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ESSENTIAL SUPREMUM WITH RESPECT TO A
RANDOM PARTIAL ORDER

By Yuri KABANOV AND EMMANUEL LEPINETTE

University of Franche Comté and Paris-Dauphine University

Inspired by the theory of financial markets with transaction costs,
we study a concept of essential supremum in the framework where
a random partial order in R? is lifted to the space L°(R%) of d-
dimensional random variables. In contrast to the classical definition,
we define the essential supremum as a subset of random variables
satisfying some natural properties. An application of the introduced
notion to a hedging problem under transaction costs is given.

1. Introduction. The aim of this paper is to study a seemingly new
concept of essential supremum in the framework where a rather general
(possibly, random) partial order in R? is lifted to the space LO(R%) of d-
dimensional random variables. In contrast to the classical definition of the
esssup in L° = LY(R) which is a random variable, we define, for I' ¢ LO(R%)
the essential supremum, Esssup I' as a subset of random variables satisfying
some natural properties.

Our interest to such an object originates from an attempt to give a de-
scription of the minimal portfolios dominating in the hedging problem in the
presence of proportional transaction costs. In the theory of markets with fric-
tion which can be found in the book [2] the value processes are d-dimensional
adapted processes and contingent claims are d-dimensional random variables
or processes. Hedging (super-replicating) a European-type contingent claim
C means to find a value process V' = (V;) which terminal value dominates
the claim in the sense that the difference Vi — C belongs to the solvency
cone Kr, i.e. Vr dominates C in the sense of the partial order generated by
the cone K assumed to be proper (that is, the model is with the so-called
"efficient friction” condition).

The solvency cone is a fundamental notion of the theory giving a geomet-
ric description of the vectors of investor’s positions that can be converted
(paying the transaction costs) into vectors with non-negative components.
In general, solvency may depend on time ¢ as well as on the state of the
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2 YURI KABANOV ET AL.

nature w and this is always the case if one considers the representation in
terms of physical units.

The language of partial orders induced by the solvency cones fits well to
the arbitrage theory of financial markets with transaction costs developed
in [2]. Though in the existent models of financial markets the ordering cones
K (w) are polyhedral, mathematically it is quite reasonable to consider more
abstract models, e.g., those where (K;) is an adapted set-valued process
which values are closed convex cones.

The value (portfolio) process V' is called minimal if at the terminal date
Vr = C and any value process W dominated by V (i.e. such that V; —
W, € K for all t) coincides with V. The problem of interest is whether
the minimal portfolios do exist and how they can be found. We provide
a description of the set of minimal portfolios as the solution of (backward)
recursive inclusions involving Esssup. In this context natural questions arise:
when Esssup does exist and when it is a singleton? It happened that the
natural framework for these questions is much more general than that of
models with transaction costs, namely, that of the theory of partial orders.

The main technical hypothesis we use in this paper is the existence of
countable multi-utility representation (in the terminology of [1]). To keep
the presentation readable we do not work here at full generality: our goal is
to fix ideas and built a platform for further studies. Note that the the classi-
cal concept of essential supremum for scalar random variables is of frequent
use in optimal stopping and hedging problems for frictionless market (Snell
envelopes, optional decomposition) and extensions of several important re-
sults to a multidimensional framework is still pending.

The structure of the paper is the following. In Section 2 we give the
definition of SupT for I' € R? and prove a result on its existence. In Section
3 we define Esssup I for I' € LO(R%) and establish its numerous properties.
In Section 4 we consider a bit more specific model where the random partial
order is given by a random cone. In Section 5 we give an application to the
hedging problem for European contingent claims under transaction costs.

2. Supremum with Respect to a Partial Order in R<.

2.1. Basic Concepts.

We start with some basic concepts and notations restricting ourselves to
the Euclidean space RY.

Let > be a partial order in R?, i.e. a binary relation between certain its
elements, which is reflexive (z > z), transitive (if z = y and y = z then
x = z) and antisymmetric (if z > y and y > x then x = y).
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ESSENTIAL SUPREMUM 3

Define an order interval [z,y] := {z € R : y = z > x} and extend
naturally the notation by putting

| —o0,z]:={z€R%: > 2}, [z,00[={z € RY: 2z = z}.

The notations I' > z, where I' is a set, means that y > x for all y € T.
In the same spirit: I'y = ' means that x = y for all x € '] and y € T}
[[', 0o[:= Nger[z, 00) etc. Sometimes we shall use the notation x < z instead
of z = x.

A partial order is upper semi-continuous (respectively, lower semi-conti-
nuous) if [z, co[ (respectively, | — 0o, 2]) is closed for any = € R? and semi-
continuous if it is both upper and lower semi-continuous. Finally, it is called
continuous if its graph {(z,y) : y > x} is a closed subset of R% x R?.

We say that a set U of real-valued functions defined on R? represents the
partial order > if for any z,y € R,

zr-y < ulz)>uly) Yuel.

This set U is called multi-utility representation of the partial order. If its
elements are continuous functions, we say that U is a continuous multi-utility
representation of the partial order.

