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Abstract The goal of this paper is to introduce the notion of essential supre-
mum of a family of multi-dimensional random variables with respect to a
random convex cone. We give two applications in mathematical finance; We
determine the “minimal” portfolio process super-hedging an American claim
in the Kabanov dicrete-time model with transaction costs. For the same
model, we construct a dynamic risk measure in a continuous-time setting. At
last, we solve a Skorokhod problem with oblique reflection.
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1 Introduction

The primary goal of this paper was the following. Assume that a financial
market with proportional transaction costs is modeled by the Kabanov or
Campi-Schachermayer framework, [3]. A vector-valued portfolio process, ex-
pressed in physical units, represents the number of different risky assets an
agent holds. Given a vector-valued process h := (h;)i<r, We interpret as an
American option, the problem is to define the possible endowments (super-
hedging prices) we need to start a vector-valued portfolio process which can
be liquidated at any instant ¢ € [0, T], paying transaction costs, in such a way
that all its components are greater or equal than those of h;. In a discrete-
time setting, we may reformulate the problem as follows: given a set-valued
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random process (K;(w))i—o,... 7 whose values are closed convex cones in R,
d > 1, find V; € R? allowing to start a vector-valued portfolio process
V)i=o,... ., 1.e. AV, :=V,—V,_1 € —K, a.s., and super-hedging h in the fol-
lowing sense: V; >k, hy, i.e. Vi —hy € Ky a.s. for all t < T'. Papers [1] and [2]
provide dual characterizations of all super-hedging prices of a given pay-off
referred as the “hedging theorems”. The natural question which arises is to
determine the “minimal” endowments Vj we need to super-hedge the payoff
h. Of course the same problem can be posed for a European option, i.e. when
we only require to super-hedge the pay-off at the terminal date 7. Without
transaction costs, the problem is simpler. A portfolio process is scalar-valued
and under the absence of arbitrage opportunities, the minimal prices of a
bounded from below European claim hy € R depending on the price pro-
cess (Sy)i<r € R? is given by the interval [SUPGenm(s) e "I Eqhr,o0) where
T is the maturity date of the option, r is the return of the non-risky asset
and M(S) is the set of all so-called risk-neutral probability measures un-

der which the discounted prices S; := e~"*S; are maringales, Th. 2.1.11 [3].
It is then possible to define a minimal super-hedging price as the unique
element supge sy € " E@hr (since R is endowed with a total ordering).
With transaction costs, the portfolio processes are multi-dimensional and
the ordering, defined by random cones in R¢, is only partial. The natural
question is to determine the set of all endowments Vy € R allowing to start
a portfolio process super-hedging a given pay-off (h;);<r which are mini-
mal in the following sense: if V is minimal and Vjy is another super-hedging
price with Vo <k, Vb, then Vy = Vj. More generally, among the portfolio
processes super-hedging the claim (h:);<7 at any date t (with respect to
the random cone K;), may we find minimal portfolios? In this paper, we
prove the existence of such set of portfolios we call Essential Supremum.
This is a generalization of the notion of essential supremum of a family of
real-valued random variables but it is not a singleton in general. Although,
in the two-dimensional space R?, we prove and provide a construction of a
unique minimal portfolio. This is of great interest in finance. Indeed, recall
that V; >k, Vi or V; — V; € K, a.s. means that we can change V; into V;

paying some transaction costs, i.e. V; is “cheaper” than V;.

We propose to extend the concept of essential supremum of a family of
real-valued random variables to vector-valued random variables when the
partial ordering is defined by a random cone. The paper is organized as
follows; we introduce the definition and the immediate properties. We then
give conditions under which the essential supremum can be uniquely defined
as a singleton (this is the case in R?). We end the paper with applications
in finance and with a Skorohod problem with oblique relection.

2 Essential supremum with respect to a random cone
2.1 The model

Let (2, F,F = (Fi)i<7, P) be a continuous-time stochastic basis verifying
the usual conditions. In particular, the filtration (F;) is right continuous.



Assume we are given ¢t € [0,7] and a Fi-adapted closed convex cone-valued
mapping G; in R? with

Gy = cone{ftl, e ,ftN}

where &}, -+ &N are Fy-adapted processes we call the generators of G;. We
suppose that the cone G; is proper, i.e. G:N(—G:) = {0} a.s., and Ri C G;.
The positive dual of G; is defined as

Gi:={recR%: 2y >0,Vyc G}

This is also a Fi-adapted closed convex cone-valued mapping and we assume
throughout the paper that

G;tk :Cone{gtl*v"'a 1{\/[*}

where £ ... ¢M* are Fi-adapted processes we call the generators of G}.
We recall that the assumptions above hold in the financial models with trans-
action costs [3]. In this case, G; is the so-called solvency cone which is poly-
hedral.

