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Abstract The goal of this paper is to introduce the notion of essential supre-
mum of a family of multi-dimensional random variables with respect to a
random convex cone. We give two applications in mathematical finance; We
determine the “minimal” portfolio process super-hedging an American claim
in the Kabanov dicrete-time model with transaction costs. For the same
model, we construct a dynamic risk measure in a continuous-time setting. At
last, we solve a Skorokhod problem with oblique reflection.
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1 Introduction

The primary goal of this paper was the following. Assume that a financial
market with proportional transaction costs is modeled by the Kabanov or
Campi-Schachermayer framework, [8]. A vector-valued portfolio process, ex-
pressed in physical units, represents the number of different risky assets an
agent holds. Given a vector-valued process h := (h;)i<r, We interpret as an
American option, the problem is to define the possible endowments (super-
hedging prices) we need to start a vector-valued portfolio process which can
be liquidated at any instant ¢ € [0, T], paying transaction costs, in such a way
that all its components are greater or equal than those of h;. In a discrete-
time setting, we may reformulate the problem as follows: given a set-valued
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random process (K¢(w))¢=o,... 7, w € §2, whose values are closed convex cones
in R?%, d > 1, find V; € R? allowing to start a vector-valued portfolio process
V)i=o,... . 1, 1. AV, :=V, —V,_1 € =K, as., and super-hedging h in the
following sense: V; >k, hy, i.e. Vi — hy € Ky as. for all ¢ < T. Papers [2]
and [4] provide dual characterizations of all super-hedging prices of a given
pay-off referred as the “hedging theorems”. The natural question which arises
is to determine the “minimal” (in a sense we shall precise) endowments V;
we need to super-hedge the payoff h. Of course the same problem can be
posed for a European option, i.e. when we only require to super-hedge the
pay-off at the terminal date T. Without transaction costs, the problem is
simpler. A portfolio process is scalar-valued and under the absence of arbi-
trage opportunities, the minimal prices of a (bounded from below) European
claim hy € R (depending on the price process (Si)i<r € R?) is given by
the interval [supge sy €™ Eqhr,00) where T is the maturity date of the
option, 7 is the return of the non-risky asset and M(S) is the set of all so-
called risk-neutral probability measures under which the discounted prices
S := e~ "'S; are martingales, Th. 2.1.11 [8]. It is then possible to define a
minimal super-hedging price as the unique element supgeaq(s) e_rTEQhT
(since R is endowed with a total ordering). With transaction costs, the port-
folio processes are multi-dimensional and the ordering, defined by random
cones (Kt)i=o,....r in R d>1,is only partial. The natural problem is to
determine the set of all endowments V, € R?, allowing to start a portfo-
lio process super-hedging a given pay-off (h:)i<r, which are minimal in the
following sense: if V{) is minimal and Vj is another super-hedging price with
Vo <k, Vb, then Vy = Vj. More generally, among the portfolio processes
super-hedging the claim (h¢);<7 at any date ¢ (with respect to the random
cone K;), may we find minimal portfolios? In this paper, we prove the exis-
tence of such set of portfolios we call Essential Supremum. This is a general-
ization of the notion of essential supremum of a family of real-valued random
variables but it is not a singleton in general. Although, in the two-dimensional
space R?, we prove and provide a construction of a unique minimal portfolio.
This is of interest in finance. Indeed, recall that V; >g, Vi or V; — V; € K,
a.s. means that we can change V; into V; paying some transaction costs, i.e.
V4 is “cheaper” than V;. One of our goal is then to determine the cheapest
portfolios among a set of specific ones, e.g. the portfolios super-hedging an
American claim.

We propose to extend the concept of essential supremum of a family of
real-valued random variables to vector-valued random variables in R when
the partial ordering is defined by a random cone. The paper is organized as
follows; we introduce the definition and the immediate properties. We then
give conditions under which the essential supremum can be uniquely defined
as a singleton (this is the case in R?). We end the paper with applications
in finance and with a Skorohod problem with oblique relection.



2 Essential supremum with respect to a random cone
2.1 The model

Let (2, F,F = (Fi)i<7, P) be a continuous-time stochastic basis verifying
the usual conditions. In particular, the filtration (F3) is right continuous.
Assume we are given t € [0,7] and a F;-adapted closed and convex cone-
valued mapping G; in R? with

Gt = COIle{gtlv e 7§1£V}7

where &}, -+ &N are Fi-adapted processes we call the generators of Gy. We
suppose that the cone G, is proper, i.e. G;N(—G;) = {0} a.s., and RY C G,.
The positive dual of G; is defined as

Gy :={recR%: 2y >0, VyecG;}

where zy is the Euclidean dot product. This is also a F;-adapted closed
convex cone-valued mapping and we assume throughout the paper that

G;tk zcone{ftl*,n- ) {M*}

where £1% - .. | ¢M* are F;-adapted processes we call the generators of G . We
recall that the assumptions above hold in the financial models with trans-
action costs, [8]. In this case, G; is the so-called solvency cone which is
polyhedral.

We denote by >¢, the partial ordering generated by G;. If X,Y are two
random variables in R%, we note X >q, Y if X =Y € Gt as. The set of
all F,-measurable random variables with values in a random set A C R¢
is denoted by L°(A,F;). We denote by 14 the vector in R? whose each
component equals 1 and e; the vector in R? whose each component equals 0
except the i-th one equal to 1.

2.2 Definitions

Our goal is to define “the essential supremum” of a collection of Fpr-measurable
random variables (;);c; with respect to G; at any date u € [t,T]. When ex-
istence and uniqueness hold, v* = essup,(7;), is the F,-adapted random
variable satisfying the following statements:

v >q, v as., Viel, (2.1)
ye 'R F,), v>q, vi as., Vi€ [,=~>g, Y*as. (2.2)

Recall that the ordering induced by the cone G is only partial. Hence, the
existence of such “essential supremum” is not trivial since uniqueness does
not necessarily hold. We then define more generally the Essential supremum
at date u € [t,T] as the class (eventually empty) I'* := Essup ;(7;), of all
Fu-adapted random variables v* satisfying the following statements:



’Y* ZGt Vis Vi € Iv (23)
ye LR, F)andy >q, vi, Vi € [,= 37" € sty >, v° (2.4)
M2 € M and v # 3 = P (77 =72 € Gi\{0}) = 0. (2.5)

When (2.3) holds, we say that v* dominates the family (v;);er at date t.
Lemma 2.1 The set I'* is unique.

Proof. Let us consider two classes C; and Csy satisfying the axioms (2.3),
(2.4) and (2.5). Consider v; € C. Since 77 dominates the collection (v;);er ,
there exists v5 € Co with 77 >¢, 4. Similarly, there exists 77 € C; satisfying
¥4 >a, 75 Then, 7§ — 77 € Gy a.s. But (2.5) implies that 7§ =77 = v5. We
deduce that Cy C C5 and finally C; = Cy. O

Lemma 2.2 The following equivalence holds:
essup ; (Vi) exists if and only if Essup ;(7:)y is a singleton.

Lemma 2.3 If Essup ;(7;)u s not a singleton, then Essup ;(7;)y is empty or
infinite.

