemma 1.3 b) and (1.8) written for ¢ = 0 combined with the same arguments imply that
Hy (Po|Qo) =Hu(Pr|Qr)

w38 ([ 000w [P ogate, v [P (rigas)

2 qT—s qT—s

Since Yy admits the density ¢r_s and for almost all s € [0,7T), Ds = Z;:s (Ys) and {R > s} =
Zi: (Ys) > 0}, (1.9) follows by the change of variables s — T — s.

A.3 Proof of Corollary 1.7

‘We notice first that

T
V8 € (0,1), ET/ 1ip, 1)<sV" [pT‘S} (Ys)a(s, Ys)V [pT‘S] (Yy)ds < 0o.  (A.3)
0 4T —s 47 —s

Indeed, for 6 € (0,1), we can easily construct a C? convex function U on R such that Vr €
R, 0<U(r)<|r—1]and Vr € [1 — 6,1+ 0], U"(r) > « for some a > 0, so that the integral in
(A.3) is bounded thanks to (1.9) by 1 H, i (PolQo) < L Py = QollTv. For r € R, since

L(0) =2 (0=t = Do =)t - [ t 1p.20dD.).

1/2
by Doob’s inequality we obtain |ET (L (D)—L}(D))| < 4r—1|+2 <IET fg 1{1/\7"<Ds§7"vl}d<D>S) .
Hence, Lemma 1.3 b) and (A.3) imply that » — E7 (L7 (D)) is continuous (and finite) at r = 1.
With the occupation times formula, one deduces that

SBT(L1(D)) <tim * [ ET(LI(D))dr

e—=0¢€ 1—¢

t
— lim ET / 1(p, 1j<e}V* [st] (Yy)a(s,Y,)V [st] (Y,)ds
£e—0 qr

:lim/ / v* [pT S} a(s,z)V [st] z)qr_s(x)dxds.
e=0Jp € {\pT S(:1: —1l<e} qr—s ( ) ( ) qr—s ( )T ( )
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Define now the function ¢.(r) := 1_. (r)re™! 4 1z 00)(r) = 1(_co,—)(r). Since the function
€ fot f{|pT,S (2)—1|<e} qr—s(z)dzds is increasing and right continuous, we can chose g N\, 0 a
aT —s -

sequence with fg f{|§§,s (@)—1|=1} qr—s(x)dzds = 0 so that

257(L}(D) = Jim | RS e (222 1) | @tV |22 - (o)dads

47 —s 4T —s

=~ lim /O t /R e, (Z;“ - 1> (2)V - [d(s,x)v [Z;“} (m)qu(x)] dads
__ /0 t /R sign (Z’— - 1> (2)V - [d(s,x)v [Z} (m)qu(x)] duds

where the last equality follows from the integrability assumption made on V- [(_Z(S, x)V {Z;—:j (z)gr— 3(3:)} .

To justify the integration by parts at the second equality, we introduce functions ¢, € C$°(R?)
such that 1) < ¢n < 1p2r,) and 0 < [Vé,| < 2/r,, and functions e, m : R — R of
class C1 such that oz, m —= @, [@epm| < l@e,| on Rand @ ., — @l [l ] < |¢L, | on
R\{—¢g, +¢cr} as m — oo. Using the assumptions, (A.3) and the choice of i, we take the limits
n — oo then m — oo by dominated convergence in the equality

/]R [ $erm (p = 1) (2)V* [p“] (@)a(T — 5,2)V {Z} (@)q7—s () () da

4T —s qT—s —s8

= [ o (2= 1) @7 (00— 5009 [22] @) (el

4T —s 4T —s

= [ (B2 1) @V on@alT — 5.9 | 222 g (ohi

T—s 4T —s

A.4 Proof of Proposition 1.9

To check the Feller property, we introduce a continuous function f : R — R going to 0 at infinity.
Using It6’s calculus and Gronwall’s Lemma we check under the assumptions on the coefficients
that the solution X7 of (0.1) starting from = € R? satisfies E ((1+|X7|?)7!) < C(1 + |=]?)*
for some C' > 0. Then, the inequality

. (1+4%)
E(f(XP)] < ‘Slusa\f(y)\cm + ‘;‘lﬁl’f(y)’

for all A > 0 (following from the previous estimate and Markov’s inequality) implies that
E(f(X}¥)) — 0 when  — oo. Last, the continuity of x — E(f(X})) follows from the bound
E(|XF — X/|?) < Clx — y|? and the uniform continuity and boundedness of f.