We denote by >¢, the partial ordering generated by G;. If X,Y are two
random variables in R%, we note X >q, Y if X =Y € G a.s. The set of
all Fi-measurable random variables with values in a random set A C R?
is denoted by L°(A,F;). We denote by 14 the vector in R? whose each
component equals 1 and e; the vector in R? whose each component equals 0
except the ith one equal to 1.

2.2 Definitions

Our goal is to define “the essential supremum” of a collection of Fp-measurable
random variables (v;);c; with respect to G; at any date u € [t, T]. When ex-
istence and uniqueness hold, v* = essup,(7;), is the F,-adapted random
variable satisfying the following statements:

v >q, vias. Viel, (2.1)
ye L°RY F.), v>q, vi as. Vi€ [ =y >q, v as.

Recall that the ordering induced by the cone G; is only partial. Hence, the
existence of such ” essential supremum” is not trivial since uniqueness does
not necessarily hold. We then define more generally the Essential supremum
at date u € [t,T] as the class (eventually empty) I'* := Essup ;(7;). of all
Fu-adapted random variables v* satisfying the following statements:

v 26, vi, Vi€l (2.3)
ye PR F)andy >¢, vi Vi € I = 37" € sty >q, 7* (2.4)
V1,72 €M and ) #9; = P (v —7; € G:\{0}) =0. (2.5)

When (2.3) holds, we say that v* dominates the family (v;); at date ¢.



Lemma 2.1 The set I'* is unique.

Proof. Let us consider two classes C; and Cy satisfying the axioms (2.3), (2.4)
and (2.5). Consider 75 € C4. Since 75 dominates the collection (v;);, there
exists 74 € Cy with 7§ >, v5. Similarly, there exists 77 € C; satisfying
¥4 >a, 75 Then, 7§ — 77 € Gy a.s. But (2.5) implies that 7§ =77 = v5. We
deduce that Cy C C5 and finally C; = Cy. O

Lemma 2.2 The following equivalence holds:

essup ;(vi)u exists if and only if Essup ;(7;). is a singleton.

Lemma 2.3 If Essup ;(7;)u s not a singleton, then Essup ;(7V;)y s empty or
infinite.

Proof. Suppose that Essup;(vi)u = {71, 73, -+ ,7m} where 7 # 77 if
i # j. For each k € N, the random variable (1/k)yF + (1 —1/k)~; dominates
(7i)i- We deduce Ny € {3,---,m} such that (1/k)y7 +(1—1/k)5 >, T, -
But there exists at least an integer j € {3,--- ,m} and an infinite subsequence
N, such that Ny, = j, Vn. By letting n tend to oo, we deduce that 73 >¢, 77
so that 75 = 77 hence a contradiction. O

Lemma 2.4 The class Essup ;(7;)w is decomposable, i.e. whatever v, v3 in
Essup; (vi)u and 2y € Fu, vilo, +7510; € Essup;(vi)u-

Proof. It suffices to consider I" = Essup,(vi), U {7} where 7 is defined as
7 = {1q, +Iq:v;. This set satisfies Axioms (2.3), ( 2.4) and ( 2.5) so that
I' = Essup,;(7i)y. O

Lemma 2.5 If A C B then Essup B C Essup A .
Similarly, we define essinf ;(7;)y := —essup ;(—7vi). and

Essinf ;(7i)w := —Essup ;(—7i)u-

3 Existence

In the following section, we show that the Essential supremum of a family
of Fr-adapted random variables at some date u € [t,T] is not empty under
mild assumptions. To do so, we prove several lemmas.

Lemma 3.1 Let us consider a collection (v;)ie; C L°(RY, Fr) such that
there exists ¥ € L°(R®, F,) satisfying vi <g, 7, Vi € I. Suppose there erists
Jjo € I such that E(v;,|F.) = 0. Then, Essup;(7;)u is not empty.

Proof. Let us define for any 7 € L°(RY, F,,) satisfying v; <g, 7 Vi € I, the
real number

nf B¢y >0

a1(7) == 76101 @)

where

C1(7) :={y € LR, Fu) : v >, v, Vi € Iandy <g, 7}.



Consider a sequence (%,) € C1(7) such that a1(y) = lim, E{l*A Let us
define x™ := =%, /(1 4 [7]). Since R% C Gy, it follows that X" >¢, —14 and
X" € L°(—Gy, F,). Indeed, by assumption E('y]0|.7-' ) = 0 so that v € G
whenever v € C1(§). To see it, observe that &*y > £/*v;, whatever the
selector &% € LO(Gy, F). It follows that &y > & E(vj,|Fu) and &*y > 0.
From there, we deduce that v € G; a.s.