Proof. Suppose that Essup;(vi)u = {71, 73, -+ ;7 } where 7 # 77 if
i # j. For each k € N, the random variable (1/k)yf 4+ (1 — 1/k)~3 dominates
(vi)ier - We deduce the existence of an integer Ny € {3,---,m} such that
(1/k)v + (1 = 1/k)v; >, 7N, But there exists at least an integer j in
{3,---,m} and an infinite subsequence (N, ) such that Ny = j, Vn. By
letting n tend to oo, we deduce that 75 >¢, 7; so that 753 = 77 hence a
contradiction. O

Lemma 2.4 The class Essup ;(7;)u s decomposable, i.e. whatever v5, ~v4 in
Essup ;(7i)u and 2, € Fu, 7ila, +v5 1o € Essup;(7i)u-

Proof. 1t suffices to consider I" = Essup, (i), U {7} where 7 is defined as
7 = 1q, +Iq:;. This set satisfies Axioms (2.3), ( 2.4) and ( 2.5) so that
I' = Essup,;(7i)y. O

Lemma 2.5 If A C B then Essup B C Essup A .
Similarly, we define essinf ;(7;), := —essup ;(—7i). and

Essinf ;(7;)y := —Essup ;(—vi)u-

3 Existence

In the following section, we show that the Essential supremum of a fam-
ily of Fr-adapted random variables at some date u € [t,T] is not empty
under mild assumptions. To do so, we prove several lemmas. The condi-
tional expectation we use in the formulation of the lemmas must be under-
stood in the generalized sense. Precisely, denoting a random variable & by
€ =¢T—¢ where £, ¢ € RY, we write for a given o-algebra G, E(£|G) =0
if E(§7|G) = E(¢719).



Lemma 3.1 Let us consider a collection (v;)ie; C L°(RY,Fr) such that
there exists 7 € L°(R®, F,) satisfying vi <g, 7, Vi € I. Suppose there exists
Jo € I such that E(vj,|F.) = 0. Then, Essup ;(7;). is not empty.

Proof. Let us define for any ¥ € L°(R%, F,) satisfying v; <g, 7, Vi € I, the
real number
q) = >
@(y) = inf_ E&™y 20,

where C1(7) := {y € L°(RY, F,) 1 v >q, v, Vi € Iandfy <g, 7}. Con-
sider a sequence (3,) € C1(7) such that a1(y) = lim,, E£}*7,,. Let us define
X" = —3./(1 4+ [§]). Since RY C Gy, it follows that x" >g, —14 and
X" € LY(—Gy, F,). Indeed, by assumption E(vj,|Fu) = 0 so that v € G,
whenever v € C1(9). To see it, observe that &*y > £i*v;, whatever the se-
lector &* € LO(Gy, Fy). It follows that &*y > & E(v;,|Fu) and &*y > 0.
From there, we deduce that v € G; a.s.

We split £2 into 2 = (2 U £2¢ where 1 = {liminf, |x"| = oo}. On 2y,
there exists a.s.(w) a subsequence (ng(w)) such that |x™*| — oo. Let us define
X" = (X"/IX")xn)20- We may assume by compacity that X (W) —
X (w) on 27 where |[X>(w)| = 1. Moreover, Y"*)(w) >q, —14/|x™*|. By
getting (ny) converged to oo, we deduce that x¥*°(w) >¢, 0 in contradiction
with the assumption Y*°(w) <g, 0. Indeed, since G; is closed and proper, we
get that ¥*°(w) = 0 in contradiction with |x*°| = 1.

We then deduce that 2 = (2{. According to the lemma on subsequences
(Lemma 2.1.2, [8]), there exists a strictly increasing sequence of integer-
valued Fy-adapted random variables (ny) such that x™ — x> on 2. It
follows that 7, is also convergent to some random variable ¥'. Since G; is
convex and closed, ¥ € C; (7). In particular, 5! € L°(Gy, F,). We then may
apply the Fatou lemma:

Belyt < liminf BELF,, < ai(3) < BE T
We then deduce that a;(7) = E&*5'. We repeat the procedure in the fol-
lowing way. Consider

az(7) = ’yelé}f( Eft 720,
2

where
Cy(7) :={y € LO(Rd,]:u) 2y 26, Vi, Vi € Tandy <g, 71} c C1(®).

We get 72 € C2(7) such that a;(7) = B2 and az(7) = EE#*52. Reiterat-
ing the procedure, we finally get a F,-adapted random variable ¥ € C;(7),
1 <i < M, satisfying

a;(7) = BEFFM . Vi=1,--- M. (3.1)

Observe that <Gt ~ by definition. We denote by A(%) the set of all
random variables ¥ € C’M( ) verifying (3.1) and we define

Essup (7)) = (J 4() (3.2)
ye©



where © is the set of all F,-adapted 7 satisfying v; <¢, 7, Vi € I. Of course,
for a given 7, A(5) is not necessarily unique so that the union should be
understood over all possible sets Cps (7). It remains to show that the class
defined by (3.2) satisfies the statements (2.3), (2.4) and (2.5).

If v* € Essup;(7i)u, it is obvious that +* verifies Assertion (2.3). We
claim that for any v € L°(R%, F,), dominating every ~;, i € I, Assertion
(2.4) holds. It suffices to consider an arbitrary v* € A(y). At last, consider
Vi, 73 € Essup ;(7i)u with 77 € A(71) and 73 € A(72). Assume that 77 —75 €
G¢\{0} on a non null set 2, € F,. Then, there exists ¢ € {1,--- ,m} and a
non null set ©,, C £2,, such that £* (vf —v3)Ile, > 0and EE* (v —v3) e, > 0.
It follows that

ai(M) = Byt > BEF (1o, + i o). (3.3)

But v = v51e, +7ile: <a, 7i € Ci(71) and v dominates the family (v;)icr-
It follows that v € C;(7;) which implies that E¢*y > a;(1) in contradiction
with (3.3). Hence, Assertion (2.5) holds. O

Corollary 3.2 Let us consider a family (v;)icr € L°(RY, Fr) such that
there exists ¥ € L°(R®, F,) satisfying vi <g, 7, Vi € I. Suppose there erists
Jjo € I such that E(v;,|Fu) exists. Then, Essup (i) is not empty.

Proof. Let us define, for all i € I, %; := v; — E(vj,|Fu) where jo € I is
fixed. This collection obviously satisfies the conditions of Lemma 3.1. We
then conclude with

Essup ;(vi)u = Essup ;(Vi)u + E(vj,| Fu)-

a

In the one dimensional case, with Gg = R, we may define the essential
supremum essup ;(y; ). as soon as the family (v;);er is bounded from above
by a real-valued and F,-adapted random variable as shown above. In partic-
ular essup,(v;)r coincides with the usual essential supremum essup ;(7;) as
defined in the literature. Actually, we may extend the definition for random
variables taking values in (—oo, o] as follows:

Proposition 3.3 For any family (vi)ic; € L°(R,Fr) of scalar random

variables (which may take infinite values), there exists a unique F,-adapted
random variable essup ;(7; ). := 7y verifying:

(1)72717 VZ€I7
(2) If v' € L°(R, F,) verifies ¥' > ~;, Vi € I, then v > 7.

Proof. Tt suffices to take v := lim,;, o0 essup ;(v; A m),. O
Remark 3.4 We have essup ;(7;)y, > essup;(vi)r, Yu € [0,7].

Corollary 3.5 Assume that the family (7;)icr satisfies essup;|7vil, < 00 a.s.
Then, Essup ; (i) is not empty.