Clearly, any partial order can be represented by the family of indicator
functions U = {1}, o[, = € R9}.

The following statement follows from a more general result due to Evren
and Ok: any continuous partial order admits a continuous multi-utility rep-
resentation (see [1], Th. 1).

Note that an arbitrary family U/ defines a partial order if the equalities
u(x) = u(y) for all u € U imply that x = y.

The object of our main interest is given by the following

DEFINITION 2.1. Let T be a non-empty subset of R% and let = be a
partial order. We denote by SupT' a subset I' of R® such that the following
conditions hold:

(aO) f = F;
(bo) if x = T, then there is & € T such that x = i;

(co) if 1,29 € f, then &1 = o implies &1 = Zo.
REMARK 2.2. Such a set I is necessarily unique as shown in Lemma 3.3.

The following lemma follows immediately from the continuity assumption.
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4 YURI KABANOV ET AL.

LEMMA 2.3. Let = be a partial order represented by a family of contin-
uous functions. Let (x,) and (y,) be two sequences of R such that y,, = xp
for all n. Suppose that these sequences converge, respectively, to Too and Yoo -
Then

ﬂ[xm yn] - [l'oo, yoo].

n

THEOREM 2.4. Let > be a partial order represented by a countable family
of continuous functions and such that all order intervals [z,y], y *= x, are
compacts. If the subset T' is such that T = T for some T, then Supl' # 0.
Moreover, if I is totally ordered, then Sup I is a singleton formed by a limit
point of T'.

Proof. Let U = {u;};>1 be the representing family. Without loss of gener-
ality we may assume that |u;| < 1. We define the function u(.) = Y 277u;(.).
Observe that this function is continuous. Put a(x) := infycr 4 u(y). Since
[, z] C [xo,z], the value a(z) > u(xp). Let y, € [I',x] be a sequence such
that u(y,) — a(zx). Since [T, z], being an intersection of compacts, is also
a compact, we may assume, passing to a subsequence, that y, — Ys. In
virtue of continuity, a(x) = u(yoo)-

Define A(z) as the set of all yoo € [I',z] with u(ys) = a(z) and put
[= U, A(z). By above the properties (ag) and (bg) hold. Let &1, &2 € I,
#1 = &9. There is 1 = I such that #; € A(z1), i.e. u(#1) = a(z1). By
monotonicity, u(Z1) > u(Z2). But £ € [[',z1] C [I',x;] and, therefore,
w(Z2) > a(x1), ie. u(21) = u(Z2). Since u;j(L1) > u;(&2) for all j we have
necessarily that u;(21) = u;(&2) for all j. Therefore, ; = &2 and (cg) holds.

Finally, suppose that I' is totally ordered. Define b := sup,cp u(z). There
exists z,, € I' such that u(x,) — b. Since I is totally ordered, we can assume
without loss of generality that the sequence (z,,) is increasing and satisfy
Zn € [T0,Z]. Arguing as previously, we get that x, — o and b = u(z).
Let y € T'. We have two possibilities. If y € [z, Z], for some subsequence,
then we obtain that y € [z, Z]| by virtue of Lemma 2.3. It follows that
u(y) = u(xoo) hence y = zo. If y € T is such that y < x,, for some infinite
subsequence (z,/) then y < zo. We conclude that SupI' = {z}. D

REMARK 2.5. It is easily seen that the result holds (with the same proof)
not only for R? but for any topological space with countable base.

PROPOSITION 2.6. Suppose that the partial order is given by a countable
familyU = {u;}j>1 of continuous homogeneous functions. Then all the order
intervals are compacts.

imsart-aap ver. 2011/05/20 file: Essup-05-06.tex date: June 19, 2012



ESSENTIAL SUPREMUM 5

Proof. Let us consider an arbitrary order interval [z, z]|, z = x, and let
Yn € [z, 2] be such that |y,| — oco. Passing to a subsequence we may assume
that a sequence @, := y,/|yn| converges to a point g With || = 1. Due
to the homogeneity, z/|y,| = Un = z/|yn| and, therefore,

wi(@/lynl) = uj(Gn) = uj(2/lynl), J =1,

Taking the limit, we obtain that u;(yc) = 0 for all j, ie. Joo = 0. A
contradiction. So, the order interval [z, z] is bounded, hence, compact. O

2.2. Partial Order in RY Defined by a Cone.

In this paper oriented towards financial applications we are interested
mainly by the partial order defined by a closed proper convex cone G C R,
In this case, the relation x > 0 means that x € GG, and y > = means that
y—x = 0, ie y € x+ G. Obviously, it is homogeneous: y = v implies that
Ay = Az for any A > 0. Also if y = x, v = u, then x +v = y + u. The
order intervals [z,00[= x + G and | — oco,2] =  — G are closed. Hence,
the partial order is semicontinuous. In fact, it is continuous since its graph
{(z,y): y— 2 € G} is a closed subset of R? x R,

By the classical separation theorem the cone G is the intersection of the
family of closed half-spaces L = {z € R? : Iz > 0} containing G. Its
complement G¢ is the union of the open half-spaces L¢. In R? any covering of
an open set contains a countable subcovering. Hence, there exists a countable
family of vectors [; such that G = N;{z € R?: ljz > 0}. It follows that a
countable family of linear functions w;j(x) = [;x represents the partial order
defined by G. So, the partial order defined by a closed proper convex cone
G C R can be generated by a countable family of linear functions. Clearly,
the converse is true.