We split £2in 2 = 2, U2 where {2y = {liminf, |x"| = co}. On {2, there
exists a.s.(w) a subsequence ng(w) such that |x"™*| — co. Let us define X" =
X"/ X" xn|20- We may assume by compacity that i”’“(“)(w) = X*(w)
on §2; where |X*®(w)| = 1. Moreover, Y"*“)(w) >g, —14/|x™|. By getting
ng, converged to oo, we deduce that Y*°(w) >¢, 0 in contradiction with the
assumption x> (w) <g, 0. Indeed, since G, is closed and proper, we deduce
that x¥*°(w) = 0 in contradiction with |[x*>°| = 1.

We then deduce that 2 = 2{. According to the lemma on subsequences
(Lemma 2.1.2 [3]), there exists a strictly increasing sequence of integer-valued
Fu- adapted random variables ny such that x™ — x> on (2. It follows that
A, 18 also convergent to some random variable ~t. Since G, is convex and
closed, ¥' € C1(7). In particular, ' € L°(Gy, F,). We then may apply the
Fatou lemma:

BE7 < liminf BE Ay, < a1(7) < BT

We then deduce that a,(7) = E&*F'. We repeat the procedure in the fol-
lowing way. Consider

az(7) = Elcngf( )Eé 7>0

where
Co() :=={y € L'R*, Fy) : v 2a, v, Vi € Iandy <¢, 7'} C C1 (7).

We get 72 € C2(7) such that a;(7) = B2 and az(7) = EEX*52. Reiterat-
ing the procedure, we finally get a F,-adapted random variable ¥ € C;(7),
1 < i < M satisfying

a;(7) = BEFFM . Vi=1,--- M. (3.1)

Observe that ¥ <g, 4 by definition. We denote by A(7) the set of all
random variables ¥ € Cy;(7) verifying (3.1) and we define

Essup; (vi)u = | J 4() (32)
FeO

where © is the set of all F,—adapted ¥ satisfying v; <g, 7, Vi € I. Of
course, for a given 7, A(¥) is not necessarily unique so the union should be
understood over all possible sets Cjs(7). It remains to show that the class
defined by (3.2) satisfies the statements (2.3), (2.4) and (2.5).

If v* € Essup,;(7;)u, it is obvious that +* verifies Assertion (2.3). We
claim that for any v € L°(R%, F,), dominating every ~;, i € I, Assertion
(2.4) holds. It suffices to consider an arbitrary v* € A(y). At last, consider



¥i, 74 € Essup ; (V) with 7§ € A(71) and 5 € A(72). Assume that 4f —~3 €
G+\{0} on a non null set §2,, € F,,. Then, there exists i € {1,--- ,m} and a
non null set ©,, C £2,, such that £* (vf—v3)Ile, > 0and EE* (v —v3) e, > 0.
It follows that

ai(M) = By > BEF (1o, + i o). (3.3)

But v = v51e, +77le: <, 7i € Ci(71) and y dominates the family (v;)icr.
It follows that v € C;(7;) which implies that E¢i*y > a;(51) in contradiction
with (3.3). Hence, Assertion (2.5) holds. O

Corollary 3.2 Let us consider a family (v;)ier € L°(R?, Fr) such that there
exists ¥ € L°(RY, F,) satisfying v; <g, 7 Vi € I. Then, Essup ;(7;). is not
empty.

Proof. Let us define, for all i € I, 7, := ~v; — E(v,,|Fu) where jo € I is
fixed. This collection obviously satisfies the conditions of Lemma 3.1. We
then conclude with

ESSUP:‘(%‘)U = ESSUpi(%)u + E(’on|]:u)-
O

In the one dimensional case, with G = R, we may define the essential
supremum essup ;(y; ). as soon as the family (v;);er is bounded from above
by a real-valued and F,-adapted random variable as shown above. In partic-
ular essup,(v;)r coincides with the usual essential supremum essup ;(7y;) as
defined in the literature. Actually, we may extend the definition for random
variables taking values in (—oo, o] as follows:

Proposition 3.3 For any family (v;)ier € L°(R, Fr) of scalar random vari-
ables (which may take infinite values), there exists a unique Fy-adapted ran-
dom variable essup ; (7, )u := 7y verifying:

(2) If v/ € L°(R, F,,) verifies ¥ > ~;, Vi € I, then v > 7.