Proof. Consider the family

~ Vi .
= —— 1€1.

i 1 +essup; V5 |

We have —1,; <¢g, Vi <¢, 1l4. Applying Corollary 3.2, we deduce that

Essup ;(¥;)« is not empty. It follows that Essup;(7v;), is not empty and is

given by

Essup ;(7i)u = (1 + essup ;| |u)Essup ; (i) u- (3.4)

Indeed, consider v* € (1+essup ;|7v;|u)Essup ; (Vi)u, i-e. v* = (1+essup ;|v;lu)7"

where
Yi

*>q ———————, Viel
=9 Tt essup [y

gl
We deduce that v* >¢, i, Vi € I, i.e. Assertion (2.3) holds. Let us consider
a random variable v verifying v >@, v, Vi € I. Then, we also have the
inequalities /(1 + essup ;|v;lu) >a, 7i, Vi € 1. We deduce 7* € Essup ;(7i)u
such that ~/(1 + essup ;|v;lu) >c, 7* and v >g, (1 + essup ;|v;lu)7" ie.
Assertion (2.4) holds. Similarly, Assertion (2.5) holds. O

4 Immediate properties

Corollary 4.1 Let us consider a family (v;)icr. Then, essup;|vi|lr < oo (a.s.)
if and only if there exists v1, v2 € L°(RY, Fr) such that v1 <g, Vi <a, V2, Vi.

Proof. Assume that essup ;|v;|r < oo a.s. Applying Corollary 3.5, we deduce
that Essinf ;(7;)r and Essup ;(7;)r are not empty so that we can conclude.
Reciprocally, suppose that essup,|vilT = oo on a non null set A. We may
extract a subsequence such that |y;| — oo. We introduce the random variables
Yi = vi/lvil, i = /|| and Jo; = 2/|vi|- By assumption, we obtain
Y1i <@, Vi <@, Yei, Vi € I. By compacity, we may assume that 7; — 7 with
[7] = 1. On the other hand, the last inequality yields ¥ = 0 on A since Gy is
closed and proper. Hence a contradiction. O

Proposition 4.2 Let us consider a family (v;)ier € L°(R®, Fr) such that
E(vi,|Fu) exists for some jo € I and Essup ;(Vi)u # 0 where u € [¢,T]. If
A € L°(Ry, F,), then

Essup ;(AuYi)u = Au Essup ;(7i)a.

Proof. We first suppose that there exists ig € I such that E(v;,|Fy) = 0. It
follows that

Essup ;(AuYi)w U Essup ;(7;)u C LO(Gt, Fu)- (4.5)

Let us consider v € Essup;(Ay7i)u. Since v >@, Auyi, Vi € I, we then
deduce that for a given v** € Essup ; (7:)u,

J

b\ Iix, 0y +71*I{Au:o} >a, Vi, Viel



We deduce v* € Essup; (i), such that

fy * *
EI{AH;AO} + " a0y 2 7
By virtue of (4.5), ¥ >¢g, Ayy*. Similarly, there exists v! € Essup;(Ai7i)u
such that \,7* >g, v'. We then deduce that v = v* = \,7*. We have shown

Essup ; (AuYi)u € AuEssup,; (7i)u-

Reciprocally, if v* € Essup ;(7;)u, then Ayv* >, Auvi, Vi € I. So, there is
v € Essup ;(Au7:)w such that A,v* >¢, v. We deduce that

v >, )\lhu;eo +~* I, =0 >, 7V (4.6)
u

where y* € Essup;(7;).. From there, v* = 4 and A\,y* = v if A\, # 0.

Otherwise, A,v* >¢, v implies that v = 0 since v >¢, 0 by virtue of (4.5).
We then conclude that A\,v* =+ and the reverse inclusion is proven.
In the general case, we fix ig € I and we deduce from above that

Essup ; (Auvi)u = Essup; (Au(vi — E(vig [Fu)))y + AuL(Vig| Fu),
= Ay Essup; (vi — E(’Yio‘]:u))u + A E(Yig| Fu)s
= Au (Bssup; (vi — E(io|Fu))y + E(io| Fu))
— A, Essup (7).

O

Proposition 4.3 Let us consider X € L°(RY, F,) where u € [t,T]. Assume
that Essup (X, 0),, is a singleton. Then,

Essup (X, —X,0), C Essup (X,0), + Essup (—X,0),.

Proof. Let us consider v* € Essup (X, —X,0),. Then, v* + X >4, X and
v+ X >¢, 0. We deduce that v* + X >¢, 71 where 1 := essup (X, 0),,. We
also have v* >¢, 71. Then v* —v1 >¢, —X, 0. We deduce that v* —v1 >¢, 72
where v2 € Essup (—X,0),. On the other hand, 7; ++2 dominates X, —X and
0. Hence, there is y'* € Essup (=X, X, 0),, such that v* >g, 71 +72 >a, 7"
It follows that v* = 1 + vo = y'*. O

Remark 4.4 In the case where the three essential supremum sets above are
singletons, the inclusion is an equality.

Proposition 4.5 Assume that the cone Gy is such that the essential supre-
mum of two random variables is necessary a singleton. Let us consider a
family (vi)ier € L°(RY, Fr) and u € [t,T]. Then, the set Essup,(vi). is
closed in probability.



Proof. Consider I' the closure in probability of Essup,(7;).. It suffices to
check that I' satisfies the same axioms than Essup;(v;),. First, if ™ con-
verges in probability to 4v* € I', there exists a subsequence nj such that
Y™ = " as. From v** >q, v, Vi € I, we deduce that v* >q, v, Vi.
Secondly, if § € L°(R%,F,) satisfies 6 >g, <, Vi € I, then there ex-
ists v € Essup,(vi), C I' such that § >¢, ~. At last, consider 71,72 €
I’ and suppose that 3 — v2 € G¢\{0} on a non null set 2, € F,. We
may assume there exists i € {1,---, M} such that £*vy; > £*yy on £,
where, by density, 71,72 € Essup;(7y;).. We assume without loss of gen-
erality that Essup;(vi), # 0. It follows that the essential supremum is
given by Lemma 3.1. In particular, considering the notations of the proof,
y1 € Cy(7) and, for all i, the inequality a;(7) = E&*y > By > a;(7)
holds where v := v1lg\ @, + essinf (y2,71)[p,, hence a contradiction. In-
deed, essinf (y2,71) <@g, 72 yields the last strict inequality. Since 72,71
dominate the family (7;);ecr, we deduce that essinf (v2,7v1) >¢, (Vi)ier with
essinf (y2,71) <@, 7- O

Definition 4.6 A subset A, C L°(RY, F,) is said decomposable if 2, € F,
and 7y, y € Ay implies vlq, +7In: € Ay.

Corollary 4.7 Suppose that the conditions of Proposition 4.5 hold. Let us
consider a family (7;)icr € LO(R®, Fr). Then, there exists a closed set-valued
and F,-measurable mapping Iy C R such that

Essupi(’)/i)u = LO(Fua]:u)'
In particular, the graphs of I'y are F, @ B(R%)-measurable.

Proof. We know that Essup ;(v;),, is closed in probability. Moreover, observe
that Essup,(7i). is decomposable. We then conclude applying Proposition
5.4.3 [8]. O

Proposition 4.8 Let us consider a totally ordered family (v;)icr € L°(R?, F;)
such that there existsy € LO(RY, Fy) with~y; <g, 7, Vi € I. Then Essup ;(7;):
is a singleton {y*}. Moreover, there exists a random subsequence (ny) € N
such that (s, ) is an increasing sequence converging a.s. to y*.

