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KAC’S PROGRAM IN KINETIC THEORY
(VERSION OF July 16, 2011)

S. MISCHLER AND C. MOUHOT

ABSTRACT. This paper is devoted to the study of propagation of chaos and mean-field
limit for systems of indistinguable particles undergoing collision processes, as formulated
by M. Kac [42] for a simplified model and extended by H. P. McKean [53] to the Boltz-
mann equation. We prove quantitative and uniform in time estimates measuring the
distance between the many-particle system and the limit system. These estimates imply
in particular the propagation of chaos for marginals in weak measure distances but are
more general: they hold for non-chaotic initial data and control the complete many-
particle distribution. We also prove the propagation of entropic chaos, as defined in [12],
answering a question of Kac about the microscopic derivation of the H-theorem. We
finally prove estimates of relaxation to equilibrium (in Wasserstein distance and relative
entropy) independent of the number of particles. Our results cover the two main Boltz-
mann physical collision processes with unbounded collision rates: hard spheres and true
Maxwell molecules interactions. Starting from an inspirative paper of A. Grinbaum [36]
we develop a new method which reduces the question of propagation of chaos to the one of
proving a purely functional estimate on some generator operators (consistency estimates)
together with fine differentiability estimates on the flow of the limit non-linear equation
(stability estimates). These results provide the first answer to the question raised by
Kac of relating the long-time behavior of a collisional particle system with the one of its
mean-field limit, however using dissipativity at the level of the mean-field limit instead
of using it at the level of the many-particle Markov process.

Keywords: Kac’s program; kinetic theory; master equation; mean-field limit; quan-
titative; uniform in time; jump process; collision process; Boltzmann equation; Maxwell
molecules; non cutoff; hard spheres.

AMS Subject Classification: 82C40 Kinetic theory of gases, 76P05 Rarefied gas
flows, Boltzmann equation, 54C70 Entropy, 60J75 Jump processes.
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2 S. MISCHLER AND C. MOUHOT

L. Boltzmann is best known for the equation bearing his name in kinetic theory [7, [§].
Inspired by Maxwell’s discovery [5I] of (what is now called) the Boltzmann equation
and its “maxwellian” (gaussian) equilibrium, Boltzmann [7] discovered the “H-theorem”
(increase of the entropy) for this equation which explains how the solutions should be
driven towards the equilibrium of Maxwell. In the same work he also proposed the deep
idea of “stosszahlansatz” (molecular chaos) for explaining how the irreversible Boltzmann
equation could emerge from the Newton laws on the dynamics of particles. Giving a precise
mathematical meaning to this notion and proving this limit remains a tremendous open
problem to this date (the best and astonishing result so far [45] is only valid for very short
times).

M. Kac proposed in 1956 [42] the simpler and seemingly more tractable question of de-
riving the spatially homogeneous Boltzmann equation from a many-particle jump process,
and he introduced a rigorous notion of molecular chaod] in this context. The “chaotic-
ity” of the many-particle equilibrium towards the maxwellian distribution, i.e. the fact
that the first marginals of the uniform measure on the sphere S¥~1(v/N) converges to a
gaussian as N goes to infinity, has been known for a long time, at least since Maxwell
However in [42] Kac proposed the first proof of the propagation of chaos along time for a
simplified collision process for which series expansions of the solution are available, and he
showed how the many-particle limit rigorously follows from this property of propagation
of chaos. This proof was later extended to a more realistic collision model, the so-called
cutoff Maxwell molecules, by McKean [53].

Since in this setting both the many-particle system and the limit equation are dissipa-
tive, Kac also raised the natural question of relating their asymptotic behaviors. In his
mind this program was to be achieved by understanding dissipativity at the level of the lin-
ear many-particle jump process and he insisted on the importance of estimating the rate of
relaxation of the many-particle process. This has motivated beautiful works on this “Kac
spectral gap problem” [40l (50} [I3] [I5] [IT], but so far this strategy has proved unsuccessful
in relating the many-particle process asymptotic behavior and that of the limit equation,
see the interesting discussion in [I2]. At the time of Kac the study of nonlinear partial
differential equations was rather young and it was plausible that the study of a linear
many-dimension Markov process would be easier. However the mathematical developpe-
ment somehow followed the inverse direction and the theory of existence, uniqueness and
relaxation to equilibrium for the spatially homogeneous Boltzmann is now well-developed
(see the many references along this paper).

This paper is an attempt to develop a quantitative theory of mean-field limit which
strongly relies on detailed knowledge of the limit nonlinear equation, rather than on detailed
properties of the many-particle Markov process. As the main outcome of this theory we
prove uniform in time quantitative propagation of chaos as well as propagation of entropic
chaos, and we prove relaxation rates independent of the number of particles (measured in
Wasserstein distance and relative entropy). All this is done for the two important realistic
and achetypal models of collision, namely hard spheres and true (without cutoff) Maxwell
molecules. This provides a first complete answer to the question raised by Kac, however
our answer is an “inverse” answer in the sense that our methodology is “top-down” from
the limit equation to the many-particle system rather than “bottom-up” as was expecting
Kac.

IKac in fact called this notion “Boltzmann’s property” in [42] as a clear tribute to the fundamental
intuition of Boltzmann.

2We refer to [23] for a bibliographic discussion, see also [12] where [54] is quoted as the first paper
proving this result.
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A first version of this work was posted on arXiv as “Quantitative uniform in time chaos
propagation for Boltzmann collision processes”. This new expanded version includes new
results about entropic chaos and relaxation times.
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1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. The Boltzmann equation (Cf. [I9] and [20]) describes
the behavior of a dilute gas when the only interactions taken into account are binary
collisions. It writes
of
e +v-Vaof =Q(f, f)
where @ = Q(f, f) is the bilinear Boltzmann collision operator acting only on the velocity
variable.
In the case when the distribution function is assumed to be independent on the position
x, we obtain the so-called spatially homogeneous Boltzmann equation, which reads
0
o) = QU veRL 120
where d > 2 is the dimension.
Let us now focus on the collision operator Q. It is defined by the bilinear symmetrized
form

(1.1)

1
12 QUuHE =5 [ Bllo=vlcoso) (Ghf +dfi = g.f ~ 91.) dv.do,
RdxSd—1

where we have used the shorthands f = f(v), [/ = f(¢v'), g« = g(vs) and ¢, = g(v.).
Moreover, v' and v, are parametrized by
(1.3) v'zvzv*+|v_2v*|a, v;:U;U*—|U_2U*|U, oesit
Finally, 6 € [0, 7] is the deviation angle between v' — v}, and v — v, defined by cos = o - 4,
u = v — vy, & = u/|lu|, and B is the Boltzmann collision kernel determined by physics
(related to the cross-section X(v — vy, 0) by the formula B = |v — v,| X).

Boltzmann’s collision operator has the fundamental properties of conserving mass, mo-
mentum and energy

L Qoo =0. o) = 1u.lof,
and satisfying the so-called Boltzmann’s H theorem which writes (at the formal level)

d
‘a/RNflogfdv— —/RNQ(f,f)lOg(f)dv >0.

We shall consider collision kernels

B =T(|v — v.]) b(cos 0)
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with I',b nonnegative functions. In dimension d = 3, here is a short classification of
possible collision kernels, together with some important examples that we shall consider
in this paper.
(1) Short (finite) range interaction are usually modeled by the hard spheres collision
kernel

(1.4) (HS) B(|v — vy, cos0) = cst |[v — vy|.

(2) Long-range interactions are usually modeled by collision kernels deriving from in-
teraction potentials

V(r)=cstr %, s>2.
They satisfy the formula
['(z) = |z]” with v=(s—4)/s

and
b(cos 0) ~gg Cp 07277 with v = 2/s

(b is L' apart from 6 ~ 0). Such formulas (and others) can be found in [19].
This general class of collision kernels includes in particular the true Maxwell
molecules collision kernel when 7 =0 and v = 1/2:

(1.5) (tMM)  B(Jv — v.],co80) = B(cos ) ~gg Cyp 072,

It also includes the so-called Grad’s cutoff Maxwell molecules when the
singularity in the 0 variable is removed. Without much restriction we shall consider
as a typical such model

(1.6) (GMM) B(|v — vy, cos0) = 1.

1.2. Deriving the Boltzmann equation from many-particle systems. The question
of deriving the Boltzmann equation from particle systems (interacting via Newton’s laws)
is a famous problem. It is related to the so-called 6-th Hilbert problem proposed by Hilbert
at the International Congress of Mathematics at Paris in 1900: axiomatize mechanics by
“developing mathematically the limiting processes [... | which lead from the atomistic view
to the laws of motion of continua’.

At least at the formal level, the correct limiting procedure has been identified by
Grad [34] in the late fourties and a clear mathematical formulation of the open prob-
lem was proposed in [I8] in the early seventies. It is now called the Boltzmann-Grad or
low density limit. However the original question of Hilbert remains largely open, in spite
of a striking breakthrough due to Lanford [45], who proved the limit for short times (see
also Illner and Pulvirenti [39] for a close-to-vacuum result). The tremendous difficulty
underlying this limit is the irreversibility of the Boltzmann equation, whereas the particle
system interacting via Newton’s laws is a reversible Hamiltonian system.

In 1954-1955, Kac [42] proposed a simpler and more tractable problem: start from the
Markov process corresponding to collisions only, and try to prove the limit towards the
spatially homogeneous Boltzmann equation. Kac’s jump process runs as follows: consider
N particles with velocities v1,..., vy € R% Compute random times for each pair of
particles (v;, vj) following an exponential law with parameter I'(|v; —v;|), take the smallest,
and perform a collision (v;, v;) — (v}, v}) given by a random choice of a direction parameter
whose rule is related to b(cosf), then recommence. This process can be considered on
RV however it leaves invariant some submanifolds of R¥Y (depending on the number of
conserved quantities during collision) and can be restricted to them. For instance in the
original simplified model of Kac d = 1 (scalar velocities) and the process can be restricted

to SN~1(VEN) the sphere with radius VEN, where £ is the energy. In the more realistic
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hard spheres of Maxwell molecules models, d = 3 and the process can be restricted to the
sphere

SN = giN-1 (\/Ns) A{vr+ -+ vy =0}

Kac formulated the notion of propagation of chaos that we shall now explain. Consider
a sequence (V) ~>1 of probabilities on EN | where E is some given Polish space (think to
E = R4 for most applications): the sequence is said f-chaotic if

N~ O when N —

for some given one-particle probability f on E. The meaning of this convergence is the
following: convergence in the weak measure topology for any marginal depending on a
finite number of variables. This is a low correlation assumption.

It was clear since Boltzmann that in the case when the joint probability density fV
of the N-particle system is tensorized during some time interval into N copies f&V of a
1-particle probability density, then the latter would satisfy the limit nonlinear Boltzmann
equation during this time interval. But Kac made the key remark that although in general
interactions between a finite number of particles prevents any possibility of propagation of
the “tensorization” property, the weaker property of chaoticity can be propagated (hope-
fully!) in the correct scaling limit.

The framework set by Kac is our starting point. Let us emphasize that the limit
performed in this setting is different from the Boltzmann-Grad limit. The Kac’s limit is
in fact a mean-field limit. This limiting procedure is most well-known for deriving Vlasov-
like equations. In a companion paper [58] we develop systematically our new functional
approach for Vlasov equations, McKean-Vlasov equations, and granular gases driven by a
thermal bath.

1.3. The notion of chaos and how to measure it. Our goal in this paper is to set
up a general robust method for proving the propagation of chaos with quantitative rate in
terms of the number of particles N and of the final time of observation 7.

Let us explain briefly what it means. The original formulation of Kac [42] of chaoticity
is: a sequence fV € Py (EN) of symmetric probabilities on EV is f-chaotic, for a given
probability f € P(E), if for any ¢ € N* and any ¢ € Cy(E)®¢ there holds

Jim (e @1 = (£%0)

which amounts to the weak convergence of any marginals. This can be expressed for
instance in Wasserstein distance:

. NY (@) _
i Wi (1 (57, £7) =0
where I, denotes the marginal on the £ first variables. This is Kac’s definition of chaos
that we shall call finite-dimensional chaos.

We shall deal in this paper with quantitative chaos, in the sense that we measure
precisely the rate of convergence in the above limit. Namely, we say that fV is f-chaotic
with rate ¢(N), where (V) — 0 when N — oo (typically e(N) = N"",r>0or e(N) =
(log N)~™", r > 0), if for any ¢ € N* there exists K, € (0,00) such that

Wi (Hz (M) 7f®é) < Kype(N).

Similar statements with other metrics can be also formulated (and shall be used in this
paper): for some normed space of smooth functions F C Cy(E) (to be specified) and for
any ¢ € N* there exists K; € (0,00) such that for any ¢ € F®¢ |||l < 1, there holds

| <He [FN] - f®é,g0> | < K/ 2(N).

The Wasserstein distance W7 is recovered when F is the space of Lipschitz functions.
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Observe that in the latter statements the number of variables ¢ considered in the mar-
ginal is kept fixed as N goes to infinity. A stronger notion of infinite-dimensional chaos
would be

o T
N—oo N
with corresponding quantitative formulations. This amounts to say that one can prove a
sublinear control on K in terms of £ in the previous statements. Variants for other metrics
could also be considered.

Finally one can formulate an even stronger notion of (infinite-dimensional) entropic

chaos (see [I12] and definition (7)) of the relative entropy below):

=0

S H (Y 22 H (f1)

with obvious quantitative versions. This notion of chaos is particularly interesting since
it corresponds to the derivation of Boltzmann’s entropy from the many-particle system
entropies, we shall come back to this point.

Now, considering a sequence of symmetricﬁ N-particle densities

FY € C([0,00); Py (B™))
and a 1-particle density of the expected mean field limit
f€C([0,00); P(E)),

we say that there is propagation of chaos on some time interval [0, 7] if the fo-chaoticity
of the initial family fJ implies the f;-chaoticity of the family £V for any time ¢ € [0, 7],
according to one of definitions of chaoticity above.

1.4. Kac’s program. As already said Kac proposed the problem of deriving the spatially
homogeneous Boltzmann equation from a many-particle Markov jump process modeling
the binary collisions, through its master equation (the equation on the law of the process).
This amounts intuitively to consider the spatial variable as a hidden variable inducing
ergodicity and markovian properties on the velocity variable. Although the latter point
has not been proved so far to our knowledge, it is worth pointing out that it is at the
same a very natural guess and an extremely interesting (and probably also difficult) open
problem.

Interestingly enough here is in the words of Kac [42, p. 173] how his approach was
inspired by Boltzmann’s ideas: “This formulation led to the well-known paradoxes which
were fully discussed in the classical article of P. and T. Ehrenfest. These writers made it
clear (a) that the “Stosszahlansatz” cannot be strictly derivable from purely dynamic con-
siderations and (b) that the “Stosszahlansatz” has to be interpreted probabilisticaly. The
recent attempts of Born and Green, Kirkwood and Bogoliubov to derive Boltzmann’s equa-
tion from Liouwille’s equation and hence to justify the “Stosszahlansatz” dynamically are,
i our opinion, incomplete, inasmuch as they do not make it clear at what point statistical
assumptions are introduced. The “master equation” approach which we have chosen seems
to us to follow closely the intentions of Boltzmann.” Even we partly disagree with this
statement and we still believe that a fully satisfying justification of the “Stosszahlansatz”
(molecular chaos) has to be derived from “purely dynamic consideration” (Newton’s laws)
as was pioneered by Lanford [45], the latter open problem seems tremendously difficult and
it is clear that Kac raised a fascinating more tractable question: if we have to introduce
stochasticity, at least can we keep it under control all along the process of derivation of
the Boltzmann equation and relate it to the dissipativity of the limit equation. This is one
of the main questions we attempt to answer in this work.

3i.e. invariant according to permutations of the particles.
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Let us now discuss more in details the content of Kac’s seminal paper [42]. He goes on
to introduce a jump process on the (N — 1)-dimensional sphere S¥~1(v/N) with radius
V/N corresponding to random rotations among pairs of variables chosen randomly, and
occuring at random times following exponential laws. He then prove finite-dimensional
chaos (with no rate) by a beautiful combinatorial argument, based on an infinite series
“tree” representation of the solution according to the collision history of particles, and
some Leibniz formula for the N-particle operator acting on tensor products.

He then raises several questions that we schematize as follows:

(1)

The first one concerns the restriction of the models as compared to realistic collision
processes. The fact that the geometry of collision is simplified was relaxed by
McKean [53] soon afterwards, however for cutoff Maxwell molecules for which the
collision kernel does not depend on the modulus of the relative velocity. This
seemingly technical issue is in fact related to deep difficulty for dealing with jump
process whose jump times follow laws depending on the variables. In the words
of Kac [42, p. 179]: “The above proof suffers from the defect that it works only
if the restriction on time is independent of the initial distribution. It is therefore
inapplicable to the physically significant case of hard spheres because in this case our
stmple estimates yield a time restriction which depends on the initial distribution.
A general proof that Boltzmann’s property propagates in time is still lacking.” In
other words the question is: can one prove propagation of chaos for the
hard spheres collision process?

Following closely the spirit of the previous question about going beyond the limit
of Kac’s original combinatorial insight in order to deal with realistic collision pro-
cesses, it seems to us very natural to ask whether one can prove propagation of
chaos for the true Maxwell molecules collision process? The difficulty lies
now in the fact that the particle system can undergo infinite number of collisions
in a finite time interval, and no “tree” representation of solutions is available. This
is related with the physical interesting situation of long-range interactions, as well
as with the mathematical interesting framework of fractional derivative operator
and Lévy walk.

Kac then discusses the H-theorem of Boltzmann, which is not surprising as its
original goal is the derivation of Boltzmann’s equation and its irreversible feature.
He makes the simple observation [42], p. 182] that the “ergodic property of the
Markov process under consideration” steadily implies that it admits an infinite
number of Liapunov functions, including the L? norm and Boltzmann’s entropy.
In contrast with it, the limit equation admits only (in general) Boltzmann’s en-
tropy as a Liapunov function. Kac then heuristically conjectures [42] Eq. (6.39)]
that (in our notations) H(f)/N — H(f;) along time, which would imply Boltz-
mann’s H-theorem from the monotonicity of H(f")/N for the Markov process.
He concludes with: “If the above steps could be made rigorous we would have a
thoroughly satisfactory justification of Boltzmann’s H-theorem.” In our notation
the question is can one prove propagation of entropic chaos along time?
He finally discusses the relaxation times, with the goal of deriving relaxation times
of the limit equation from the many-particle system. This imposes to have esti-
mates independent of the number of particles on this relaxation times. As a first
natural step he therefore goes on to consider the L? spectral gap of the Markov
process on the sphere and remark [42], p. 187]: “Surprisingly enough this seems
quite difficult and we have not succeeded in finding a proof. Even for the simplified
model we have been considering, the question remains unsettled although we are
able to give a reasonably explicit solution of the master equation.” This question
has triggered many beautiful works (see the next subsection), however it is easy



8 S. MISCHLER AND C. MOUHOT

to convince oneself (see the discussion in [12] for instance) that there is no hope
of passing to the limit N — oo in this spectral gap estimate, even if the spec-
tral gap is independent of N. The L? norm is catastrophic in infinite dimension.
Therefore following quite closely the intention of Kac, we reframe the question in
a setting which “tensorizes correctly in the limit N — oo”, that is in our notation:
can one prove relaxation times independent of the number of particles on the
normalized Wasserstein distance W (f"V,7")/N or on the normalized rel-
ative entropy H(f"|y")/N, where v denotes the N-particle invariant
measure?

This paper is concerned with solving the four questions outlined above.

Before concluding this subsection, let us briefly illustrate by some quotation [42] p. 178]
that Kac was firmly believing in a “bottom-up” approach, which deduces properties on
the Boltzmann equation from the Markov process: “Since the master equation is truly
descriptive of the physical situation, and since existence and uniqueness of the solution
of the master equation are almost trivial, the preoccupation with existence and uniqueness
theorems for the Boltzmann equation appears to be unjustified on grounds of physical in-
terest and importance.” Although as the time Kac was writing, almost no mathematical
result (apart from [9, [10]) was available for the nonlinear spatially homogeneous Boltz-
mann equation, mathematical development has not followed this path, and as we have said,
our approach shall be rather “top-down”, taking advantage of the bynow well-developped
theory for this equation.

1.5. Review of previous results. For Boltzmann collision processes, Kac [42]-[43] has
proved the point (1) in the case of his baby one-dimensional model. The key point in
his analysis is a clever combinatorial use of a semi-explicit form of the solution (Wild
sums). It was generalized by McKean [53] to the Boltzmann collision operator but only
for “Maxwell molecules with cutoff”, i.e. roughly when the collision kernel B above is
constant. In this case the combinatorial argument of Kac can be extended. Kac raised
in [42] the question of proving propagation of chaos in the case of hard spheres and more
generally unbounded collision kernels, although his method seemed impossible to extend
(no semi-explicit combinatorial formula of the solution exists in these cases).

In the seventies, Griinbaum [36] then proposed in a very compact and abstract paper
another method for dealing with hard spheres, based on the Trotter-Kato formula for
semigroups and a clever functional framework (partially remindful of the tools used for
mean-field limit for McKean-Vlasov equations). Unfortunately this paper was incomplete
for two reasons: (1) It was based on two “unproved assumptions on the Boltzmann flow”
(page 328): (a) existence and uniqueness for measure solutions and (b) a smoothness
assumption. Assumption (a) was indeed recently proved in [32] using Wasserstein metrics
techniques and in [29] adapting the classical DiBlasio trick [22], but concerning assumption
(b), although it was inspired by cutoff maxwell molecules (for which it is true), it fails for
hard spheres (cf. the counterexample built by Lu and Wennberg in [49]) and is somehow
“too rough” in this case. (2) A key part in the proof in this paper is the expansion of the
“H¢” function, which is a clever idea of Griinbaum (and the starting point for our idea of
developing an abstract differential calculus in order to control fluctuations) — however it
is again too rough and is adapted for cutoff Maxwell molecules but not for hard spheres.

A completely different approach was undertaken by Sznitman in the eighties [66] (see
also Tanaka [68] for partial results concerning non-cutoff Maxwell molecules). Starting
from the observation that Griinbaum’s proof was incomplete, he gave a full proof of prop-
agation of chaos for hard spheres. His work was based on: (1) a new uniqueness result
for measures for the hard spheres Boltzmann equation (based on a probabilistic reasoning
on an enlarged space of “trajectories”); (2) an idea already present in Griinbaum’s ap-
proach: reduce by a combinatorial argument on symmetric probabilities the question of
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propagation of chaos to a law of large numbers on measures; (3) a new compactness result
at the level of the empirical measures; (4) the identification of the limit by an “abstract
test function” construction showing that the (infinite particle) system has trajectories in-
cluded in the chaotic ones. Hence the method of Sznitman proves convergence but does
not provide any rate for chaoticity.

Let us also emphasize that McKean in [52] studied fluctuations around deterministic
limit for 2-speed Maxwellian gas and for the usual hard balls gas. Graham and Méléard
in [35] have obtained a rate of convergence (of order 1/N for the ¢-th marginal) on any
bounded finite interval of the N-particle system to the deterministic Boltzmann dynamic
in the case of Maxwell molecules under Grad’s cut-off hypothesis. Finally Fournier and
Méléard in [30, 3I] have obtained the convergence of the Monte-Carlo approximation (with
numerical cutoff) of the Boltzmann equation for true Maxwell molecules with a rate of
convergence (depending on the numerical cutoff and on the number N of particles).

After we had finished writing our paper, we were told by I. Bailleul about the recent book
[44] by V. N. Kolokoltsov. This book is focused on fluctuation estimates of central limit
theorem type. It does not prove quantitative propagation of chaos but weaker estimates
(and on finite time intervals), however the comparison of generators for the many-particle
and the limit semigroup is reminiscent of our work.

1.6. The method. The main inspiration at first came from Griinbaum’s paper [36]. Our
original goal was to construct a general and robust method able to deal with mixture
of jump and diffusion processes, as it occurs for granular gases (see for this point the
companion paper [58]). It turns out that it leads us to develop a new theory, inspiring
from more recent tools such as the course of Lions on “Mean-field games” at College
de France, and the master courses of Méléard [55] and Villani [70] on mean-field limits.
One of the byproduct of our paper is that we make fully rigorous the original intuition
of Griinbaum in order to prove propagation of chaos for the Boltzmann velocities jump
process associated to hard spheres contact interactions.

As Griinbaum [36] we shall use a duality argument. We introduce S} the semigroup
associated to the flow of the N-particle system and T} its “dual” semigroup. We also
introduce S/ the (nonlinear) semigroup associated to the meanfield dynamic (the expo-
nent “NL” recalling that the limit semigroup is nonlinear in the most physics interesting
cases) as well as T7° the associated (linear) “pushforward” semigroup (see below for the
definition). Then we will prove the above kind of convergence on the linear semigroups
TN and T7°.

The first step consists in defining a common functional framework in which the N-
particle dynamic and the limit dynamic make sense so that we can compare them. Hence
we work at the level of the “full” limit space P(P(FE)) (see below). Then we shall identify
the regularity required in order to prove the “consistency estimate” between the genera-
tors GV and G of the dual semigroups 7Y and T/, and finally prove a corresponding
“stability estimate” at the level of the limiting semigroup SiVF.

The latter crucial step shall lead us to introduce an abstract differential calculus for
functions acting on measures endowed with various metrics. More precisely, we shall
define functions of class C'° on a probability space by working on affine subspaces of the
probability space for which the tangent space has a Banach space structure. This notion is
related but different from the notion of derivability developed in the theory of gradient flow
by Ambrosio, Otto, Villani and co-authors in [2 [41}, [61] as well as to the differentiability
notion introduced by Lions in [46].

Another viewpoint on this method is to consider it as some kind of accurate version (in
the sense that it establishes a rate of convergence) of the BBGKY hierarchy method for
proving propagation of chaos and mean-field limit on statistical solutions. This viewpoint is
extensively explored and made rigorous in Section [§ where we revisit the BBGKY method
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for the spatially homogeneous equation as developped in [3]. The proof of uniqueness for
statistical solutions to the hierarchy becomes straightforward within our framework by
using differentiability of the limit semigroup as a function acting on probabilities.