Proof. Tt suffices to take v := lim,;, 0 essup ;(v; A m),. O
Remark 3.4 We have essup (i), > essup,;(vi)r, Yu € [0,T].

Corollary 3.5 Assume that the family (;)icr satisfies essup ;|vi|, < o0 a.s.
Then, Essup ; (V) s not empty.

Proof. Consider the family

~ Vi

= jel.
i 1—|—essupj|fyj|u

We have —1; <¢, ¥ < 14. Applying Corollary 3.2, we deduce that Essup ;(7;)u

is not empty. It follows that Essup (7). is not empty and is given by

Essup ;(7i)u = (1 + essup ;|v;|u)Essup ;(3i ) u- (3.4)



Indeed, consider v* € (1+essup ;|7v;|u)Essup ; (Vi)u, i-e. v* = (1+essup ;|v;lu )7
where N
i

* — Viel.
=G 1 essup ;|v;lu’

¥
We deduce that v* >¢, vi, Vi € I, i.e. Assertion (2.3) holds. Let us consider
a random variable vy verifying v >@, v, Vi € I. Then, we also have the
inequalities /(1 +essup ;|v;lu) >a, 7i, Vi € I. We deduce 7* € Essup ;(7;)u
such that «/(1 + essup ;|v;lu) >c, 7* and v >g, (1 + essup ;|v;lu)7" ie.
Assertion (2.4) holds. Similarly, Assertion (2.5) holds. O

4 Immediate properties

Corollary 4.1 Let us consider a family (v;)icr. Then, essup,;|v;|r < 0o (a.s.)
if and only if there exists v1, v2 € L°(R?, Fr) such that v1 <g, Vi <a, V2, Vi.

Proof. Assume that essup,|vi|7 < ooa.s. Applying Corollary 3.5, we deduce
that Essinf ;(vy;)r and Essup,(v;)r are not empty so that we can conclude.
Reciprocally, suppose that essup,|y;|7 = oo on a non null set A. We may
extract a subsequence such that |y;| — co. We introduce the random variables
i = vi/lvils Y1 = /vl and F2; = v2/|v|. By assumption, we obtain
Y1 <&, Vi <@, Y2i, Vi € 1. By compacity, we may assume that ; — 7 with
[7] = 1. On the other hand, the last inequality yields 7 = 0 on A since G is
closed and proper. Hence a contradiction. O

Proposition 4.2 Let us consider a family (vi)icr € L°(R?, Fr) such that
Essup ;(7:)u # 0 where u € [t,T]. If A, € LRy, F.), then

Essup ;(Au7i)u = AuEssup ; (Vi) u-

Proof. We first suppose that there exists ig € I such that E(v;,|Fy) = 0. It
follows that

Essup ;(AyYi)u U Essup ;(7i)u € LGy, Fu). (4.5)

Let us consider vy € Essup ;(Ay7i)w- Since v >¢, Ay, Vi, we then deduce
that for a given y'* € Essup (Vi) u,

Y * .
rf{xu;éo} + " Iau =0y =G, s Vi€ L
We deduce v* € Essup; (i), such that

e

3 I z0y + Y I =0y =6, 7"

By virtue of (4.5), v >g, A\.7*. Similarly, there exists v' € Essup; (A7)
such that A\,v* >g, v*. We then deduce that v = v* = A\, 7*. We have shown

Essup ; (Auyi)u € AuEssup ;(7i)u-



Reciprocally, if v* € Essup;(7;)u, then Ayv* >, Auvi, Vi € I. So, there is
v € Essup ;(Au7:)w such that A,v* >¢, 7. We deduce that

gape? )\lfméo +9 =0 26, 7" (4.6)
u
where y* € Essup;(7;).. From there, v* = 4 and A\,v* = v if A, # 0.
Otherwise, Ay,v* >, v implies that v = 0 since v >¢, 0 by virtue of (4.5).
We then conclude that A\,v* =+ and the reverse inclusion is proven.
In the general case, we fix ig € I and we deduce from above that

Essup ; (Auvi)u = Essup; (Au(vi — E(vio [Fu)))y + AuL(Vig| Fu),
= AEssup; (vi — E(Yio|Fu))y + A (Vig| Fuu)s
= Au (Essup; (vi = E(Yio|Fu))y, + E(Vio| Fu)) ,
= A Essup, (i ).

a

Proposition 4.3 Let us consider X € L°(R%, F,,) where u € [t,T]. Assume
that Essup (X, 0),, is a singleton. Then,

Essup (X, —X,0), C Essup (X,0), + Essup (—X,0),.