By Theorem 1.3.8 [15], since (X)¢>¢ is Feller the tail sigma field is trivial as soon as || P —
QtllTv — 0 as t — oo for all pair of initial laws Py and Q. Since | P,—Q¢||7v < || Pi—pood|| v +
lPscdx — Q¢||7v and, by Theorem 2.1.3 p.162 [4], the local uniform ellipticity assumption ensures
that P, admits a density with respect to the Lebesgue measure for all £ > 0, it is enough to show
that || P; — peodz||7y — 0 as t — oo when Py admits a density py with respect to the Lebesgue
measure.

For k € N* consider the probability density

PE(2) = (po(2) A kpoo(2)) + Pool2) / (po(y) — kpoo(y))dy.

Po>kpoo
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Since poo is positive, on one hand we have limg_,« |[po — pE[l1 = 0 and p& < (k + 1)pe. On the
other hand, the total variation distance between the marginal laws at time ¢ of the solutions to
(0.1) started from the initial densities pg and pk is not larger than ||pg — p&||;. Therefore we can
moreover restrict ourselves to the case when ;:O is bounded. Then,

1/2

/Rd (%(m) - 1>2poo(36)dm < (/Rd (%(m) - 1>4poo(x)dx> < 400,

We set Qo = poodz. By Remarks 1.5 a) and 1.5 ¢), conditions H1) , H2)g, H3)g and H3)p
hold and for each T > 0, Q7 is an extremal solution of the martingale problem (M P). Ap-
plying Theorem 1.4 respectively with U(r) = (r — 1)* and U(r) = (r — 1), we get that

2
t— Jpa (%(m) — 1) Poo(x)dx is non-increasing and that

g () e [ [ (] 5[]

(A.4)
Since a is locally uniformly elliptic, the proof of Lemma A.1 ensures that dt a.e., the gradient
Vp: (resp. Vpeo) of pr (resp. peo) in the sense of distributions is a locally integrable function

on R? that vanishes a.e. on {x : p;(z) = 0}. Moreover, we can choose therein KP(t,z) =
l{pt(x)>0} t(x) and K9(t,z) = vp("’( ). Then, in (A.4), V |:poo:| = % ptproo is a.e. equal to
0 when zf) L is equal to 0 so that the restriction of the spatial integration to { L () > 0} can be

removed. Slnce Do 18 assumed to be locally Lipschitz continuous and bounded away from 0, the
function E is locally bounded with a locally bounded distributional gradient equal to —M.

We deduce that the gradient V.= of - in the sense of distributions is equal to th B(x) - AYLES

P2
and therefore to V L%] )

From the finiteness of the time-integral in (A.4), we deduce the existence of a sequence (t,)n
tending to 400 such that lim, o [pa <V*%aV%) ()poo(z)dz = 0. For A > 0, writing the

integral on R? as the sum of the integrals on the ball B(0, A) and its complementary B(0, A)°,
one has

/Rd (%(9”) - 1>2poo(ac)dm

2
Py Jo0a P W)y 2 . ( Saon) (Pt — poo)(y)dy>
S/( )<p00( ) fB(o,A)Poo(y)dy> Poo(@)de + JB(0,4) Poo(y)dy

4 1/2
+ (/ <Iﬁ(x) — 1> poo(ac)dx/ poo(x)dac>
B(0,A)c \DPoo B(0,A)c

2
tn 2 Ptn —
<) P ) Jo0n = WY (:C)dx+<fB(0’A)C(I;°°(y) Dpo(y)dy)
~ JB0.4) \Peo B0 % JB0.4) Poo )y

) </Rd (%(x) . 1>4p°°(x)dm /B(O,A)cpoo(x)d$> 1/2.

2
Since <fB(O,A)C(%(y) - 1)poo(y)dy> < fRd(%(y) - 1)2poo(y)dy fB(O,A)C Poo(y)dy, the sum of
the last two terms on the right-hand-side tends to 0 uniformly in n as A — oco. Using (1.10)
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and denoting by Cy4 < 400 the constant of the Poincaré-Wirtinger inequality satisfied by the
Lebesgue measure on the ball B(0, A), we check that the first term is smaller than

su o
CA—.pB(O’A)p / (V*pﬂavpﬂ> (7)poo () d,
eainfp(o 4) P Jra Poo  Poo

2
which tends to 0 as n — co. Hence, limy, o0 [pa <zﬁ(x) - 1) Poo()dz = 0. Since ||p; — poo|? <

Jra (%(m) - 1) Poo(z)dz where the right-hand-side is non-increasing with ¢, we conclude that

hmt—)oo Hpt - pooHl =0.