This general method is the purpose of Theorem Bl It is, we hope, interesting per se for
several reasons: (1) it is fully quantitative, (2) it is highly flexible in terms of the functional
spaces used in the proof, (3) it requires a minimal amount of informations on the N-particle
systems but more stability information on the limiting PDE (we intentionally presented
the assumption as for the proof of the convergence of a numerical scheme, which was our
“methodological model”), (4) the “differential stability” conditions that are required on
the limiting PDE seem (to our knowledge) new, at least at the level of Boltzmann or more
generally transport equations.

1.7. Main results. Let us give some simplified versions of the main results in this paper.
All the abstract objects shall be fully introduced in the next sections.

Theorem 1.1 (Summary of the main results). Consider some initial distribution fo €
P(RY) N L®(RY) with compact support or polynomial moment bounds. Consider the corre-
sponding solution f; to the spatially homogeneous Boltzmann equation for hard spheres or
Mazwell molecules, and the solution fN of the corresponding Kac’s jump process starting
either from the N-fold tensorization of fo or the latter conditionned to SN .

The results can be classified into three main statements:

(1) Quantitative uniform in time propagation of chaos, finite or infinite
dimensional, in weak measure distance (c¢f. Theorems [ZIHZ. 36 1H6.D):

WN>1,V1I<{<N, sup Wi (s (1))
t>0 14

< a(N)

for some a(N) — 0 as N — oco. In the case fév = (?N one has moreover explicit
power law (for Mazwell molecules) or logarithmic rate (for hard spheres) estimates
on «,

(2) Propagation of entropic chaos (cf. Theorem[7.10(i)): Consider the case where
the initial datum of the many-particle system is restricted to S. If the initial
datum is entropy-chaotic in the sense

S H (YY) 2255 H (foly)

with
NI NY . dfe’ v — Jo
(1.7) H(fo' ") = /sN logd,y—Nfo (dV) and H (foly) == /Rd Jo log N dv

and where v is the gaussian equilibrium with energy €& and " is the uniform
probability measure on SN, then the solution is also entropy chaotic for any later
time:

1 N 0
Vi> 0, < H(fVY) == H (i)

This proves the derivation of the H-theorem in this context.

(3) Quantitative estimates on relaxation times, independent of the number
of particles (c¢f. Theorems and Theorem [T10(ii)): Consider the case
where the initial datum of the many-particle system is restricted to SN. Then we
have

Wi (e N 10 (7))

VN>1, VI<{<N, Vt>0, ;

< B(t)
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for some B(t) — 0 as t — oo. Moreover in the case of Mazwell molecules, and
assuming moreover that the Fisher information of the initial datum fy is finite:

2
(1.8) I(fo) :== /Rd W}fjo' dv < 400,

the following estimate also holds:
1
YN 21 H (YY) < 50)
for some function B(t) — 0 as t — oo.

1.8. Some open questions. Here are a few questions among those raised by this work:

(1) What about the optimal rate in the chaoticity estimates along time? Our method
reduces this question to the chaoticity estimates at initial time, and therefore to
the optimal rate in the quantitative law of large numbers for measures according
to various weak measure distances.

(2) What about the optimal rate in the relaxation times (uniformly in the number
of particles)? Spectral gap studies predict exponential rates, both for the many-
particle system and for the limit system, however our rates are far from it!

(3) Can uniform in time propagation of chaos be proved for non-reversible jump pro-
cesses (such as inelastic collision processes) for which the invariants measures "V
and 7 are not explicitely known (e.g. granular gases)?

1.9. Plan of the paper. In Section 2] we set the abstract functional framework together
with the general assumption and in Section Bl we state and prove the abstract Theorem [B.11
In Section ] we present some tools and results on weak measure distances, the construction
of initial data restricted to submanifolds for the many-particle system, and the rate for
sampling the limit distribution by empirical measures. In Section [5l we apply the method
to (true) Maxwell molecules (Theorems [b.J] and 5.3)). In Section 6] we apply the method
to hard spheres (Theorems and [6.2)). Section [7 is devoted to the study of entropic
chaos. Finally in Section [8 we revisit the BBGKY hierarchy method for the spatially
homogeneous Boltzmann equation in the light of our framework.

2. THE ABSTRACT SETTING

In this section we shall state and prove the key abstract result. This will motivate the
introduction of a general functional framework.

2.1. The general functional framework of the duality approach. Let us set up the
framework. Here is a diagram which sums up the duality approach (norms and duality
brackets shall be specified in Subsections [2.4)):

observables
Kolmogorov dualit
EN /&N & Py (EN) i Cy(EN)
my=p’ T el < RN
Kolmogorov duality
Pn(E) C P(E) P(P(E)) Cy (P(E))

In this diagram:
- E denotes a Polish space:
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This is a separable completely metrizable topological space. We shall de-
note the distance on this space by dg in the sequel.

- &N denotes the N-permutation group.
- Pym(EY) denotes the set of symmetric probabilities on E™:
Given a permutation o € GV, a vector
V =(v,...,uon) € BV,

a function ¢ € Cy(EN) and a probability fY € P(EY), we successively

define
V, = (Ug(l), ca ,UU(N)) S EN,
and
0o € Co(EN) by setting (V) = (V)
and finally

Y e P(EN) by setting (fY,0) = (Y, ¢0) .

We then say that a probability fV on EV is symmetric if it is invariant
under permutations:

Voeah, fN=fV

- The probability measure ,ug denotes the empirical measure:

N
1
pd = N ;5% V = (vi,...,un) € EN

where §,, denotes the Dirac mass on E at point v; € E.

- Py(E) denotes the subset {ulY, V € EN} of empirical measures of P(E).
- P(P(E)) denotes the set of probabilities on the polish space P(E).
- Cy (P(E)) denotes the space of continuous and bounded functions on P(E):

This space shall be endowed with either the weak or strong topologies (see
Subsection [2.4]), and later with some metric differential structure.

- The map 7& from EV /&Y to Py(E) is defined by
vV e EN/&N, n(V) = pu.

- The map 7Y from Cy(P(E)) to Cy(EYN) is defined by
V& e Cy(P(E)), YV e BN, (nd®) (V) :=@ (u)).
- The map R" from Cy(E™) to Cy(P(E)) is defined by:
Vo e Cy(EY), Vpe P(E), R} (p):=(p*",¢).

- The map 7& from Py, (EY) to P(P(E)) is defined by:

(e Y0y = (P ne) = [ @ () rYav)
EN

for any fV € Pynm(EY) and any ® € Cy(P(E)), where the first bracket
means (-, ) p(p(E)),c,(P(k)) and the second bracket means (-, ) p(gny ¢, (£V)-
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Let us now discuss the “horizontal” arrows:

- The arrows pointing from the first column to the second one consists in writing the
Kolmogorov equation associated with the many-particle stochastic Markov process.

- The arrows pointing from the second column to the third column consists in writing the
dual evolution semigroup (note that the N-particle dynamics is linear). As we shall discuss
later the dual spaces of the spaces of probabilities on the phase space can be interpreted
as the spaces of observables on the original systems.

Remark 2.1. Consider a random variable V on EV with law f~ € P(EY). It is common
notation in probability to simply write u{}f for the random variable on P(E) with law
o8 N € P(P(E)). Our notation is slightly less compact and intuitive, but at the same
time more accurate.

Remark 2.2. Our functional framework shall be applied to weighted probability spaces
rather than directly in P(E). More precisely, for a given weight function m : E — R we
shall use affine subsets of the weighted probability space

{f € P(E); Mu(f):=(f,m) < oo}

as our basis functional spaces. Typical examples are

kor m(z) =

m(v) := m(dg(v,vp)) for some fixed vy € E with m(z) = z
eazk, a, k> 0.
We shall sometimes abuse notation by writing M}, for M,, when m(z) = z* in the above
example.

2.2. The N-particle semigroups. Let us introduce the mathematical semigroups de-
scribing the evolution of objects living in these spaces, for any N > 1.

Step 1. Consider the trajectories VtN e EN,_ t > 0, of the particles (Markov process

viewpoint). We make the further assumption that this flow commutes with permutations:
For any o € &V, the solution at time ¢ starting from (Vév)a is (VtN)U.

This reflects mathematically the fact that particles are indistinguishable.

Step 2. This flow on EV yields a corresponding semigroup S}V acting on Psym(EN ) for

the probability density of particles in the phase space EV (statistical viewpoint), defined
through the formula

VN € Pyn(EN), o € C(EN),  (SN(fY),0) =E (¢ (V))

where the bracket obviously denotes the duality bracket between P(EY) and Cy(EN) and
E denotes the expectation associated to the probability space in which the process VtN
is built. Since the flow (V}¥) commutes with permutation, the semigroup S}¥ acts on
Pyw(EYN). In other words, if the law f3¥ of VI’ belongs to Puym(E™Y), then for later times
the law f of V/ also belongs to Pym(EY). And one can associate to this semigroup a
linear evolution equation with generator denoted by Ap:

ath:ANva fN e]Ds,ym(FjN))
which can be interpreted as the forward Kolmogorov equation on the law of V}N.

Step 3. We assume that there exists a semigroup 7}V acting on the functions space Cy,(E™)
of observables on the evolution system (V{¥) on EV (see the discussion in the next remark)
which is dual to the semigroup StN . More precisely, we assume

VN e P(EY), o€ CG(EN), (Y. TN(9)) = (SN(fY),0).
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We associate to this semigroup the following linear evolution equation with generator
denoted by GV:

o =GN(p),  peCy(EN).

2.3. The mean-field limiting semigroup. We now define the evolution of the limiting
mean-field equation.

Step 1. Consider a semigroup S{¥ acting on P(E) associated with an evolution equation
and some operator Q):

For any fy € P(E) (assuming possibly some additional moment bounds),
then SN(fo) := f; where f; € C(Ry, P(E)) is the solution to

(2.1) Ocfe = Q(ft),  fli=o0 = fo

This semigroup and the operator ) are typically nonlinear for mean-field
models, namely bilinear in case of Boltzmann’s collisions interactions.

Step 2. Consider then the associated pushforward semigroup TS° acting on Cy(P(E)):
VfeP(E), ®eCy(P(E), T7@(f):=2(5(f).

(Again additional moment bounds can be required on f in order to make this definition
rigorous.) Note carefully that 77 is always linear as a function of ®, although of course
T2 [®](f) is not linear in general as a function of f. We shall associate (when possible)
the following linear evolution equation on Cy(P(F)) with some generator denoted by G*°:

80 = G(D).

Remark 2.3. The semigroup T7° can be interpreted physically as the semigroup of the
evolution of observables of the nonlinear equation (2.I)). Let us give a short heuristic
explanation. Consider a nonlinear ordinary differential equation

d
d—‘t/:F(V) on R? with V,-F =0 and Vii=o = v

with divergence-free vector field for simplicity. One can then define formally the linear
Liouville transport partial differential equation

Ohf+ V- (Ff)=0,

where f = fi(v) is a time-dependent probability density over the phase space R?, whose
solution is given (at least formally) by following the characteristics backward fi(v) =
fo(V_t(v))H Now, instead of the Liouville viewpoint, one can adopt the viewpoint of 0b-
servables, that is functions depending on the position of the system in the phase space (e.g.
energy, momentum, etc.) For some observable function ¢ defined on R?, the evolution of
the value of this observable along the trajectory is given by ¢ (v) = @o(Vi(v)) and ¢y is
solution to the following dual linear PDE

Orp —F -Vyp=0.
Now let us consider a nonlinear evolution system

% = Q(f) in an abstract space f € H.

4The formula would be slightly more complicated in the case where F' is not divergence-free and would
involve the jacobian of I, but this is not relevant for the present heuristic discussion.
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By analogy we define two linear evolution systems on the larger functional spaces P(H)
and Cp(H): first the abstract Liouville equation

81;7r—|—i (Q(f)m) =0, m € P(H)

5f
and second the abstract equation for the evolution of observables
0P
8t<I>—Q(f)'§(f) =0, @€ C(H).

However in order to make sense of this heuristic, the scalar product have to be defined
correctly as duality brackets, and, most importantly, a differential calculus on H has to
be defined rigorously. Taking H = P(FE), this provides an intuition for our functional
construction, as well as for the formula of the generator G* below (compare the previous
equation with formula (2.8])). Be careful that when H = P(E), the abstract Liouville and
observable equations refers to trajectories in the space of probabilities P(E) (i.e. solutions
to the nonlinear equation (21])), and not trajectories of a particle in E. Note also that
for a dissipative equation at the level of H (such as the Boltzmann equation), it seems
more convenient to use the observable equation rather than the Liouville equation since
“forward characteristics” can be readily used in order to construct the solutions to this
observable equation.

Summing up we obtain the following picture for the semigroups:

PN on EN /&N observables TN on Cy(EN)
Wg Wg RN
observables

Py(E) C P(E) |77 on C (P(E))|

observables

SN on P(E)

Hence a key point of our construction is that, through the evolution of observables, we
shall “interface” the two evolution systems (the nonlinear limiting equation and the N-

particle system) via the applications Wg and RY. From now on we shall denote 7V = Wg .

2.4. The metric issue. C(P(F)) is our fundamental space in which we shall compare
(through their observables) the semigroups of the N-particle system and the limiting
mean-field equation. Let us make the topological and metric structures used on P(FE)
more precise. At the topological level there are two canonical choices (which determine
two different sets C'(P(FE))):

(1) The strong topology which is associated to the total variation norm, denoted by
|| - ||ar1; the corresponding set shall be denoted by Cy(P(E),TV).

(2) The weak topology, i.e. the trace on P(E) of the weak topology on M!(E) (the
space of Radon measures on E with finite mass) induced by Cj,(E); the correspond-
ing set shall be denoted by Cy(P(E), w).
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It is clear that
Cy(P(E),w) C Cy(P(E), TV).
The supremum norm ||®||ze(p(g)) does not depend on the choice of topology on P(E),
and induces a Banach topology on the space C,(P(E)). The transformations 7'V and RV
satisfy:
(2.2) HWN‘I’HLOO(EN) < HQ)HL‘”(P(E)) and HRgHLOO(P(E)) = qu”Lf"’(EN)'

The transformation 7% is well defined from Cy(P(E),w) to Cy(EN), but in general, it
does not map Cy(P(E),TV) into C,(E™) since the map
VeEN e (P(E),TV)

is not continuous.

In the other way round, the transformation R" is well defined from Cy(EY) to Cy(P(E), w),
and therefore also from Cy(E™) to Cy(P(E),TV): for any ¢ € Cy(EY) and for any se-
quence [, — [ weakly, we have f,?N — f®N weakly, and then RN [¢](fx) — RN [¢](f).

There are many different possible metric structures inducing the weak topology on
Cy(P(E),w). The mere notion of continuity does not require discussing these metrics,
but any subspace of Cy(P(E),w) with differential regularity shall strongly depend on this
choice, which motivates the following definitions.

Definition 2.4. For a given weight function m : E — Ry, we define the subspaces of
probabilities:

P :=A{f € P(E); (f,m) <oo}.
We also define the corresponding bounded subsets for a > 0
BPyq :={f € Py; (f,m) <a}.

For a given constraint function m : E — RP such that the components m are controlled
by m, we define the corresponding constrained subsets

Pomr :={f € Pn; (f,m)=r}, reRP
We also define their corresponding bounded subsets for a > 0

Bpm,m,a,r = {f € Bpm,a§ <fa m> = I'},

and the corresponding vectorial space of “increments”

IPm,m = {fQ_fl; HPERD s.t. f17f2€Pm,m,r}
and
IPm,m,a = {f2 — fi; dr e RP s.t. J1,f2 € BPm,m,r,a} .

Let us now define the notion of distances over probabilities that we shall consider.

Definition 2.5. Consider a weight function mg and a constraint function mg. We shall
use for the associated spaces of the previous definition the simplified notation Pg for P,
Fgr for Pymy, BFg, for BP,, ., BFg o for BPymar, ZPg for ZP,, m and ZF;, for
IPm,m,a'

We shall consider that a distance dg which

(1) either is defined the whole space Py (i.e. whatever the values of the
constraints),

(2) or such that there is a Banach space G D ZFP; endowed with a norm
| - lg such that dg is defined on any Pgr, r € RP, by setting

Vf,9€ Por, dg(f,9):=lg— flg-
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Let us finally define a quantitative Holder notion of equivalence for the distances over
probabilities that we shall consider.

Definition 2.6. Consider some weight and constraint functions mg, mg. We say that
two metrics dy and dy defined on Pg are Hélder equivalent on bounded sets if there exists
k € (0,00) and, for any a € (0,00), there exists C, € (0,00) such that

Vf, g€ Bpg,a dO(f7 g) < Ca [dl(f)g)]H7 dl(f7 g) < Ca [dO(f)g)]H

for some constant C, depending on a > 0. If dy and d; are resulting from some normed
spaces Gg and Gy we generalize this definition as

VI‘GRD, vf)geBPg,r,aa dO(f)g) Sca [dl(fvg)]n) dl(fvg) Sca [dO(fvg)]R

for some k € (0,00) and some constant C, depending on a > 0.

Ezxample 2.7. The choice
me =mg:=1, mg:=0, [-lg:=I-lm
recovers Pg(E) = P(E). More generally on can choose

me =1, mg,(v):=dp(v,v)", mg =0, |-lg, =I"dp(v,v0)"|lan-

For k3 > 0 and ky > ko, the spaces ngQ and ngS are topologically uniformly equivalent
on bounded sets of Fg, .

Ezample 2.8. There are many distances on P(FE) which induce the weak topology, see for
instance [64]. In the next section, we present some of them which have a practical interest
for us, and which are all topologically uniformly equivalent on bounded sets of P(E) in
the sense of the previous definition, with the choice of a convenient (strong enough) weight
function.

2.5. Distances on probabilities. Let us discuss some well-known distances on P(R?)
(or defined on subsets of P(R?)) which shall be useful for the sequel. These distances are
all topologically equivalent to the weak topology o(P(E), Cy(E)) on the sets BPy, o(E) for
k large enough and for any a € (0, 00), and they are all uniformly topologically equivalent
(see [69] [17] and section 25.6]). We refer to [64, [72], [I7] and the references therein for more
details on these distances.

2.5.1. Dual-Holder —or Zolotarev’s— distances. Denote by dp a distance on E and let us
fix vg € E (e.g. vg = 0 when E = R? in the sequel). Denote by CS’S(E), s € (0,1) (resp.
Lipg(E)) the set of s-Holder functions (resp. Lipschitz functions) on E vanishing at one
arbitrary point vy € E endowed with the norm

[So]s = sup |90(y) — QO(‘T)‘

’SE 0’1) ip — .
eyeE  Adp(x,y)* (0,1] (ol == el

We then define the dual norm: take mg := 1, mg := 0 and Pg(E) endowed with

Vfg€Ps [g—fli= swp w
PECT®(E) ¢l
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2.5.2. Wasserstein distances. Given g € (0,00), define W, on
Pg(E) = Py(E) :=={f € P(E); (f,dp(-,v0)?) < oo}
by

Vg€ R(E). Willo)= it [ dp(ey)Tide.dy)
) X

where II( f, g) denote the set of probability measures IT € P(F x F) with marginals f and
g:
II(A,E) = f(A) and II(E,A) = g(A) for any Borel set A C E.

Note that for Vi, Vs € EN and any ¢ € [1,00), one has

N 1/q
. 1
(2.3) Wy (u%u%) = dgq(EN/e.‘N) (V1,V2) := min (N Z de ((Vl)“ (v?)ff(i))q> )
=1

ceEGN
and that
Vi, geP(E), Wi(f,9)=I[f-gi= sup (f—-g).
@ELipo (E)
2.5.3. Fourier-based norms. Given E = R? mg, := |v|, mg, := 0, let us define
VieTR Il = Iflai=sup T e o)
£eRd ‘§|

where f denotes the Fourier transform of f defined through the expression (when say
felLh)

f©) = [ fw)ei=ean,

Similarly, given E = R%, mg, := |v|?, mg, := v, we define

Vf€eIPg,, |fllg,=Ifls:= sup |f(£8)|7
£eRrd €]

s € (1,2].

Obviously high-order versions of this norm could be defined similarly by increasing the
number of constraints. However we shall see in the next subsubsection how to extend this
notion of distance without constraints.

2.5.4. More Fourier-based norms. More generally, given E = R? and k € N*, we set
||k -
mg = |v]", mg := (Ua)aeNd,m\gk—l
with |a| = a1 + -+ a4 and
v = (v?l,...,vgd> . a=(oq,...,0q) € N,

and we define

vieTPs. flg=1fls = sup L)

, s€(0,k].
£€Rd |£‘s

In fact, we may extend the above norm to M ,i (RY) in the following way. We first define
for

feM! (RY) and aeNe |jo|=a1 4+ +ag<k—1

the following moment:

Malfl = [ v r(av).
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Consider a fixed (once for all) function x € C>°(R%) (compact support), such that y = 1
on the set {v € R |v| < 1}. This implies in particular

FH0)w) dv = x(0) = 1.
R4
Then we define My[f] through its Fourier transform

MO =x© | Y Ml ], at=ant o

o <k—1

Note that this is a mollified version of the (k — 1)-Taylor expansion of f at £ = 0. Then
we may define the semi-norms

HGEFAIG]
[flk = sup -
£eRd |£‘

and the norms

A= 1fle+ Y IMalf]l

aeNd |a|<k-1
2.5.5. Negative Sobolev norms. Given s € (d/2,d/2 4+ 1/2) and
E=R% mg, :=v], mg =0
we define the following negative homogeneous Sobolev norm
f(€)
€% ]| L

Observe that probabilities are included in the corresponding non homogeneous negative
Sobolev space H~*(R%) as soon as s > d/2.
Similarly, given s € [d/2+1/2,d/2 + 1) and

VfeIPg, |fllg = HfHH—S(]Rd) =

E=R% mg,:=v? mg, :=v
we define R
f(&)
(3§

Vf € IP927 ”f”gz = HfHH—S(]Rd) = H
L2

2.5.6. Comparison of distances when E = R%. All the previous distances are Hélder equiv-
alent on bounded sets in the sense of Definition Precise quantitative statements of
these equivalences are given in Lemma 1] in Section [Z.11

2.6. Differential calculus in probability spaces. We start with a purely metric defi-
nition in the case of usual Holder regularity.

Definition 2.9. Given some metric spaces Gy and Qg, some weight function
A gl = [17+OO)7
we denote by
UCx(G1,92)

the weighted space ~of uniformly continuous functions from Q~1 to Q~2, that is the set of
functions S : Gi — Go such that there exists a modulus of continuity w so that

(2.4) Vi, fa€Gr  dg, (S(f1),8(f2)) < Alf1, f2)w (dg, (f1, f2)) s
with
A(fr, f2) = max{A(f1),A(f2)}
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and where dg, denotes the metric of Qk Note that the tilde sign in the notation of the
distance has been removed in order to present unified notation with the next definition.
For any n € (0, 1], we denote by

02’77(51, Go)

the weighted space of functions from G; to G, with n-Holder regularity, that are the
uniformly continuous functions for which the modulus of continuity satisfies w(s) < C's"
for some constant C' > 0. We then define the semi-norm

05 A
[S]Cﬁ’"(él,éz) for S € Cy"(G1,G2)
as the infimum of the constants C' > 0 such that (24 holds with w(s) = C's".

We now define a first order differential calculus, for which we require a norm structure
on the functional spaces.

Definition 2.10. Given some Banach spaces G1, G and some metric sets g}, C;g such that
QNZ—QNZCQN i:1727
some weight function .
A Q1 — [1, OO),

we define . .

UCy (gb G1; G2, g2)
(later simply denoted by UC}(G1;Ga)), the space of continuously differentiable functions
from Gi to Go, whose derivative satisfies some weighted uniform continuity.

More explicitely, this is the set of uniformly continuous functions
S:Gi— G

such that there exists a uniformly continuous function

DS : G — L(G1,G2)

(where £(G1,G2) denotes the space of bounded linear applications from G; to G endowed
with the usual operator norm), some constants C; > 0, i = 1, 2, and some modulus of
differentiability Q (that is a function Q : Ry — Ry such that Q(s)/s — 0 when s — 0) so
that for any f1, fo € G

(2.5) 1S(f2) = S(f)llg, < CrA(f1, f2) If2 = fillgy
(2.6) I(DS[f1]; f2 = fi)llg, < CaA(f1, f2)llfe — fillg,
(2.7) [S(f2) = S(f1) = (DS[fil: f2 = fi)llg, < CsA(fr, f2) U([[f2 = fullg,) -

For any n € (0, 1], we also denote by
011\777 (51791;52792>

(later simply denoted by Ck”(g]; Gs)), the space of continuously differentiable functions
from G to g}, whose derivative satisfies some weighted n-Ho6lder regularity, which is the set
of continuously differentiable functions such that the modulus of differentiability satisfies
Q(s) < Cs'* for some constant C > 0. We define respectively Cf , Cis , C:‘f , as the
infimum of the constant C7,C5,C5 > 0 such that respectively (2.3), (2.6), 27) with
Q(s) = C3s'™ hold. We then define the semi-norms

[Sleos =CF, [Slgro =G5, [Slorn =05, [Sllgrn = O + 5 +C5.

In the sequel we omit the subscript A or we replace it by the subscript b in the case when
A=1.
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Remark 2.11. In the sequel, we shall apply this abstract differential calculus with some
suitable subspaces G; C P(E). This choice of subspaces is crucial in order to make rigorous
the intuition of Griinbaum [36] (see the — unjustified — expansion of Hy in [36]). It is
worth emphasizing that our differential calculus is based on the idea of considering P(E)
(or subsets of P(E)) as “plunged sub-manifolds” of some larger normed spaces G;. Our
approach thus differs from the approach of P.-L. Lions recently developed in his course
at College de France [46] or the one developed by L. Ambrosio et al in order to deal
with gradient flows in probability measures spaces, see for instance [2]. We develop a
differential calculus in probability measures spaces into a simple and robust framework,
well suited to deal with the different objects we have to manipulate (1-particle semigroup,
polynomial, generators...). And one of the main innovations of our work is the use of
this differential calculus to state some “differential” stability conditions on the limiting
semigroup. Roughly speaking the latter estimates measure how this limiting semigroup
handles fluctuations departing from chaoticity. They are the corner stone of our analysis.