Proof. Let us consider v* € Essup (X, —X,0),. Then, v* + X >4, X and
Y+ X >g, 0. We deduce that v*+X >¢, 71 where 7, := essup “*(X,0),. We
also have v* >¢, 71. Then v* —v1 >¢, —X, 0. We deduce that v* —v1 >¢, 72
where v € Essup Gt(—X7 0)y. On the other hand, 1 + 72 dominates X, — X
and 0. Hence there is v'* € Essup G (=X, X,0), such that v* >¢, 71+72 >a,
1. Tt follows that v* =1 + 2 = y'*. O

Remark 4.4 In the case where the three essential supremum sets above are
singletons, the inclusion is an equality.

Proposition 4.5 Assume that the cone Gy is such that the essential supre-
mum of two random wvariables is necessary a singleton. Let us consider a
family (vi)ier € L°(RY, Fr) and u € [t,T). Then, the set Essup;(vi). is
closed in probability.

Proof. Consider I' the closure in probability of Essup,(7;).. It suffices to
check that I' satisfies the same axioms than Essup;(v;),. First, if ¥ con-
verges in probability to v* € I', there exists a subsequence nj such that
Y™ — 4% a.s. From y" >q, v, Vi € I, we deduce that v* >qg, v, Vi.
Secondly, if § € L°(R% F,) satisfies § >g, i, Vi € I, then there ex-
ists v € Essup,(vi), C I' such that § >g, v. At last, consider 71,72 €
I' and suppose that 3 — v € G{\{0} on a non null set 2, € F,. We
may assume there exists i € {1,---, M} such that £*vy; > &*y2 on 2,
where, by density, v1,72 € Essup;(7i).. We assume without loss of gen-
erality that Essup,(vi), # 0. It follows that the essential supremum is
given by Lemma 3.1. In particular, considering the notations of the proof,
y1 € Cy(F) and, for all i, the inequality a;(7) = E&F*y1 > By > a;(7)



holds where v := y11o\q, + essinf (y2,71)Iq, hence a contradiction. In-
deed, essinf (y2,71) <@, 72 yields the last strict inequality. Since 2,71
dominate the family (v;);ecr, we deduce that essinf (v2,7v1) >¢, (Vi)ier with
essinf (y2,71) <g, 7. O

Definition 4.6 A subset A, C L°(R%, F,) is said decomposable if 2, € F,
and v,y € Ay implies vlo, +7Ig: € Ay.

Corollary 4.7 Suppose that the conditions of Proposition 4.5 hold. Let us
consider a family (v;)ier € L°(R%, Fr). Then, there exists a closed set-valued
and F,-measurable mapping I, € R? such that

Essup ; (7i)u = LIy, Fu).
In particular, the graphs of I'y are F, @ B(R%)-measurable.

Proof. We know that Essup (7). is closed in probability. Moreover, observe
that Essup (i), is decomposable. We then conclude applying Proposition
5.4.3 [3]. O

Proposition 4.8 Let us consider a totally ordered family (v;)ier € L°(RY, F})
such that there exists 5y € LO(RY, Fy) withy; <g, 7, Vi € I. Then Essup ; (7;):
is a singleton {y*}. Moreover, there exists a random subsequence n € N such
that v, 1s an increasing sequence converging a.s. to y*.

Proof. Consider 4 ,
b]::SHPEég*’yia jzla>M
iel
There exists some subsequences (i,(j)) such that b = limy, N Eg{*%m. Since
k
the family we consider is totally ordered, we deduce that the sequences (’yi@ ke
k

are increasing with respect to the partial ordering induced by G;. We then
set

iy, += Essup lngM(lyiLf))t < {Vigg') 1< <M}
It is straightforward that (v;, ) is still an increasing sequence and moreover

Vo= 1iI?1fE§{*m, Vi<j< M.

Notice that v;, <a, Vi, <@, 7, k > 1. We deduce that lim infy, |y;, |+ < oo.
We then deduce a random sequence ny € N such that «,, converges a.s.
to some v* <g, 7. Recall that v,, reads as v,, = Z;il Yplfn,=py- Since
the sequences (v;, )r and ny are increasing (a.s.), we then deduce that the
sequence vy, is also increasing with respect to the partial ordering induced
by Gi. From ni(w) > k a.s.(w), we deduce that v, () >a, Y(w) as. if
m > k. It follows that v* >, 7% for any k. From there, we deduce that
Essup;(v:): = {7v*}. Indeed, if v >¢g, % for any k, then v >¢, v, and
v >, 7, ie. the singleton {7*} satisfies the required axioms to be the
essential supremum. O

We immediately deduce the following;:
Corollary 4.9 Let us consider a family (v;)icr € L°(RY, F;) such that
Essup,(7:)¢ # 0. Assume that (v;)ier is decomposable and closed in prob-

ability. Then (7;)ier is an inductive set and so contains at least one mazximal
element.