A.5 Sufficient conditions for superquadratic potentials to satisfy H1)”

Lemma A.4 Let b(z) = —VV(x) for a nonnegative C? potential V in R? satisfying (1.7),
and o be any globally Lipschitz continuous choice of the square root of the identity Iy. Then,
condition H1)” holds for the diffusion process dXy = o(Xy)dW; — VV (Xy)dt.

Proof . Computing d|X;|?, we see that the first condition in (1.7) prevents explosion for the
SDE which has locally Lipschitz coefficients. Since for ¢ > 0,

eV (X0) = ¢V(X0) <cV*V(Xt) (X,)dW,; + & [AV 4 (c—2)|VV] ](Xt)dt) ,

the second condition ensures that for ¢ small enough, E(eV (X)) < KR (V(X0)) for some
finite constant K (c) only depending on V' and ¢. The third assumption ensures the existence of
a finite constant K () only depending on % and V' such that

<exp / \/mdt> % )E (exp(%/OT V(Xt)dt)>.

By Jensen’s inequality, we deduce that

ey T 5
<exp / VOi VOir V (Xy)dt) > ;T) / E(e?” X)dt < K(%)BK(C)TIE(eCV(XO)).
0

B Proofs of the main results of Section 2

B.1 Proof of Proposition 2.2

We will make use of the stochastic flow defined by the two-parameter process &;(z) satisfying

dei(z) = o (Ex(x))dWF + by(&x(x))dt,  (t,x) € [0,T) xR, i =1,...d, (B.1)

and {o(x) = =z, noting that &(Yp) = Yi. We shall also deal with the family of continuous
G — P — local martingales (Dy(z) : t € [0,T]),cra defined by

ADy () = lowdip] (1, &(@)AWE Do) = T (2) = poa). (B:2)
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According to Lemma 1.3, D;(Yp) is equal to the process Dy defined in (1.2). Writing Vp;(&:(2)) =
(Vi€(2)) " Ve[pi(&(2))] we remark that, thanks to the Ito product rule, dVp;(&(x)) can be
obtained with by computing d(V.&(x))~! and dV,[p:(&())]. Those computations are part of
the contents of the two next Lemmas:

Lemma B.1 The process (t,z) = &(z) has a PL a.s. continuous version such that the mapping
x — &(z) is a global diffeomorphism of class CY for some o € (0,1) and every t € [0,T).
Moreover, we have

doj€i(x) = 0o (t, €(x))0;€] (x)AW] + Opbi(t, &(2))0;€f (2)dt,  (t,x) € 0,T) xR?  (B.3)
with 9;€}(x) = ;5. Finally, writing V& (z) = (9;€4(x))ij, it holds that

A(VE(@)y' == (V&)1 [000i) (&(2)dW] — V&) [00bi] (& (x))dt

+ (VE@)) [Omir Oromr) (Ex(2)) o) ey gt Y

Proof . Under assumptions H4) and H5),,__, classic results of Kunita [15] (see Theorem 4.7.2)
imply the asserted regularity properties of the stochastic flow, as well as the IP’go a.s. existence
of the inverse matrix (V& (z))~! for all (t,x) € [0,T] x R%. Since the smooth map A ~ A™1,
defined on non singular d x d matrices, has first and second derivatives respectively given by the
linear and bilinear operators F' +— —A"'FA ' and (F,K) — AT'FAT'KA 14+ A1 KA1 FA~!
(where F, K are generic square-matrices), we deduce that for A = (A4;5); j=1..d,

O(A™ D

14— O* (A
o = -A A, and

=1 4—1 g1 1 4—1 41
K 9450 A = AL A A T A AL A

km~* ns

for all k,1,7,5,m,n € {1,...,d}. Equation (B.4) follows by applying Itd’s formula to each of the
functions A — (A71)g and the semimartingales (9;&(z)), i,j =1...d.