This differential calculus behaves well for composition in the sense that for any given
UeCy"(G1,G:) and V€ Cy"(Ga,0s)
there holds o
S:=Vol € Cy"(G1,Gs)
for some appropriate weight function As. We conclude the section by stating a precise
result well adapted to our applications.

Lemma 2.12. For any given
UeCy"G1,G2) and Ve CH(Go,Gs)
there holds
S=VolU e, (Gi.G3) and DS[f]=DVU(f)] o DUIf].
More precisely, there holds
Slns < Voo Mleas,  [Slero < Vers U o

A
and

[8]0“7

Al+7

< Mero Ulgrn + Ve )

oot
When further V € CY1(Gy,Gs3), we also have
S:=Vole C,l\’zn(gb Gs)
with
Sletg < Mleso Mlogn + Vet 1020 01

Proof of Lemma[ZI2. For fi, fo € Gi we have

U(f2) =U(fr1) + (DU[f], (f2 = f1)) + Ru (f1, f2)
with

I(DUlp1l; (fo = F))llg, < Ulero A(f1s f2) 12 = fillg,

and

IRu (F1s F2)llg, < Ui A(frs fo) I f2 = AlGE
and a similar Taylor expansion holds for V: for g1, g2 € Go,

V(g2) = V(g1) + (DV[a1], (92 — 1)) + Rv (91, 92)
with

{DVIg1], (92 = g1))llg, < Vo llg2 — anllg,
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and

1+
IRy (91.92)llg, < Ve g2 — aillg,” -
We then write

1S(f2) = S(f)llg, < Vcor IU(f2) —U(f1)llg, < V]coa [U]CRJ A(f1, 12) lf2 = follgy
which implies

S)gon < Vicos ]

0,1
A Cy

and
S(f2) = Vou)(f2) = V(U(H) + (DU (f2 = f1)) + Rulfi. f2))
= VU) + Ry U (f2) U (1))
+ (DVIUGL ({DULAL (f2 = f2) + Ru (f1. 12)) )-

which implies

(DSIfl. (f2 = 1)) = (DU, ((DULF). (f2 = £1))).

and
\% OU]C}\,O < [Vl]cio [U]C}\’”’

Finally we estimate the remaining term:

S(f2) = S(f1) = (DS[fil, (f2 — f))]
= |[RyU(f2),U(f1)) + (DVIU(F1)], Ru(f1, f2))]

< <A (f1, £2)" V]erm [U]gg’i + A (f1, f2) Viero [u]ok”> llf2 — f1||(1;J1rn‘
We hence conclude that

[S]Clv”

Al+n

< Moo [U]C}\’” + [V]etn [U]H_n

oyt
The variant
[Sleta < Wlero (Mg + Ve U o04m -
A2 A A

is easily obtained by estimating instead

[RyU(f2),U(f1))| < Vera U(f2) —UF1)IIG,
< Vg A (f1, f2)° Ul co.cense |If2 = fillg™
O

2.7. The pushforward generator. As a first application of this differential calculus, let
us compute the generator of the pushforward limiting semigroup.

Lemma 2.13. Given some Banach space G and some probability space Pg(E) (see Defini-
tions [24HZ.0) associated to a weight function m and constraint function m, and endowed
with the metric induced from G, then for some ¢ € (0,1] and some a € (0,00) we assume
that for any a € (a,0):

(i) The equation (Z1)) generates a semigroup

SN . BPg., — BPg,

which is §-Hdoder continuous locally uniformly in time, in the sense that for any
7 € (0,00) there exists Cr € (0,00) such that

V1.9 €BPg . sup [[SYEf =S gl < Crlf =gl

tel0,7
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(ii) The application Q is bounded and §-Holder continuous from BFg , into G.
Then for any a € (a,00) the pushforward semigroup T7° defined by
V[ €BPga(E), ® € UC(BPga(E)), To[@)(f) =@ (SM(f))

is a Cy-semigroup of contractions on the Banach space UCy(BPg o(E)).
Its generator G is an unbounded linear operator on UCy(BPg .(E)) with domain
Dom(G*) containing UCE(BPg o(E)). On the latter space, it is defined by the formula

(2.8) V& € UG, (BPgu(E)), V f € BPga(E), (G¥®)(f):= (DP[f],Q(f)).

Remark 2.14. Note that the restriction to uniformly continuous functions ® on probability
spaces will be harmless in the sequel for two reasons: first in most cases our choice of
weight, constraints and distance yields a compact space BFg (F), and second and most
importantly we shall only manipulate this pushforward semigroup for functions ® having
at least Holder regularity.

Proof of Lemma[213. The proof is split in several steps.

Step 1. We claim that for any fy € BF; ,(E) and 7 > 0 the application
S(fo):10,7) = Pg, t+= S (fo)
is right differentiable in ¢ = 0 with
S (f0) (07) = Q (fo)-

Denote f; := SNLfy. First, since f; € BPg, for any t € [0,7] and Q is bounded on
BP; .(E) (assumption (ii)), we deduce that uniformly on fo € BPg o(E) we have

< Kt.
g

We then use the previous inequality together with the fact that @) is §-Holder continuous
(assumption (ii) again), to get

(29) 15 ol = | [ Q) ds

Vi=fo—tQUo)lg = \/0 (Q(f) - Q(fo) ds

g
t
— L/o 1o — foll®, ds

t1+5
1+6’

IA

t
L / (K s)’ds = LK?®
0

which implies the claim.
Then the semigroup property of (S{VL ) implies that ¢ — f; is continuous from R, into
Pg(E) and right differentiable at any point.

Step 2. We claim that (77°) is a Cp-semigroup of contractions on UCy(BPg .(E)).
First for any ® € UCy,(BPg o(E)), we denote by wg the modulus of continuity of ®. We
have thanks to the assumption (i):

Ve, 7], (1) (9) - (@) ()] = [0 (5M(9) — @ (SP(N)]
wo (157" (9) = SM(1)]lg, )
wa (Crllg = £1,)

IN

IN
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so that T°® € UCy(BPg, o(E)) for any ¢t € [0,7], and then, by iteration, for any ¢ > 0.
Next, we have

1Tl = sup [|T7°@) = sup  sup [@ (S]H(f))| <1
o<1 Il <1 FEBPG a(p)

since

[ = sup [®(f)].
feBPg,q(E)

Finally, from (2.9)), for any ® € UCy(BPg,4(E)), we have

IT® — @)= sup  [|@(S)(f) — @(f)| < walK t) = 0.
feBPg o(E)

As a consequence (T7°) has a closed generator G*° with dense domain
DOIH(GOO) C UCb(BPg7a(E))
(see for instance [62, Chapter 1, Corollary 2.5]).
Step 3. We shall now identify this generator, at least on a part of its domain. Let us

construct a natural candidate provided by the heuristic of Remark 23] Let us define G*°®
by

V& € UC)(BPgo(E)), V f € BPgo(E), (GZ®)(f):= (D®[f],Q(f))-
The right hand side is well defined since
D®[f] € L(G,R) =G" and Q(f) €g.
Moreover, since both applications

fr= DO[f] and f = Q(f)

are uniformly continuous on BFPg ,(E), so is the application
f e (GX0)(f).
Hence G®® € UCy(BPg o(E)).

Step 4. Finally, by composition, for any fixed ® € UC}(BPg,(F)) and f € BPg .(E),
the map

t = TPo®(p) = @ 0 SN (p)

is right differentiable in t = 0 and

L Ta) iy = (0 S(p) (1)l
— <D<I>[S(p)(0)],%5(0)(0)>
= (D[], Q(p) = (G=®) ()

which precisely means that ® € Dom(G*°) and that (28] holds. O
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2.8. Duality inequalities. Our transformations 77 and RY behave nicely for the supre-
mum norm on Cy(P(E),TV), see (Z2]). More generally we shall consider “duality pairs”
of metric spaces as follows:

Definition 2.15. We say that a pair (F, Pg) of a normed vectorial space F C Cy(E)
endowed with the norm || - ||z and a probability space Pg C P(E) endowed with a metric
dg satisfy a duality inequality if

(2.10) Vf,ge Pg, VoeF, [(g—f.o)<Cdg(f,9)lellr,

where here (-, -) stands fot the usual duality brackets between probabilities and continuous
functions. In the case where the distance dg is associated with a normed vector space G,
this amounts to the usual duality inequality |(h, )| < ||hllg ||¢]lF-

The “compatibility” of the transformation RY for any such pair follows from the mul-
tilinearity: if F and G are in duality, F C Cy(F) and Pg is endowed with the metric
associated to | - ||g, then for any

p =1 XX oy € FEN,
the polynomial function RZX in Cy(P(E)) is C1Y(Pg,R). Indeed, given f1, fo € Pg,, we
define

N
G —+R, hw DR, =Y (TL @) | (i),
i=1 \ j#i

and we have

N
RY(f2) = RY(f1) = D | II on) | (Fo=froi) | TI (Froem) |

i=1 \1<k<i i<k<t

and

Ry (f2) = R} (f1) = DR [Ai] (f2 = f1) =
= > | I Gaew) | (fa=Froe) | T (Froew) | (o=t | T (Froon)
1<j<i<N \1<k<j j<k<i i<k<t
Hence for instance Rg € CHY(Pg;R) with
|RY(f2) = RY(f1)] < Nlelreweyv-1 If2— fillg
IDRY[AI(R)] < N @l zgqpoeyn-1 [Ihllg,

and

N(N -1
2.11) [RY(f2) ~ BY(f0) — DEY[AL( — )] < T T ol o gy 12— 13

where we have defined

ol FrgLoyy-—+ = max leillz - Neallm T lNesllzeom
i1,...,0g distincts in [|1,N]] L .
]75(7'17“'77'k)
Remarks 2.16. (1) It is easily seen in this computation that the assumption that ¢ is

tensor product is not necessary. In fact it is likely that this assumption could be
relaxed all along our proof. We do not pursue this line of research.
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(2) The assumption F C Cy(E) could also be relaxed. For instance, when
F :=Lipy(E)
is the space of Lipschitz function which vanishes in some fixed point xg € E, G is
its dual space, and
Pg :={f € P(E); (f,distg(-,z9)) < a}
for some fixed a > 0, we have RZX € CHY(P(E);R) with

7] e

N— N N—
pos SN2 glrew,  [RY] g € g2 ¥ ol o,
or equivalently R} € C}\’I(Pl(E);R) with A(f) := ||f||§\V4T2.
1
In the other way round, for the projection 7'V it is clear that if the empirical measure
map
Ve BN =il e P(E)

belongs to C*"(EN | Pg) for some norm structure G, then by composition one has
(2.12) HWN((I))HC’fv”(EN;R) < Cr HQ)HC’“"(PQ) :

However the regularity of the empirical measure of course heavily depends on the choice
of the metric G.

Ezample 2.17. In the case F = (Cy(E), L) and G = (M1(E),TV), (ZI2) trivially holds
with C*" replaced by Cj.

Ezample 2.18. When F = Lipy(E) (Lipschitz function vanishing at some given point vg)
endowed with the norm ||¢||;» and Pg(E) (constructed in Subsubsection 25.2]) is endowed
with the Wasserstein distance W; with linear cost, one has [212)) with £ =0, n = 1:

1@ (1X) — @ (1)) | < [1@llcoa(pgy Wh (1N, 1) < 1@]lcoa (pg) IX = Y|,
where we use (Z.3]), which proves that

17 (@)l con vy < [@llcoa(py)s
when EV is endowed with the ¢! distance defined in (2.3)).

3. THE ABSTRACT THEOREM

3.1. Assumptions of the abstract theorem. Let us list the assumptions that we need
for our main abstract theorem.

(A1) Assumptions on the N-particle system.

GN and TN are well defined on Cy(E") and invariant under permuta-
tion, and they satisfy the following moment conditions:

(i) Propagation of integral moment bound: There exists a weight function
mg,, a time T € (0,00] and a constant C; 7 € (0,00), possibly de-
pending on T and mg,, but not on the number of particles N, such
that

INZL s (A M) S Ong,ir

(ii) Support moment bound at initial time: There exists a weight function
mg, and a constant Cév € (0, +00), possibly depending on the number
of particles N, such that

supp £ < {v € BV MY, (V) <O, o}
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Note that the name of the weights mg, and mg, in (A1) above are chosen for coherence
with the functional spaces in the other assumptions.

(A2) Assumptions for the existence of the pushforward
semigroup.

Given some Banach space G; and some probability space Pg, (E) (see
Definitions 2.4H2.5]) associated to a weight function mg, (as in (A1)-(i))
and a constraint function mg, , and endowed with the metric induced from
G1, then for some ¢ € (0,1] and some a € (0,00) we assume that for any
a € (a,o0):

(i) The equation (2.I) generates a semigroup

SN . BPg, 0 — BPg, a

which is J-Hoder continuous locally uniformly in time, in the sense
that for any 7 € (0, 00) there exists C € (0,00) such that

V f,9 € BPg, a, w 1S5 f =S|, < Cr I1f = allg,-
te|0,T

(ii) The application @ is bounded and §-Hélder continuous from BPFg, q
into Gj.

So in particular the semigroups S, T}V, SN and T° are well defined as well as the
generators GV and G*°.

We then need the key following consistency assumption. It intuitively states that the N-
particle approzimation of the limiting mean-field equation is consistent. More rigorously
this means a convergence of the generators of the N-particle approximation towards the
generator of the limiting pushforward semigroup within the abstract functional framework
we have introduced.

(A3) Convergence of the generators.

In the probability metrized set Pg, introduced in (A2) (associated to
the weight function mg, and constraint function mg, ) we define

Rg, :={re RP: 3fc Py st.mg (f) = r}.
We also define a weight function
m'gl < Cmg,

possibly weaker than mg, and we define the associated weight on the dis-
tribution:

Ay (f) == (f,mg,) -

Then we assume that for some function
e(N) =0 as N — o0,
the generators GV and G satisfy

voe () Cy(PgriR)
I‘GRgl

< &(N) sup [@)

H(MN )_I(GN TN — TN GOO) P
Lo (EN) reRg,

mg,

1,
CAM(Pgy x)’
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where MY g, 18 defined by
N
1
mgl = N Z

Note the following aspect, which shall be a crucial source of difficulty in the application
of the following abstract theorem: the loss of weight in the consistency estimate
(A3) has to be matched by the moment bounds propagated on the N-particle
system in the assumption (A1)-(i). (In fact the loss of weight in the consistency
estimate mg, can be even slighlty higher than the one from the stability estimate Aj, see
the above relation.)

More specifically, the best we are able to prove uniformly in NV on the N-particle system
are polynomial moment bounds. This thus constraints the kind of loss of weight we can
afford in the following stability estimate.

We now state the second key stability assumption. Intuitively this corresponds to the
abstract regularity that needs to be transported along the flow of the limiting mean-field
equation so that the fluctuations around chaoticity can be controlled. More rigorously
this means some differential regularity on the pushforward limiting semigroup, which cor-
responds to some differential regularity on the limiting nonlinear semigroup according to
the wnitial data and in probability spaces.

(A4) Differential stability of the limiting semigroup.

We consider some Banach space Ga D G (where G; was defined in (A2))
and the corresponding probability space Pg,(F) (see Definitions 24127
with the weight function mg, and the constraint function mg,, and en-
dowed with the metric induced from Gs.

We assume that the flow SN is Ck;n(Pgl,r, Pg,) for any r € Rg, in the
sense that there exists C7° > 0 such that

T
NL NL71+7 00
sup S 1,m S 0,n" dt § C
reRg, /0 <[ ¢ ]CAQ (Pglxl"PgQ) [ t ]CA; (P917!‘7Pg2) A

where 1 € (0, 1) is the same as in (A3), where

(' \n") = 1) or (n'.n")= <1 1+Tn>

and with the weight (recall that A; was defined in (A3))

1
_ AL+
Ay = A

We finally state a weaker stability assumption on the limiting semigroup. It shall be used
intuitively for proving that initial error in the law of large number when approximating
a probability by empirical measures is propagated by the limiting semigroup. The reason
for dissociating this assumption from the previous one is because we need some flexibility
in the independent choice of distances for these two assumptions.

(A5) Weak stability of the limiting semigroup.

We assume that, for some probabilistic space Pg,(E) associated to the
weight function mg, (as in (A1)-(ii)), a constraint function mg, and some
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metric structure dg,, for any a,T" > 0 there exists a concave modulus of
continuity ©, 7 such that we have

v](117]62 € BPQ:;,(I(E)

[SOUTI; dg, (ST (f1), SN (f2)) < Ourr (dg, (f1, f2)) -

Observe that in the latter assumption, we require that fi, fo € BPg, o(F) which implies
in particular that we require the bounds

My, (f1) = | fimgsdv<a, My, (f2)= [ fomg,dv<a.
3 Rd 3 Rd

When applying the assumption to some empirical measure for one of the argument f; or
fo, this shall induces the requirement of controlling pointwise terms like M,ﬁfgg. This is

the reason for the assumption (A1)-(ii).

3.2. Statement of the result. We are now in position to state the main abstract result.
This result can be considered intuitively as a convergence in approximation theory, in
the sense of proving that approximation errors between the N-particle system and the
limiting mean-field system are propagated along time without instability amplification
mechanism. More specifically the approximation error means in the present context some
kind of distance between the discrete IN-particle system and the limiting mean-field system,
within our abstract functional framework. This result implies in particular the propagation
of chaos.

Theorem 3.1. Consider a family of N-particle initial conditions
1€ Pym(EY), N>1
and the associated solutions
=8N ()
Consider a 1-particle initial condition fo € P(E) and the associated solution
fr= 8" (fo)

of the limiting mean-field equation.

Assume that the assumptions (A1)-(A2)-(A3)-(A4)-(A5) hold for some spaces Pg,,
G and Fy, k = 1,2,3 with F, C Cy(E), and where Fy, and Gy are in duality (that is (2.10])
holds).

Assume also that the 1-particle distribution satisfies the moment bound

Mg, (fo) = (fo,mgs) < +oc.

Then there is an explicit absolute constant C' € (0,00) such that for any N, ¢ € N*, with
N > 20, and for any

P=pP1RP2® @ € (F1 N FyN F3)®*

we have
N/ ¢Ny _ (aNL ®N
(3.1) [Sou}))K(St (fo) = (5. (fo)) ),so>(
<C £2 HQOHOO + C O E(N) 52 H H
= N mg,, T ~T Pl F2e(Loe)t-2

+ ||90||]-'3®(L°°)‘5—1 GaN,T (WdQS(ﬂ-gf(])V’ 5fo)) ] ’
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where a® > 0 depends on C’é\g o and Mg, (fo), and where Wig, stands for an abstract
Monge-Kantorovich distance in P(Pg,(E)) (see the third point in the next remark)

(3.2)

Wag (B8 830) = [ deulu o) 3/ (@),

Remarks 3.2. (1) The spirit of this method is to first treat the N-particle system as a

perturbation (in a very degenerated sense) of the limiting problem, and second to
minimize assumptions on the many-particle systems in order to avoid complications
of many dimensions dynamics.
In the applications the worst decay rate in the right-hand side of (B is always
the last one. This last term controls two kind of errors: (1) the chaoticity of the
initial data, that is how well f&¥ ~ g@N , (2) the rate of convergence in the law of
large numbers for measures in the distance dg,.
Let us discuss more the meaning of this last term and the related issue of sampling
by empirical measures in statistics (see also Section []).

Following the abstract definition of the optimal transport Wasserstein distance
we define

Vi, po € P(Fgs), Wag, (1, 2) = inf / dg, (p1, p2) T(dp1, dp2),
Pg3><Pg3

mell(p,p2)

where II(p1, p2) denotes the probability measures on the product space Pg, X Pg,
with first marginal ;11 and second marginal po. In the case when pg = dy, then

I(p1,65) = {11 ® b5, }

has only one element, and therefore

de, (ngév7 5f0) = inf / dgd (p17 PQ) 7T (dpl7 dp2)

° ”en{ﬂgfév’éfo) FgsxPggy

= [ e (1) 5@V,
EN
which explains the notation ([3.2]). We simply denote in the tensorized case:
N — N r@N
Wiy, (fo) = Wag, (7B 56~ 65, )
Comparisons of the Wév functionals and estimates on the rate
WY(f) =0 as N — o0

depending on the choice of the distance d are discussed in Subsection

3.3. Proof of the abstract theorem. For a given function

p e (]'—1 NFaN ]'—3)®€,

we break up the term to be estimated into three parts:

‘<<va(fcj)v) - (S{VL(fO))G@N) P ® 1®N—E>‘ <

< (S e 219V — (SN (), R o )| (=T0)
(TR 0 )y = (A (TR 0 1) (= To)
+ (R @R o)) = (SYE(fo)™ )| (= Ts).

We deal separately with each part step by step:
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e 7; is controlled by a purely combinatorial arguments introduced in [36]. Roughly
speaking it is the combinatorial price we have to pay when we use the injection
Fg based on empirical measures.

e 75 is controlled thanks to the consistency estimate (A3) on the generators, the dif-
ferential stability assumption (A4) on the limiting semigroup and the propagation
of integral moment bounds (A1)-(i).

e 73 is controlled in terms of the chaoticity of the initial data thanks to the weak
stability assumption (A5) on the limiting semigroup and the support moment
bounds at initial time (A1)-(ii).

Step 1: Estimate of the first term 7;. Let us prove that for any ¢t > 0 and any N > 2/

there holds
_ 20% ||| poo (e
33 T (S e @18 = (SN, RE o )| £ 2.

Since Si¥(f3V) is a symmetric probability measure, estimate (3.3)) is a direct consequence
of the following lemma.

Lemma 3.3. For any ¢ € Cy(E*) we have

< 202 ”SOHLOO(EZ)

(3.4) VN > 2, ‘(go @19V < >

¢
»

sym
where for a function ¢ € Cy(EN), we define its symmetrized version GDsym aS:
1
¢sym = @ Z ¢U
ceGN

where we recall that SN is the set of N-permutations.
As a consequence for any symmetric measure we have

202 oo (it
35) VIV e Pun(BY), (YR — (Y] < 2P,

Proof of Lemma[3.3 This lemma is a simple and classical combinatorial computation. We
briefly sketch the proof for the sake of completeness.
For a given ¢ < N/2 we introduce

Awei={i, i) € LN Yk A K € [0, i # i |
and
Bnygi= ANy = {(il, i) € [|1,N|]é} \ AN
Since there are N!/(N — ¢)! ways of choosing ¢ distinct indices among [|1, N|] we get
|Bnel N!

e - 1T (N — ) N?

/-1 i —1 i 62
< 1—eXP<—QZN>§2 NSN7
where we have used

Voel0,1/2], log(l—=z)>—2x and VeeR, e*>1-—ux.
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Then we compute
N

1
Rf; (:ug) :W Z SD(Ui17"'7UZ'[)

i1,yig=1

1 1
:W Z QO(?)Z'U...,'UW)—FW Z go(vil,...,vi[)
(i1, ,ie)GANz (1,..,¢)EBN,¢
i 2 o) + O el )
ceGN

We now use the same estimate
N! 0

[
! (N—¢INl = N

as above to get

202
R (i) = 7 52 9 (totaeees vo0) + 0 (5 el )

. ceG N
2
—(po15v) +0(2 Il )
sym

and the proof of (8:4]) is complete.
Next for any fV € Py (EY) we have

(fN,p) = <fN, (so ® 1®N‘£)Sym> :

and (B.0) trivially follows from (B.4]). O

Step 2: Estimate of the second term 7;. Let us prove that for any ¢ € [0,7) and
any N > 2/ there holds

(3.6) o= (1Y (REomd)) = (5% (ToRL) o )
< Omgl 1O’ e(N) 0 ”80”f22®(L°o)l—2
We start with the following algebraic identity

t t
d
TNy — NI = _/0 — (TN, 7y T2°) ds :/0 TN, [GNrn — nG™] T ds.

We then use assumptions (A1)-(i) and (A3) and we get for any ¢ € [0,T")

(80T (R0 0)) = (A, (T3R5 ) o )|

< [ | s (a2, ) 6y - e (1R )] s
= (OiltlfT <ft ’ mg1>> .

T
]

(n )_1 [Ny = v G (TRY)

mgl

ds)
L (En)
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Now, let us fix r € Rg,. Since
TPo(RL) = R o SN with SV € C7(Pg, x5 Pa,)

and Rf; € CV1(Pg,) because ¢ € F5* (see subsection 2.8), we can apply Lemma 212 and
use assumption (A4) to obtain

TP°(RL) € Cy"(Pg, )
with

oo (pt NL NL7 17 0
[TS (Rwﬂciv;(zagl,r) = <[St ]Ci’;’(Pgl,r,ng) + 5 ]CX’Q"”(Pgl,r,sz)> HR‘P‘

and

Cle(sz)

Ay = A}/(H‘U/)'
Note that the two different sets of indices
(n',n") = (1) or (',n")=(1,(1+n)/2)

in Lemma [2.12] correspond to the two cases discussed in Lemma [2.12]
We then deduce thanks to (2.I1]) and assumption (A4):

T
(3.8) /0 T2 (B g py, 45 < CF 0 (9] mauoy—2 + ol myszmy ) -

Aq 1:r

Then we go back to the computation ([37), and plugging (3.8]) we deduce (3.6]).

Step 3: Estimate of the third term 73. Let us prove that for any ¢ > 0 and N >/
we have

T | (3 (1720 o) - ((s0) "0 <

< [Rso]co,l GaN,T (VVLPg3 (ngévﬂsfo))

where ©, 7 was introduced in assumption (A5), and a = a® is defined by

aV = max{Mgg,(fo) ; Cﬁggﬂo}

where CV o was introduced in assumption (A1)-(ii).
mgg,0

Assumption (A1)-(ii) indeed implies that

N
1
N dN N N N
Supp fy' C K := {V eR™ st My, (ny) = N ng3(vi) < Cmg3,0} .

i=1
Hence we are in position to apply (A5) for the functions fy and ,ug on the support of
f& since Ming, (fo) is bounded by assumption, and Mg, (1d) is bounded by CY G3.0 when
restricting to V' € K thanks to the previous equation.