Proof. Consider _ '
bV :=supE& vy, j=1,---,M.
iel
There exists some subsequences (i,(cj)) such that v/ = limy, E§g*7i(j>. Since
k
the family we consider is totally ordered, we deduce that the sequences (v, )k
k

are increasing with respect to the partial ordering induced by G;. We then
set
i = Bssup i< (7,00)e S {v,00 11 < j < M}

It is straightforward that (v;, ) is still an increasing sequence and moreover

b =lim By, V1< < M.
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Notice that v;, <a, Vi, <@, 7, k > 1. We deduce that lim inf}, |y;, |+ < oo.
We then deduce a random sequence (ny) € N such that v,, converges a.s.
to some v* <g, 7. Recall that v,, reads as v,, = Z —1 Ypl{n,=p)- Since
the sequences (;, )x and (ny) are increasing (a.s.), we then deduce that the
sequence (7, ) is also increasing with respect to the partial ordering induced
by Gi. From ng(w) > k a.s.(w), we deduce that v, () >a, Y(w) as. if
m > k. It follows that v* >¢g, v, for any k. From there, we deduce that
Essup;(v:): = {7v*}. Indeed, if v >¢g, % for any k, then v >¢, v, and
v >, 7, ie. the singleton {7*} satisfies the required axioms to be the
essential supremum. O

We immediately deduce the following;:

Corollary 4.9 Let us consider a family (vi)ie;r € L°(R,F;) such that
Essup,(7:)e # 0. Assume that (v;)ier is decomposable and closed in prob-
ability. Then (7v;)ier is an inductive set and so contains at least one maximal
element (with respect to the partial ordering of the cone Gi).

5 When the generators are linearly independent

Recall that « € Gy if and only if there are some positive coefficients «;(z) > 0
such that

N
T = Z a;(x)&
i=1

We have the following lemma:

Lemma 5.1 Assume that £},--- &N are linearly independent. Let us con-
sider x, y € Gy. Then, © >¢, y if and only if a;(x) > a;(y),Vi=1,--- ,N.

Proof. If © —y € G; and x, y € Gy, then

N
r—y= Zai(x = Z (ai(z) — cily)) &-
i=1 i

We deduce that 0 < o;(z — y) = ai(z) — a;(y), Vi, and we conclude. O
Lemma 5.2 Assume that £},--- &N are linearly independent and we are
given a finite family n1,- -+ ,nm € L°(Gy, Fr). Consider u € [t,T]. If there
ezists ¥ € LO(R%, F,,) such that (n;); <g, 7 a.s., then [} := Essup;(n;)u is
not empty and reduced to the singleton essup ;(1; ).

Proof. By a measurable selection argument, let us write

N
_ i¢J
ni = E Oéjgt
j=1
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where aé- are positive and Fp-adapted random variables. We then define

a; := essup,(a’), which is a.s. finite. Indeed, recall that (1;); <¢, 7 so that
we may apply Lemma 5.1. Let us set

N
essup () =" = ) @€,
j=1

By virtue of Lemma 5.1, v* dominates 7; for all ¢ . Moreover, if another
Fu-adapted random variable 1 dominates 7; for all 4, then n € LO(Gt,}'u).

Its decomposition
N
n=> a;
j=1

verifies a; € LRy, F,) and o > aé, Vi, by virtue of Lemma 5.1, i.e.
a; >ajorn>q, v.O
In the same way, we show the following:

Lemma 5.3 Assume that £,--- &N are linearly independent and we are
given a finite family ny, - -+ , 0 € LO(Gy, Fr). If there exists ¥ € L°(R%, F,),
u > t, such that (1;); >¢, 7 a.s., then Essinf ;(v;), is not empty and is
reduced to the singleton essinf ;(7;)q,.

Lemma 5.4 Assume that £},--- &N are linearly independent. Suppose we
are given a family (v;)ie;r and ¥ € LO(R, F,), u > t, such that v; <g,
¥, Vi € 1. Suppose there exists jo € I such that E(v;,|F,) = exists. Then,
Essup ;(7i)u s not empty and is reduced to the singleton essup ; (Vi)

Proof. We may assume without loss of generality that there exists jo € I
such that E(v;,|F.) = 0. Let us define

= inf B¢y >0
ay = inf, &y >

where C := {y € L°(R%, F,)) : v >a, Vi, Vi € I}. Let us consider a sequence
(n)n C C such that a; = lim,, E£}*7,,. Let us define

Yn
X" i=— —.
1+l
By assumption, we have x" >g, —14, and x" € LO(—Gy, Fu).
As in the proof of Lemma 3.1, there exists a F,-adapted subsequence
(nk) such that (x™) is a.s. convergent. Hence (7,, ) is also convergent to 7'.
Since Gy is convex and closed, ¥ € C and belongs to L°(GY, F,). Applying

the Fatou lemma:
B¢yt < limkinf B¢, < ay.

We deduce that a;(7) = F£P*SE. In the same way, we define ag, - - -, aj and
we find 72, - , 7™ € C satisfying

a; = inf E¢*y = BEF5, i< M.
yeC
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By virtue of Lemma 5.3, let us define 4* := essinf;(¥'),. By definition,
~v* € C and , .
a; = inf By = By, i < M.
yec

Assume that v € LO(R%, F,) verifies v >¢, 74, Vi € I, and v — v* ¢ G
on a non null set 2, € F,. Then, there exists i € {1,---, M} and a non
null set ©,, C 2, such that &*(y —v*) g, <0 and E&*(y —v*)Ig, < 0. It
follows that

a; = BEFy* > EE (vle, + 7" 1oc). (5.7)

But v = vlo, + 7" le: € C. Hence, B¢y > a; and we get a contradiction.
O

Corollary 5.5 Assume that &}, -+ &N are linearly independent. Let us con-
sider a collection (7;)ier with essup;|vil, < oo a.s. Then, Essup ;(7;)w is not
empty and equals the singleton essup ;(V;)w-

Proof. The proof is similar to that of Corollary 3.5. O
Lemma 5.6 Assume that G is generated by some linearly independent gen-
erators &, -+ &N, We are given a family of Fr-adapted random variables
(vi)i such that essup ;(7;), ewxists, where u € [t,T]. Consider an arbitrary
selector n; of G*, i.e. n, € LO(Gy, F;). Then,

(essup ; (vi)u) -ne = essup; (Yi-ne),, -
Proof. Since essup; (vi)u >a, Vi, Vi € I, we deduce the inequality
(essup ; (vi)u) - = vi-me, Vi € I. It follows that

(essup ; (7i)u) -ne > essup; (Yi-me),, -
O
Lemma 5.7 Assume that G; and G} are generated by a finite number of
linearly independent generators. We are given a family of Fr-adapted random

variales (7v;); such that essup ;(v;), exists, where uw € [t,T]. Consider an
arbitrary generator n, € L°(G;,F;). Then,

(essup ;7i),, -1t = essup; (Vi) -

Proof. In sight of the previous lemma, assume that
(essup ;7i),, -nt # essup; (Vi-ne),, - (5.8)