Lemma B.2 The process Dy(z) has a modification still denoted by Dy(z) such that PL a.s. the
function (t,x) = Dy(x) is continuous and x — Dy(x) is of class C' for each t. This modification
is indistinguishable from (pi(&(z)) : (t,2) € [0,T) x R?) and we have

0k Dy () = Om [0ir0ip] (£, &(2)) 0" () AW = d [Omp(t, &1()) Ok} ()] (B.5)

for all (t,z) € [0,T) x RY,

Proof . Thanks to the regularity of x +— &(x) established in Lemma B.1 and assumptions
H5),., and H6)L | the statements follow from Theorem 3.3.3 of Kunita [15] (see also Exercise
3.1.5 therein). [ ]

We can now proceed to prove Proposition 2.2. Evaluating expressions (B.4) and (B.5) in x = Y,
we obtain using It6’s product rule that

dOipe(Yz) = [0krOip) (¢, Y1) dAW] — [01yOkjpOiojr + OrpOibi] (t,Y1)dt

N ] (B.6)
= [O’kralkp] (t, Y})th — §8kjpalakj ~+ Ok pO; by, (t, Y})dt
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For the remaining of the proof, the argument (¢,Y;) will be omitted for notational simplicity.
By It6 ’s formula we get doy; = [0 Omoy] AW + [bm(?mali + %amkﬁmkali] dt. We then have

d [01;0,p) = 01;d0p + Oypdoy; + d(O1p, o1)
_ ~ 1 _
= Ok [01p0i] ok dW" + O1p | b Omo; + §amkamkali — 01 [0 Ok pO1ojr + Ok pOybi]
+ Ak Ok POmoi;

where we used in the stochastic integral the fact that 0;p0.,,0mor; + 010k Ol p = O1porrOkoy; +
01i0kr O p = Ok [O1po;] ok - 1t follows that

d[V*paVp| = d[o;0p o0y p]
= 2 o Oy po [01:01p] OprdW" + 2{ (01501 Pk OmT1: Ok ]
_ 1 _
+ 0Oy pOyp |:bmamali + §amkamk0'li:| — ay Oy p [0k Ok P10 jr + OrpOiby) }dt
+ agps Ok [01p01i) O [O poy;] d.

On the other hand, using (B.2) at z = Y we have dUj/ (p) = U(gg) (P)OnyrOnp dW”—l—%Uy) (p)anjOnpd;p dt
which combined with the previous expression yields

= 1
d [U§ (p)V*paVp] :2U§I(P){ [01/:01 Pk O 01501k p) + 015 Op pOLp [bmammz + §amk3mk0u]
- au/al/p [O'krakjpal()'jr + 3kp315k] }dt + dM((S)

1 *
+ U5 (p)arw: Ok [O1pais) Opr [0y porsi] dt + §U§4) (p) [V*paVp|? dt

+ 2U<§3) (p)owiOy pOk [01;0,p] a;,0;pdt.
(B.7)

Equivalently,
* 1
d [U§ (p)V*paVp) :2U¢§,(P){al/[)alp [Z(akaljakmamo'l’j — 0kiOKO1jOmjOmoy;)

_ 1 B
+ bymOmay + §Jl’iamkamkali - akl’akbl]

1
2

+ [Ul’iamk — Ukiaml’] 8l/p({9m0'liaklp}dt + dM(é) + tT[AgP]dt.

B.2 Proof of Theorem 2.4

Let us check (2.2). Since U” is continuous and non increasing in (0,00) by Remark 2.1, one has
U (r) / U"(r) for each r > 0 as 6 — 0. It is therefore enough to obtain (the integrated version
of) inequality (2.2) with Uy instead of U”, monotone convergence allowing us to pass to the
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limit as § — 0 on both sides. For 0 < r <t < T we have by Proposition 2.2 that
[U5 (0)V*paV pl(t. Yz) — (U5 (0) V" paV pl(r, Yr)

t
> M( 5) + 2/ U' ) [ovitme — Oki@mir] Oy pOym01: 0k pds
T

1
+2/ Us'(p 51/P31P<— Ok 01j0kmOm0rj — OkiOk01i0miOmo;)
T

,,u

1 - _
+ 5 [bmama”/ + Ul/iamkamkali] — aml/ambl>d8. (B.8)