For the partial order is given by a cone the properties defining the set
I’ = SupT can be reformulated in geometric terms as follows:

(ap) -TCaG;
(b}) if z —T' C G, then there is & € I such that = — & € G;
(ch) if &1,%5 € T, then &1 — &y ¢ G\ {0}.

Notation. To distinguish partial orders generated by various cones (a typ-
ical situation in financial application) we shall use sometimes the notation
=G-

As corollary of Theorem 2.4 we have the following result:
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6 YURI KABANOV ET AL.

THEOREM 2.7. Let > be the partial order generated by a closed proper
conver cone G C R%. IfT' C R% is such that & = T (i.e. 2 — T C G) for
some T € R, then SupT" # 0.

REMARK 2.8. Any subset G C R? with G+ G C G and GN(—G) = {0}
allows us to define a partial order by putting x = y if x —y € G. Supremum
of sets for such partial orders may have rather exotic features. For example,
let d =2 and

G:={(0,00}U{(z,y) € Z2 : z+y>2}.

Under the corresponding partial order, for the set T := {(0,0), (4,—1)} con-
sisting from two points we have SupT" = {(4, 1); (4, 2); (5,0); (5,1); (6,0)} .

REMARK 2.9. In the literature one can find also other definitions of
supremum for partial order. E.g., in the book by Lohne [3] there is a defini-
tion adapted to the needs of the vector optimization theory. For the case of
R? with the partial order given by a convex cone G # R? with non-empty
interior it can be described as follows. First, it is defined the lower closure
of A as the set

ClLA={recA: z—intGC A—-intG}
and the set of weak maximal points of A
wMaxA:={z € A: (x+intG)NA=0}.

Finally, Sup A := wMax Cl_A. For the cone G = Ri and A = —R? we have
that C1_A = A and Sup A = wMax A = —E)Ri. According to our definition
Sup A = {0}.

3. Essential Supremum in L°(R9).

3.1. Setting.

Let (2, F, P) be a probability space. Let H be a sub-o-algebra of F. We
consider in the space L°(R%) of d-dimensional random variables a partial
order defined by a countable family U = {u; : j = 1,2,...} of functions
uj 1 QX R? — R with the following properties:

() u;(.,z) € LY(RY, F) for every x € RY;
(ii) u;(w,.) is continuous for almost all w € Q.

Namely, for elements 71,72 € LO(Rd), the relation vo > 71 means that
uj(y2) = uj(m) (a.s.) for all j.
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ESSENTIAL SUPREMUM 7

DEFINITION 3.1.  Let I' be a subset of LR, F). We denote by H-
Esssupl' a subset T' of LO(RY,H) such that the following conditions hold:

(a) [ =T;
(b) if v € L°(R%, H) and v = T, then there is 4 € I such that v = 4;

(¢) if 41,32 € T, then 41 = Ay implies 41 = .

If H-Esssup I is a singleton, we denote by H-esssup I its unique element.
Since in this section H is fixed, we shall omit this symbol and write simply
Esssup ' and esssup . When needed, we note EsssupYT" where U is the
family of functions representing the partial order.

We define Essinf YT := Esssup ~“(T") and essinf “T" := esssup ~¥(I").

Note that for every w (except a null set) the countable family of functions
{uj(w,.)} defines a partial order in R%. In the sequel we associate with an
order interval [y1,72] in LO(R%, F) the order intervals [y1(w),v2(w)] in R4
corresponding to these families.

REMARK 3.2. Letd =1 and > is the usual total order on the real line.
Then F-Esssup ' = {F-esssup '} where F-esssup I is the classical essential
supremum of T'. Also in the scalar case, if T' = {£} and the o-algebra H is
trivial, then H-EsssupI' = {vraimax¢}.

3.2. Elementary Properties.
In this subsection, we consider a partial order > in LO(R¢%, F) represented
by a countable family of functions satisfying (i), (ii).

LEMMA 3.3. The set Esssup ' is uniquely defined.

Proof. Let us consider two subsets I'; and Ty satisfying (a)—(c). Consider
A1 € fl. Since 4; dominates the set I', there exists 49 € fg with 41 = Ae.
Similarly, there exists 4} € I'; satisfying 4o = 4}. Then, 4; = 4;. But (c)
implies that 41 = 4. Hence, 41 =4} = 42, i.e. 1 € I'5. So, I'1 C Ty and, by
symmetry, f‘1 = fQ. a

LEMMA 3.4. The set Esssupl' is decomposable, i.e. for any 41,52 €
Esssup T’ and B € H, we have 411 + A2lpe € EsssupT'.