We denote by 7V := n;,--- @ the generators of G and we recall that
they are linearly independent by assumption. By a measurable selection ar-
gument, we consider & € {n® ... p@}+ with &n > 0 and |&] = 1.
It is possible; in the contrary case, we have {n(® ... n@}+ = {0} and
lin(n®, ... p@) = R4 We deduce that & € L°(Gy, F;). Again, by a
measurable selection argument, we then deduce from (5.8) the existence of
a, € L°(Ry, F,) small enough such that

(essup ; (Vi)u — awb) ne > essup; (Vine),, -

From there, it follows that essup,(v;)u — aués >a, Vi, Vi € I, and we get
that essup;(7i)u — @uét >a, essup;(7:) hence a contradiction. O
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Lemma 5.8 Let us consider a collection of Fr-measurable random variables
v = (7i)ier such that essup ;c;(vi)u exists where u € [t,T]. Consider the
“upward” completion defined as
7P := {essup i i Yins o3 %in) i €N, 45 € I}. (5.9)

Then

esSup ;¢ (Vi)u = €SSUP =emup (7) u-
Proof. By definition, essup ;¢ (7vi)u >a, Vi;, whatever i; € I. We deduce that
essup ;e (Vi)u =G, €ssup j<,(7i,)u and then

essup ;e (Vi)u =G, €ssup Fevu F)u-
The reverse inequality is obvious so that we can conclude. O

Corollary 5.9 Assume that Gy is generated by a finite number of linearly
independent generators and G is generated by a basis of R%. We are given
a directed upwards family of Fy-adapted random wvariales (v;)ier such that
essup,;(7vi)¢ exists. Consider n, € L°(RY, F,) where s < t. Then, there exits
a sequence (i) C I such that

(essup ;v;), -ns = 1171;11 Yig - Ms-
In particular,
(essup ;7i); -ns < essup; (7i-ns) -

Proof. Since the generators £1*,- -+, &3 of Gf generate R?, we deduce by a
measurable selection argument that n, = Z;l:l a;&l* where a; € L°(R, )
for all j < d. By virtue of Lemma 5.7,

d
(essup ;vi), -ns = Zajessupi (%. f*)t
j=1

where here essup , (m.gg *) = essup; (’yi.gg *) is the R-valued essential supre-
t

mum of the litterature. For each j < d, the family (%‘.ff*)i is directed
upwards. We then deduce the existence of a sequence (i/,) € I such that

essup ; (%77{*) = lim, 1 v, 7%, see A.3.3 [8]. But, (v;)ier being directed
upwards, we deduce (i,,) C I such that essup; (%.nf *) = lim,, 1 75, .0* for
all j < d and we conclude. O

Lemma 5.10 Assume that G; and G} are generated by linearly indepen-
dent generators. We are given a family of Fr-adapted random variables
v = (vi)ier such that there exists ¥ € L°(R%, F,) satisfying ¥ >a, i, Vi,
where u € [t,T]. If E (essup ;(Vi)u|Fi) exists, then

essup ;B (il Fi)e <g, E (essup;(vi)ulFt) -
Moreover, if v is directed upward and u =T then

essup ;B (| Fi)e = E (essup ; (vi)r|F) -
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Proof. Let us consider an arbitrary selector £ € L (G}, F). Then, for all i,
E (essup ;(yi)ulF1) & = E ((essup; (vi)u) & |F2) = E (7i&/ | F2) = E (il F1) &
From there, we get that
E (essup ;(vi)ulFt) >c, E (vilFr), Vi€l

and we conclude that

E (essup ;(vi)ulFt) >, essup  E (vi|Ft), -
By virtue of Lemma 5.8, recall that

essup ; (7i)u = esSup =c=un (7)u-
Assume that the inequality
E (essup ;(vi)r|Ft) <a, essup,; E (7| Fz),

does not hold on a non null set A; € F;. Then, there exists a generator
& € L°(Gy, F;) such that the following inequality holds on a subset of A;.

E (essup ;(vi)r|F2) & > (essup B (il Fo),) & 2 E (7i-&:1F)
E ((essup ;(7i)7) & [F¢) > (essup, E (vl Fe)) & = E (i &7 Fe) -
By virtue of Lemma 5.7, we have on Ay,
E (essup ;(vi&f )7 |Ft) > essup B (vi&f |F2), = B (7i-& | ) -

But the family (y;&); is directed upwards by assumption and takes real
positive values. By virtue of Proposition A.3.1 [8], we then deduce that

E (essup; (7i&; )| Ft) = essup, E (vi&; [ F1),

which yields a contradiction. O

6 Generalization and applications

We assume given ¢ € [0,7] and a family of F3,-adapted closed convex cones
G := (Gy,)ier, ti € [t,T]. We consider a family (v;)ier € L°(R, Fr). We
define the generalized Essential supremum at date u € [¢t,T] as the class

I'* := Essup ZG‘ (v, ét)u (eventually empty) of F,-adapted random selectors
~v* satisfying

v 2a, v ViEl (6.10)
ve L°RY Fu), v 25, i, Viel,= 3y € Msty >q, 7" (6.11)
v €L W # v =1 — s ¢ G\{0} as. (6.12)
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Remark 6.1 Similarly, we may define Essinf iG" ('yi,éti)u replacing the in-
equality v* >, v by v* <g, v and in (6.11) changing v >, v into

Y <G, 7"
Following the proofs of Section 3, we get similar results:

Lemma 6.2 Let us consider a collection (v;)ie; C L°(RY, Fr) such that
there exists ¥ € L°(R%, F,) satisfying ; <g, 7, Viel. Suppose there exists

Jo € I such that étm C Gy and E(v;,|Fy) exists. Then, Essup & (v, Gy, ) is
not empty.

Theorem 6.3 Assume that G is generated by a finite number of linearly
independent generators. Let us consider a family (v;)ier C L°(RY, Fr) such
that there exists ¥ € L°(R%, F,) satisfying ~; <a,, 7, Vi € 1. Suppose there

exists jo € I such that é% C Gy and E(v;,|Fu) exists. Then, Essup iGt (v, ét,)u

is not empty and equals the singleton essup iG*' (i, ét)u

Proof. By virtue of Lemma 6.2, consider 71,y € Essup iGt (i, Gt,)u # 0.
Assume that v; # v so that 2 — v1,71 — 72 ¢ G:\{0} a.s. Without loss
of generality, we assume that E(v;,|F,) = 0. Then, there exists coefficients
aj, B € L°(R4, F,) such that

N N
"= Zajff» Y2 = Zﬁjﬁf
=1 =1

where (fg ) C LO%(RY, F;) are the linear independent generators of G. Suppose

that oy > 1 on a non null set. Then, let us define %1) ;=1 and

75" = Yol {50y + V1 (o< € Bssup (7, G, e

Otherwise, we set ’yil) = 72 and ’yél) := 1. We then deduce that

N N
1 1) #5 1 1) #5
W =>"ale 4 =" pMe
j=1 j=1

with agl) > Bil). Assume we have already defined (79) , 'yéj)) € Essup iG*' (i, (W}’ti)u,

for j < N —1, verifying agcj) > ﬁ,gj) for all £ < j . Suppose that ﬁ](ﬂ_)l > 0‘5'3-21
on a non null set. We then define 'yy = fy%j ) and

(G+1) . () ] ] () ) ) Gein. (3
s = I{B§J+>l>a§y+>1}+72 f{ﬁm <al®) )} € Essup ;" (74, G, )u-