Let us also recall that Rf; € C%(Pg,,R) because ¢ € F5*.
We then write

T = |(RY R (SMGa) ) — (A0 R (SN (o)) )|
= [ (5 RE (5P i) — RS (52 (7o) )|
< [RBelcoapy,) (10" das (ST (fo), S7 (i) -

We now apply (A5) to get
vt e[0,T],  dg, (SN (fo), ST (uiY)) < O 1 (dgs (fo, 17)))
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on the support of f(])v , and therefore
Tz < [ ]Col (Pgs) <f0 ) aN,T (dg3 (f07ﬂj‘>7))>

We can further rewrite the last equation in the following way by using the concavity of
the ©,~ 1 function:

Ts < [Rgﬁ]covl(ng,) Oav 1 ((£o", g, (fo,mv')))
which concludes the proof of this step.

The proof of Theorem [3.1]is complete by piling the previous steps.

4. THE N-PARTICLE APPROXIMATION AT INITIAL TIME

4.1. Comparison of distances on probabilities. In the following lemma we compare
the different metrics and norms defined Subsection Let us denote

Mi(f,g) = max {(f, ()" (g, (0)*) }

Lemma 4.1. Let f,g € P(R?) and k € (0,00), then the following estimates hold:
(i) For any q € (1,400) and any k € [q —1,00):

1(1_a-1
(4.1) Wi(f,g9) < We(f, 9) <27 M (f9)'% Wi(f,g)a07 "),
(ii) For any s € (0,1],
(4.2) |f = gls <2079 Wi(f,9) <207 WA(f,9)°.
(iii) For any s € (d/2,d/2+ 1),
Bl (_(@s—d) \"*
(43) 7ol < ot (o) -l
(iv) For any s >0 and k > 0 we have
k
(4.4) [ = gli < C(d, 5,k) Miy1(f, ) 555 | f — g THT
for some constant C(d, s, k) > 0 depending on d, s and k.
(v) For any
e ¢l 4y
s max |5 1e, o
and k > 0 we have
(4.5) [f — gli < Cd, s, k) My (f.9) T || f ng“kS

for some constant C(d, s, k) > 0 depending on d, s and k.

Proof of Lemma[{.1 Let us consider each inequality one by one.

Point (i). The inequality (£I)) is well-known in optimal transport theory, we refer for
instance to [69) [17].

Point (ii). Let us prove inequality (£2)). Let m € II(f, g). We write

Fo-a@) = [ (e ) adoan)

g /
R xR4

< 9= / v — w]® |¢]° 7 (dv, duw),
RIx R4

et e_“”'é‘ 7 (dv, dw)
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which yields the first inequality in (&2]) by taking the supremum in ¢ € R? and the infimum
in m € II(f, g). The second inequality is then immediate from the concavity estimate

Ws(f7 g) < (Wl(f7 g))s :
Point (iii). Let us prove the inequality (43]). Consider R > 0 and the ball
Bp = {xERd; || SR},

and write

9&)|

s 17(&) — (&) 1£(&) — g(9)
I =gl . = /BRTCZ“/BET%

2 dg e
i T 97 1) 4 1¢]2s
< |f—-9l7 /BR |£‘2(s—1) * /B}C% |£|28

< ‘Sd—l‘ Rd—QS R2 ‘f _g|2 +
- (d+2—2s) !

4
(2s—d) )’
We optimize this estimate by choosing

1
 (AHd+2—-25)\2 1
which yields

2 8 ‘Sd_1| (25 — d) =% 2s—d
15 =aly < o (D) 1 -l

which concludes the proof of (4.3)).

Point (iv). Let us now prove inequality ([.4]). We introduce a truncation function

XR($)2X<%>7 R>0

where

X € C’COO(Rd), X1 <1, and 0<x <1, x=1on B(0,1)
and a mollifier
e 2
(27T)d/2'

In particular we have an explicit formula for the Fourier transform of this mollifier:

Ye(z) =70 (g) , €>0 with y(z) =

2 €12

Ye(§) =9(f) = 2.
Fix p € W1(R%) such that [¢]; < 1, »(0) = 0 and define

PR = PXR, $PRe = PR*Ve

and write

[ot@—as) = [ene@—do)+ [ (on—ene) @ - o)+ [ (o= om) (@ — do)
For the last term, we have
as) | feor-w@-a| = [a-xwlel@ +an

My1(f,9)
Rk ’

IN

|x‘k+1
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Concerning the second term, we observe that

|z] x

Ver(@)| < x (%) + le@| Vo @I < x (F) + 5 [V (F)

)

so that ,
qu [1’00]’ ||V¢R||Lq SC(q,d,X)RE,
for some constant depending on ¢, d and . Next, using that

lon = ol < Veall ( [ 2260 laldo)
—<Verlo ([ 1@)lelde ) < Clavd

we find

(4.7)

/(soR —¢Rre) (df — dg)‘ < C(q,d,x)e.

Concerning the first term, using Parseval’s identity, we have (the “hat” denotes as usual
the Fourier transform)
[oniet d&‘

/SDR,s (f—g)‘ = (2;)

1 2\5\
< — \v4 1 / s—1 e € >
i IWenlor | Tt ([ te
< C(d,x)R|f —glse s
(4.8) < CRIg =D r_g|,.

Gathering ([£.6), (£7) and (£8), we get

[f = gl1 <Cq.d, )<Mk%if’g)

This yields (£4]) by optimizing the parameters ¢ and R with

1 1 g4s—1
R = M1 (f,9)TF |f —gls " e oF

et Rl | f g|s> .

and then k
__d T L mm
£ = My (f, g) TF@Fs) | f — g|sd+k(d+ 7

Point (v). Let us now prove inequality (£.5]).
Let us consider some smooth ¢ such that [¢]; < 1, ¢(0) = 0 and let us perform the
same decomposition as before:

/ o (df — dg) = / ore (df — dg) + / (or — one) (df — dg) + / (¢ — or) (df — dg).

The first term is controlled by

‘/soRe(df dg) '/sOREIEIS Amsg)

<llerellgs If = gll -

with
1/2
lorelg = ( [ i i e wd»s)

< 1VGer)lze 16771 46|
C(s) [IV(¢r)ll 12 €' 7° < C(d, 5) R2 e~ (=1

N

IN
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with the same arguments as above.
The second term and the last term are controlled exactly as in (£6) and ([&7]), which
yields

N M , d
e Ry I P

This yields (£3]) by optimizing the parameters ¢ and R with
2 -2 261
R = M1 (f,9) 57 || f = gll ;207" e w2
and then

d 2ks
e = Miy1(f,9)7% |If — gll;=0
U

4.2. Quantitative law of large numbers for measures. Let us recall and extend the
definition of the functional W2 (f) which was introduced in (3.2)). For any function

D: Py(E) x P(E) = Ry, (f,9) = D(f,9)

(where k > 0 is the index of a polynomial weight possibly required for the correct definition
of D) such that
D(f,g) =0 ifand only if f=g

it is legitimate to define
VreR®). WE() = (VD () = [ D () 1oV ay)

(D should be thought as some function of a proper distance).
For well chosen function D, the goal of the next lemma is to quantity the rate of

convergence

N—+o00
—_—

WA (f) 0 in the case E = R%.

Lemma 4.2. We have the following rates for the W function:
(i) Let us consider

Vf.9€ RRY),  Di(f.9):=If—gllf-..
Then for any s € (d/2,d/2 + 1) and N > 1 there holds

2 C
(19) vie @), W= [ -l arevo < 3
RaN
for some constant C' depending on the second moment of f.
(ii) Let us consider
Vf.g€P(RY), Da(fig):=IIf — gl
Then for any s > d/2 and N > 1 there holds
2 C
@iy vren®) Wh(N= [ i~ sl a0 < 5
for some constant C' depending on the second moment of f.
(iii) Let us consider
vagepl(Rd)) D3(fvg) = Wl(f)g)
Then for any n > 0 there exists k > 1 such that for any N > 1
C
@u) Ve R®). WG = [ W) i) < —
RaAN Nmax{d,2}+n

for some constant C' depending on n and the k-th moment of f.
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(iv)

(4.12)

S. MISCHLER AND C. MOUHOT

Let us consider

Vf.g€P(RY, Dif,g) = (Wa(f,q))?.

Then for any n > 0 there exists k > 2 such that for any N > 1

VfeP(RY, W (f) = / (W (¥, 1)) areN(v) < —©

1
RN N max{d.2}+7

for some constant C depending on n and the k-th moment of f.

Remarks 4.3. (1) Estimate (4.I12)) has to be compared with the following classical es-

(4.13)

timate (see e.g. [64]): for any and any N > 1 there holds

C
Vf € Prs(RY), ij\é;(f) < —
N d+4

where the constant C' > 0 depends on the (d + 5)-th moment of f. It is worth
mentioning that our estimate (£I12]) improves on (4I3]) when d < 3 and k is large
enough.

Similarly, if we try to deduce from (£13]) some estimate on the rate for the Wy
distance, by using a Holder inequality we get that for any N > 1

C
1
N+

VY f € Pis(RY, W (f) <

where the constant C' > 0 depends on the (d+ 5)-th moment of f. For any d this is
worst than (@IT)) as soon as when the probability f € P,(R?) with k large enough.
When f,g € P(R?) are compactly supported, observe that the estimate (E35)
improves into

Vs>1  [f-gi<CIf -l

for a constant C' depending on s and on a common bound R of the support of f
and g.

If furthermore d = 1, we can take s = 1 in order to apply (4.9) in the proof of
(4.11)) below and we obtain the “optimal rate” of convergence in the functional law
of large numbers in Wasserstein distance W7i:

YN>1 Wy (f) < \%

In higher dimension d > 2, the restriction s > d/2 means that we do not produce
a better estimate than (£IT]) by this line of argument.
As was kindly pointed out by M. Hauray, estimate (£I2]) should also be compared
with some estimates in [25] where the related quantity

240 = [ W Gdl) ) 1)
is considered. When f € P(Rd) has compact support and d > 3, they prove that
C
N

where the constant depends on the support of f.



KAC’S PROGRAM IN KINETIC THEORY 39

Since for any f,g € P;(R?) and for any ¢ € Lip, (R?) we have

/ Wa (g.1) dfEN(V) > / o) (dg — dull) (v) dF=N (V)
RAN RAN+1)

1 N
— ) ®N
- /Rdsow)dg(v)—N;:lj/wso(vz) V)

_ / o(v) (dg — df)(v),
Rd

we deduce by minimizing in ¢ that

Wi(f,g) < /

Wi (g, ) df N (V),
RaN

and therefore
W (F) < ZV(f).

As a consequence, when f € P(R?) has compact support and d > 3 we obtain
from this line of argument the stronger estimate

C

It is likely that one could obtain similar estimates to (4.11]) by tracking the formula
for the constants in the results of [25] and combining them with moment bounds
and some interpolation.

On the other hand, observe that our estimate (LII) is almost optimal in the
sense that we can not expect a better convergence rate than (£II)) with n =0, as
it is stressed in [63, Appendix].

Proof of Lemma [{.3. We split the proof into two steps.

Step 1. Let us prove (£9) (note that (4.10) is then readily implied by (49])).
Let us fix f € P,(R?). We write in Fourier transform

(W -H =5 i (7= 7(9).

7j=1
which implies
2
Ay - f
wie 0 = [ L] d%ds G W)

—iv;, € _ f —ivjy € _ f
- % i /R(N+1)d (e f(g)g\?(se f(g)) d&df®N(V).

Ji,J2=1

Observe then that
L fendare) =0 i=1....d

which implies that

/]R(N+1)d <e f(g)‘)§|2<se f(g)) d¢ df®N(V) =0
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as soon as j1 # jo2, and

—ive  pre|? B e T iee s A
/Rd e f_f(ﬁ)‘ df(v) = /Rd |:1—€ gf(ﬁ)—e 5f(£)—|—|f(£)|2] df (v)

= 1-f(O]
We deduce that

e—ivj~§ _

N £©)
Wﬁ@rs(f) = A Z/R(NH)d GG ‘ d¢ fEN(dV)

[y

1 —“)f_
= — d d
N Jged |§|2S § f{dv)
_ L a-ifep
- ¥ L

Finally, denoting
Myi= [ P
Rd

we have )
&) =1+i(fv)-£+0(My|¢)),

and therefore
FOF = (+ilf0)-+00h1R) (1-i(fv) &+ ODLER)
= 1+0 (M%),

which implies

v _ 1 ([ a-lfep (- 1f©P)
Wi D = ¥ (/ml et [ df)

1 Mo 1 C
- — 2 d >
N </|§|§1 |€[2(s=1) £+/§|>1 |€[2 £> = N

from which (€3] follows.

Step 2. Let us now prove (LIT).
We use first (£3]) in order to get

W () = / Y — f]° N V)

RAN

< C /RdN (Mica (F) + Micar ()55 ([l = 732 ) = @V ().

We then perform a Hélder inequality with exponents
d+ 2ks , d+ 2ks
=% P T ivEesoD
and get

d+k(2s—1)
d+2ks

Wi () <¢ </ (Mi41(f) + M1 (M%)m dfEN (V) X

RAN
</RdN H'ug B fHZ?S df@N(V)) d+2ks .



KAC’S PROGRAM IN KINETIC THEORY 41

Since

/RdN (Myes1(f) + My (Hg))m dfer (V)
= /RdN (M1 (f) + My (7)) df*N (V)
<M+ [ M () V)
RdN

N
<Ml X [ @) V) < 20 ()
i=1

we deduce by using ([4.9) that

C(f.k)
N d+2ks
where the constant C(f, k) depends on the (k 4 1)-th moment of f.
This allows to conclude the proof of (£I1]) since

e if d =1 we can take s = 1 in (43]) and then k large enough so that k/(d + 2ks) =
2 + n with some 1 > 0 as small as wanted,

e if d > 2 we take s close to d/2 and then k large enough so that k/(d+2ks) = 1/d+n
with some 1 > 0 as small as wanted.

Then the estimate (£12]) follows from (AIT]) with the help of (4I]) and a Hélder in-
equality.
]

4.3. Chaotic initial data with prescribed energy and momentum. In many as-
pects, the simplest N-particle initial data is the sequence of tensorized initial data f&V,
N > 1, where f is a 1-particle distribution. This means perfect chaoticity. On the other
hand it has a drawback: since in all applications we shall use pointwise bounds on the
energy of the N-particle system (and also sometimes pointwise higher moment bound as in
(A1)-(ii)), this implies for this kind of initial data that f has to be compactly supported.
There is another “natural” choice of initial data, by restricting to one of the subspaces left
invariant by the dynamics:

1 N 1 N
N __ dN 12 L
S —{VGR 5.6 2_1 il =€, E'_l’UZ—M}.

Without loss of generality we shall often set M = 0 and £ = 1 in this formula in the
sequel.

The drawback is now that an initial data on S cannot be perfectly tensorized, and
some additional chaoticity error is paid at initial time. However an advantage of this
viewpoint is that it is simpler to study the asymptotic behavior of both the N-particle
and the limiting mean-field equation in this setting. Moreover it has historical value since
this approach was introduced by Kac (see the discussion in [42] Section 5 “Distributions
having Boltzmann’s property”]), although in his case there was only one conservation
law, namely the energy, and therefore SV was replaced by S¥~1(v/N). We shall present
some results on the construction of chaotic initial data on S¥, whose proofs are mostly
extensions of the precise statements and estimates recently established in [12] on this issue
in the setting of Kac on SV~1. We refer to the work in progress [I6] where an extensive
study and precise computations of rates shall be performed.

Lemma 4.4. Consider an initial data
foe P, (Rd> nL® (Rd>
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which fulfills some moment conditions

Mmgl (f) = <f7 mg1> < 00, Mmg3 (f) = <f7 mg3> < 400

for some positive radially symmetric increasing weight functions mg, and mg,, and let us
denote

/ [v[? fo(dv) = € € (0, 00).
R4

Let us define a non-decreasing sequence (an)n>1 as follows:

o If fo has compact support
(4.14) Suppfo C {v eR?, |u| < A}
for some A >0, then
VN >1, an:=mg,(A).
o If fo has not compact support, then (an)n>1 can be chosen as any non-decreasing
sequence such that
li =
i o = oo
(note in particular that this sequence can grow as slow as wanted).

Then there exists
N e PRM), N>1,
such that
(i) The sequence (f{¥)n>1 is fo-chaotic.
(ii) Its support satisfies
Supp fév c SV,

(iii) It satisfies the following integral moment bound based on my :
YN =0, (MY, ) <C (fomg)

where the constant C' > 0 depends on ML

O,ml °
(iv) It satisfies the following “support moment bound”:

Suppfév C {V e R: Mﬂnvgg(V) < aN} .
(v) It satisfies a uniform relative entropy bound

1

N (fo'lr') =
for some constant C' > 0 (see (LX) for notations).

(vi) If furthermore the Fisher information associated to fo is bounded, that is I( fp) < oo
(see (L8) for notations), then fi¥ can be built in such a way that it satisfies a
uniform relative Fisher information bound

2

e <o

1
) = [ [T

for some constant C > 0, where the gradient in this formula stands for the Rie-
mannian gradient on the manifold SN .




KAC’S PROGRAM IN KINETIC THEORY 43

Proof of Lemma [{.4] For the sake of simplicity, we assume with no loss of generality that
the energy £ = 1 and that fj is centered.

We aim at defining our initial data fév by conditioning the tensorized initial data f(j@N
to SN:

HN:1 fO(Uj)
fN(V) — QN — J
0 { 0 }sN Fy (m) .
with
N
FN(r) = ) dw.
(7 ué“f%mmzﬂqm=m11jb@ﬂ "

Such a construction obviously satisfies (ii).
It is proved similarly as in [12] (see for instance Theorem 9 in this reference) that this
conditioned measure is well-defined, and that it is fo-chaotic, which proves (i).

Remark 4.5. Among many interesting intermediate steps and other results, it is also proved
in [12] the following estimate: assume for simplicity that d = 1 and that fp has energy 1,
then the function v

_ FY(r

FN (r):= N( )
YN (r)

is asymptotically divergent except for r = v/ N, for which

(V) e

= U—2 V).
z—¢4<2l>#w

(In fact this result was sketched by Kac [42] but the proof is made more precise in [12].

This shows in particular that the sequence of chaotic initial data f(?N , N > 1, as
considered many times in the sequel, asymptotically concentrates on the energy sphere
with the energy of f;. This manifestation of the central limit theorem explains why
the construction of Kac (to condition to a given energy sphere) is very natural. It also
enlightens why it is possible to expect the kind of uniform in time propagation of chaos
results that we shall prove in the next sections for such chaotic initial data.

with

Point (iii) is just a consequence of the chaoticity with the test function MY o (actually

an easy truncation and passage to the limit proceedure is needed in full rigor).
Concerning point (iv), first if fy is compactly supported (£I4]) we deduce that

Supp f& ¢ {V e RN, MY, (V)< mg, (A)}

and (iv) holds.
In the non compactly supported case, for any increasing sequence (Aj)i>1 of positive
reals (with Ap big enough for the following to be well-defined) we define
folpi<a,

Jor =3 < 4g))

Using the previous we know that
N ._ [roN
15 = 158 ]

(conditioning to the sphere) is fj z-chaotic. Conditions (ii) and (iii) will therefore be
immediately satisfied.
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We now want to choose a sequence ky — oo such that (iv) is satisfied and at the same
proving chaoticity towards fy. It is clear that

Supp £, < {V € RIS MY, (V) < my(Ap) }

For any given sequence (ay) which tends to infinity, we define ky in such a way that
m3(Agy) < an so that kxy — oo when N — oco. The chaos property is equivalent to the
weak convergence of the 2-marginal, which can be expressed in Wasserstein distance for

instance:
Wi (35, 757) < W (350, 52) + w2 (452, 552)

The last term of the RHS converges to zero only depending on k — 0, while the first term
in the RHS converges to zero for fixed k as N — 0 from the previous part of the proof.
Therefore, maybe at the price of a slower increasing sequence ky we can have both the
support moment condition (iv) and

Wi (i) J52) 225 0

which shows the chaoticity and concludes the proof.
For the proof of (v) and (vi) we refer to [16]. O

Remarks 4.6. (1) We note that if one only wants to get rid of the compact support
requirement in fy (used for deriving the support bounds on fév on the energy and
mg, ), and not necessarily to prescribe a given energy, another strategy could have
been to simply perform the cutoff in the end of the previous proof. In principle
it could allow to get better information on the rate of convergence. However a
drawback of this approach is that, in the absence of conditioning to an energy
sphere, the bound on the support of the energy of fév shall grow with N. In our
applications it induces a growth in N of the moment bounds that we prove along
time on the N-particle system. This growth should be matched by the decay of the
scheme and a precise optimized balance could be searched for. We do not pursue
this line of research.

(2) Observe that the process of conditioning on the energy sphere is obviously com-
patible with the equilibrium states in the following sense: if one denotes by v a
centered gaussian equilibrium of the limiting equation with energy normalized to
1, then

N N
v (V) = [’Y® ] SN
is the uniform measure on SV, i.e. an equilibrium of the N-particle system.

Let us also state a refinement of the previous lemma which is needed for the applications.

Lemma 4.7. We use the same setting and assumptions as in Lemma [{f] We consider
some function O4(x) such that

Va>0, Oux) N=teo ),

Then the sequence (f{¥), N > 1 of Lemma satisfies the more precise chaoticity
estimate:

(4.15) Wi (e () o) = [ 3t ) () F0
as well as

(4.16) Oux Wiv, (x (1Y) fo))) Y42 0.

with

a = max {OéN§ (fo,mg3>}'
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Remarks 4.8. (1) Using Lemma F.1] it would be immediate to extend the previous
statement to the other weak measure distances we have discussed so far.
(2) Some polynomial rates could be obtained by refining the techniques from [12], see
[16].

Proof of Lemma[{.7 Let us prove that ([@I5]) holds. First, thanks to [66, Proposition 2.2]
and the fact that the sequence f(])v constructed in Lemma[£4]is fy-chaotic, we deduce that
B f = o5 i P(P(RY))

(which means convergence when testing against functions in C(P(R%))).
Next, thanks to [72, Theorem 7.12], (£I5]) boils down to prove the tightness estimate

(4.17) lim sup / Wi (p, fo) dx® f&¥(p) = 0.
R=co NeN* J Wi (p, fo)>R

Let us prove that it follows easily from the following bound

(4.18) sup / (W1 (u{)—[,fo))Q dfi (V) < oo.
NeN* JEN

Indeed (A.I8]) implies that uniformly in N > 1

/ Wi (p, fo) dm 1Y (p) = Wy (1) fo) dFY (V)
Wi(p,fo)>R

/VEEN s.t. Wi (ul,fo)>R

1 C Rooo
<5 L ) a ) < G 0

which concludes the proof of (AI7]).
In order to show (AI8]), we infer that from [72, Theorem 7.10]
2 2 2
W (. £0)" < [l = folly < 200l +2 15oll3gy
2
< 2 (MY(V)+2 ol <2M3° (V) +2 [Ifollag

which implies
2
[ 00 a3 (V) <2 Wl + 2 (7007,

which, together with (ii) in Lemma [£4] ends the proof of (£I8]) and then of (AIHI).
Then it is an easy diagonal process exercise to build a sequence (o) such that (@8]
holds by using the assumption on the function ©, together with ([A.I5]). O

5. TRUE MAXWELL MOLECULES

5.1. The model. Let us consider £ = R%, d > 2, and a N-particle system undergoing
space homogeneous random Boltzmann type collisions according to a collision kernel

B =T(z)b(cos )
(see Subsection [[T]). More precisely, given a pre-collisional system of velocity variables
V= (v1,...,0n) € EN = RHY,
the stochastic process is:

(i) for any i # j', draw a random time Tp(|vi,_vj,‘) of collision accordingly to an

exponential law of parameter I'(juy — vj|), and then choose the collision time T;
and the colliding pair (v;,v;) (which is a.s. well-defined) in such a way that

T]. = TF(|’UZ‘—’UJ‘D = ]_<7;I’I7lélj;[/l<N TF(|vi/—vj/\)§
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(ii) then draw o € S?~1 according to the law b(cos ;;), where
cos@ij =0 (Uj — Uz‘)/|'Uj - Uz‘|§
(iii) the new state after collision at time 77 becomes

(5.1) Vii=(v1,...,v],...,v5,...,0N),

where only velocities labelled ¢ and j have changed, according to the rotation

c_Vity Juizyle o L vty Jui— vl

(5.2) ;]

2 2 T 2 2
The associated Markov process
(Vi)t>0 on (Rd)N

is then built by iterating the above construction.

After rescaling time ¢t — ¢/N in order that the number of interactions is of order O(1)
on finite time interval (see [65]) we denote by f{¥ the law of V, and S}¥ the associated
semigroup. We recall the notation GV and T}¥ respectively for the dual generator and
dual semigroup, as in the previous abstract construction.

The so-called Master equation on the law f/ is given in dual form by

with
N 1 .
6 @)V =5 X Tlu-ub [, beosty) o -] do
1<i<j<N st

where ¢f; = ¢ (V) and ¢ =o(V)e G, (RNd) .

This collision process is invariant under velocities permutations and satisfies the micro-
scopic conservations of momentum and energy at any collision time

N

N N N
doui=D v and  [VIE=R it =R ful = VI
j=1 j=1 j=1

j=1

As a consequence, for any symmetric initial law f¥ € FPoym (RN9) the law f}V at later times
is also a symmetric probability, and it conserves momentum and energy:

N N
Va=1,...,d, / D vja | FY@V) :/ D vja | S (@v),
RAN X RAN X
7j=1 7=1
where (vj.q)1<a<d denote the components of v; € R?, and

65 VosReoRe [ oWV @) = [ oVE) R @)

(equality between possibly infinite non-negative quantities).