10

5 When the generators are linearly independent

Recall that « € Gy if and only if there are some positive coeflicients c;(x) > 0

such that
N
r=Y ai(x)s
i=1

We have the following lemma:

Lemma 5.1 Assume that £},--- &N are linearly independent. Let us con-
sider x, y € Gy. Then, © >¢, y if and only if a;(z) > a;(y),¥i=1,--- ,N.

Proof. If x —y € Gy and z, y € Gy, then
N N
r—y=Y -y => (ailx) - aiy) &
i=1 i=1

We deduce that 0 < o;(z — y) = ai(z) — o, (y), Vi, and we conclude. O

Lemma 5.2 Assume that &},--- &N are linearly independent and we are
given a finite family 01, ,nm € L°(Gy, Fr). Consider u € [t,T]. If there
exists 7 € L°(RY, F,) such that (n;); <g, ¥ a.s., then I} := BEssup;(n:)u 18
not empty and reduced to the singleton essup ;(1;)qy.

Proof. By a measurable selection argument, let us write

N
_ 2: i¢d
i = O‘jgt
j=1

where ozé- are positive and Fr-adapted random variables. We then define

a; = essup,(a’), which is a.s. finite. Indeed, recall that (1;); <¢, 7 so that
we may apply Lemma 5.1. Let us set

N
essup ;(1;)u : Z a;&l.

By virtue of Lemma 5.1, v* dominates 7; for all ¢ . Moreover, if another
Fu-adapted random variable 1 dominates 7; for all 4, then n € LO(Gt,}'u).
Its decomposition

Mz

;€

1

.
Il

verifies a; € L°(Ry,F,) and a; > oz;-, Vi, by virtue of Lemma 5.1, i.e
o > aj orn >gq, ~*.0
In the same way, we show the following:

Lemma 5.3 Assume that £},--- &N are linearly independent and we are
given a finite family n1,- - Ny € L°(Gy, Fr). If there exists 5 € L°(RY, F,)
such that (n;); >q, 7 a.s., then Essinf ;(7;). is not empty and is reduced to
the singleton essinf ;(7; ).
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Lemma 5.4 Assume that £}, &N are linearly independent. Suppose we
are given a family (v;)ier and ¥ € LY(R%, F,,) such that v; <g, 7, Vi € I.
Then, Essup ;(7i). is not empty and is reduced to the singleton essup ;(7;)u-

Proof. We may assume without loss of generality that there exists jo € I
such that E(v;,|Fu) =0 . Let us define

= inf By >0
a = inf, & =

where
C:={ye LR, F,):v>cq, v Vi€ I}

Let us consider a sequence (3,), € C such that a; = lim, E&*7,. Let us
define

~

Tn
X" = — —.
1+

By assumption, we have x" >g, —14, and x" € L°(—GY, F.).

As in the proof of Lemma 3.1, there exists a F,-adapted subsequence ny
such that y™* is a.s. convergent. Hence 7, is also convergent to 7'. Since G
is convex and closed, ' € C and belongs to L°(Gy, ). Applying the Fatou
lemma:

Eel 7t < lim inf B¢ A, <ay.

We deduce that a;(7) = F&*5!. In the same way, we define ag, - - - , aps and
we find 72, -, 7 € C satisfying

a; := inf B¢y = BEFy', i< M.
yeC

*

By virtue of Lemma 5.3, let us define v* := essinf;(3%),. By definition,
v* € C and

a; := inf E¢*y = E&* ", i < M.
~veC

Assume that v € LO(R4, F,) verifies v >¢, vi, Vi € I, and v — v* ¢ G,
on a non null set £2, € F,. Then, there exists ¢ € {1,---, M} and a non
null set ©,, C 2, such that £*(y — v*) e, <0 and E&* (v —v*) e, < 0. It
follows that

a; = B > B¢ (vle, + 7 o). (5.7)

But v = vle, + 7" le: € C. Hence, B¢y > a; and we get a contradiction.
O

Corollary 5.5 Assume that &},--- &N are linearly independent. Let us con-
sider a collection (v;)ier with essup ;|| < 0o a.s. Then, Essup ;(v;)., is not
empty and equals the singleton essup ;(V;)u.