Jj+1

Otherwise, we set ('y§j+1),fy§j+1)) = (7§j)77§j)). We get that aﬁcjﬂ) > ﬁl(cj+1)
for all £ < j+1. In particular, with j = N —1, we deduce that 7§N) >a, fyéN).
But vgN),*yéN) € Essup Z-Gt (i, G+, ), implies that ’ygN) = *yéN) hence we have

the equality chain 7§N71) = fyéNfl), e ,'ygl) = Vél) and finally v; = 7. O
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6.1 Superhedging of American options

Let us consider the discrete-time financial model of Kabanov with propor-
tional transaction costs (see [8] for more details). We are given random cones
(Gt)o<i<r satisfying the hypothesis given in introduction. We interpret them
as solvency cones, i.e. Gy is the set of all portfolio positions we can change
into positive ones (i.e. in Rff_) paying transaction costs. A portfolio pro-
cess (Vi)o<i<r expressed in physical units is a process with the dynamics
AVy =V — V1 € —G4 a.s. The goal is the following: given an American
claim (hy)o<i<r (a stochastic process), find a “minimal” portfolio (V;)o<i<r
such that V; >q, he, for all ¢, and Vp = hp. Such a portfolio V is said “mini-
mal” in the sense that if W is another one satisfying the same property, then
Wi >@, Vi for all ¢t. Throughout this section, we suppose that the random
cones G and G* are generated by linear independent generators. This is the
case when d = 2 and the transaction costs coefficients are strictly positive,
[8]. We define a “Snell envelop” as follows.

Proposition 6.4 Assume there exists k > 0 such that hy <g, klgq for all
t. Then, there exists a unique minimal portfolio process (Vi)o<i<r such that
Vi >a, he, for allt, and Vp = hp. Moreover,

Vi = essup “* ((hy, Gt), (Vig1, Gig1)),, t<T —1.

Proof. We set Vi = hy and inductively we define V; := essup (h¢, Vig1):
where the essential supremum is understood in the generalized sense of this
section; h; is associated to the cone G} and Viy is associated to Gyyi. It
follows that V; is Fi-adapted and satisfies Vi >¢, h:. Since, we also have
Vi 26,4, Vig1, it follows that AV, € —Giqq, ie. (Vi)o<i<r is a port-
folio process. Moreover, consider any portfolio process W super-replicating
(ht)o<t<T. We necessarily have W, >¢, h, and Wy = hp. From the dynamics
AWy == Wipr — Wi € —Gyqq, we also deduce that W >q,,, Wii1. By
backward induction and definition, it follows that W; >¢, V; for all ¢t. O

Remark 6.5 The link between this minimal portfolio process and the dual
characterization of the super hedging prices of an American claim as formu-
lated in the papers [2] and [4] is left for future research.

6.2 Dynamic risk measure

Assume we are given two constant closed and proper cones K and G gener-
ated by linear independent generators of R%. We suppose that K C G and
int K # (. We also suppose that Rff_ C @. In this section, G is interpreted
as the solvency cone in the continuous-time model of Campi—Schachermayer
as described in Section 3.6.6, [8]. We are given discounted prices (S%)1<i<a
verifying S' = 1 we interpret as currencies like Dollars, Euros, Yen, etc.
The constant proportional transaction costs coefficients (A\*7); ; of the model
are interpreted as the exchange rate between the currency numbers ¢ and
numbers j. Therefore, G is defined as, [§],

G = cone{(1 + N)e; —ej: 1 <i,j <d}.
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The problem is the following: we are given a vector-valued process X with
X; € LR, Fr) which models the value at date t of some multi-assets
financial portfolio, the investment of a company. A dynamic measure of risk
(pt) associates to X the set of Fi-adapted portfolios of reference instruments
x; € L°(RY, F;) which, when added to X;, make the total position X; + 2
acceptable by the regulator/supervisor. We send the readers to the papers
[13] and [6] for static risk measures in models with transaction costs.

In this example, we suppose that the acceptable positions are given by
the cones K, we call the security cone. The process (p;(X)) is defined as a
set-valued mapping but, as in the previous example, there exists a “minimal”
selector of the risk measure which turns out to be also a risk-measure accord-
ing to the definition we shall recall below. Let us before show the following.

Proposition 6.6 Suppose that h is an adapted process and there is k > 0
such that hy <k klgq for allt € [0,T]. Then, there exists a unique minimal
process (Vi )iepo,r) such that Vi > hy, for allt, Vr = hy and Vi, = Vi, € =G
for all t1 < ty. Moreover, V is left-continuous and of finite variations. If W
is another such process with Wp > hr, then necessarily we have W >g V.

Proof. We consider the refining sequence
ot .={t.=Ti/2" :i=0,---,2"}

of partitions of [0, T] and set IT = U, [I". Like in Proposition 6.4, we deduce,
for each n € N, the minimal portfolio process (Vt(nn)) super-replicating (h¢r)
at dates t € II™ in the following sense:

‘/t("n) = essqu ((ht;HK)ﬂ (‘/t("z)luG)> ) { S 2" — 17

24
Vi = by
Observe that by definition V;(;LH) >a V;(:ﬂ:l) and Vt(ﬁjl) >a Vt(?,"ﬂ).
i 2i+1 2i+41 i+l
It follows that Vt(nn +1) >a Vt(nzrl) By virtue of the definition of V(") as

a minimal process, we then deduce that k1ly >¢ Vt(”ﬂ) > Vt(n) for any
t € II™. We then define Vt(oo), for each t € II, as the increasing limit of
the sequence (V;(")) with respect to G or equivalently as the F;-adapted
essential supremum of the family (Vt(n)) with respect to the cone G. Then,
we put Vi = limyqs renr Vt(oo) which is left-continuous. Observe that V; is
a decreasing limit with respect to G. Indeed, Vt(loo) - Vt(;o) c Gif t;y > tg
and tq,ty € II. We then deduce that V is an adapted process. By virtue of
Lemma 7.1, we also deduce that V is of finite variations, i.e. V is a portfolio
process according to Lemma 3.6.12, [8], with respect to the constant cone G.
Finally, consider any portfolio process W K-superhedging the payoff h. Then,
the discrete-time process (Win) verifies Win >g hyn and Win >¢ Wiz | by

assumption. It follows that W; >y Vt(") for all ¢ € II and n such that
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te IlI™. As n — oo, we obtain W, > Vt(oo) for all ¢ € II. Moreover, if W is
left-continuous we get that W, >q, V; for all ¢t. O

Throughout the sequence, we suppose that X € D,, ie. X; > —kly
for all t € [0,7] where k > 0. Applying the last lemma to h = —X, we
then deduce a unique process p:(X) satisfying p;(X) + X; € K which is
minimal according to the ordering generated by the cone G. The dynamic
Pty (X) = pr, (X) € —G it satisfies means that p(X) is a self-financed portfolio
subjected to the transaction costs given by (A7), ;, see [8]. We then easily
show the following;:

Proposition 6.7 The mapping p is a coherent risk measure, i.e. satisfies
the following statements:

RO.) pt(0) = 0.

R1.) If X >k 0, then pi(X) <g, 0 a.s., ¥Vt € [0,T].

R2.) If X,Y € D, then, ps(X +Y) <q, pt(X)+ pe(Y) a.s., Vt € [0,T].
R3.) If e Ry and X € D, then p;(AX) = Api(X) a.s., Vt € [0,T].
R4.)If X € D, and a € R, then p,(X +a) = p(X) + {—a}, Vt € [0,T].