The (expected) limiting nonlinear homogeneous Boltzmann equation is defined by (L),
(C2), (C3). The equation generates a nonlinear semigroup

SN (fo) = fi for any fo € Py (Rd)

where P,(R?) denotes the space of probabilities with bounded second moment.
Concerning the Cauchy theory for the limiting Boltzmann equation:
e In the case (GMM) (Maxwell molecules with angular cutoff), see equation (L)
in Subsection [T}, we refer to [67];
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e In the case (tMM) (true Mawell molecules without angular cutoff), see equa-
tion (LB)) in Subsection [T we refer to [69];

e In the case (HS) of hard spheres, see equation (4] in Subsection [[1], we refer to
[59] (L' theory) and [29, 32, 48] (Py(R?) theory).

For these solutions, one has the conservation of momentum and energy

vizo, [ op) = [ ondo, [ P s = [ P o)

Observe that the change of variable
ceStts —gesit
maps the domain
0el|-mmn/2N[r/2,7] in O€[-7/2,7/2]
Therefore without restriction we can consider, for the limiting equation as well as the
N-particle system, kernel function b such that Suppb C [0,1]. We still denote by b the
symmetrized version of b by a slight abuse of notation.

In this section we aim at considering the case of the Maxwell molecules kernel. We shall

indeed make the following general assumption:
=1, be Lg(0,1))

loc

(5.6) 1
Va >0, Cub):= / b(cos ) (1 —cos )™ do < oc.
gd—1

Let us show that Maxwell molecules model (5] enters this general framework. Indeed
for any positive real function ¢ and any given vector u € R? we have

(i - o) do = |ST2 / Y(cos ) sin?2 0d6.
Sd—1 0

Therefore the model (L3 satisfies (in dimension d = 3)
b(z) ~K(1—2)"% as 21,

which hence fulfills (5.6]). This assumption also trivially includes the Grad’s cutoff Maxwell
molecules model (L.6]).

5.2. Statement of the results. Our main propagation of chaos estimate result for this
model then states as follows:

Theorem 5.1 (Maxwell molecules detailed chaos estimates). Let us consider a 1-particle
initial distribution fo € P(RY). and a hierarchy of N-particle distributions

1 = (55
as well the 1-particle of the limiting semigroup
fr= 5" (fo)

where we assume that the collision satisfies (5.6]).
Then for any n > 0, for any £ € N* and for any

C=pI QPR Q peF* gieF i=1,... 4,
where F shall be specified below, we have:

(i) Cases (GMM) and (tMM): Consider a tensorized initial datum f = f&N for
the N-particle system and assume that fo has compact support, and take

Fim{es RIS R olle = [ (14189101 < 0.
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Then we have

67 vN =26 sup (SN0 - (S (0) ) o))

t>0

plels 2

<, + i

el F2g(roey—2 + £ ll@llwroog(rocye— WIJ/IV/Q(fO)]

for some constant Cy, > 0 (possibly blowing up as n — 0) depending only n, on the
collision kernel, and on the size of the support and some moments on fy.
We deduce the following rate of convergence as N goes infinity by using (£12])-

@.13):
! 92
_ (SN oN n
sup (SN (189 = (1 (G0) ™) )| < sy el

with

1-n if d<2,

k(d,n) =< ¢—mn if d=3,
T if d>4

The constant C’f? > 0 may blow up when n — 0, and depend on b and on fo through
the size of its support and its moments.

(ii) Case (GMM) with optimal rate for finite time: On a finite time interval [0,T],
the following variant is available: consider tensorized initial data fév = f(j@N for
the N-particle system and assume that fo has compact support, and take F = H®
with s > d/2 high enough. Then we have

sup (SN = (8 (0) ™) o))

0<t<T

OO

<c|elele yox, S g +¢ wy
> N T4 N1—p N1 n PllF2(Lo)t—2 el g ®(Lee)-1 V¥V~ s(fo)]-

By using (A9)) this proves

sup [((SN () = () ™) )] < 2 S Yol

te[0,7]

with F = H®, with the optimal rate of the law of large number.
(iii) Cases (GMM) and (tMM) conditoned to the sphere: Finally consider F as in

(i), some initial data

foe Py (Rd) nL® (Rd)

and the N-particle initial data the sequence (f{¥)n>1 constructed in Lemma
and[{.7 by conditioning to the energy sphere. Then we have

sup |( (S (8 = (M (f0) ™) )|

t>0

plels 2

c, + 5 el a2 + € @llwrmg oy W, (81, 570)

which goes to zero as N goes infinity thanks to Lemma [{.7, and hence proves the
propagation of chaos, uniformly in time.
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Remark 5.2. Observe that by using the point (iii) below and taking t — oo we deduce
that
) SR 4

for any fixed ¢ > 1, where ’yév is the /-marginal of the uniform measure on the energy
sphere vV, and ~ is the gaussian equilibrium with energy £. However in our proof we
need to build a sequence of initial data fév which is supported on S and chaotic. And
the only proof we know makes use of the fact that 4"V is ~-chaotic. Nevertheless, this
line of argument is not really based on an explicit computation nor on variational or
entropy optimization characterization of the equilibrium. It only relies on the action of
the N-particle and limiting semigroups. As a consequence, it can be applied to other
situations where neither the steady states for the N-particle system nor the steady state
for the mean-field equation are known explicitely and where a direct computation cannot
be made (which is typical of open systems). We refer to the work in progress [57] for a
application to some dissipative Boltzmann equation related to granular gases.

We now state the key Wasserstein version of the propagation of chaos estimate, which is
valid for any number of marginals, although with a possibly worse (but still constructive)
rate. Combined with previous results on the relaxation of the N-particle system we also
deduce some estimate of relaxation to equilibrium independent of N and, again, for any
number of marginals.

Theorem 5.3 (Maxwell molecules Wasserstein chaos). Under the same setting as in The-
orem [5.1), either

(a) with fo compactly supported and f& = or
(b) with fo € PyN L*>® and f constructed by Lemma ]2,
we have

QN
0

(5.8) YVN>1, VI<{<N, sup W (HfftN’< tw))

< a(N
ur 7 < a(N)

for some a(N) — 0 as N — oo (in the case (a) one has moreover explicit power law rate
estimates on ).
Then in the case (b) we have

4% (Hzfzvé I, (vV)) < B(t)

for some B(t) — 0 as t — oo, where v is the gaussian equilibrium with energy & and ¥
is the uniform probability measure on SN ().

(5.9) VN >1, V1I<{<N, Vt>0,

In order to prove Theorem [5.1], we have to establish the assumptions (A1)-(A2)-(A3)-
(A4)-(A5) of Theorem [B] with 7" = oo. The application of the latter theorem then
exactly yields Theorem [(.1] by following carefully each constant computed below. Then
the proof of Theorem [(.3] will be done in Subsection B9t it is deduced from Theorem G.1]
by using Lemma 1] together a result from [37].

5.3. Proof of (A1). When the collision kernel B is bounded the operator G¥ is a linear
bounded operator on C(Bg) with Br := {V € R¥: |V| < R} for any R € (0,00) with an
operator norm independent of R. As a consequence, G is also well defined and bounded
on

CEhO(RdN) = {gp € C(R?WN) s. t. 8‘0‘(/“/]3 —0 as |V]|— oo}

endowed with the norm
lellzes, == Sup (V)| (V)"
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for any k € R. It is also easy (and classical) to verify that GV is dissipative in the sense
that

Voe o (R™N), ¥A> 0 [[(A=GY) 6o < All6lim,

From the Hille-Yosida theory we deduce that GV generates a Markov type semigroup T}V
on CEhO(RdN ) and we may also define SV by duality as a semigroup on Pj(R*). The

nonlinear semigroup S{¥% is also well defined on Pj,(R?), see for instance [69, [32, 29, 4S].

For the true Maxwell molecules model, the operator GV is not bounded anymore and
some additional explanations are needed. The fastest way to argue is just to say this in
that case B can be approximated by a sequence of bounded collision kernels

B. :=b.(cosf) with b. € L and b, 0.

We may then define the associated generator GV, the associated semigroups T™:¢ on
continuous functions and SZV “ on probabilities and the nonlinear semigroup SZV L€ on
probabilities. We first write estimate (5.7) for any fixes ¢ > 0. Then since (1) the right-
hand side term in (5.7) does not depend on ¢ > 0 (as a consequence of the estimates
established in the proof below) and (2) SN(fy) — SNVE(fo) weakly in P(RY) and (3)
SNe(fIV) — N weakly in P(RV?), we can conclude that (5.7)) holds for the true Maxwell
molecules model by letting € go to 0.

Possible other direct arguments (without using approximations) could be (1) to establish

and use Wasserstein W stability of the many-particle equation, or (2) use the following

core C := Wklf; and prove that ¢ € Wklf; implies GNp € Co (this follows from an easy

decomposition between singular and non-singular angles in the formula for G'V).

Hence the semigroups T} and
SN = (1) =1

are well defined on C° k’O(RdN ). Moreover since for ¢ € L*(SY) we have

N
N 1 * 2 N
<G ®, SO>L2(SN) = _N i;I [SN /gd—l b(COS ‘92]) [907;]' - QO] dO”y (dV) <0

it is easily seen by arguing similarly as above that they are Cy-semigroups of contractions
on this space L2(SV).

Then it remains to prove bounds on the polynomial moments of the N-particle system.
We shall prove the following more general lemma:

Lemma 5.4. Consider the collision kernel
B = |v —vy|"b(cosO) with v=0 orl
and b > 0 such that
/01 b(z) (1 —2)?dz < +oc.

This covers the three cases (HS), (tMM) and (GMM).
Assume that the initial datum of the N -particle system satisfies:

1
Suppfév C {V e RN MM (V) < 50} where MY = N Z |vj|2

and

N
1
<féV,M,£V>§C’07k<oo where M} = Z|vj|k, k> 2.
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Then we have

sup (FN, MY < max {Co; ar}

where ay € (0,00) depends on k and &.
Proof of Lemma[5.7} By using (B.5]) with the function of the energy
¢(Z) = 1Z>N€0
and the assumption on fév we deduce
(5.10) Vt>0, SuppfN cC {V e RV MV (V) < 50}.
Next, we write the differential equality on the k-th moment:
d/ v 1< 1 L,y .,
dt toN Z‘vj‘ :m Z < t 7‘vj1_vj2| ,C(vjl7vj2)>7
Jj=1 J1#J2
with )
* * k
K o) =5 [ 005 (1051 + 105 = o = o] dor

We then apply the so-called Povner’s Lemma proved in [59, Lemma 2.2] (valid for
singular collision kernel as in our case) which implies

k— k— k k
K051 03) < Cr (Jus ™ s + o o3, [F71) = Co (Jus |+ o)

for some constants C1,Cs € (0,00) depending only on k and b.
By using the inequalities |v;, — vj,| > |vj,| — |vj,| and |vj, —vj,| > |vj,| — |v4,| in order
to estimate the last term when v = 1, we then deduce

v, — v K(vj,,vj,) < Cs [(1+ v, [FF771) (1 + [0,]?)
+ (L4 [0, ]?) (1 + o, [FF77H] = Co (Juj, |17 + Joj, [FF7),

for a constant C'5 depending on C; and Cs.
Using (symmetry hypothesis) that

Vk‘ZO, <ftN’|U1|k>:<ftN’Ml£V>’

and (5.10) we get

d
G (o) <20 (AN, (0 MY ) (4 ME) = 2Ca (Y, M)
<205 (1+8) (1+ (N ou71)) =200 (£, [or 7).

Using finally Holder’s inequality
(R o4ty < (A, ol

we conclude that y(t) = (f{V, |v1|F) satisfies a differential inequality of the following kind
y <Ky + Koy + K

with #; > 1 and 6y < 61, and for some constants K, Ko, K3 > 0, which concludes the
proof of the lemma. O

>(k—7+1)/(k+v)

Lemma [5.4] proves (A1)-(i) with

mg, (v) = (v)°.

Moreover we do not need (A1)-(ii) in the present case since we may take mg, = 0.
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5.4. Proof of (A2). Let us define
Py = { € PRY); (f,me) < € and (f,mg,) < +oo}
endowed with the distance induced by | - |2, as well as

BPgl,a = {fEPgl; <f7m91> Sa}

Let us recall the following result proved in [67, 33} 14, [69]. We briefly outline its proof
for the the sake of completeness and most importantly because we shall need to modify it
in order to adapt it to our purpose in the next sections.

Lemma 5.5. For any foy, go € P2(RY), the associated solutions f; and g; to the Boltzmann
equation for Mazwell molecules satisfy

(5.11) sup | fr — gily < 1fo — goly -
t>0

Moreover, there exists a € (0,00) such that
Vac€[a,00), SM:BPg .— BPg

Proof of Lemma[2.3. We only prove (B.I1]) and we refer to the above quoted references for
the moment estimates in the statement of the Lemma (which is nothing but a variation
on the arguments presented in the proof of Lemma [5.4)).
We recall Bobylev’s identity for maxwellian collision kernel (cf. [6])
A 1 2 _ -
FQ(1.0) (O =@ (RGN =5 [ b(e-€) [Prem+F G o

with
F=f, G=g Fr=F(&), GF=G(¢), ézm

and 1 .
§+=§(§+\§|0)7 5_25(5—\80)-
With the shorthand notation D = § — f , S=g+ f , the following equation holds

(5.12) oD =Q(S,D) = /Sdl b (a . é) [DJ;S_ + D‘QS+

We perform the following cutoff decomposition on the angular collision kernel:

b= b + by with / bi (O‘é) do = K, bK:b1‘9|25(K)

Sd—1

— D} do.

for some well-chosen §(K). As in [69] observe that

Ric(€) = /Sdl b (0(:) [DJ;S_ N D‘2S+

Vée RY, IRk (§)] < rg |§\2 where 1y Kooy

and rx depends on moments of order 2 on d and s (hence bounded by the energy).
Using that [|S]|s < 2, we deduce in distributional sense

%%4-]{% < (:&5%) (:&5/@_11)[{ (g.é> <‘é+‘2+‘é_‘2> da) +rg

with

—D} do

satisfies

SR L

ot -9
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By using
.12 .2
e+l =1,
we deduce
d |D| |D| 1D|
— =t K — <K |sup— | +7k
dt [¢]? €2 cerd [€]?

which implies

1Dy (6)] [ Do(8)] K

sup < sup +C —

£eRd |£|2 £cRe |£|2 K
for any value of the cutoff parameter K. Therefore by relaxing K — oo, we deduce
(BI110). O

Hence we deduce that SN € C%(Pg,, Pg,) and (A2)-(i) is proved.

Lemma 5.6. For any f,g € P(R?) with finite second moment

/ flv]*dv < oo, / g|v)?dv < oo
R R

and same momentum
fuidv= guidv, i=1,...,d,
Rd Rd

we have

2
(5.13 @unh=c ([ P aw)

and

614) 1007+ 9.8 =)y < ([ 0+ ) @) +dg)) (1F =gl 15 = )l,)

Proof of Lemma[5.3. We prove the second inequality (5.I4]). The first inequalities (5.13])
then follows immediately by writing

QU =Q(f. f)—QM,M)=Q(f — M, f+ M)
where M is the maxwellian distribution with same momentum and energy as f, and then

applying (5.14)) with f — M and f + M.
We write in Fourier:

FQ(f +9,f—9) =QD,S9)

- 1 /Sd_l b(o - €) (SEF)YD(E™) + S(E7) D(ET) —2D(€))

2
where Q is the Fourier form the symmetrized collision operator (), which we can rewrite
Q. s)
TR <Th+T2+Ts.
We have )
: D€ 1€
Tg/ b(o-&) |S(er do < C'|D|2
LS o Mo 8 1SN T g o < 1P
for some constant C' > 0, where we have used
\5‘; = (1 —cosf)?
€]

which permits to control the angular singularity of b.
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Similarly we compute

o IDEN s 2 e, o o) 4ol
mo< [ e BENECI 2 E Ly < cpiy ([ 0 bl @) + o)

for some constant C' > 0, and

~ +) —
m<e [ e D( >‘§| D)l

€] Y IVD0E + (1 — 0)¢)| B
S/Sdlb(a.é) ), et a—o dodo < C|(f —g)vh

for some constant C' > 0. This concludes the proof of (5.14]) by piling these estimates. O

do

The proof of (A2)-(ii) is a consequence of (5.14]). Indeed, from (4£.2) we have

vfaQEBPg_,(m ‘(f-g)?)hSC[(f—g)UH
Moreover for f,g € BFg, q,

(F=g)oli < it {1(f = g)oxal; + 1/ —9)v (1= xa)]} }
< plony-ao )

< Ca® ([f —g})*?

where we have used the bound on the fourth moment.
Finally, from (44]), we conclude that

vf?.gEBPgl,Ch [f_g]TSO‘f_g‘g7

for some constants C' > 0 and v € (0,1) depending on d and a.
Gathering all these estimates as well as (5.14]) we deduce that

QU +9.f—9)ly
<o ([ asioh @ +asen) (if -gla+17 - ols).

5.5. Proof of (A3). Let us define mg and

M) = (fimg,) = (s ())

for any f € Pg,.
Let us prove that for any

reRg and @€ Cy"(Pg, )

we have
<9 (@]

-1
MY (v GN 7N — 72N G®) @
H< 5 0) ) r=gy) N

C/le(Pgl»r) ’

for some constant Cq > 0.
First, consider velocities v, vy, w, wy € R?* such that
v+, |v—v*|a vt ve v — v

_ d—1
5 5 , W 5 5 O oeS.
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Then 6, + dy, — 0y — 0, € ZPg,. Performing Taylor expansions, we get
€ 4 givet _ giwé _ giwat
i(w— )£+ O (Jw—v2E]?) + i (w0 —vs) € + O (Jwy — v [€]?)
i(w—v)e” + 0 (Jw—v]*[¢]%)
i (we = 02) € (€ + O (Jv =] [€]) + O (Jws — vu? [€])
=0 (jv— v, |2 1€ sinf/2)

thanks to the impulsion conservation and the fact that
.0
|lw —v| = |we — v = |V — vy sin 5.

We hence deduce

62’1}-5 4 ez’v*-f _ eiw~§ _ eiw*-f
| < Clv — vy]? (1 — cosh).

|0y + 6y, — 6w — O, |9 = sup 5
¢eRrd I3

As an immediate consequence, for any V € EV and VZ; defined by (5.2]), we have
‘u% - u{y‘z < % |v; — vj|2 (1 —cos 6;5).
Consider V € Ey and define
ry = (<,ug,zl> e <,u{>—7,zd> , <,ug, |z|2>) € Reg.
Then for a given ¢ € C,l\’ln(Pgl,rV), we set
¢ :=DP [,u{y] and wi; = (v; — vj)

and we compute:

N N 1 N N
GY (Popy) = N Z /Sdl [<I> ('UVZZ-) - (,uv)} b(cos ;) do

2,7=1
1 N
_ N _ N y
2N i;l /sd—l <'uvi§ MV’¢> b(cos i) do
[@]C}\‘W(Pg ) - T+n
1.0y , N* , N N* N
+ 2N Z';l /Sd—l [Mméh <NVZ.].) T Mmg1 (MV)] O<‘MVU MV‘Q > do

= Li(V)+ (V).

Concerning the first term [;(V'), thanks to Lemma 213 we have

N
V)= g3 X [ bleosty) [60) + 0(s5) = o(on) = 6] do

i,j=1

1 . .
=5 /U/w/gdl b(cos 0) [p(v*) 4+ p(w*) — dp(v) — d(w)] pd (dv) pdY (dw) do
={(Q(ud, i), d) = (G=®) ().
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For the second term I5(V'), using that

N
1
N L *
me/g1 (Mv;;.) = N ez—;m,gl ((Vz‘j)é)
1
< Ol (| 2 el |+l [l
(i,
1
< Ottt {22 ) 2 (ol + o)
(i,
23 [
< C <1+ ¥ <£§::1|w| )) < C M,y (uf) = CMY, (V),
we deduce
C
BV < s M V) Blonge, )
N
X Z o </ b(cosB;j) (1 + |vil* + [vj|*) (1 — o - ;) da) :
ij=1 §a-1

We finally use that

1 N 2 2 ~
N2 Mm,g1 (V)o </Sd1 b(cosbyj) (1+ |vil> + |vj°) (1 =0 - dy) da>

N
1
N 12 N
= C’]Mm’g1 (V) (N z_; |vil ) < CMmgl V)
(recall for the last line that mg, (v) = (v)% and mg, (v) = (v)*), which implies

C N
[Io(V)| < N Mmgl (V) [(I)]c}\»"(Pgl,rv)

and concludes the proof.
5.6. Proof of (A4) uniformly in time. Let us consider some l-particle initial data
fo, 90 € P4(R?) (probability with bounded fourth moment). And let us define the associ-

ated solutions f; and g; to the nonlinear Boltzmann equation (II]) under the assumption
(5.6). We then define

hi := LY [fol (90 — fo)
the solution to the linearized Boltzmann equation around f;, given by
oufe = Q(ft, fr), fit=0 = Jfo
gt = Q(gt, 9t), 9jt=0 = 90
Othe = 2Q(Ny, fr), hji=o = ho = go — fo-
We shall prove assumption (A4) with the choice of indices
(n',n") = (0, 1)

which means that the weight which has to be used is
We shall now expand the limiting nonlinear semigroup in terms of the initial data,

around fp.
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Lemma 5.7. There exists A € (0,00) and, for any n € (0,1), there exists Cy) > 0 such
that for any

re Rg, and fo,90 € Pg, r

we have

(5.15) e = gely < Cye DA (max {My(fo), Ma(g0) )T |fo — gol3
and

(5.16) |hely < Cye™ ™M (max {My(fo), Ma(g0)}) ™7 |fo — g0l

where we recall that
VfePRY), M(f):={f )"

As a consequence, the operator LN[fo](+) is bouned from Gy, to itself.

Remark 5.8. Observe that the loss of weight exactly matches the need of assumption (A4)
since

1
A= AL
(recall that we have made the choice the indices (r/,7"”) = (n,1) in (A4) in the present
application).

Proof of Lemma[5.7 We shall proceed in several steps.

Step 1. Estimate in | - |4. We closely follow ideas in [67) [14]. We shall use the notation
M=My, M= My,

introduced in Example 2.5.4] as well as
d:=f-g, s:=f+g

and

d:=d—M[d, D:=F(d), S:=F(s) and D:
The equation satisfied by D is

F(d) = D — M[d).

(5.17) oD = Q(D,S)— dM]d]

= Q(D,8)+(Q(Md).5) - M[Q(d.5))
We infer from [67] that for any o € N¥, there exists some absolute coefficients (aap), B <«
(which means (; < a; for any 1 < ¢ < d), depending on the collision kernel b through

(5.18) /Sd_l b(cos ) [(v*) + (v), — (v*) — (v*),] do = Z Ao 3 (vﬁ) <v°‘_6)

B, B<c

*

where a, 3 € N¢ are coordinates indices and
o, 01 (02 (6%}
e P L P

These multi-indices are compared through the usual lexicographical order, and we use the
standart notation
d
la] == Z Q.
k=1

We deduce that

Vo] <3, VEMIQ(d, 5)]\5:0 = Mo[Q(d, 8)] = > da,p Mgld] Mo_gs]
8,B<a
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together with
Vlal <3, VEQMId], )|, = MalQ(Md],5)

= Y aas MM Mo —gls] = > aa,p Ma[d] Mo_g[s]
B, B<a B, B<a

since
Mo [Md]] = Mq[d]
for any |a| < 3 by construction. As a consequence, we get

(5.19)  VEEeR: |MQUs) - QM) S)| < Clel | S IMalfi - al

laf<3

On the other hand, from [67, Theorem 8.1] and its corollary, we know that there exists
some constants C, A € (0,00) such that

(5.20) VE>0, | D IMulfi—gll | <Ce D [Malfo - ol
|a|<3 o <3

We perform the same decomposition on the angular collision kernel

b= b + by with / bk (O‘é) do = K, bK:b1‘9|25(K)
Sd—1

as in the proof of Lemma and use the straightforward estimate
Ric(€) = Que (D, S)(8)

satisfies
VEERY, |Rx(€) <rilét  where rg 2220

where Qb% denotes the collision operator associated with the part b%- of the decomposition
of the angular collision kernel, and where rx depends on moments of order 4 on d and s.

Then we gather (B.17), (519) and (5:20) and we have
d |D(¢)| 1D(&)| 1D(&)| A (4% ||
a g TR S (53@ € > (555/3“@ (o-8) (Jer] + ‘)d">

+Ce M| D [Malfo—goll | +7x.
| <3

Let us compute (the supremum has been droped thanks to the spherical invariance)

Ak = /Sdl by (a-é) ((é+(4+ 5_‘4> daz/Sdl bi (a-é) ﬂ do,

2
so that

1 A\ 2
A — K = — /Sdle<a.£) Lﬁ) do
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where in the last step we used the factor

ﬂ ~CH* as 0~0

2

in order to control the singularity of b.
Then, thanks to Gronwall lemma, we get

sup 1D:(8)) < Ox=Bt ( qup | Do(é)]
cerd €[4 cerd  |§[*

y oAt ek —E)t o -
+ O §|<:3| o=l | |\ T3 T ) T RE )

Therefore, passing to the limit K — oo and choosing (without restriction) A € (0, \),
we obtain

1D ()] At Do (€)]
sup <Ce sup
£eRd |£‘4 £eRd |£‘4

or equivalently (and with the notations of Example 2.5.4]),
-\
[lldellla < C e [l[do]l]a-

+ Z |Ma[f0 - gO”

o <3

Step 2. From |- |4 to |-|2 on the difference. From the preceding step and a straightforward
interpolation argument, we have

[f=gly <[f=g=Mf=glla+C | D IMa[f -]

la|<3

<|f—g=MIf =gl 1f —g=MIF=glli*+C | 3 IMalf =gl

lal<3
< C (1+ Ma(fo) + Ma(go)) e M2,
Then by writing
If—gly <If =gl 1f—gly",

using Lemma [5.11] for the first term of the right hand side and the previous decay estimates
for the second term, we obtain

fi = gily < Cye DA (max {Mu(fo), Ma(g0) ™™™ [ fo — gol3-
This concludes the proof of (B.15) by using (1 —7n) < 1/(1+ 7).