Proof. Let us consider the set T := EsgsupF U {411 + A2Ipc}. This set
satisfies (a)—(c). By the previous lemma, I' = EsssupI'. O
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8 YURI KABANOV ET AL.

LEMMA 3.5. Let > be a partial order in L°(R®, F) represented by a
countable family of linear functions (in x-variable) satisfying (i), (ii). If
Esssup I' is neither an empty set nor a singleton, then Esssup ' is infinite.

Proof. Suppose that EsssupI’ = {%1, %2, -+ ,9m} where 4; # 4; if i #
j. The linearity ensures that the random variable (1/k)y; + (1 — 1/k)%
dominates I' for each k& € N. The property (b) implies the existence of an
integer Nj, € {1,---,m} such that (1/k)51 + (1 —1/k)%2 = An,. Using again
the linearity and the property (¢) we deduce that the index Ny is not equal
to 1 or 2 (otherwise, 41 = 92). Hence, there exists j € {3,--- ,m} and an
infinite subsequence (k') such that Ny = j for all £’. By letting &’ tend
to infinity, we infer that 4o > 4;. therefore, by (c), we have 42 = 4;. A
contradiction. O

Example. The linearity assumption above is important. Indeed, let us con-
sider the partial order in R? given by the family & = {uy,us,u3}, where
u1(z) = azx, ug(x) = bxr with a = (1/v/2,1/v/2), b = (0,1), and uz(z) = |z|.
Let T' = {0,p} where p = (=1/v/2,—1/v/2). Then = = T if and only if
ax >0, bx > 0, and |z| > 1. That is z € G and |z| > 1, where G is the cone
{z : azx > 0, bz > 0}. One can easily check that SupI’ = {4, B} where
A= (-1/v2,1/v2), B = (1,0), see Figure 5.

p+G

Fic 1. The grey-coloured domain corresponds to the set of all points that dominate I' =
{0,p} hence SupT’ = {A; B}.
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ESSENTIAL SUPREMUM 9

LEMMA 3.6.  Assume that the essential supremum of any finite subset of
LY(RY, F) is a singleton. For T C L°(R®, F), let the upward completion be
defined as

(3.1) P = {esssup {vj,, -+ , V. } : v, €, n € N}.

Then
Esssup I’ = Esssup I'P.

Proof. Put I' := Esssup I'"P. Since Esssup '™’ > esssup {7} = v whatever
is v € T, the set I" satisfies the property (a). Let v € LO(R%, H) be such that
v = I'. Then v > I'"P, thus there is an element 4 € Esssup I'*P such that
v = 4. That is T' satisfies (b). Finally, let 41,42 € EsssupI'™™P be such that
41 = A2. By definition of Esssup we have that 4; coincides with 42 and (c)
also holds. O

3.3. Existence.

THEOREM 3.7. Let > be a partial order in L°(R?) represented by a
countable family of functions satisfying (i), (ii) and such that all order in-

tervals [y1(w),v2(w)], v2 = 71, are compacts a.s. If a non-empty subset T" is
such that 7 =T for some ¥ € L°(R*, ), then H-EsssupT # 0.

Proof. Let U = {u;};>1 be the representing family. Without loss of gen-
erality we may assume that |u;| < 1. Put

u(w, z) := Z 27 9uj(w, 2).

Jj=1

The function z — u(w, z) is continuous and its absolute value is bounded by
unit. Fix arbitrary 79 € I'. Take v € L°(R? ) such that v = I'. For any
¢ € LY([T,~],H) the mapping w — u(w,((w)) is an F-measurable random
variable taking values in the interval [—1, 1]. Put

o) ceLO%fff,ﬂ,m Buld)
and consider a sequence ¢, € LO([T, 7], H) such that a(y) = lim, Eu(¢,).
Without loss of generality we may assume that the sequence of random
variables u((,) is such that the conditional expectations E(u((,)|H) are
decreasing. Indeed, we can replace the sequence (, by the sequence (], by
putting (] =+, and defining recursively the random variables

G = Cnr (B¢, )< B} Sl B _posBuemy 12 2
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10 YURI KABANOV ET AL.

Due to the assumption of the theorem, the order intervals [yo(w), v(w)]
are compact (a.s.). It follows that sup,, |(,| < oo a.s. By virtue of the Lemma
2.1.2 [2] there exists a strictly increasing sequence of H-measurable integer-
valued random variables 75, such that the sequence (;, converges a.s. to some
¢ such that I' < { < ~. The monotonicity implies that

w(Cr M) =Y Eu(Cn)H) 7 mmy < E(u(G)|H).

m>k

It follows that

Using the continuity of u(w,.) and the Lebesgue theorem on dominated
convergence we have:

Eu(¢) = Elimu(Gr,) < lim Bu(Gr) = a(y)-
Thus,

(3.2) a(y) = Eu(C).

We denote by A(v) the set of all random variables ¢ € L([T', 7], H) verifying
(3.2) and define the set

(3.3) = U A(y).