6.3 Skorohod problem with oblique reflection

This last example is motivated by the consumption-investment problem with
friction of Chapter 4, [8], but for Lévy-driven processes as in [5]. Contrarily to
the classical Merton problem, [10], constructing the optimal wealth process
in presence of friction is far from being obvious. We infer that the optimal
pair (i.e. the portfolio process and the control) is the solution of a stochas-
tic differential equation with reflection, usually called stochastic Skorokhod
problem, but with jumps. In the case where the price process is continuous,
the Skorokhod problem is given by the equations (4.8.24)-(4.8.25), [8]. Due
to the continuity of the prices and the oblique reflection on the boundary,
the portfolio process (V;) remains in the so-called no-transaction cone Kj.
With unpredictable price jumps, the portfolio may jump outside Ky but we
conjecture that an oblique reflection of V; should constraint Vi to stay in Ky
in such a way that the controlled difference AV, := V;y — V; corresponds to
transaction costs, i.e. AV,y € —G (where G is the solvency cone as already
defined). Of course, that means that we allow transactions “from the right”,
i.e. the controls are not assumed to be cadlag as in [5]. We currently work
on an extension of [5] to the larger class of right and left limited controls we
believe to be the right one. In the paper [7], the authors propose such an
optimal control but, unfortunately, this one does not belong to the class of
right-continuous processes they consider.

In the following, we solve the corresponding deterministic Skorokhod
problem with oblique reflection using the notion of essential supremum we
introduced above and we leave the stochastic version for further research.
We send the readers to the paper [1] by Anderson and Orey where they use
the method of local coordinates and the papers [11], [12] and [3] for further
readings about the classical approaches of the litterature.
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Assume we are given two constant closed and proper cones K and G
generated by linear independent generators of R? with K C G, 0K C int G
and int K # (). We suppose that RZ C G. Let us consider a cadlag (right-
continuous and left-limited) and deterministic function (X;);>o with Xy €
int K.

The goal is to find a left-continuous and right-limited function (Y;)¢>o of
finite variations such that Z; = X; + Y; verifies:

Z € G, Zt+ € K as.,
Y, ATZ, € —0G,
A Z, 40 Z ¢ K

where Y; is the optional version of the RadonNikodym derivative dY©/dVar (Y,
Y€ is the continuous part of ¥ and Var (Y¢) its total variation.

Definition 6.8 A process A is said G-increasing if Ay > As fort > s.

We consider the refining sequence II™ := {t := T/2" : i = 0,--- ,2"}
of partitions of [0,7] and denote II = U,,>1II"™. We say that h is a cadlag
(respectively ladcag) IT™-process if h is constant on each interval [t},t7, [
(respectively on |t7', 7, 1]). Moreover, a left-continuous process (V;)i<r is
assumed to have a right limit at date 7" we denote by Vp, and verifies
Vo = Vo4. We recall in Appendix the projection of a point z € G onto K
parallel to —G we denote by IPI_{G(J?). Given k € int K, we fix 7, > 0 such

that B(?,rk) C K. We denote B = ?/rk

Lemma 6.9
Let us consider a function (Xt)i<r and || X ||, = sup,<p || X¢||. Then,

-, =,
=k Xl Sk X <k ET[IXu
i — —
Proof. Since B(k,ry) C K, we get that B(k*,1) C K. It follows that
B(0,||X||.) € K — k*||X||4. Since, X and —X evolves in B(0, || X|..) we
easily conclude. O
Observe that there exists a constant S only depending on the cone K

— —
and k* such that — k* <x & <g k* implies the inequality ||z| < Bk.

Our main result is:

Theorem 6.10 Suppose that (X;)i<r is a cadlag function. Then, there ex-
ists a ladcag function X1(X) = (Vi)i<r of finite variations which is G-
decreasing such that Xo(X) =X +V € G, Do(X)y € K, |V]lu < Bl X|u
and ATV € —dG. Moreover, V = dve/dVar (V°) € —0G andV = V122(X)¢intK.

The proof follows from the following result.
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Theorem 6.11 Suppose that h is a deterministic cadlag function. Suppose

that hy <g k for all t € [0,T] where ? € K. Then, there erxists a ladcag
function (Vi)i<r such that V; >k he, for all t. Moreover, V is of finite
variations with ATV € —8G and V¢ € —0G. If W is another such process,
then necessarily we have W >4 V.

To give the proof, we need the following lemmas.

Proposition 6.12 Suppose that (hi)tcn is a discrete-time process and there

H
is k € K such that hy <g k for all t € II"™. Then, there exists a process
Z(h) := (Zt)temn such that Z >k h and thzﬂ —Zyr € =G foralli <2"—1.
If W is another such process, then necessarily we have W >q V.

Proof. Like in Proposition 6.4, it suffices to set Zr = hp and
Zyyp = essup “((hey, K), (Zey,,, G)ep, <27 = 1.
O

Proposition 6.13 Suppose that (hy)i<7 is a cadlag II™-process and there is
? € K such that hy <g k for allt < T. Then, there is a unique minimal
ladcag IT"-process (Vi)i<r such that V >q h, Vo = Vpg, ? >a Vo >k h
and ATV € —9G, Vi, s —he, = PRE(Vi, —hy,). If W is another such process,
we have W > V.

Proof. Consider the minimal G-decreasing process (Z;)iezn we get using
Proposition 6.12. Let us set Vo = Vo1 := Zp := Vi» and let us define recur-
sively Vt?ﬂ = Vin 4 as follows. Suppose we have already defined Vip = Vin
such that Vin >x hyr and Vir >¢ Zip . Then, Vin >¢ Zin > hyr so that
we may define

Vin

i+1

Observe that we have Viny —Vin € —0G, 6. Viny = ]P);(S:‘ht,» (Vty):

= essup ~“((hur, K); (Vip, = Q)i = essinf @ ((hyp, —K); (Viz, G)) -

Zin +K
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To see the uniqueness, let us set Uy := V; — hy, t € II™. Observe that it is
equivalent to define U instead of V' as follows: the discrete-time process U is
defined as Uy = Upy = Zy — ho and

Uy :=Us, 1, U, :=Us,_ — Ahy, €G, Uy :=PREUL).

i

Consider another process W satisfying the same properties than V. We first
get that W, >¢ Z so that Wy, >g V4. We then consider U the process
associated to W which is defined as U and satisfies the same properties. By
induction, we get that U >aUsothat W >o V. O

Corollary 6.14 Suppose that (X¢)i<7 is a cadlag II™-process. Then, there is
a G-minimal ladcag IT™-process X1(X) = (Vi)i<r with X1(X)o = Z(—X)o,
o(X) = X + 21(X) € G, Du(X)y = PE(L(X)) € K and ATV ¢
—JG. Moreover, we have || X1(X) || < Bk|| X |l and ATV, # 0 if and only if
Xo(X) ¢ it K.