Proof. The proof is similar to that of Corollary 3.5. O
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Lemma 5.6 Assume that G is generated by some linearly independent gen-
erators &, -+ &N, We are given a family of Fr-adapted random variables
(7:)i such that there exists ¥ € L°(RY, F,) satisfying ¥ >a, i, Vi € I, where
u € [t, T]. Consider an arbitrary selector n, of G*, i.e. g, € L°(G, F;). Then,

(essup ;(7s)u) -me > essup; (Vi-1¢),, -

Proof. Since essup ;(Vi)u >a, Vi, Vi € I, we deduce the inequality
(essup; (vi)u) -me = vi-ne, Vi € . Tt follows that

(essup; (vi)u) e = essup ; (Yi-1e),, -
O

Lemma 5.7 Assume that G; and G} are generated by a finite number of
linearly independent generators. We are given a family of Fr-adapted random
variales (7y;); such that there exists ¥ € L°(R%, F,) satisfying ¥ >a, i, Vi,
where u € [t,T]. Consider an arbitrary generator n; € L°(G§,F;). Then,

(essup ;vi),, -1t = essup; (¥i-ne),, -

Proof. In sight of the previous lemma, assume that
(essup ;7i),, -mt # essup; (Vi-ne),, - (5.8)

We denote by 7)) := n,,--- , 7@ the generators of G and we recall that
they are linearly independent by assumption. By a measurable selection ar-
gument, we consider & € {n®, ... @} with &n) > 0 and |&| = 1.
It is possible; in the contrary case, we have {n(® ... n@}+ = {0} and
lin (n®, - (@) = R? We deduce that & € LY(G;, F;). Again, by a mea-
surable selection argument, we then deduce from (5.8) the existence of a
a, € L°(R,, F,) small enough such that

(essup ; (7i)u — @uét) -Me > essup; (Vine), -

From there, it follows that essup,(vi)u — auét >a, Vi, Vi € I, and we get
that essup ;(7i)u — @uét >a, essup ;(7:) hence a contradiction. O

Lemma 5.8 Let us consider a collection of Fp-measurable random variables
v = (Vi)ier such that essup ;c;(7vi)u exists where u € [t,T]. Consider the
“upward” completion defined as

7P = {essup;, . (Yip, -+ ,) in €N, i; e}, (5.9)

Then
essup ;¢ (7Vi)u = essup Fexur ¥ u-

Proof. By definition, essup ;¢ (vi)u >a, Vi;, whatever i; € I. We deduce that
essup ;7 (7i)u =G, sSup j<,,(7i;)u and then

essup ;e 7 (Vi)u =G, esSuP zemu (V)u-

The reverse inequality is obvious so that we can conclude. O
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Corollary 5.9 Assume that Gy is generated by a finite number of linearly
independent generators and G is generated by a basis of RY. We are given a
directed upwards family of F;-adapted random variales (v;)ics such that there
exists ¥ € LO(R?, F;) satisfying ¥ >q, i, Vi. Consider n, € L°(R?, Fy)
where s < t. Then, there exits a sequence i,, € I such that

(essup yi), 15 = lim s, .0;.

In particular,
(essup ;7i); -ns < essup; (7.1s) -

Proof. Since the generators £1*,-- -, &3* of G} generate R?, we deduce by a

measurable selection argument that 7, = Z;l:l ajfg* where a; € L°(R, F3)

for all j < d. By virtue of Lemma 5.7,
d .
(essup i), 1s = Y _ ajessup,; (“/ i *)t
j=1

where here essup ; (%.55 *) = essup; (%.gg *) is the R-valued essential supre-
t

mum of the litterature. For each j < d, the family (72-155*)1- is directed
upwards. We then deduce the existence of a sequence #/, € I such that

essup; (%77{*) = lim,, 1 m.n{*, see A.3.3 [3]. But, (v;)ier being directed

upwards, we deduce 4, € I such that essup, (ﬂyi.nz *> = lim,, 1 s, .n0" for all

j < d and we conclude. O

Lemma 5.10 Assume that G; and G} are generated by linearly indepen-
dent generators. We are given a family of Fr-adapted random wvariables
v = (vi)ier such that there exists ¥ € L°(RY, F,) satisfying 5§ >a, i, Vi,
where u € [t,T]. If E (essup ;(7;)u|Ft) exists, then

essup ,; E(vi|Fi)t <g, E (essup ;(Vi)u|Ft) -

Moreover, if v is directed upward and uw =T then
essup ;B (7| F¢)¢ = E (essup;(vi)r|F3) -
Proof. Let us consider an arbitrary selector & € L®(G}, F). Then, for all i,
E (essup; (vi)ul F1) & = E ((essup; (vi)u) & [F2) = B (vi&i [ Fe) = E (il F2) & -
From there, we get that
E (essup;(vi)ulF1) 26, E (il ), Viel,

and we conclude that

E (essup ;(vi)ulF1) 26, essup E (vil Ft), -

By virtue of Lemma 5.8, recall that
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essup ; (7i)u = essup =c=un (7)u-
Assume that the inequality
E (essup ;(i)r| 1) <a, essup, E (vl F1),

does not hold on a non null set A; € F;.
Then, there exists a generator & € L°(Gj,F:) such that the following
inequality holds on a subset of A;.