YELO([T',00[,H)

It remains to show that this set satisfies (a)-(c). Obviously, I' = T, i.e. (a)
holds. If ¢ € L?\([Fioo[,z-(), then ¢ = A(() by construction, i.e. (b) holds. At
last, consider (1, (2 € I' with (1 € A('yl) and (2 € A(y2), 71,72 € [I, 00|,
such that (1 = (2 Suppose that Cl =+ Cg and, hence, there is ¢ for which
ul(Cl) - ul(@) > 0 and the inequality is strict on a non-null set. It follows
that there exists a non-null set B € H on which

B(ui(G) — uilG)[H) > 0
Observe that for all j
ui (ol + Gilpe) = uj(G2)Ip + u;(C1) pe
and
E(uj(Calp + Gilpe)[H) = E(uy(G)[H)Ip + E(u;(C)[H)Ipe

imsart-aap ver. 2011/05/20 file: Essup-05-06.tex date: June 19, 2012



ESSENTIAL SUPREMUM 11
for all j. It follows that

(3.4) a(m) = Bu(G) > Bu(Celp + Gilpe)

o~

where (oI5 + (1Ipe € I, ¢1] € [I',7]. This is a contradiction. Hence, (c)
also holds. O

LEMMA 3.8. Let = be a partial order represented by a countable family of
functions satisfying (i), (ii) and such that all order intervals [y1(w), y2(w)],
Yo &= 1, are compacts a.s. Suppose that for any 41,%2 € L°(R%, F), the set
Essinf (91,%2) is either singleton or empty. Then, for any T C LO(RY, F)
the set Esssup I is either singleton or empty.

Proof. Suppose that some I' C LY(R?, F) is such that Esssup T contains
two different points 41 and 42. By the existence Theorem 3.7 above the set
Essinf {41,42} is non-empty and, by the hypothesis, it is a singleton formed
by some element v*. If v € T, then v < {41,492} and, therefore, v < ~*,
i.e. v* = I'. Hence, there exists 4 € Esssup " such that v* > 4. Therefore,
{41,%2} = 4 implying that 43 = 4 and 42 = 4. A contradiction. O

3.4. More Properties of Esssup.

To relate our result with the classical concept of essential supremum of a
set of scalar random variables, it is more convenient to consider the space
LY(R U {400}, F). The natural partial order in this case can be given by a
single function, e.g., u(x) = x or any increasing strictly monotone function;
the choice u(x) = arctan x is convenient since the latter is bounded.

LEMMA 3.9. Let I' # 0 be a subset of L°(R U {+oco}, F). Then, H-
Esssup T is a singleton. In particular, H-Esssup ' ={H-esssupT'}.

Proof. Working with u(z) = arctan z we observe that the arguments of the
previous theorem (with the random variable 7 identically equal to infinity)
require no changes. It is easy to see that a(vy) does not depend on v = T
Finally, there exists only one element ¢ € LO([T", 0o, H) such that (3.2) holds
(otherwise we could diminish the value of the right-hand side by ¢ A (’). O

REMARK 3.10. We have H-esssup ' = F-esssupl'.
PROPOSITION 3.11. Let = be a partial order in L°(RY) represented by

a countable family U of functions satisfying (i), (ii). Let T C L°(R®,H) be
a totally ordered subset such that there exists ¥ € LO(R* H) with T < 7.
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12 YURI KABANOV ET AL.

Then Esssup I is a singleton esssup I'. Moreover, there is a strictly increasing
sequence of H-measurable integer-valued random variables T, such that (7vr,)
converges increasingly to esssupI' a.s.

Proof. Put b := sup,cp Bu(y) where u is defined below. Take 7, € I" such
that Eu(vy,) T b. The set I' being totally ordered, we may assume without
loss of generality that () is order increasing. Since 7, € [y1,7], we infer that
liminf,, |y,| < co. In virtue of Lemma 2.1.2 [2] there is a strictly increasing
sequence of H-measurable integer-valued random variables 7,, such that (v, )
converges a.s. to some 4 = 7. Recall that

Y = Z erI{Tn:m} € LO(Rde)'

m>n

Since both sequences (v;,) and (7,,) are increasing, we deduce that the se-
quence (v, ) is also increasing. As 7, > n, we get that v, > v, if m > n
implying that 4 > =, for every n and, also b = Fu(¥). It follows that
Essup' = {#}. Indeed, if v = T" , then v = {~,, : n € N} and, taking the
limit, we get that v = 4, i.e. the singleton {7} satisfies (a)—(c). O

3.5. Properties of Esssup for Homogeneous Generating Functions.

In this subsection we shall work assuming that the functions defining
the partial order are linear (in z variable). For T' C L°(R% F) and X\ €
L°(R,H), we define the set A\I' := {\y: v €T}

LEMMA 3.12. Let = be a partial order in L°(R%, F) represented by a
countable family U of homogeneous functions satisfying (i), (ii). Let T' C
LY(RY, F) be such that Esssupl' # (). If A € L°(R,H), then Esssup (AI') =
AEsssupI'.