Since Oy pUS (p) [oriamk — Oki@mr] = 0 and

(UL (0)0r p [ovitmp — onitmpr] = US> (p)Okpdip [o1itmp — Opittmpr] = 0,
one has

1
U5 (p) [ovi@mk — Okiamy] Op pOmo1iOkip = p_ak (91p0w pUS (p) lovittmk — Okitlmir] OmOti Poo)
(0.0]

0,00 pUY
— %Mak ([amkori — Oki@my |Omo1ipss) - (B.9)

Setting

def 1 -
Y = (3k01jakmam0y' — 0kiOkO1jOmjOmor;) + = |bmOmay + 01k Omi Ol
J 2

_ 1 1
— Q1 O by — p_ak [<§amkamau' - Ukiaml’amali> poo:|

o

we deduce that
(U5 (0)V*paV pl(t, Y2) — (U5 (p)V*paV pl(r, Yy

t t
. . 1
> NP — M9 2 / UY (p) S8 pdyp ds + 2 / — 0 (81p0 pUY () [ovi6tm

P - Ukiaml/] amali poo) ds.
Poo

(B.10)

Using (2.1) and the identity oy;0r 0y; = Ograx; — Ok ok;i0y;, one can check that

1- 1 - - 1 1
O :§bk’ak’all’ + g(akl’akbl + agOkby) + Zak’kak’kall’ - Z(ak’kak’o'liako'l’i + 01Ok 0104 jOR 014

1 1
+ §Uki(8k’0'liak/l/ + O opiak) Ok In(pes) — §ak/kak/all/8k In(pso)

+ §8k [oki (O oriany + O oviar) — apkOk ay]
Zw + X
2
(B.11)

and therefore, the second integral on the right-hand side of (B.10) rewrites as 2 f p)O Oy pdypds.

Now, the quadratic variation of M® is bounded above in [0,T) by a constant times
* 2 * * *
[ [0 P19 b0V (V) + (030) T (7 pa¥ )V (¥ paVi)] (¥2) .
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This fact and our assumptions imply that M? is a martingale in [0,T) for all 6 > 0 sufficiently
small. Indeed, we have from Remark 2.1 that Uy (r) < U"(5) AU"(r) and |U(§3) ()| < UG (S)| A
UG (r)| for all » > 0. Therefore (since U” > 0) we have UY(r) < (U"(r) A Dignsy<1 +
u’0)(U”(r)/U"(0)) A 1)1ynsys1 whence Ug'(r) < (U"(5) + )(U”(r) A1). As U® is non
decreasing and non positive, either [U®)(8)| # 0 for all § sufficiently small, in which case we
similarly get |U(§3) (r)| < (U (©6)| + 1)U (r)] A 1), or otherwise Uég) identically vanishes for
all §. Assumption H6'),  and the previous then ensure that (M), has finite expectation for
tel0,T).

In order to conclude that inequality (2.2) holds for the function Uy , noting that Vp; vanishes on
{pt = 0}, it is enough to show that the last integral in (B.10) has (well defined) null expectation.
Using (B.9) and Assumption H6'),  we obtain (with the same estimation for Uy (r) as before)
that

t
1
Ezo/ p_ak (01001 pUS (p) [01imk — Oi@mir] Om 0t Poo ) | (Ys)ds

o0

t
= / /d |0k (81000 pUS (p) (015 — Tkitmir] Om0Oi; Pos) |dads < oo
r JR
(B.12)

which shows that the expectation of the last term in (B.10) is well defined. Moreover, the
(everywhere defined) spatial divergence of g(s, ) := 01001 psU§ (ps) [01iGme — Tei@mir| Om0ii Poo
is L'(dz,R%) for a.e. s. For such s and ¢, € Cgo(]Rd) satisfying 0 < ¢, < 1, 0 < |Vo,| < 1,
¢n(x) =1 for x € B(0,n) and ¢, (z) =0 for x € B(0,2n)¢, we have

0= [ V.(6u(@)g(s, x))dz = /R 0ul@) V(2o + [ Ton(w)g(s.a)da.

R4

Since by Lebesgue’s theorem, the second term of the right-hand-side tends to 0 as n — oo, the
limit [pq V.g(s, z)dx of the first term is equal to 0.

C Dissipation of the Fisher information : comparison with the
computations and results in [2]

In this section we compare our computations and results with those in [2].