Step 3. From the difference to the linearized semigroup. The same computations imply
exactly the same estimate on h; as on the difference (f; — g¢), that is inequality (5.16]) in
Lemma (.71 O

We can now consider the second-order term in the expansion of the semigroup. Let us
recall that the crucial point here is to prove that this second-order term is controlled in
terms of some power strictly greater than 1 of the initial difference.
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Lemma 5.9. There exists A € (0,00) and, for any n € (0,1), there exists C, such that
for any

reRg, and fo,90 € Pg, r,
we have
lwely < C e ML | go — fo |24
where

we =gt — fr — he = St (g0) — SN (fo) — LY fol (90 — fo)-

Remark 5.10. As proved below w; always has vanishing moments up to order 3, which
implies that the norm |w|4 is well-defined. Moreover observe that in this estimate there
is mo loss of weight.

Proof of Lemma[5.9. We consider the angular cutoff decomposition as in Lemma[535l Con-
sider the error term

w:=g9g—f—h, Q:=w.
which satisfies the evolution equation
Ohwr = Q (wi, f+9) —QF(h, f—g), wo=0
and (in the Fourier side)
o0 =Q(,S)—Qt(H,D).
Let us prove that

Vie| <3, V>0, Mylw] ::/ v¥ dwi(v) = 0.
R4

We shall use again the fact that, for maxwell molecules, the a-th moment of Q(f1, f2)
is a sum of terms given by product of moments of f; and f, whose orders sum to ||, see

equation (B.I8)).

We obtain
Vel < 3, %Ma[a}t] = Z aa,p Malwi] Mo_g[ft + g¢] + Z aa,8 Mplhi] Mo—g[fi — 94
B<a B<a
and since
Vil <1, Ma[hi] = Mao[fi — 9] = 0,
we deduce

M) = 3 o5 Myl Mo slfs + 91

Vi < 3
| | = J, lt
Bla

This concludes the proof of the claim about the moments of w; since wy = 0.
We now consider the equation in Fourier form
0,0 = Q(2.5) — Q" (H, D)

and we deduce in distributional sense

2100 . 1900)
(E er T e

K—o0

>§7'1+7'2+7“K, rg — 0
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(depending on some moments of order 1 of w, h, d), and

[ : (E : ) (|, jpesen)y

QED)] et e e
) ESSR%/S“Z)( )<|£+| g e \s|4)da
< NPT
- <5€R3 §| <§€R3 §d—1 g) <‘£ ‘ +‘£ ‘)da)

< Ak Sup—§
cere €[

where A\ was defined in Lemma [55] and

Ti = sup
£ER3

1 H(78) e ey + e biet
T2 = 5555)/@—1? |H(T)D(E™) + H(E7) D(ET)] do
V| 1e—12 2 V2 e 2
< Y ow /Sd lb(a');;) <\H(§+)| [DEDNEF | [DEDI [HEDI €] >da

2 ¢ers [ S N I N 4

< by ldly [ b(e-6) (1-0-&) do

= Ce A gl |do|§ < C e 0D |17

by using the estimates of Lemma
Hence we obtain

<i|g(£)| +K 'Q(m) <Ak (sup —'Q@') +C eI g3 g

dt ¢t €] cers  |€|*

We then deduce from the Gronwall inequality, relaxing the cutoff parameter K as in
Lemma [5.7] and assuming without restriction (1 —n)A < A, that

Q (1—
sup [(E)] t(i)‘ < Ce M go — foly .
gers  [¢]

This concludes the proof. ]

5.7. Proof of (A5) uniformly in time in Wasserstein distance. We know from [67]

that
sup Wa (S7 fo, SN g0) < W (fo, 9o) -

>0
As a consequence, by using
[]T = Wl S W27
we deduce that (A5) holds with
O(z) =z, JF3=Lip(R%) and Pg, = P,(R%)

endowed with the distance dg, = Wa.

By using Theorem Bl whose assumptions have been proved above, this proves point (i)
in Theorem [5.1] and the rate follows from the estimate on W%Q( f) from Lemma

2

By using Lemma E.Tl in order to relate Wy, (7B (f), fo) with Wiy, (N (f&V), fo) and

then Lemma [4.7] in order to estimate

Wi, (78 (f) , fo) —

N—oo
—0
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for the sequence of initial data conditioned on the energy sphere constructed in Lemma [4.4]
we then deduce point (iii) in Theorem [B.11

5.8. Proof of (A5) with time growing bounds in negative Sobolev norms. It is
also possible (and in fact easier) to prove, in the cutoff case, that the weak stability holds
in Sobolev space on finite time:

Lemma 5.11. For any T > 0 and s > d/2 there exists Cr s such that for any fi, g
solutions of the Boltzmann equation for Mazwell molecules (5.6) and initial data fo and
go, there holds

sup ||ft - 9t||H—s < OT,s ||f0 - 90||H—s .
(0,17

Sketch the proof of Lemma[511. We integrate (5.12)) against D/(1 + |¢[?)%:

d A D‘S+D+D+S_D—2|D\2]
D% = // 5 do d¢
! (L+[£?)°
and we use Young’s inequality together with the bounds
15 e s 157l < IIf + gllarn <2
to conclude. U

This proves (A5) with the alternate choice
O(z) =z, F3=H*R?Y and Pg, = P»(RY)

endowed with the distance of the normed space Gz = H*(R?). Then point (ii) in Theo-
rem [5.]] follows from the abstract theorem [3.1] where the rate is provided by the estimate

on W(]\If{_s)g(f) from Lemma

5.9. Proof of infinite-dimensional Wasserstein chaos. We shall prove Theorem [£.3]
in this subsection. Let us proceed in several steps. Let us emphasize that we do not search
for optimality on the rate functions given by our argument.

Step 1: Finite-dimensional Wasserstein chaos. It is immediate that Theorem [G.1]
implies that, under one of the two possible assumptions on the initial data, for any given
£ > 1, one has

sup |10 [£] = 2 < ao(t, N)
t>0 H-s

for some power law rate function ag(¢,N) — 0 as N — 0.
Then by using Lemma (.1l we deduce that

sup Wi (T 7], 1) < (e N)
t>0

for some power law rate function a(¢, N) — 0 as N — 0.
Note carefully that at this point our rate function still depends on ¢ and in fact a quick

look at Theorem [5.1] shows that they scale like ¢2, therefore making impossible to choose
{~N

Step 2: Infinite-dimensional Wasserstein chaos. We shall use here the following
result obtained in [37], see also [56, Théoreme 2.1]: for any f € P(R?) and sequence
N € Pym(RY) we have

Wy (I [£V] , £ "
2 ( g[J; 1.f )§C<W1(H2[fN],f®2) +N%>

for some constructive constant C, ay, ag > 0.

V1< {<N,
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By combining this estimate with the previous step we immediately obtain

sup_sup W1 (Tl [£Y] , £21) < a(N)
1<¢<N t>0

for some power law rate function a(N) — 0 as N — 0. This concludes the proof of (B.8]).

Step 3: Relaxation in Wasserstein distance. We shall prove (5.9) and we shall
consider here initial data f(])v constructed by conditioning f(?N to the energy sphere. We
first write

N N
Wl (ft]v7/YN) < Wl (ft]\[’fé8 ) Wl (fl? ”}/@N) Wl (7®N77N)
N - N + N + N ’
Since f¥ — 4V in L? and f; — v in L' as t — +00, one can pass to the limit in the
Wasserstein distance and get from the previous step

Wi (v*, 10 [vV])
N

< a(N).

Moreover it is immediate that

Wy (fti;va’Y@N) W ().

Finally it was proved in [60] that under our assumptions on fy one has

1(fe =) (W)l < Ce™!

for some constants C' > 0 and Ay > 0 which implies

Wi (forr) < I(fe =) (@)]lpr < Ce M
Hence, gathering these three estimates, we deduce that
Wl ( tN7/YN)
N
It was proved in [I5] that there exists A2 > 0 such that

YN>1,vt>0  |aY <e ! |n

(5.21) <2a(N) 4+ Ce Mt

= Ulzagswm) =z )

where b = df"V /dy" is the Radon-Nikodym derivative of f~ with respect to the measure
N so that fV = AV 4N, When f¥ = [fOQ?N]SdN,l(\/N) with fo € Py(R?) we easily upper
bound the right hand side term by

Iy < A%,

o ]'HLQ(SN,’yN)

where A = A(fp) > 1. Thanks to Cauchy-Schwartz inequality and the control of the
Wasserstein distance in terms of a weighted total variation norm (see [72, Proposition
7.10]) we also have

1P = Uz easvmyomy 2 I = Hlaagson-s vmyam)
N
1
/RdN N ; i ‘di - d/YN‘ V)

1
2 NWI (valyN)

v

and we deduce

(5.22) YN >1, Vt>0, Wi (f¥,4") <AV e 2t
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Finally by combining (5.2I) and (5.22)) and taking the better of these two estimates
depending on N and ¢, we easily obtain

VN >1,¥t>0, Wi (f.47) <B()
for some (t) — 0 as ¢t — 400, which concludes the proof of (5.9]).

6. HARD SPHERES

6.1. The model. The limiting equation was introduced in Subsection [[.T] and the sto-
chastic model has been already discussed Subsection [5.11

We consider here the case of the Master equation (B.3]), (5:4]) and the limit nonlinear
homogeneous Boltzmann equation (LII), (L2), (L3) with

(6.1) B(z,co80) =T'(2)b(cos ) =T'(z) = |2|.
6.2. Statement of the result. Our fluctuations estimate result for this model then states
as follows:
Theorem 6.1 (Hard spheres detailed chaos estimates). Let us consider a 1-particle initial
distribution fo € P(RY) with energy less than &

M (fo) <€,

and a hierarchy of N-particle distributions
ftN - Siv ( (?N)
issued from the initial data fév, as well the 1-particle of the limiting semigroup

fr =S (fo)
where we assume that the collision satisfies ([G.1I).

Let us finally fix some § € (0,1).
Then

(i) Suppose that fo has compact support
Supp fo C {v eRY, |u| < A}
and that the N -particle initial data is tensorized
YN >1, fV=feN.

Then there are
— some constants k1 > 2 depending on § and &E;
— some constant Cs > 0 depending on d and &, and blowing up as § — 1;
— some constant Cy > 0 depending on the collision kernel,
such that for any € € N*, and for any

P=P1R Py @@ py € WHP(RY)S,
we have
62) vN =26 sup [((SVUY) = (M) 7Y o)
[0,7]

2
202 Cs |l follar
< ”SOHWLOO(]Rd)@‘Z [_N + Tskl +€60bA(9(N) .

The last term of the right hand side (which is also the dominant error term as
N goes to infinity in our estimate) is given by
C
ON) = ————
(N) (1+ |log N|)«
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for some constants C,a > 0.
(ii) Under the same setting but assuming instead for the limiting initial data

foe L™ (Rd) s. t. /]Rd eIl dfy(v) < +00

for some z > 0, and taking for the N -particle initial data the sequence (féV)Nzl
constructed in Lemma and[{. 7, we have the same estimate (6.2)) however with
no information on the rate

o(N) 225 0.

This nevertheless proves the propagation of chaos, uniformly in time.

We now state the key Wasserstein version of the propagation of chaos estimate, which is
valid for any number of marginals, although with a possibly worse (but still constructive)
rate. Combined with previous results on the relaxation of the N-particle system we also
deduce some estimate of relaxation to equilibrium independent of N and, again, for any
number of marginals.

Theorem 6.2 (Hard spheres Wasserstein chaos). Under the same setting as in Theo-
rem [0 1], either
— fON

(a) with fo compactly supported and f&¥ = f&~ or
(b) with

foe L™ (Rd> 5. t. /Rd e* 1"l dfy(v) < +oo

and f&¥ constructed by Lemma [7.7),

we have

Wi (HfftNa ( t®£))
(6.3) VN >1, V1I<{<N, sup 7 < a(N)
>0

for some a(N) — 0 as N — oo (in the case (a) one has moreover explicit estimates on
the rate v like a power of a logarithm,).
Then in case (b) we have

Wi (e N 10 (7N))
14

(6.4) VN>1, VI<{<N, Vt>0, < B(t)

for some B(t) — 0 as t — oo, where v is the gaussian equilibrium with energy & and ¥
is the uniform probability measure on SN ().

In order to prove Theorem [6.I], we shall prove assumptions (A1)-(A2)-(A3)-(A4)-
(A5) of Theorem B1] with 7' = co. The application of the latter theorem then exactly
yields Theorem [G.1] by following carefully each constant computed below. We fix

Fi = Fy = Cy(R?) and F3 = Lip(R%).

Then the proof of Theorem is deduced from Theorem in a similar way as Theo-
rem [5.3] was deduced from Theorem [5.1] see Subsection
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6.3. Proof of (A1). From the discussion made in section [5.3] we easily see that for the
Hard sphere model the operator G¥ is bounded from C_j10(R*) onto C_ o(R%) for
any k € R. Since GV is close, dissipative and C_j110(R™) is dense in C_o(R™Y), the
Hille-Yosida theory implies that GV generates a Markov type semigroup 7;¥ on C _k,o(RdN )
and we may also define S{V by duality as a semigroup on Py (R?V). The nonlinear semigroup
SNL is also well defined on Py(R%), k > 2, see for instance [32} 29, 4S].

Lemma (4] was proved both for Maxwell molecules and hard spheres. It first shows
that

ve>0, Suppf) CEyi={VeR™; M(V) <}
It also proves that for any k > 2,

sup (f, MiY) < Y
>0

where C,iv depends on k, &£, on the collision kernel and on the initial value
(o', M)
which is uniformly bounded in N in terms of £ and A. This shows that (A1)-(i) holds

with mq(v) := |v|¥t for any k; > 2. The precise value of k; shall be chosen in Section
As for (A1)-(ii), we remark that for a given N-particle velocity

V = (v,...,0x) € R,
we have
VESuppfg@N <~ Vi=1,...,N, v; € Supp fo
which implies
Vi=1,...,N, mg,(v;) <mg,(A) with mg,(v) := el

for any constant a > 0, which shall chosen later on.
We conclude that

Supp [V € {V € RNy MY, (V) <mg,(4)},
and (A1)-(ii) holds for the exponential growing weight mg,.
6.4. Proof of (A2). We define

Pg, = {f e P(RY); (f, ()M < +oo}

that we endow with the total variation norm || - ||g, := || - ||as1- Note that since k1 > 2,
elements of Pg, have in particular finite energy.

This assertion (A2)-(i) reads:
For some constant ay, > 0 and for any a > aj, and for any ¢t > 0, the
application
for> S fo
maps

BPg, q = {f € Pg,, My, (f) = (f, (n)*) < a}
continuously into itself.
It is postponed to section [6.6], where we prove in ([G.6) a Holder continuity of the flow in
BPFg, q-

Let us consider assertion (A2)-(ii), that is the fact that the operator @ is bounded and
Holder continuous from FPg, to Gj.
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For any f,g € Pg, we have
1Q(g,9) = QU Nllan = 11Q(g = Fr9+ Dllan

< / / / 0) [v —vil | f — gl | f« + g«| do dvi dv
R4 JRA Jsd—1
(T +E) ol 1(f = g) ()l ar-
We deduce that

1Q(g.9) = QU Dl <21+ bl 1 ~ gl
which yields
Q € C™'2(Pg,;Gr)
and also implies that ) is bounded on Fg, since we can choose g to be a maxwellian
distribution.

6.5. Proof of (A3). For any k; > 2, any energy
rgr1 >0
and any mean velocity
(ri,...,rq) € Bpa (0, M)
we define
Pg,r={f€Pg; (fv))=rj, j=1,....d, (f,|v]*) =rap1}
with the notation
ro=(ry,...,rq41)-
This corresponds to the vector of constraints
m = (vi,...,v, |v|2)

in Definition 2.4l
We also denote by R the set of all admissible contraint vectors r € R%*1:

d
R = {(rl,...,rdH) e R™ s t. rq+1 > 0 and er < rd+1}.
i=1
Let us finally define the weight

M (f) == My, —o(f) = {f, (v)"72)
(this means that we choose mg, (v) = (v)*1=2 in assumption (A3)).
We claim that there exists a constant Ck, > 0 (depending on k;) such that for any
n € (0,1) and any function
e () CyM(Po, i R),
rcRe
we have

My (V)
(65) VVeR [GN(@oul) - (GF0)(u)| < C, (rsggpj‘ﬂox:wgl,r)) —

where we recall that

N
1
M (V) = 5 > ()™
i=1
This would prove assumption (A3) with the rate

Ch,

E(N) = W)

n:=1-4.
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Consider V € RY and define
Ty = (</~Lg) Zl> P </LJ‘>7, Zd> ) </~Lg’ |Z|2>) € Re.

Then let us consider a given
S CAW(PQLI‘V;R)?

and let us set

¢ = D®[uy].
We compute
G (@op) = 2N Z i = ”ﬂ'/ Nv* @(u]vv)} b(0;;) do
1,j=1
2N Zl‘vz U]|/ :u'V;; _,Ufg7¢> b(QZ])dO'
i,J
(@]
A1 P91 i) Z |UZ_UJ| "
1,j=1
N . N N 1+n
L b, (425) Mg, )} O(HW’; -], )

As for the first term I1(V'), we have

1 2N2 Z ‘Uz 7)]| / ) + (ﬁ(?);k) - qﬁ(vz) — (;3(2)])] do
1,j=1
= ﬁ / /w v —w| - b(0) [p(v*) + d(w*) — P(v) — Pp(w)] 1Y (dv) pdY (dw) do
=(Q (1, 1¥Y) 1 0)

which is precisely the term we are searching for thanks to assumption (A2) and Lemma 213}

L(V)=(Q (1. 1d) . ¢) = (=) (ud).

As for the second term I5(V'), using that

o1 - k=2 L ek
My (1) = MY (V) =+ g;@@’“ R A (e
2,7
1 k1 —2 2y 51
< = Z;w +2 ()% + (v))?)
[2¥)

IA
=
~
=
<
i
[N}
N——
Q
=
b
S
-
5
‘O
T
N
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we deduce

N R 4\ 17
|12(V)| = OMk1_2(V) [q)]czl\m(Pgl,rv) W Z |U7j—?}j| <N>

i,j=1

v 11 g
W) Bl [z 2 () + )

1,j=1

A
Q
=

< S ) MY (V) [e)

We then use the elementary inequality

1, .
CAW(PQLPV)

M (V) M3' (V) < Ciy M (V)
for a constant C}, depending on k; but not on N, which yields

¢ N
1LV < < Mia (V) [®loanp,, |,y

We conclude that (6.5]) holds by piling the two last estimates for I; and Is.

6.6. Proof of (A4) with time growing bounds. Let us consider some 1-particle initial
data

fo,90 € Pg, .

Similary as in the previous section, we then define (under the assumption (G.I) on the
collision kernel) the associated solutions f; and g; to the nonlinear Boltzmann equation

(T, as well as
he = LY [fo] (90 = fo)

the solution to the linearized Boltzmann equation around f;, given by
oufe = Q(ft, fr), fit=0 = fo
Orgr = Q(gt, 9t), 9jt=0 = 90
Otht = 2 Q(ft, ht), hji—o = ho == go — Jfo-
We also define as before
wy = g — fr — I

We shall now again expand the limiting nonlinear semigroup in terms of the initial data,
around fy. The goal is to prove assumption (A4) with the choice of indices

(n',n") = (1, (1 +n)/2).

This imposes the choice of weight

Aa(f) = Mi(f)7 = /My —a(f).

Lemma 6.3. For any given energy £ > 0 and any 1 > 0 there exists

e some constant k1 > 2 (depending on € and §),
e some constant C (depending on &),

such that for any
reRe and fo,90 € Pg, r



70 S. MISCHLER AND C. MOUHOT

we have for any t > 0:

(6.6) lge = fellagy < €“UF0 \/maX {Mpe,—2(fo), My, —2(90)} [1fo — gollasz -
(6.7) el gy < €O/ My —a(fo) [1fo = gollagy -
(6.8) leoell gy < €+ \/maX { My —2(fo), My, —2(90)} [1fo — g0l 35"

Proof of Lemmal[6.3. We proceed in several steps and number the constant for clarity.
Let us define

VEEM®Y, [l = [ (WF 1A, g, = [ @) 0+ log) I7I(d0)

Step 1. The strategy. Existence and uniqueness for f;, g and h; is a consequence of the
following important stability argument that we use several times. This estimate is due to
DiBlasio [22] in a L! framework, and it has been recently extended to a measure framework
in [29, Lemma 3.2] (see also [32] and [48] for other argument of uniqueness for measure
solutions of the spatially homogeneous Boltzmann equation).

Let us sketch the argument for h. We first write

©9) 5 [©2 @) < [[[ halido) fitdon) ol o) [0+ 002 (02 - (0] dor

2 / / Il (dv) fi(do.) u] B(6) (0,)? do

(this formal computation can be justified by a regularization proceedure, we refer to [29]
for instance). Since the first term vanishes, we deduce that

d
(6.10) Zillfellazy < Cullfllagg Ihellany

for some constant C; > 0 only depending on b.
Then in the case when
(6.11) 1fsllar € L'(0,t) on some time interval s € [0, ]

we may integrate this differential inequality and we deduce that h is unique.
More precisely, we have established

t
(6.12) sup [ty < oo = fallg exo (G [ 1Al ds)
s€[0,1] 2 2 0 3
and similar arguments imply
t
615 s gl < oo~ follgg o (€17 gl ).
s€(0,t

It is worth mentioning that one cannot prove (6.11) under the sole assumption

1 follagy < oo

on the initial data since it would contradict the non-uniqueness result of [49]. However, as
we prove in (G.I5]) below, one may show (thanks to the Povzner inequality, as developped
in [59, 47]) that (GII) holds as soon as

[ follay, < oo

This will be a key step for establishing (6.6]) and (6.7]).
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Now, our goal is to estimate the M3 norm of
we =gt — ft —

in terms of ||go — fol| m}- The measure w; satisfies the evolution equation:

Owwr = Q(gt,9t) — Q(fe, fr) — Qs fr) — Q(ft, he), wo =0

which can be rewritten as

dwr = Qlwi, fr + g¢) + Qhe, gt — fr).
The same arguments as in (6.9)-(6.10]) yield the following differential inequality

d
gy < Ca lerllagy 1+ aullgy + 1QC 90— Fllagg+ llwollagg =0

for some constant Cy > 0 depending on b.
We deduce

t t
up [l < ( [ 10001~ gl ds) exp <02 [ 15+ gl ds)-

s€[0,t]

Since

t t
U= 90l ds < Co (s Il (/ 195 = Full s ds)
0 2 s€[0,1] 2 0 8

t
+ 02 ( sup ||gs — fS||M21) (/ ||hs||M3} d8> )
SE[Ovt] 0

t
©019) sup el < Ca oo follug ox0 (Co [ (Il + o) ds) »

s€[0,t]
t t
. [( [l = sl ) e (0 [ 15l
t t
# () e (0 [ (Ml + ol d>]

Hence the problem now reduces to the obtaining of time integral controls over

we deduce from ([6.12) and (G13)

Wallagg s Ngsllary s 1o = gollag and [1Agllyy -

Step 2. Time integral control of f and g in M3. In this step we prove

t
(6.15) [ U, de < Co@)t+Culfolly, €=1.2
0 ER )

for the solution f;, where C3(€) > 0 is a constant depending on the energy, and C4 > 0 is
a numerical constant. The same estimate obviously holds for the solution g;.

The estimates (6.15]) are a consequence of the accurate version of the Povzner inequality
which has been proved in [59, 47]. Indeed it was shown in [59, Lemma 2.2] that for any
function

U:RY 5 R, WU(v)=1(jv]?) with ¢ convex,
the solution f; to the hard spheres Boltzmann equation satisfies

%/ \If(v)ft(dv):/Rd/Rdft(dv)ft(dv*)\v—v*Ipr(v,v*)

Rd
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with Ky = Gy — Hy, where the term Gy “behaves mildly” (see below) and the term Hy
is given by (see [59, formula (2.7)])

w/2
Hy(v,vy) = 2m / [1,[) (|v|2 cos? 0 + |v>,<|2 sin? 0) — cos? 01 (|v|2) — sin?6 ¢ (|v*|2) } do.
0

Note that Hg > 0 since its integrand is nonnegative because of the convexity of .
More precisely, in the cases that we are interested with, namely

W(v) = toc(|vf?) with oy c(r) =2 (log r)¢ and ¢ =1,2,
it is established in [59] that (with obvious notation)
Vo,u €RL (G (0.0)] < C o) (log (0)° (v2) (log (v.))¢

for some constant C5(¢) > 0 depending on (.
On the other hand, in the case ( = 1 we compute, with the help of the the notation
x:=cos? 0 and u = |v,|/|v],

Vae[1/4,3/4], Yu € [0,1/2],
a1 (|v|2 cos® 6 + \v*|2 sin? 9) — cos? 0121 (\v\2) — sin® 0121 (|v*\2) =

= [0 [(1 = @) w1 (1) + @ a1 (1) = o (1= 2)u? +2) | = Colof?,

for some numerical constant Cg > 0, which only depends on the strict convexity of the
real function 19 1. We deduce that there exists a constant C7 > 0 such that

Hy, , (0,0,) > C7 [0]* Ly 520,
Similarly, in the case ( = 2, we have
Vo e [1/4,3/4], Yu € [0,1/2],
a2 (|v|2 cos? 0 + |v, |? sin? 9) — cos® 01Pa9 (\v\2) — sin? 01 9 (|v*\2) =
= 2|v|? log |v|? {(1 —2) 4, (u2) +xP1(1) — o1 (1 — ) u? + z)}
1ol (1= @) 2 (42) + 24i2(1) = Yoz (1= @) +2) | = Cy fof? log Jol?,

for some constant Cs > 0 depending on the strict convexity of o1 and 19 2. Hence we
obtain for some constant Cy > 0

Hw2,2 (Uv U*) > Cy |U|2 log |U|2 1\11\22 [vs] -
Putting together the estimates obtained on Ga ¢ and Hy ¢ we deduce
[0 — v Ko ¢ < Cio (v) (vs)” log (v) log (v.) = Cur |v = vl 0] (log [0])* ™ Lypma o
for some constants C1g, C11 > 0. Since
v = v o] (og [0))¢ ™" Lyjsa 0. > Cst. (v)® (log(v) ™" 11521, — Cst.
> Cst. (v) (log(v))* ™ — Cst. ()2 (vy)? log (v) log (v,)
we deduce
(6.16) [0 = 0] Ka¢ < Cra ((0)° + (0.)?) = Ciz () (log ()"
for some constants C1o,Ci3 > 0, and we finally obtain the differential inequality
d
gpMellar = 2C12 (14 &) = Cis M1,
from which (615]) follows.