Proof. Let T'y := A Esssup I'. Since multiplication on elements of LO(R,,H)
preserves the order, we have I'y = AI'. Let v € LO(Rd, H) and v = AI'. Take
an arbitrary element 7y € EsssupI'. Then

7 =AYy + Aol p—oy = T

and, in virtue of the property (b) for ', there is 4 € EsssupI' such that
v1 = 4. It follows that v = Ay € fA. Finally, let 41,42 € I'y be such that
41 = A2. By definition of ') we have that Y = AY;, where 4; € Esssup T,
1=1,2. Also,

Yi = ﬁ/zl{)\yﬁO} + ’3/0]{)\:0} € Esssupl.
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ESSENTIAL SUPREMUM 13

and 41 = 72. The property (c) for I' implies that 73 = 72. Hence, 41 = J2.
Therefore, the set I'y satisfies all conditions defining Esssup (AI'). O
We introduce the following condition:

(iii) There is 4° € LY(RY,H) such that {¢ € L°(R%, F): |¢| <1} =AY

PROPOSITION 3.13.  Let = be a partial order in LO(RY, F) represented by
a countable family U of homogeneous functions satisfying (i), (ii), (iii). Let
I C LORY, F) and |T'| := {|y| : v € T'}. Suppose that & := esssup |I'| < oo
a.s. Then Esssup I’ is not empty.

Proof. Consider T := (14 &)~'T". By (iii), T’ < 4° where 7° € LO(R%, H).
Applying Theorem 3.7, we deduce that EsssupT is not empty. It follows
that Esssup T is not empty and is given by EssupT’ = (1 + &) Essup T. This
identity follows from Lemma 3.12. O

It is easily seen that the above results hold also when all functions of the
representing family are (positive) homogeneous of order v # 0.

LEMMA 3.14. Let = be a partial order in L°(R® F) represented by a
countable family U of linear functions satisfying (i), (ii), and (iii). Let T C
LOY(RY, F). Then

F-esssup || < oo &  there are v1,v2 € LO(RY, F) such that y1 < T < 5.

Proof. (=) By the above proposition there are v; € F-Essinf I' # () and
vo € F-EsssupT' # () with the needed property.

(<) Suppose that the set B := {F-esssup |['| = oo} is non-null. Take
a sequence 7" € I' such that |[y"| T F-esssup |I'|. Let us define the random
variables 37 = 7"(1y"|+1) 1, 57 := 71 (|77 +1)~1, and 3 = a(y"|+1) .
Using Lemma 2.1.2 [2] we may assume that 75, — 5 with [y| =1 on B. On
the other hand, in virtue of (i7), we have that 77" < 7, < 74 for all n. It
follows that ¥ = 0 on the set B. A contradiction. O

4. Essential Supremum in L°(R%) with Respect to a Random
Cone.

4.1. Setting.

Let (92, F, P) be a complete probability space. Let G be a sub-o-algebra
of F and let w — G(w) C R be a G-measurable set-valued mapping whose
values are closed convex cones. The measurability is understood as the mea-
surability of the graph, i.e. we assume that

graph G := {(w,z) € A x R%: z € G(w)} € G ® B(RY).
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14 YURI KABANOV ET AL.

The positive dual G* of G is defined as the G-measurable mapping whose
values are closed convex cones

G*(w):={zxeR¥: 2y >0, Vy e Gw)},

where 2y is the scalar product. Note that that 0 € LY(G, G) # 0.

The fundamental fact of the theory of set-valued analysis is that any
measurable mapping whose values are closed subsets admits a Castaing rep-
resentation. In our case this means that there exists a countable set of G-
measurable selectors &; of G such that G(w) = {&(w) : i € N} for allw € Q.
Thus,

graph G* = {(w,y) € A x R4 : y&(w) >0, Vi e N} € G ® B(RY),

i.e. G* is a G-measurable mapping and admits a Castaing representation,
i.e. there exists a countable set of G-measurable selectors 7; of G* such that
G*(w) = {ni(w) : i € N} for all w € Q. Since G = (G*)*,

(4.1) Gw) ={(w,z) e A x R¥: n(w)x >0, Vi € N}.

From now on we suppose that the values of G are proper cones, i.e.
G N (—=G) = {0} a.s. (or, equivalently, int G* # ). In the terminology of
mathematical finance this property is called the efficient friction condition.

Under the adopted hypothesis the relation v9—v; € G a.s. defines a partial
order 49 = v in L°(R%, F). Moreover, the countable family of functions
uj(w,x) = nj(w)x where n; is a Castaing representation of G*, represents
the partial order defined by . So, the above theory can be applied.

Notation. Let H is a sub-o-algebra of G and let T' C L°(R?, F). We
shall use the notation (H, G)-Esssup I instead of H-Esssup I to indicate that
partial order is generated by the random cone G.