The form of the term ¢r(AsI") in Proposition 2.2 is inspired from the term ¢r(XY) in [2] pp
163-164 where X = 2As. One has

1
I'ipg = (V' a)j 0j(0kiOkp)oiiOp :i(V*P a); [0j(0ki0kp)o1:01p + 0j(01:01p) OO p)
1 % 1 * *
=5(V'p a);0; [Oipandyp] = 5(V7p )V (V" paVp)

which, with % := (0jv;);,; denoting the Jacobian matrix of vector field v, equals

1 1
§(V*P a);0; [0k pari0;p) :§(V*P a);j (Orjp axy Oip + 0; [ag, Oip] Okp)

9(Vp) ,2vp)”
ox ox

aVp+ - V*

1
:§V*p a Vp
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and corresponds to 4Y12 in [2] p. 164 (noting that in their notation, D(x) = a(x)/2). Similarly,
I'so = 4Y99. However I'11 cannot in general be identified with 4Y1;. For instance, in the case
of scalar diffusion D(z) = a(x)/2 = D(z)I; for some real valued function D, the term I'j;(z)
above when written in terms of D reads

1 1
§|VD|2|VP|2 + §(VD-VP)2 +4D0;D0;pdyjp + 4D Y (9y5p)”
]

for the choice o(x) = \/2D(x)1,, whereas

d 1 1

AY1 =4 D*) (9yp)° + (Z - 5) (Vp-VD)? +2D3;DO;pd;jp — D(Vp- VD) Ap + 5|VD|2|V,0|2
ij

Moreover, our term I'y; is non-intrinsic, in the sense that it cannot in general be written in

terms of the diffusion matrix a only (without making explicit use of o), contrary to the term

Y1 in the matrix of [2].

We will next check that the criterion in [2] can also be derived from the computations in Proposi-
tion 2.2 in case a is non singular, which amounts to make an alternative choice in the expression
for d (U} (p)V*paVp] of the quantities in the roles of the coefficient I';; and of the term 6. This
will also allow us to compare and combine both criteria.

Recall first that the matrix D(x) in [2] equals half of our matrix a(z), and notice that our
forward drift term writes in their notation b = —DV¢ — DF + V.D, where (V.D); = 9;D;;,
e~ = puo is the invariant density, and F a is vector field satisfying V.(DFe~?) = 0. Thus,
b=aVInpsy +V.a—b=-DV¢+DF + V.D.

The factor of Uf(p) in (B.7) takes the intrinsic form
agi [Ok1po1iOky povi + Ok poiOy pO oy + 01 pOko1i Oy poyrs + O1pOko1i Oy pO o)
+ 2070y pag O 01,0k p + O pOy pagk Ok ko101 — 2011 Oy POy Ok POty + by Oy Oy pOyr p — 2ayy O pO O by
= Qg [Ok1 POk pagy + 2041 pOy POy ]
1 — _
+ §akk’alpal’/06kk’all’ — ay Oy PO POy Ak + by Opayy Oy p0p p — 2ayy Oy pOi pOy b,

where to the second and third terms in the bracket on the left-hand side, brought together, we
have added the first term after the bracket, and moreover the fourth term in the bracket on the
left-hand side was added to the the second term outside the bracket. Hence, writing

Q1 := —a Oy pOrw pOLakky + b Omaw O1pdy p — 2ay Oy p0y, p0;by,

1
Q2 = agrs [k POk pagy + 204100y pOyr ayy] + §akk'31/)51'/)5kk'auu

and using the last expression for I'19 above, we can write

1 1 R U// U(4)
5@ (U5 (0)V*paVp] = 5dM® + %p)@l + @yt + g o a

4
(3) %
U a(V d(aV
‘ST(/)) <V*p a (8;)) aVp+Vipa ((j;xp) Vp) dt.
Lo U 0) , U d(Vp) d(aVp)”
=—dM© + | 22 \V*paVpl* + 2L (Vi a aVp+V*pa————= Vp || dt
2 4 4 ox ox
U/l U// U(3) *
+[ 52(/))Ql]dt+ (;2(/))QQJr 54(/)) <v*p aa(avxp)avarv*p a% w) "

(C.1)

29



The latter identity yields the expression for the dissipation of entropy dissipation computed
in [2]. Indeed, denoting respectively by Jy, Jo and J3 the expectations of the first, second
and third terms in square brackets in the right-hand side, we observe that J; is, up to time
reversal ¢ — T — t, exactly equal to the term R; on top of p. 162 in [2]. Starting from the
last expression of T5 p. 160 and the definition (2.23) of Ry and Ty and replacing DF by its
expression b — 3(aV In(pso) + V.a) in our notation, we get that Ry + T3 + Ty is equal to