Proof. 1t suffices to apply Proposition 6.13 and Lemma 6.9. O

Corollary 6.15 Suppose that (Xi)i<T s a cadlag function. Then, there ex-
ists a ladcag function X1(X) = (Vi)i<r of finite variations which is G-
decreasing such that Yo(X) =X +V € G, Xo(X)+ € K, [V|lu < Cl1 X]|u
and ATV € —0G. Moreover,

V =dV¢/dVar (V) € —0G, V = V122(X)¢intK-

Proof. Consider the cadlag function X as an element of the Skorokhod space
D[0, T] endowed with the usual Skorohod topology. In the following, we use
the notations of Chapter VI, [9]. Consider a sequence of cadlag IT™-functions
X" such that X™ converges uniformly to X on [0,7] and (II™) is a refining
sequence of partitions. For each n, Corollary 6.14 ensures the existence of
(X1 (X™), Xo(X™)) solving the Skorokhod problem. Observe the inequalities
sup,, || X2(X™)||. < oo and sup,, || X1(X"™)|l. < oo since sup,, || X™|. < oo.
Recall that for each n, ¥1(X™) is a G-decreasing process. Using Lemma
3.6.13, [8], (or Lemma 7.1 of this paper) and Corollary 6.14, the Helly the-
orem asserts that for any sequence of A := {Var(X;(X"™)4)}, there exists
a subsequence «;,, € A such that a,, converges pointwise to a € D[0,7T] at
each point ¢t € D of continuity of a. It is straightforward that for any ¢t € D,
there exists t,, < ¢, with ¢, — ¢, such that A«,(t,) = Aa(t) = 0 since «a,
is a stepwise function. Moreover D is dense in [0,7] as a complement of a
countable subset of [0, T]. By virtue of Lemma VI-2.25, [9], we obtain that o,
converges to a € D[0, T for the Skorokhod topology. We then deduce that
A is relatively compact, i.e. limsupgosup,e 4 wp(o,0) = 0. We also have
lim supy, g sup,, w7 (X", 0) = 0. Since AXp(X"); = AX" + A (X")4, we
then get that

wp(Z2(X")+,0) < wp(X",0) + wp(Z1(X")+,0)
< supwip (X", 0) + wp(Var(X1(X™)4),0)

< supwip(X",0) + suawép(a,@).
n ac
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From there, it follows that that limsupyqsup, wp(X2(X")4,0) = 0 and
finally the family (X9(X™);) is relatively compact for the Skorokhod topol-
ogy. We deduce that (X5(X™);) converges to X5(X)4 € D[0,T] for a sub-
sequence. We then set X5(X) := X5(X)_ + AX. By virtue of Proposition
VI-2.1, [9], for each ¢t € [0,T] there exists ¢, — t such that Xo(X™) 4 (t,) —
So(X) (1), Ta(X")_(tn) = 5(X)_(t) and AT, (X") (t,) = AT, (X) s (1)
Recall that by assumption, AX™ converges uniformly to AX. It follows that

So(X™)(tn) = Zo(X™)_(tn) + AX" () — o(X)(t) € G.
Since Xo(X™) 4 (t,) = P (X2(X™)(tn)), we deduce by continuity that
Za(X)+(1) = PR (Z(X) (1)) € K.
We note 3 (X) := Y5(X) — X. From above, we have
LX) (tn) = Zo(X")(tn) — X" (tn) = 21(X).

Since AX5(X) = AX, we deduce that AX(X) = 0 ie. X (X) is left-
continuous. It is clear that X1 (X) is G-decreasing hence of finite variations:

D1(X)e = Z(=X)o + /Ot ay dVar S5(X), + Y ASF(X),

s<t

where « is the optional Radon-Nikodym derivative dX§(X)/dVar X5 (X).
From the equalities AXy(X™), (t,) = AX™(t,) + AT X1 (X™)(¢,) and
A (X) 4 () = AX(t) + AT X (X)(t), we deduce that ATY)(X)(t) € —0G
as n — oo for all t < T. Assume that AT X (X)(t) # 0. Then, we also have
ATZ1(X™)(t,) # 0 if n is large enough so that Yo(X™)(t,) ¢ int K hence
Yo (X)(¢) ¢ int K. At last, we may assume, [4], that
2 (X)t£+l+ -2 (X)ti+
o hijupZ Var(El(X)+)t£+1+ —Var(2 (X)Jr)ti+ 1]ti,ti-+1]

k

where (tfc) is the same refining sequence of partitions of [0,7] we use to
approximate X. By construction, we have X1(X),; , — X1(X),, € —G.
k+1 k

Moreover, since Zl(X)t-; -2 (X)ti-s- — AT X (X)), it follows that

1t

El(X) El(X)tfc+ ZG A+21(X)—€1

j —
tk+1+

if j is large enough and € is chosen arbitrarily small. Since AT X, (X) € —0G,
we then deduce as e — 0 that a € (—G) N (—0G + G) = —0G. Assume that

a#0, then X1 (X),; | — X1(X),, # 01if j is large enough. We deduce fi
kt+1 'k . — .

such that El(X)tiJrﬁ — 21(X) # 0 where t; > f;; > #; . On the other

hand, by virtue of Proposition \71—2.417 we get‘t{Z with t} < tfc_ﬂ and s/, with

t;, < s}, converging respectively to t, ., and ¢, such that

SUXM) = SUX )y = S(XT), = Si(X"),, £0.

1t
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Observe that we necessarily have tJ > t{c 41 By construction, it follows that
Xo(X™),; = X5(X™),; ¢ int K. Taking the limit, we get that
n k+1
Yo(X) 4 (t) € (R?\int K) N K = OK.

Since X5(X)4 (1) = Pr%(X5(X)(t)) we then deduce that Yo(X)(t) ¢ int K.
O

7 Appendix

Lemma 7.1 Suppose we are given a constant cone G C R? generated by
a basis of RY. Let us consider a process (A)i<r verifying Ay, — Ay, € G
whatever to > t1. Then, A is of finite variations.

Proof. By assumption, G = cone (§;)1<i<q Where (&;) is a basis of R%. Let us
consider the mapping

d d
d:Risx= in&- — &(x) = inei e R?
i=1

i=1

where (e;) is the canonical basis of R?. We denote by ¢! the inverse of &.
Recall that @ and ¢~ are linear hence continuous. Moreover ®(G) C R‘i.
For any subdivision (¢;) of [0,T], we get

Z |Ati+1 - Ati = Z |@71 o (Ati+1 - Atz) ‘ < ”@71” Z |d5 (Ati+1 - Atl) |

K2

d
< CIHI DD 19 () — P (AL)) |

i j=1

where &7 is the jth component of @ and C'is a constant (all the norms being
equivalent). By assumption, ¢/ (A, ) — 7 (A;,) > 0 for all j. It follows that
there is another constant C' such that

D A — Ayl < Cl@(Ar — Ao) < C|[]|Ar — Ao,

We conclude that Var (A)r < C||P|||Ar — Ap|. O

In the following, we assume that G C R? is a constant cone satisfying the
hypothesis of the introduction and K C G is a closed cone with 0K C int G.

Proposition 7.2 (Projection onto K parallel to —G) Givenx € G, there
exists a unique y := PR (x) € K such that

lz = yll = min{lle — k|| : 2 — k € G}.
We omit the proof which is standard.

Lemma 7.3 The mapping G > = — P;(G(x) € R? is continuous.
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Proof. We may assume that G = Ri like in the previous lemma. Then
0K = D, U Dy where D, = {(x1,y1) : y1 = ax1, x > 0} and D, is defined
similarly with b > a > 0. It is then easy to show the implication z,, - © =
PY (2,) — PR (z) since we have an explicit expression of PR (z) if z € G.
O
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