Of course, if the partial order is given by a countable family of functions
(w, ) = n;i(w)z, then we can generate it by a random cone G given by (4.1).
It is worth noting that in applications the partial order is usually given by
a random cone rather than by a representing family.

Since in the considered case the order intervals [y;(w),2(w)] are com-
pacts, the set (H, G)-Esssup I exists if I" is bounded from above with respect
to the partial order (i.e. there is ¥ € LO(R?, H) such that ¥ — " € G).

4.2. Properties.
In the following the partial order > is defined by the random cone G.
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PROPOSITION 4.1. Let £ € LO(RY, F) be such that Esssup {£,0} is a
singleton. Then,

Esssup {&, —¢,0} C esssup {£,0} + Esssup {—¢&,0}.

Proof. Take 4 € Esssup {&, =&, 0}. It follows that ¥+¢& = £ and Y+ & = 0.
Hence, 4+ & = esssup {£,0}. Also 4 > esssup {&, 0}. We infer from here that
4 —esssup {&,0} = {=¢£,0}. By (b), there exists v € Esssup {—¢,0} such
that 4 — esssup {£,0} > «. On the other hand, esssup {£,0} + v dominates
the elements &, —¢, and 0. Hence, there is 41 € Esssup {¢, —¢§,0} such that
4 = esssup{{,0} +~ = 41. Finally, using the property (¢) we obtain that
4 =41 = esssup {&, 0} + 7. The conclusion follows. O

LEMMA 4.2. Let T' C LYR®, F) be such that (G,G)-EsssupT is a sin-
gleton {¥}. Suppose that the representation 4.1 is only given by d elements
n; € L°(G*,G) such that n;(w) form a basis in R and G* = cone(n;)1<i<d-
Then n;7 = (G, Ry )-Esssup (n;I") for all 1 <i <d.

Proof. Since 4 > I', we have the inequalities ny > ny for all v € I
Therefore, 7 > (G, Ry )-Esssup (nI'). Suppose that the inequality above
is strict on a non-null set. Without loss of generality we may assume that
nm = 1. Let us consider a G-measurable random vector £ with |{] = 1 such
that £(w) is orthogonal to the linear subspace generated by 7;(w), i = 2, ...,d,
for almost all w. We may always assume that n& > 0. We can find a non-
zero G-measurable random variable a > 0 such that n(y — af) > (G,R4)-
Esssup (nI'). It follows that ¥ — a§ > T and, hence ¥ — a& = 7. Thus,
¢(w) € G(w) N (—G(w)) on the non-null set where o # 0, i.e. {(w) = 0 on
this set. This is a contradiction. O

COROLLARY 4.3. Assume that the Castain representation 4.1 is given
by a family of d elements n; € L°(G*,G) which is a.s. a basis in R? and
G* = cone(n;)1<i<d- Suppose that (G,G)-EsssupI' of any finite subset of
LOY(RY, F) is a singleton. Let T C LO(R%, F) and let (G, G)-EsssupT’ = {4}.
Then for any n € L°(R%,G), there exits a sequence v, from the set TP
(defined by (3.1)) such that

ny = limnyp.
n
In particular, if T' =TV, then ny < (G, R )-esssup (nl).

Proof. By virtue of Lemma 3.6, we may assume without loss of generality
that I' = T'"P, i.e. I' is directed upwards. Since the vectors n;(w) form a basis
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16 YURI KABANOV ET AL.

in RY, n = > j<a@j1; Where a; € L°(R,G). By virtue of the above lemma,

ny = Z a;(G, Ry )-esssup (n;I).
i<d

For each j, the family 7,I" is directed upwards. Thus, there are sequences
v} € T such that 17]%% 1 (G, Ry )-esssup (n;I") a.s. Replacing the sequences
(v%) by the sequence v, := (G, G)-esssup {74, : j < d} € T, we obtain that
(G, R4 )-esssup (n;I") = limy, n;v,. The statement follows from here immedi-

ately. O
4.3. Polyhedral Ordering Cones G with Linearly Independent Generators.

PROPOSITION 4.4. LetG = cone{¢', i =1,---,N} where ¢ € L°(R?,G)
and, for every w, the vectors £{(w), i = 1,--- , N, are linearly independent
(so, N < d). Let a non-empty set ' C LO(R?, F) be such that T < 7 for
some ¥ € L°(RY, F). Then F-Essupl is reduced to a singleton.

Proof. Without loss of generality we may assume that |¢!| = 1. Let us
consider a G-measurable random linear subspace G? := G — G. Any element
v € LY(GY, F) admits a unique representation v = SN  af(y)¢? where the
coefficients o' € L°(R,F); they are all non-negative if and only if v €
L%(G,F). Invariance under a shift on a fixed random vector allows us to
reduce the problem to the case where 0 € I'. Since ¥ — ' C L%(G, F), the
"bound” 4 € L°(G, F) and T C LY(G°, F). Then

8; = (R, F)-esssup {a(7), 7 € T} < au() < oo

(this is nothing but the classical essential supremum). It is easy to check
that F-EssupI' = {7} where 7 = Ef\il alet. o

COROLLARY 4.5. Under the assumptions of the above proposition on G,
if a non-empty set T' C L°(RY, F) is such that (R4, F)-esssup |T'| < oo, then
Essup I’ is a singleton.