Ul/ Ul/ Ul/
/ — (S)leoo —/ [ 54(p) (0ip0;aikOrp + 28¢jpaik3kp)] X Oy(a1jPos) —/ 52(p) [@1;04j1pOk Paki] Poo
R4 R4 Rd

up to time reversal. The first term corresponds to Jo. Integrating by parts the second term to
get rid of the derivative with respect to the I-th coordinate in the second factor, one checks that
its sum with the last one is equal to J3. Hence, up to time reversal, we have J; + Jo + J3 =
(R, +T3) + (R +Ty) which is the expression for the dissipation of entropy dissipation computed
n [2] p. 160.

In order to recover the Bakry Emery criterion in [2], we rewrite Q1 + Q2 = K1 (p) + K2(p) where
_ - 1
K1(p) := by Omay 01p0y p — 2ayy Oy pOy pOy by, + §akk/alpal’[)akk/all/

and
K5(p) := apr/Op1p aw Oy p + 204 Ot pOyr pOir gy — agryr Op Oyt pOky kg -

When a is non singular, introducing G i (p) = Oy pay Oy aj, and Hyj(p) = O;ay Oy p we can write

Ks(p) =tr [(aV?p)? + 2H (p) aV?p — G(p)V?p]
=tr [(aV?p)* + H(p)aV?p + aH (p)*V?p — G(p)a'aV?p]

1 . _
=tr |(aV?p)* + S (H(p)aV?p + aH (p)"V*p = G(p)a™ aV?p)

+5(aV?pH(p) +aVZpaH (p)*a™! —aV?pG(p)a™t)

l\')lr—l

where we have used the cyclicity of the trace and its invariance by transposition. Following [2],
we complete the trace of a squared sum of matrices to get

2

Ko(p) = tr [a¥%p + 5(H(p) +aH(p)a™" — Glp)a™)| —tr [H(p) + aH(p)'a™ ~ Glp)a™']”.

The finite variation part on the right-hand side of the first line in (C.1) therefore rewrites

Us (p)
2

(Ks(p) — St [H(s) + aB (p)'a™! — Glppa™ ]

)
4 ?
+ UéT(’O)tr [aV2P + %(H(p) +aH(p)'a™" — G(p)al)] dt

(3) .

LU ) v aa(Vp)an—l—V*p ,2aVp) V) dt
2 ox ox

Uy’ >< )

+ IV* pa¥ p|? dt.

The sum of the second, third and fourth lines correspond to the matrix product XY in [2] and
is shown to be nonnegative in p. 164 therein. We can then check that for a smooth function
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v:RY — R, the term (K7 (v)— ftr [H(v) + aH(v)*a™! — G(v)a‘l]z) is twice the expression on
the left-hand side of the inequality (2.13) in p. 158 of [2] (with Vv corresponding to their vector
field “U”). Consequently, their Bakry Emery criterion (2.13) corresponds, in our notation, to
imposing the condition

I\ > 0 such that for all smooth function v : R — R and all x € R%:

%(Kl(v) - itr [H(v) + aH(v)*a~" — Gw)a~]))(x) > AV aVo(z),

which implies exponential convergence at rate 2\ of the U—Fisher information and the U—
relative entropy.

We may combine this criterion with ours by introducing some C' function a : RY — [0,1]
and writing the finite variation part on the right-hand side of the first line in (C.1) as (1 — «)
multiplied by the expression (C.2), plus %a multiplied by the finite variation part in the right-
hand side of (B.8). Because of the integration by parts performed in the proof of Theorem 2.4,
the mixed criterion involves the derivatives of a. Let

1
O = aOy — §3k06 ([oviamk — Oki@mr] Omoii + [01iGmk — OkiGmi] Omor;) -

This ultimate mixed criterion writes

I\ > 0 such that for all smooth function v : R — R and all x € R%:

Vo0 *Vou(z)+(1—a(z)) (%(Kl (v) — %tr [H(v) +aH(v)*a ! - G(v)a_l]z)(m)> > AVv*aVu(zx)

and also implies exponential convergence at rate 2\ of the U—Fisher information and the U—
relative entropy.
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