Step 3. Exponential time integral control of f and g in M3.
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This step yields a proof of (6.6) and (6.7)).
Let us first prove that

(201 4C») fg(||fs||Ml+||gs||Ml
e 3 3

=

(6.17) Yt >0, )ds < OO (max { My (fo), Mr(90)})7 ,

for some constant Cy4 > 0, for any k > ke, with kg big enough depending on the energy
E.

We shall use the previous step and an interpolation argument. For any given probability
measure

f € Pu(RY) with My(f) <€,

we have for any a > 2

(o) v 2
g, = [0 (14228} (oo + 1) S0
< (1+€) <1 + 10§a> —I—% /Rd<v>4 (1 +log(v)) f(dv)
< are) (14750 + 21y

where we have used inequality logxz < x — 1 on x > 1 in the last step.
By choosing
._ 2
a =113,

we get

(6.18) 1l <2010+8) (1+10gl1f gy ) -

Remark 6.4. Observe here that it was absolutely crucial to be able to control the right
hand side of (6.15]) in terms of the M2171 moment, that is only a logarithmic loss of moment
as compared to M. This is what allows us to control this right hand side in terms of the
logarithm of a higher moment of f, so that the exponential in (6I7) can be controlled
in terms of some polynomial moment of f, hence fulfilling the requirement on the loss
of weight of the stability on the semigroup for the abstract method. Recall indeed that
the moment associated with the weight A; has to be propagated along the flow of the
N-particle system. And we have been unable to control an exponential moment for such
a high-dimension evolution.

On the other hand, the following elementary Hélder inequality holds

—K' K k' /k
(619) VK eN, K<k VfeMy Il < I IAGE < 171

Then estimate ([6.I7) follows from (6.15), (6I8) and (6.19) with ¥’ = 5 and k > 5 large
enough in such a way that

5 1
(C1+Co) C42(1+€)E§6'

We then deduce (6.6) from ([6.I3)), and (similarly) (6.7) from (G.12]).

Step 4. Time integral control on d and h. Let us denote as before

dy = [y — gt
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Let us prove

t t
6200 ([ 1dalag ds) and ([l as)

Cq f(f (||fs||M§+||gs||M%) ds (

< Cis dllyy e C3(E)t+ Ca | follagg, ) + Idoll g, -

for some energy dependent constant Cg and some numerical constant C’. Performing
similar computations to those leading to (6.9), we obtain

d
G, < [ [iml@) o) [0 = o] Kaafo)

ey / / e (dv) fuldvn) [v = va] (02 (1+ log(v.)

for some constant Cj > 0 depending on b. Thanks to the Povzner inequality (6.16]) (with
¢ = 1), we deduce for some constants C7,C1g > 0

d
o Mellarg < Crz Mhellagy W fellagg, — Cus Nhellngy -

Integrating this differential inequality yields

t t
Il +Cas [l ds < G <sup ||hs||M;) ([ 150, a5) + ol

s€[0,t]

Using the previous pointwise control on |||z and .I5) (with ¢ = 2) we get

t C t

16 C1 Jollfsllpp ds
[ il ds < 22 ol e BV (Coeye+ €l ) + dolag, -

0 17 : :
Arguing similarly for d;, we deduce (G.20)).
Step 5. Conclusion. We first rewrite (6.14]) as

sup [Jws s

s€[0,t]
C1+C2) [y (Ifsll 1 +llgs ds t
<Oy ||d0||M21 e( 1+C2) [, (II IIM§ llg IIM§) (/ (HdSHM§ +||hs||M31) ds).
0

Then we use the estimate (6.20) for the last term:

sup [losll g
s€[0,t]

9CH +C. t ; s ds
(201+ 2)fo(||f g +lo “M%) (03(5)t+04 HfO”M%Q)'

Finally we use estimate (6.17) for the exponential term with & = k; and we obtain

< Gy Crs [|dollpg HdOHMQ{1 e

sup [lws|lpy < C2Cis lldollpsy [1dollag | *
s€[0,t] ’

x €O (D (mas My(fo), Mi(go) D (C(€)t+ Cu [l follagy, ) -

Then arguing as in the end of Step 3, for any n € (0, 1), using (G.19) with k; large enough,
we have

1 _
Idol[ary, < (max {My(fo), Mx(g0)})® ||Cl0||}\42177

and

o=

||fo||MQl’2 < (max {Mx(fo), Mx(g0)})% -
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We conclude with

Sl[lop} [wsllas < @ WD /max {My(fo), My (g0)} || fo — 90”?\/;1777
s€|0,t

from which estimate (6.8) follows. O

6.7. Proof of (A4) uniformly in time. Let us start from an auxiliary result from [60].
Let us define the linearized Boltzmann collision operator at -~y

Ly(f) =2Q(. f)

where
_ \vfu\2
e 2T
7= 2ar)d

is a maxwellian distribution with momentum u € R? and temperature T' > 0.

Theorem 6.5 (Theorem 1.2 in [60]). First the linearized Boltzmann semigroup e“* for
hard spheres satisfies

(6.21) €5 ) gty < Coe™™
where
m,(v) = eIl 2 >0,

and X = N(T) is the optimal rate, given by the first non-zero eigenvalue of the linearized
operator L~ in the smaller space L*(y~1).
Second the nonlinear Boltzmann semigroup SN satisfies

(6.22) 158 (fo) = | 1 =ty < Co €™ ILfo = gz

where v = 7y, is the mazwellian equilibrium associated with fy:

_ \v—u\Q
e 2T

with
1
Vi=1,...,d, uiz/ fovidv and T:—/ fo|v)? dv
R4 d Rd

and C, is some constant possibly depending on z and the energy £ of the solution consid-
ered, and A = X\(T') is the same rate function as before.

Let us now prove uniform in time estimate for the expansion of the limiting semigroup
in terms of the initial data.
Lemma 6.6. For any given energy € > 0 and for any n € (0,1), there ezists

e some constant kg, > 2 (depending on € and 1),
e some constant C (depending on &),

such that for any
fo,90 € Pgl (Rd)
satisfying

Vi= ]-7 s 7d7 <f07vi> = <907vi> and <f07 ‘U‘2> = <907 "U‘2> < 57
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and for any k > kg, we have

(6.23) lge = fellap < Ce2 2t \/max {Mx(fo), Mi(90)} llgo — f0||M1 )

(6.24) Ihellagy < Ce>" V/ME(Fo) llgo = foll )"

A —
(6.25) lwoellpry < Cem 2" Vmax {My.(fo), My.(90)} llgo — f0||?\42;n-
Note that these estimates imply (A4) with T' = oo, Pg, = Pg, .

Remark 6.7. Observe that in the following proof we shall use moment production bounds
on the limiting equation. Indeed once stability estimates for small times have been secured
(as in Lemma [6.3]), one can use, for ¢ > Ty > 0, moments production whose bounds only
depend on the energy of the solution. This, together with the linearized theory in L'
setting with exponential moment bounds of Theorem [65] will be the key to the following
proof.

Proof of Lemma[6.0 From [48, Theorem 1.2-(b)] (see also [I] for a simpler different proof),
there exists some constants z, Z (only depending on the collision kernel and the energy of
the solutions) such that

(6.26) sup ([ fy +g¢+ helly, <70 mas(v) =7l
t>1 z

(note that the proof in [48] applies to the solutions f; and g, however it is straightforward
to apply exactly the same proof to the linearized solution h; around f;, once exponential
moment is known on f;).

We also know from (6.22]) that (maybe by choosing a larger Z)

(6.27) Vi1 fe =, +llge =z, < 27 e M
where
_\11*11,\2
e 2T

V=T = Yo = (2nT)d
with
V'l':17...,d, ui:<f7vi>:<f7vi> and T = — (f "U‘ > (g,\v\ >

stands for the normalized maxwellian associated to fy and go-
We write

O(ft — gt) = Q(ft — gt, fr + gt)
= Ly(ft — 9t) + Q(ft — gt, fr —7) + Q(ft — gt 96 — )
and, using also (6:2]]) on the linearized semigroup, we deduce for
u(t) = Ife = gellasy,
the following differential inequality for ¢ > Ty > 1

u(t) < C e T0) 4 (Ty)
! A
+C . e (t=s) (HQ(fs — s, s — 7)||M1(mz) + HQ(fs — 0s,9s — 7)||M1(mz)) ds
0

(this formal inequality and next ones can easily be justified rigorously by a regulariz-
ing proceedure and using a uniqueness result for measure solutions such as [32] 29, [48]).
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Therefore we obtain

u(t) < C e ET0) 4 (Ty)
t

+C . e M) (||fs = sty ma) T 195 = Y ar oy mz)) 1fs = 9sll nrr () ms) ds-
0

We then use the control of M!({(v)m,) by M*!(ma.) together with the controls (6.286])-
([6.27)), the decay control (6.2I]) and the estimate

Ay A
6—)\ s—A(t—s) <e 2 t—5s

We get
t
U(t) < 06_)\ (t=To) U(T()) + Ce_%t / 6_% s ||fs — gSHMl((U) ms) ds.
To
We then use the following control for any a > 0:

I£ =gl = [ 17 =gl
<af Ap-gletieee [ (fegeh
lv|<a [v|>a

<au(t)+e**Z.

Hence we get

|u—gmﬁng{

and we deduce

1
If =gy, <Ku(+(ogu-), K=1+-+Z

u+e*Z<(14+Z)u when u>1, (choosinga:=1)

1]log ulu+uZ when wuw<1 (choosing —za:=log u)

Then for any 6 € (0,1), we have, by choosing T large enough,
Vit > T, e_%t < 56_%t

and we conclude with the following integral inequality

t
(6.28) u(t) < Ce 1) o (Ty) + Je it / e 2 *us (1+ (logus)_) ds.
To

Let us prove that this integral inequality implies
(6.29) Vi> Ty, u(t) <Ce 3tu(Ty) .
Consider the case of equality in (6.28]). Then we have
u(t) > e M ET0) o (Ty)
and therefore
(1+ (logug)_) < (1+ (logu(Tp))_ + A (t —Tp)) .
We then have

U(t) ::/T €2 % (1+ (logus)_) ds

< / ¢35 us (1+ (logu(Tp))_ + A (s —Typ)) ds
To

< (1 + (log u(Tp))_) / e_%‘gus ds.
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By a Gronwall-like argument we can therefore obtain
u(t) < Ce M ET0) o (Ty) + Coe 1t (1 + (logu(Tp))_) u(Tp).

Then thanks to the inequality

$1_6

J
we can prove (6.29) when u(7p) < 1, and in the case when u(Tp) > 1, we can use ([6.26])
again to get

Ve (0,1, —(logz)zx <

w(Ty) < (22)° w(Tp)' .
This concludes the proof of the claimed inequality (6.29]).

Then estimate ([6.23]) follows by choosing § small enough (in relation to 1) and then
connecting the last estimate (6.29)) from time 7 on together with the previous finite time
estimate (6.6) from time 0 until time Tp.

Then the estimate ([6.24]) is proved exactly in the same way by using the equation

Ophy = Lo (fe — g1) + Q(he, fr — )

(which is even simpler than the equation for f; — g¢).
Concerning the estimate (6.25]) we start from the equation

Orwr = 2 Loy(he) + Q(wr, fr — ) + Qwi, gt — ) + Q(hye, dy).
Then we establish on
y(t) = Ml
the following differential inequality

y(t) < Ce M) y(Ty) + Cae 3t (1+ (logy(Tv))_) y(Tv)
+Ce 2 dpy s hay s

which implies
A — —
y(t) < Ce it (y(To)1_6 + ”dToH}urli HhTo”}ugi) :
Then estimate ([6.25]) follows by choosing ¢ small enough (in relation to 7) and then

connecting the last estimate from time Ty on together with the previous finite time estimate
(68) from time 0 until time Tp. O

6.8. Proof of (A5) uniformly in time. Let us prove that for any z, Mz € (0, 00) there
exists some continuous function

©:Ry - Ry, ©(0)=0,
such that for any
fo,90 € P (RY),  mz(v) := "]
such that
Wollagy, < Mz, llgollasy, < M,
there holds

igg Wi (S{VL(fo), SiVL(QO)) <O (W1 (fo, 90)) -

where W; stands for the Kantorovich-Rubinstein distance. Let us denote
Wy = W1 (S (fo), 51 (90)) -

As we shall see, we may choose

(6.30) O(w) :=min{ O, © 1~ (+llogw])'/?, “I Lol e =o,
(1+ | log w]) 7
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for some constants ©, Cy, Cy > 0 (only depending on z and M3).
We start off with the inequality

VE>0 Wi < ||(fi —g0)lvlllyn < L (e + g0) (0)?]| yp =1+ & =: .

Let us now improve this inequality for small value of Wj. Therefore we assume without
restriction that

Wy <

N =

in the sequel.
On the one hand, it has been proved in [32] Theorem 2.2 and Corollary 2.3] that

t
(6.31) W, < W+ K / W, (14 (log Ws)_) ds,
0

for some constant K.
One can then check that the function

W(t) = e " (W)
satisfies
W'(t) =K (1—logW(t)) W(t), W(0)=W,.

Therefore it is a super-solution of the differential inequality (6.31]) as long as W; < 1. It
is an easy computation that this super-solution satisfies
- _ log (14 |log Wy|)

W(t) <1 aslong as t <tgy:= 7 .

Observe also that W () is increasing on t € [0, ¢o].
We then define

to _ log (1 + | log Wpy|)
2 2K
and we deduce the following bound on the solution of (G.31):

(6.32) ty =

(6.33) Vie[0,t], W, < W< W, =el=(togWaD)'”?
On the other hand, from (6.22]), there are constants A\, Z > 0, z € (0, Z) such that
(6.34) VE>0  (lfi = lloy, + 19— vg0lliy,, < Ze M,

where v, and 4, stand again for the normalized maxwellian associated to fo and gp.
We denote by uy, and uy, the momentum of fo and go

Ufy = <f0,?.1>, Ugy = <90)U>7
by T, and Ty, the temperature of fy and gog
1
Ty, = d <f07 v — uf0|2>7 Ty, =
and by &£y, and &, the energy of to fo and go
&0 = (forlol?) s Ego = (90, 10I?).

Then we can use (&5 for some

2
<907 |U - u90| >)

SHE

1
s > 0 large enough and « € <0, 2—>
S
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and we compute

2 e
Wi (o) < € (Il = vgonH,s)

_efo T_Zufo \/%5 —e —0bgq 5T_“Lgo \/_5
< d
< GE ¢
2 (7
< C |Tfo - Tgo|2 |£|4 + ‘ufo Tfo — Ugg Tgo‘ |£|2 d
< V. v ¢
t3)
< C (|Tfo “ 4+ |uf0 - ugo|2a)
< C (|5f0 - go‘ + |ufo - ugo|2a)
< C (Wal(fo,90)°* + Wil fo, 90)**)
(6.35) < C (Wi(fo,90)* + Wilfo, 90)**)

where the final constant C' > 0 depends on s > 0 as well as on upper and lower bounds
on the temperatures of fy and gp.

Remark 6.8. We also refer to [21] for more general estimates of the Wasserstein distance
between two gaussians. Such refined estimates are however not needed in our study.

Then we combine (6.34]) and ([6.35]) by triangular inequality to get
(6.36) Vi>0 W, <Cre M4+ CaW

for two constants Cq, Cy > 0.
We then consider times ¢ > ¢; and we deduce from (632]) and (636)) the following bound
from above

(6.37) Vit >t1, Wy<Cq e_Atl + Cy Woa = a + Cy Wél.

(1 + | log Wy|) 2k

It is then straightforward to conclude the proof of (A5) uniformly in time for the function
(630]) by combining ([6.33)) and ([6.37).

By using Theorem B.I] whose assumptions have been proved above, this concludes
the proof of point (i) in Theorem together with the the estimate on W{/IV/I( f) from
Lemma

One can also conclude the proof of point (ii) in Theorem by using

e Lemma [£7] for the construction of the sequence initial data fév which satisfies the
required integral and support moment bounds,

e The previous in order to apply Theorem [B.1]

e Lemma 47 in order to estimate

N—oo

Wir, (= (1) o) 275 0.

6.9. Proof of infinite-dimensional Wasserstein chaos. Let us now prove Theorem[G.21
Its proof is similar to Theorem .31

First the proof of (6.3 as a consequence of point (i) in Theorem and [37, Theo-
rem 1.1] is strictly similar to the one of (58] as a consequence of point (i) in Theorem 5.1
and [37, Theorem 1.1].

Then the proof of ([6.4]) is also similar to the one of (5.9]), the only difference being that
one needs the following result of lower bound (independent of N) on the spectral gap of
the N-particle system.
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Theorem 6.9 ([I1]). Consider the operator Lyg for the hard spheres N-particle model
with collision kernel B(v —w) = |v —w|. Then there is a constant X\ > 0 such that for any
probability N on SN one has

<LHSfN)fN>L2(SN) <-A HfNHLQ(SN) ’

where SN is the hypersurface

N
1
N. _
SN {VEE ka 0 and NZUM }
k 1 k=1
and for some constant A > 0 independent of N.

Then using Theorem we deduce that

VN>1,Vt>0  |pY - <e M ||h) -

1HL2(SN;yN) = 1HL2(SN,7N) ’

where 'V = dfV /dy" is the Radon-Nikodym derivative of fV with respect to the measure
N and the end of proof of (6.4)) is then exactly similar to the one of (5.3).

7. H-THEOREM AND ENTROPIC CHAOS

This section is concerned with the H-theorem. We answer a question raised by Kac [42]
about the derivation of the H-theorem.

7.1. Statement of the results. Our main results of this section state as follows:

Theorem 7.10. Consider the Boltzmann collision process for Maxwell molecules (with or
without cutoff) or hard spheres, and some initial data

foe L™ (Rd> 5. t. /Rd e* 1"l dfy(v) < +oo

for some z > 0, and the sequence of N-particle initial data (féV)N21 constructed in

Lemma and[{. 7

Then we have:

(i) In the case of Maxwell molecules with cut-off and hard spheres, if the initial data
18 entropy-chaotic in the sense
1 N 00
~ HUY) =5 H (fol)
with
1) = [ o av), = I
0 )" SN 0 0 ’ 0 - d’yN’

then the solution is also entropy chaotic for any later time:

1 N 00
Viz 0, o H(FV0Y) S H ().

This proves the derivation of the H-theorem in this context.
(ii) In the case of Mazwell molecules, and assuming moreover that the Fisher informa-
tion of the initial data fy is finite:

2
/ Vo fol dv < 400,
rd o

the following estimate on the relazation induced by the H-theorem uniformly in the
number of particles also holds:

YN 21 CH () < B0)

for some function f(t) — 0 as t — oo.
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Remarks 7.11. (1) The assumptions on the initial data could be relaxed to just P4NL>
as in point (iii) of Theorem [5.1l However this stronger allows to apply the previous
theorems for hard spheres and Maxwell molecules. We do not search for optimal
statement here, but rather emphasize the ideas of our method.

(2) A stronger notion of entropy chaoticity could be

S H (V] 50) 250,
The propagation of such a stronger property is an interesting open question.

(3) The point (ii) holds for the hard spheres conditionally to a bound on the Fisher
information uniformly in time and in the number of particle. However at now,
proving such a bound for the many-particle hard spheres jump process is an open
problem.

(4) In point (ii) one could expect to have

1
VN eN*, Vt>0 NH(ftN\ny) < Ce M

7.2. Propagation of entropic chaos and derivation of the H-theorem. In this
subsection we shall prove the point (i) of Theorem [[.I0l Its proof relies on a convexity
argument.

Let us define h"Y := df" /dy" and then compute

d 1
UN H (ftN|’YN) =-DV (ftN)
v

1 , ' (V)
=1 [, D> [ () = () o . Blo = vy ) der 4™ (V)

where we recall that V;; was defined in (5.1]), which implies

(7.38) V>0, %H M) /DN (fN) d =—H(féV| M.

We also note that the same kind of equality is true at the limit (see e.g. [47])

t
VE>0, H(fl)+ /O D™ (f.) ds = H (fol)

with
f'fe
e

(be careful to the factor 1/2 in our definition of the collision operator (IL2)) when computing
the entropy production functional).

We then have the following lower semi-continuity property on these functionals, as a
consequence of their convexity property.

D> (f) = B /Rdededl (f'fi— ffs) log B(v — vy, 0) dv dv, do

Lemma 7.12. The many-particle relative entropy and entropy production functionals de-
fined above are lower semi-continuous: if the sequence (fN)N21 1s f-chaotic then

| N N
— >
liminf = H (f*2") > H(flv)

and

11m1anDN (V) > D>=(f).

N—oo
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Let us first explain how to conclude the proof of point (i) of Theorem [Z.10] with this
lemma at hand. We first deduce from (7.38]) and the entropic chaoticity of the initial data
that

t
V>0, %H(fszNH/ DN (N ds X2 1 (foly)
0

=)+ [ D () ds

Second we use Lemma on the LHS to deduce that
1 t t
VE>0, liminf <— 1 (180 + [ DY (ff)) > H(fih)+ [ D= (%) ds
N—oo N 0 0

where each of the limit of the two non-negative terms on the LHS is greater that the
corresponding non-negative term in the RHS. We deduce from the two last equations that
necessarily

1 N—oo
Vi>0, —H(NWY) 22 H(fily)

N
and
t t
Vi >0, / DN (fN) ds 22 / D> (f,) ds
0 0
which concludes the proof of point (i) of Theorem [7.T0l

Proof of Lemma [7.13. These inequalities are consequences of convexity properties. The
lower continuity property on the relative entropy on the spheres was proved in [12, Theo-
rem 12| (actually the proof in this reference is performed on the sphere SN=1 but extending
it to the invariant subspaces of our jump processes SV is straightforward). We refer to
[16] for a detailed proof of the latter.

Let us now prove the inequality for the entropy production functional DYV. Denoting
Z = N (V) /RN, we first rewrite thanks to the symmetry of fV as

N(N —1) N@dv)
DN (fNy = ——~——_~ / Z) B(vy — N do ————
(f ) IN2 o Jgio J( ) (7)1 2)2,0') f2 (2)172)2) Ufgjv(vl,UQ)7
where J(z) := (z — 1) log z and f§¥ denotes the 2-marginal. Since the function z +— J(z)
is convex, we can apply a Jensen inequality according to the variables vs,...,vy with

reference probability measure f%/ f2N , which yields

N(N -1 _
DN (fN) > NN 1) / / J(Z) B(vy — va,0) f& (v1,v9) do dvy duvy
2N? vy,v2€RE JS§d—1

with
N N * *
Hon) = | 7 S5V (i Vi)
U3,...,UNESN(U1,U2) f2 (7)177)2) f2 ('1)17'02)
where SN (vy,v) == {v3,...,vny € EN72, (v1,...,un) € SV}. We therefore deduce a

control from below of the N-particle entropy production functional in terms of the 2-
particle entropy production functional, denoting (f&¥ = £ (Vi5)1, (Vi5)2)):

NNy o NIV 1) Ny Ny (2
DY () > —sNT /vl,meRd /Sd—1 () = f2') log I B(v1 — v, 0) do dvy dvs

Finally we take advantage of the convexity of the functional

h(z,y) = (z — y) log g
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which implies that the function

(for 92) = / / (o — g2) log 22 B(vy — v3, 0)
v1,v2€RE JgeSd—1 g2

is lower semi-continuous for the weak convergence of the 2-particle distributions fo and
g2 as proved in [24] Step 2 of the proof]. Hence we obtain thanks to the chaoticity of the
second marginal

lim inf DV (fN)

N—o0

> % /u,u*eRd /Sd_l (f() f(vi) = f(0) f(v)) log ];((WTU:) B(v — vy, 0) do dv dv,
= D>(f)

which concludes the proof. O

7.3. Many-particle relaxation rate in the H-theorem. In this subsection we shall
prove point (ii) in Theorem [T.I0l Its proof goes in two steps. First we shall prove that
it follows from an estimate on the Fisher information thanks to the so-called “HWI”
interpolation inequality [72]. Second we shall prove such a uniform bound on the Fisher
information in the case of Maxwell molecules. Let us take the opportunity to thank
Maxime Hauray who kindly communicated to us a proof for the latter step.

Let us define the Fisher informations for the N-particle distribution:

\aadk
I(f") ;:/RdN‘ fN| dv

and )
Ny [ Vs _ "
TNy = [ RS -

for a probability fV having a density with respect to the Lebesgue measure in RV and
with respect to the measure 7V respectively. The gradient in this formula has to be
understood as the usual Riemannian geometry gradient in the manifold SV. The tangent
space TS‘]/V (of dimension Nd — 2) at some given point V € SV is given by

AN(@v), nN:

N
TS{/V:{WeRdN s.t. Y w;=0 and WJ_V}.
=1

SN_l

For more informations and other results on the Fisher informations on we refer

to [5]. We shall prove the following lemma whose proof is inspired from [71]).