5. Hedging of European Options in a Discrete-Time Model with
Transaction Costs.

In the model we are given a closed proper convex cone K C R¢ which
interior contains Ri \ {0} and a stochastic basis (2, F,F = (F;)=0,...1, P)
with a d-dimensional adapted process S = (S;) with strictly positive com-
ponents.
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ESSENTIAL SUPREMUM 17

Define the random diagonal operators
o : (zb, ... x?) — (x1/S}, ..., x1/59), t=0,..1T,

and relate with them the random cones Kt = qbtK We conblder the set V
of R%valued adapted processes V such that AVt V} Vt 1 € Kt for all
t and the set V which elements are the processes V with V; = ¢, Vt, Vev.

In the context of the theory of markets with transaction costs, K is the
solvency cone corresponding to the description of the model in terms of a
numéraire, V is the set of value processes of self-financing portfolios. The
notations with hat correspond to the description of the model in terms
of ”physical” units where the portfolio dynamics is much simpler because
it does not depend on price movements. A typical example is the model
of currency market defined via the matrix of transaction costs coefficients
A = (\Y). In this case

K = cone {(1+ X)e; — e, €;,1 <i,j <d}.

Note that we consider that here the matrix of transaction costs is assumed
to be constant.

In this model the contingent claim is a d-dimensional random vector. We
shall use the notation Y7 when the contingent claim is expressed in units of
the numéraire and ?T when it is expressed in physical units. The relation is
obvious: ?T = ¢rYr.

The value process V € V is called minimal if V = Y and any process
W € V such that Wy = Yy and W; <g V; for all ¢ < T coincides with V.
The questions of interest are whether minimal portfolios do exist and how
they can be found. We denote V,,;, the set of all minimal processes. The set
ﬁm-n is defined in the obvious way.

PROPOSITION 5.1.  Suppose that LAO(IA(til,]-}) C LO(AIAQ,]-}), t<T -1
and suppose there exits a least one V. € V such that Vr ZKT Yr. Then

ﬁnm # 0 and ]7mm coincides with the set of solutions of backward inclusions
(5.1) Vi € (Fi, Kpy1)-Esssup {Vig1}, t<T—1, Vp=7Yp.
Moreover, any W €V is such that W =V for some V € 17mm

Proof. Let W €V be such that WT EIA(T XA/T. Since AWT € —I?T, we have
/WT_l = Ry WT. By definition of (]—"T_l,I?T)—Esssup and Theorem 3.7, we
obtain that WT_l = R Vi1 for some Vi € (Fr-1, I?T)—Esssup {?T} =+ ().

imsart-aap ver. 2011/05/20 file: Essup-05-06.tex date: June 19, 2012



18 YURI KABANOV ET AL.

Therefore, by the hypothesis, WT_l R VT_l . Continuing the backward
induction, we obtain that Wt > R, ‘//\} where 17} satisfies 5.1. We deduce that

any portfolio W € ﬁmm satisfy 5.1. The same backward induction allows us
to conclude that any V' € V which satisfies 5.1 is minimal. O

REMARK 5.2. The hypothesis LO(Kyy1, F;) € LO(Ky, Fy), t < T — 1, of
the above proposition is equivalent to the absence of arbitrage opportuni-
ties of the second kind, see [2], Th. 3.2.20. It is always fulfilled when the
price process S admits an equivalent martingale measure. This assumption
is necessary. Indeed, with 7' = 1, suppose that the inclusion L (IA(l,]-"o) C
LO(KO,fO) does not hold. In thls case, we may find Wy € LO (Kl,]-'o) such
that W, ¢ Ko With the payoff Yr = 0, we easily obtain that the only
minimal portfolio process which satisfies 5.1 is given by Vi = Vo = 0. If the
assertion of Proposition 5.1 holds, the portfolio (WO, Wy = 0) should satisfy
Wo > VO, i.e. Wo € Ko hence a contradiction.

REMARK 5.3. In general, the essential supremum of Formula 5.1 is not
reduced to a singleton. Take for instance the simple case where  := {w;,wa}
and T' = 1. Consider Fo := {0, 2} and F; is the g-algebra of all subsets of
Q. Suppose that Ko = Ki(w1) and Ki(ws) # K. As illustrated in the
picture below, if V; = AI{M} + Bly,,y, then (Fo, K1)-Esssup {V1} =
where A := (A + Ko) N (B + Ki(ws)) . Indeed, the set of all deterministic
points Vy > 7 171 is A and neither of them can be "reduced” in the direction

of K since Ky (ws) N Ki(wi) = {0}.
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~
B+ K(wz)

s
A+K,

Fic 2. The grey-coloured domain corresponds to the set A := (Fo, I?l)—Esssup {‘71} where
Vi = Aljeyy + Bliw,y-
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