Lemma 7.13. Consider the N-particle jump process for Mazwell molecules as defined in
Subsection [21] for a give N > 1, and some initial data f(])v whose Fisher information is
finite I(f¥|vN) < 400 on SN. Then one has the following uniform in time bound on the
Fisher information of the solution

vt 0, I(fY) < I (")

Proof of Lemma[7.13 We shall first consider the case of cutoff Maxwel molecules whose
collision kernel b is integrable, and for a positive and smooth solution f~ on S¥. These
assumptions can be relaxed by a mollification argument.

It is possible to study directly the estimate to be proved on the manifold SV, however
it means that one has to consider some local coordinates and local basis for the tangent
space. Another simpler method is to take advantage of the fact that the dynamics leaves
the energy unchanged.
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Starting from an initial data fJ¥ on S¥ we consider the flatened initial data

Y= a(€(V)) Bm(V) £ (V‘—m(v))

ev)
: 3 il DY
with £(V) = = and m(V) = =3

Observe that from the conservation of energy and momentum and the uniqueness of the
solutions to the linear master N-particle equation

N ._ m N V—m(V)
Vt>0, fi=a&V))Bm(V)) f; (75(1/) >

where ftN denotes the solution in RV starting from fév . If the functions « and 3 are
regular and compactly supported, as well as fév , this produces a smooth solution on R4V,
Assume that the result on the Fisher information is true in R:
-2 - 12
1(7) / ‘vftN‘ dV < / ‘vfév‘ av =1(f)
= —_—— ~ —_—— = 0 .
t RAN ftN RAN féV
Then we have the orthogonal decomposition of the gradient locally in terms of radial and
ortho-radial directions

deth]V = ngtN + metN + VSNJZ;N = (Vea+ V. 0) ﬁN + VSNﬁN
that we can plug into the Fisher information inequality:

1(7) = (Vea+ s+ ([ ate)sm) [ ‘V‘S}j—ﬁw N av)

WSNhéVE N

< (Veor T+ ([ a)am) [ ESL vy =1 (7).

Dropping the terms which do not depend on time we obtain the desired inequality on S™.
Let us now prove the inequality on RV, Let us first fix some notation: the N-particle
solution f}V satisfies

N
1
TAEEEDS / (FY (rije (V) b (cos Bi;) do — FN(V)) do
o = Jsd-1
1,j=1,i#j
= NB(Q"V (™) - V)
where we use the following notations. We define
N
1
Q+’N(fN) = el Z Q;;’N (fN) ’ Q;i-j,N (fN) = /Sd_l fl-]]\-[b(cos 92']') do,
i,§=1,i#j
COS 97;]' =0 - kij with kij = (UZ' — Uj)/"l)i — 7)]"

and where we assume that b is even and that

/ b(o-k)do = Cp for any k, |k| =1.
Sd—1

For any function ¢"v on R?" shall use the shorthand notation gf}f to denote the function
V = ¢(rij,»(V)), which depends also implicitly on o. We shall make use of the measure



86 S. MISCHLER AND C. MOUHOT

preserving involution

R™ x R® x S9! — R x R? x §%1
@ij :
(Ui’vjvo-) = (’UZ,U],O')
where o' = (v; — vj)/|vi — vj| = kij.
Finally as in [71], we shall use the following endomorphism of R?
Mop(x) = (k-o)r—(k-z)o
ng(x) = (0’ . x)k: + Mgk
and we recall that || Py (x)|| < ||x|| with equality only if x, o, k are coplanar.

We claim that it is enough to prove that

(7.39) I(QTN()) e Z [ (rijo(V)) b(cosbyy) do | < CpI(f).

Indeed with this result at hand, we can write for ¢ > 0:

ft]-\‘,f-a = ¢ NVOBe ftN +NCp /0 eNOB(s=2) N (ftjis) ds

and therefore from the convexity of I

C NCB(S E)
T(fN) <e N (FN) 4 (1 — e NOoe) [ (/ QN (rs) ]\E fe—NCBe) ds) '

Observe that
ds=1

$NCp eNCB(s—¢)
|, e

and then we can use the convexity of I again to get

L% eI () + [ 1@ (7)) N O Nt as
0
Finally using the claimed result (Z.39) we obtain

N\ _ N _ _—NCpge
I(ft-l—E)E I(ft ) < _(1 65 )I(ftN) +§/ (ft—i—s) NC’2 NCB(s—¢) 4g.
0

Then taking € — 0 and using Lebesgue’s theorem we deduce

il(ftN)g_NCBI(ftN)+NCBI(ftN)SO

which concludes the proof.
Let us now focus on the proof of the claim (7.39]). Taking advantage of the convexity
of I, it is enough to prove

vigje LN, 1(QFN (FY)) < CrI(fY).

Let us compute each partial derivative of Q:;’N ( N ) If ¢ ¢ {i,7} then the derivative
does not act on the kernel b and we obtain:

% (Q;;-’N (fN)) = /Sd_l Vo, (£i]) b(cosbij) do =/ (Vo fY),; b(cos i) do

gd—1

- Q/Sdl (\/f_N)] (VW\/f_N)U b (cos 0;;) do.



KAC’S PROGRAM IN KINETIC THEORY 87

If ¢ € {i,j}, then it is slightly more complicated. Without restriction we perform
calculations in the case ¢ = i. Let us first prove the formula

(7.40) V,, (QZ-’N (f N))

N /Sdl [(v”ifN)ij + (v”ij)ij + P ((waN)z'j - (ijfN)z'j)] b(cosb;;) do

(the same equality obviously holds where ¢ is replaced by j).
Simple computations (see for instance [71]) yield

Vo, (fZ]JV) = % ((vvifN)z’j + (vUij)ij) +% [((vvifN)ij B (ijfN)ij) 'U] Kij ,

Vo (fi]JV) = i ; il ((waN)ij - (V”ij)ij) ’
1
VUZ. [b (COS 9”)] = |’UZ' — Uj| 4 (0’ . kij) I, . 0,

where II,1 is the projection on the hyperplane k. Using the first and third equality
above, we get

(7.41) Vo, (@5 (1Y)
/S b(eosty) (Vah)y+ (T f)y + [(Vad)y = (Vo 8),) o] #) do

fz'j
/
i
+ </Sd1 b (cosﬁj) v vj| I, .0do

and we use the following formula of integration by part on the sphere S¥~! (see [71], Lemma,

2])

DO | =

/ V' (cosb;j) F(o)10do = / b(cosbi;) My (VoF(0)) do
Sd—1

Sd—1
and the second equality above to rewrite the term involving b’ in (Z.41]) into

% /Sdl b(cosb;j) My <(vvif)ij - (vUjf)ij> do

Putting all together, we get formula (Z.40).
We deduce that for ¢ # i, 7 we have by Cauchy-Schwarz

v (@5 ()]

<4 </ fi]]\-fb(COSHji) da> </
Sd—1 Ssd—1
and therefore

1 (@5 ()]
QFN (FM)

(vw VIN )

ij

2
b (cos 6;;) da)

2
b(cosb;;) do.

§4/§d_1‘(vw\/f_fv)

ij
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Now integrating in V' we obtain

(@ ™) < 4 f, [

4/RdN/Sd1 (v V/77)[
4Cp /RdN (vw\/f_N)(2 v =1, (fV)

where we have used Cauchy-Schwartz’s inequality and the change of variable ©;;, and
where I is defined from the last line (Fisher information restricted to the ¢-th derivative).
When ¢ = i, j, we use (Z40) to get

‘vw (Q;;N (fN))‘2 < ( " FV b (cos ;) da>
(] )+ ()
N (G R CAy)

where we have used Cauchy-Schwartz’s inequality and the change of variable ©;;
Since for fixed V', Py, is odd in o and b(cos 0;5) is even in o, we have

2
b(cosb;;) dodV

(vw\/f_N),

]

IN

b(cosb;;) dodV

IN

2
b (cos b;;) da)

A-Py(B)do =0

Sd—1

for any functions A, B independent of o. Using finally that P,; has norm less than 1 (for
the subordinated norm to the euclidean norm) we get

‘vw (Q;N (fN)) \2 <2 < b (cos ;) da>

X (/Sdl ‘Vw\/f_N‘Q + ‘ij\/f_NF b (cos b;;) da)

Sd—1

and therefore

L (MY + 1 (N
I (Q;;’N (fN)) <Cp (f ) 5 J(f )
Finally we end up with

1(Q5™ (1Y) = s ;Iz (@5 (™)) = s ;Iz (fNy=CpI(fY)

which concludes the proof. O

Let us now conclude the proof of point (ii) in Theorem [T.IT0. We make use of the so-
called “HWI” interpolation inequality on the manifold S%. Observe that SV has positive
Ricci curvature since it has positive curvature. Then [73] Theorem 30.21] implies that

1 Ny Wa (I AN) T (N[N

We can then use the uniform bound on the Fisher information provided by Lemmal[7.13] (vi)
and the bound on the initial data to get:

I (NN - I(f&'h™N) <
N N
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for some constant C' > 0 independent of N. Moreover Lemma [Z.1] and the propagation of
moments on the N-particle system in Lemma [5.4] imply that

Wa (FN,4N) Wi (VN
e ()

for some constant C' > 0 and exponent o > 0 independent of N. Then using Theorem [5.3]
(case (b)) we deduce that

Wali o77) (f/%w) <cC <7W1 (f]i[V”N)> < B(1)

with 8(t) — 0 as t — +o0o, which implies that

SH (PN < 0B

and concludes the proof.

8. THE BBGKY APPROACH REVISITED

The so-called BBGKY (Bogoliubov, Born, Green, Kirkwood and Yvon) and statistical
solutions approach is very popular in physics and mathematics for studying many-particle
systems: see for instance [3] where this approach is used for Kac’s master equation for hard
spheres, or see, among many other works, the recent impressive series of papers [4], 26] 27,
28] where this approach is used for the derivation of nonlinear Schrodinger equations in
mean-field theory in quantum physics. The basic ideas underlying the BBGKY approach
to mean-field could be summarized as:

e Write a BBGKY hierarchy on marginals of the N-particle system and prove that
the N-particle system solutions converge to the solutions of an “infinite hierarchy”
when N goes to infinity.

e Then prove that solutions to this infinite hierarchy are unique, which is the hardest
part of this program.

e Then deduce the propagation of chaos by exhibiting, for any chaotic initial data
to the infinite hierarchy, a natural solution obtained by the infinite tensorization
of the 1-particle solution to the limiting nonlinear mean-field equation.

This section revisits the so-called BBGKY hierarchy and statistical solutions approach
in the case of collision processes, by showing (1) how these notions are included in our
functional framework (cf. the abstract semigroup 77° defined in Section 2]), and (2) how to
give a proof of uniqueness and propagation of chaos based on them by using the functional
tools we have introduced.

8.1. The BBGKY hierarchy. Let us recall the master of the N-particle system under-
going a Boltzmann collision process (the notion of BBGKY hierarchy has wider application
range, but we shall stick to this concrete case for clarity), see (5.3])-(%.4):

with )
(GNSD) (V)= N Z I (Jui — vj]) /d_l b(cos 0;5) [gp}kj - go] do
1<i<j<N S

where ¢;; = ¢ (Vi5) and ¢ =¢(V) e Gy (]RNd) .
Then the BBGKY hierarchy writes as folows. Let us recall the notation

févzﬂz[fN]Z/ ™ (ves1, - vN)

Ve+15--UN
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for the marginals. Then integrating the master equation (8.1]) against some test function
v = p(v1,...,v7) depending only on the first ¢ variables leads to

d
a <fé]v’90> = <féyi-lvGé\—[|-l(90)>

where

1 x
Ghal=5 X Tlu-ul) [ deosty) [ -] do

1<i<l, 1<GN, i)

Then denoting by

zN = <fN,1“(|vz' —v;) /Sdl b(cos 0;5) [o7; — ¢] d0>

we can futher decompose this sum as
d ,.N 1 N N 0
(e =5 D Z; +_Z = ZZ +0
1,j <t 1<U<j z <t

by observing that ZZ];’ =0 for 4,j > ¢, and using the symmetry of fV we finally deduce

(B o (5)

We thus end with a series of N coupled equations on the marginals fév , where the
(-equation (¢ < N — 1) depends on the fY, marginal.

(82) S0y =

8.2. The infinite hierarchy and statistical solutions. Assume now that
ve>1, f¥ = in P(Rdf) .

Starting from (82 we obtain, for ¢ = @(v1,...,vs) depending only on the first ¢
variables,

d o0
a <7rf) 90> = <7Tg+1, GE+1(90)>

where Gyi1(p) € Cp(RUH1)) is defined by
GEa(e) =T (o= vy [ bleosty) [ =] do
In a more compact form, we have the following set of linear coupled evolution equations
(8.3) VO>1, Om= AR, (mep1) with A3% = (G334)".

Since the family of ¢-particle probabilities mp is symmetric and compatible in the sense
that

VE>1, Tlg[myq] =m0
(this follows from the construction), we can associate by Hewitt-Savage’s Theorem [3§]
a unique 7 € P(P(R%)) and this set of evolution equation translates into an evolution
equation

Oy = A®(1) on P (P (Rd))
of statistical solutions and the corresponding dual evolution
0 =G on C, (P (R7)).

In order to make this heuristic rigorous at an abstract level, one needs at least some
tightness on the sequence ( ng )n>¢ for any ¢, and some convergence

G%ﬂ(@ — Gt (p)
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0+1)

instance).

8.3. Uniqueness of statistical solutions and chaos. We now want, under appropriate
abstract assumptions, to identify the limit evolution in P(P(R%)) or Cy(P(R?)) obtained
from the hierarchy, and show that it coincides with the the pushforward evolution semi-
group T7° introduced in Subsection [Z3l Meanwhile we shall prove that the statistical
solutions to the infinite hierarchy are unique, and hence prove the propagation of chaos,

without any rate, but also under weaker assumptions than previously.
We shall make the following assumptions

(A1’) Assumptions on the N-particle system.
GV and T} are well defined on Cy(EY) and invariant under permuta-
tion, and the associated solutions f/V satisfies:
Ve>1, the sequence (fY)n>¢ is tight in Pg, (E)®*

where Gy is a Banach space and Pg, (E) is defined in Definitions 2:4H2.5)),
and is associated to a weight function mg, and a constraint function mg, ,
and endowed with the metric induced from G;.

(A2’) Assumptions for the existence of the statistical and
pushforward semigroups.

For some 6 € (0,1] and some a € (0,00) we assume that for any a €
(@,00):
(i) The equation (Z1]) generates a semigroup
StNL : BPgl,a — BPgl,a
which is J-Hoder continuous locally uniformly in time, in the sense
that for any 7 € (0,00) there exists C; € (0,00) such that

V f.g € BPg, 4, up 1SN f = SN gllg, < Cr I = gllg,-
te|0,7

(ii) The application @ is bounded and J-Hélder continuous from BPFg, q
into Gy.

(iii) £ is a locally compact Polish space and there is 7 in duality with G;
such that 77 is dense in Cp(E) in the sense of uniform convergence on
any compact set.

(A3’) Convergence of the generators.
For any fixed £ € N* and any ¢ € Cy(E"), the sequence

N—oo

Gé\il((ﬂ) € Gy (Ef—i-l) satisfies Gé\_fi_lgo —=5 GRap

uniformly on compact sets, where G77 | ¢ satisfies the following compatibility
binary derivation structure:
for any ¢ = 01 ® ... ® ¢y € Cy(E)® and any V = (v1, ..., vp41) € B!

)4
Gia(e)(V) = Z H@j(”j) Q" (i) (vi, vey1)
i=1 \j#i
where Q* is defined from @ through the duality relation

Vfe P, VYeGy(E), (QUf 1)) ={afQ ).

. Both are satisfied for Boltzmann collision processes con-
sidered in this paper (tightness follows from the moment estimates in Lemma [5.4] for
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Remark 8.1. The identity (84 is called compatibility binary derivation structure for the
following reasons: compatibility since it is a natural condition in order that any solution f;
to the nonlinear Boltzmann provides a tensorized solution to the BBGKY hierarchy (83]).
Indeed, considering such a solution

ft € C(R.,.; Pgl(E)) and p =1 ® ... Yy € Cb(E)@w

we compute
Y
a< t® 7§0> =
l

= > | [T Gee) | (fr® f1,Q" (1)) = < £ G?ils0> :

1 \j#i

The word binary refers to the fact that G77 | decomposes in function acting on one variable
and adding one variable, which corresponds to the binary nature of the collisions. Finally
the word derivation refers to the fact that the following distributivity property holds

Gt (P @) =GPt () @Y+ 9@ GGy (V).

Let us mention that this distributivity property is at the basis of the original combinatorial
proof of Kac [42] of propagation of chaos for the simplified Boltzmann-Kac equation.

M~

H(ft;@ﬁ %(ft;@ﬁz H<ft,<Pj> (@ (ft, ft) , @i)
J# =1 \Jj#

s.
i MN
[}

%

(A4’) Differential stability of the limiting semigroup.

We consider some Banach space Ga D G; (where G; was defined in (A2))
and the corresponding probability space Pg,(F) (see Definitions [ZZH2.T)
with the weight function mg, and the constraint function mg,, and en-
dowed with the metric induced from Gs.

We assume that the flow S{V is U CA, (P, r, Pg,) for any r € Rg, in the
sense that there exists C7° > 0 such that

T
su GNL + [SNL dt < CP.
rGRlzl /0 <[ K ]Czl\’zo(PQLrvP%) [ t ]ng(Pgl’”’PQQ) -

Thanks to (A2’), we know from Lemma 2.I3] that for any ® € UCy(FPg,,R) we may
define the Cp-semigroup 77°[®] € UCy(Fg,) by
Tle)(f) = @ (57 f).
and so that ®; = T7°[®] satisfies the equation
0P = G*[P]

with a generator G*° which is a closed operator on UCy(Fg,) and has domain Dom(G)
which contains C(Pg,), and is defined by

G=[®](f) = (DB(S), Q(f. N)g; 6, = (QU- £)- DR py. oy -
The evolution corresponds to the following dual evolution equation
d
(8.5) 5 (T @) = (m, G[D]) .
Our goal is to prove (1) that the evolution equations ([8.3)) and ([B.5)) (or in other words
that G*° = G*°, and (2) most importantly that the solution to these equation is given by
the characteristics equation

(8.6) Vo e UCy(Pg,;R) (7, @) = (70, T° D) .
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(or in other words that the heuristic generator G* introduced for the hierarchy is well-
defined and equal to G*°).

Let us explain why the relation (8.6) indeed defines uniquely a probability evolution
7t € P(Pg,). For any ¢ € N* we define

o€ F® <7Tf,g0> = <7r0,Tt°°Rf;>.

That is a positive linear form on F®‘. Thanks to (A2’)-(iii), the Stone-Weierstrass
density theorem and the Markov-Riesz representation theorem, we conclude that wf is
well defined as a element of Pg, (E)®‘. Since now the sequence (7f) is symmetric and
compatible, the Hewitt-Savage representation theorem implies that there exists a unique

probability measure 7; € P(Pg,) such that for any ¢ € F2*
(8.7) (71, RL) = (mo, T RY).
Theorem 8.2. Under the asumptions (A1’)-(A2’)-(A3’)-(A4’), for any initial datum
mo € P(Pg,), the flow 7 defined from (8) is the unique solution in C(]0,00); P(Pg,)) to
the infinite hierarchy evolution [83)) starting from m.

Moreover, if my is fo-chaotic (that is if mg = 0y, with fo € P(E)), then m; is SNL fo-
chaotic for any t > 0. As a consequence we deduce that if f(])v is fo-chaotic, then f{ is

SNL fo-chaotic. More generally, ifféV converges to mo then fN converge to 7, the associated
statistical solution.

Proof of Theorem [8.2. We shall proceed in several steps.

Step 1: Propagation of chaos. Let us recall that Hewitt-Savage’s theorem [38] implies that
for any m € P(P(E)) there exists a unique sequence (7¢) € P(E’) such that

Vo e (G (BN, (rfe) = (mRL).
As a consequence, if 7 is fo-chaotic and 7 satisfies (8.7]), then
(Few) = (7o RG) = (mo, TERL) =T [RL] (fo)
= B (8;"fo) = (8" fo.pr) - (S fo. 00,

which means that 7, = ft®£ , or equivalently m; = dy,, and the solution 7; defined by (87)
is fi-chaotic.

Step 2: Equivalence between ([83]) and (83]).
First let us assume (85) and prove (83). Consider f € Pg, (E) and ¢ € F2¢. Then we
have R, € C1!(Pg, (E)) and we deduce from (84) that

(1o, G30) = (QUEL 1), DRY(S) ) = 6 [RL] ()

which means
(+1 Y4
R =G R

+1%
Then, using Hewitt-Savage’s Theorem again, (83]) implies that

d d
(8.8) at (e, 0) = at <7TtaRf;> = <7Tt7Goo [Rf;]> = <7Tt,RéG§1M> = <7T£+1,t,G?i1[<P]>
which means that 7, satisfies (85)).
Assume conversely that 7 satisfies (8.3]) and let us prove (85]). One needs to prove that

one can recover any ® € UCY(Pg, (E)) from the previous equation (8.8).
Therefore consider ® € UC!(Pg, (E)) and let us define

0= (Wéq)> (V) :¢<u€)7 V= (v1,...,0p)
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and let us write (8.8]) for this choice of ¢:
d 4 _ 00 Y4 l+1
G (et o) = (6 [y ] = (mmEEd .
Then, on the one hand, for any f € Pg, (E)
{—00
Riyo(D) = [ @ (ub) ar*(v) = a(p)
C EL

by the law of large numbers.
On the other hand, for any f € Pg, (F), we have

Reg fga)lf) = (£77.655 (r02))
= (DR4(5.Q(F.D)
S / @ (ut) dQ(f. 1)) [T ar (w).
i—1 7 E* j#i
For any given i = 1,...,/¢, we define

qbf/l_l = Do (,uf/l_l) R Vi = (Ul, ey Vi1, Vi1, - ,Ug)

and we write

@ (//v) =9 (ufvjl) + <¢€§17u€/ - N€:1> +0 (Q (Hugvjl - %/H)) :

Observing that
1 1
¢ =1 _
iy — i =y 0= 2 gy o
J#i

and that (Q(f, f),1) =0 from assumption (A2’)-(ii), we find

Rgg (nta)(f) = Z/E< v, (vi) + O (e ))) dQ(f, f)(vi) [ ] df (vy)

JFi

- 2/ QU £),607) dr* I (V) + 0 ()

/E“ll <Q(f7 f),D® <u€.—1>> df®(£—1)(v) +0 (€ Q(ﬂ_l))
— (D). QS )

by the law of large number again. This implies (8.5]). We then conclude that (835]) holds
for any ® € CY(Pg, (F)) by density of UC!(Pg, (F)) in this space and the fact that the
domain of G* contains C'!(Pg, (E)).

Step 3: Uniqueness. Let us prove that any solution of (8.3)-(83]) satisfies the characteristics
equation (87), or in other words that 7m; = ;. This shall imply uniqueness since we have
already seen that the 7, satisfying (8.7)) is unique.

The fundamental point here is that for any ® € UC(Pg, (E)) if we define ®; := T°®,
thanks to Lemma 2.13] we have

Vt>0, & cUCY(Pg(F)) C Dom(G™).

Then since
S [O,t] — <7T7-,q)t_7—>
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is C! from the fact that ®;_, € C*(Pg, (E)) belongs to the domain of G for any 7, we
compute

% (r @t—r) = (77, G [B7]) — (77, G [P4—7]) = 0

and we deduce that
(¢, @o) = (70, P¢)

which proves that m = 7, satisfies (81, and concludes the proof. O

8.4. A remark on stationary statistical solutions. As we have seen:

e The chaoticity of a sequence of symmetric N-particle distributions fv € P(EYN),
N > 1is equivalent to the fact that the associated m € P(P(FE)) is a Dirac at some
fo € P(E): m = 6g,. Hence, in view of Hewitt-Savage’s theorem, non-chaoticity
can be reframed as saying that 7 is a superposition of several, instead of one,
chaotic states.

e We have recalled the result in [42, [12] stating that a chaotic (tensorized) sequence is
asymptotically concentrated on the energy sphere, which is an effect of the Central
Limit Theorem.

e Finally let us make the simple observation that the N-particle dynamics leaves
the energy spheres invariant and relaxes on each energy spheres to the uniform
measure. This is a consequence of the energy conservation laws: at the level of the
particle system, the dynamics is layered according to the value of this conservation
law.

One deduces from these considerations that there is room for non-chaotic stationary states
of the N-particle system, namely superposition of several stationary states on different
energy spheres. Let us make this more precise.

Lemma 8.3. There exists a non-chaotic stationary solutions to the statistical Boltzmann
equation. In other words, there exists m € P(P(R®)) such that w # 6, for some p € P(R?)
and A7 (meq1) =0 for any £ € N.

Proof of Lemma[8.3 1t is clear that any function on the form
VeRMHD (V) = o(IV )

is a stationary solution for the equation (83), that is Ay (mp41) = 0 for any £ > 1. Now
we define, with d = 1 for the sake of simplicity, the sequence

¢ _ C
VeR '—>7T5(V)— (1—|—|V|2)m+é/2

where the sequence of positive constants ¢, is inductively constructed in the following way.

Vo> 1,

e First ¢ is chosen in a unique way so that m; is a probability measure.

e Then, once ci,...,¢; are constructed, ¢,y is constructed so that Il[mp1] = 7y,
which means
Cot+1 &
YV eR’ / dv, = .
’ va€R (1 + |V|2 + |,U*|2)m+£/2+1/2 * (1 + |V|2)m+€/2

This is always possible since

/ Ce+1 dv
o€k (14 |V|2 + |v,[2)mFE/24+1/2

Co+1 / 1 dv
14 |V 2y 22 [ g o 2\ 2L
(1+[V[?) <1+(1+M2))

Cot1 / 1 "
(1 + |V|2)m+€/2 va€R (1 + |U*|2)m+é/2+1/2
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which concludes the induction.

We then deduce that the sequence 7y, ¢ > 1, satisfies (83 since every terms only

depends on the energy, and also satisfies the compatibility condition II;[mpi1] = mp. This
concludes the proof. O
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