E (essup ;(vi)7|Ft) & > (essup B (il Fr),) & > E (v .&f | Fe) s
E ((essup ;(vi)1) &1 Fe) > (essup  E (vilFe),) & > E (7:.&7|Ft) -

By virtue of Lemma 5.7, we have on Ay,
E (essup; (vi€; )r|Ft) > essup B (vi€f | Fr), > E (7:-& | Fe) -

But the family (v;£/); is directed upwards by assumption and takes real
positive values. By virtue of Proposition A.3.1 [3], we then deduce that

E (essup ; (7i&7 ) 7| Ft) = essup , B (vi&; | F1),

which yields a contradiction. O

6 Generalization and applications

We assume given ¢ € [0,7] and a family of F;,-adapted closed convex cones
G = (Gy,)ier, ti € [t,T]. We consider a family (v;)ie; € L°(R, Fr). We
define the generalized Essential supremum at date u € [¢t,T] as the class

I'* := Essup ZG‘ (v, ét)u (eventually empty) of F,-adapted random selectors
~* satisfying

3 . Viel, (6.10)
ve LR F), v 24, v Vie =3y € sty 2q, 7" (6.11)
s €I M #F = 0 — 7 ¢ Ge\{0} as. (6.12)
Remark 6.1 Similarly, we may define Essinf iG‘ ('Yiaéti)u replacing the in-
equality v* >, v by v* <g, v and in (6.11) changing v >, v* into
Y <a 7
Following the proofs of Section 3, we get similar results:

Lemma 6.2 Let us consider a collection (v;)ic; C L°(R?, Fr) such that

there exists 5 € L°(R%, F,) satisfying i §éti 7, Vi € I. Suppose there

exists jo € I such that t;; =t and é% C G¢. Then, Essup iG‘ (%,éti)u 18
not empty.
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Theorem 6.3 Assume that G is generated by a finite number of linearly
independent generators. Let us consider a family (v;)icr C L°(R%, Fr) such
that there exists §¥ € L°(R®, F,) satisfying v; <G,, 7. Vi € I. Suppose there

exists jo € I such that t;, =t and é% C G¢. Then, Essup iGt (Vi, G, )u 18
not empty and equals the singleton essup 1-Gt Vi, Gt; ) -

Proof. By virtue of Lemma 6.2, consider 71,2 € Essup iG" (vi, Gt )u # 0.
Assume that 1 # 72 so that v2 — 1,71 — 72 € G¢\{0} a.s. Without loss
of generality, we assume that E(y;,|F,) = 0. Then, there exists coefficients
aj, Bj € L°(Ry, F,) such that

N N
n=> 0, n=>Y_ B
j=1 Jj=1

where (&) € L°(R?, F,) are the linear independent, generators of G;. Suppose

that a; > (1 on a non null set. Then, let us define ’y}l) =1 and

75" = Yo (> 0y + V1 (< € Bssup (7, G, )

Otherwise, we set 751) = 79 and 'yél) := 71. We then deduce that

N

N
1 1)+ 1 1) 45
n = ael, =) 8
j=1

Jj=1

with agl) > ﬂil). Assume we have already defined (’yij) , ’yéj)) € BEssup &* (i, Gius

for j < N — 1, verifying ag) > ﬂ,(cj) for all £ < j . Suppose that Bj(i)l > a§‘21

on a non null set. We then define ’yy T 79' ) and
G+ . _ () , , () _ _ Gi(n. (O3
Yo =Y I{5§Ql>a§i}1} + 75 1{552150‘521} € Essup, (%, Gti)u-

Otherwise, we set ("y§j+1),’y§j+1)) = (7§j),7§j)). We get that oz,(cjﬂ) > ﬁ,ijﬂ)

for all £ < j+1. In particular, with j = N —1, we deduce that ’y%N) >a, 7§N).
But 7§N),7§N) € Essup,;(7;) implies that %N) = fyéN) hence we have the
equality chain (" Y =¥V 4 =4 and finally 3 = 52, O

6.1 Superhedging of American options

Let us consider the discrete-time financial model of Kabanov with propor-
tional transaction costs (see [3] for more details). We are given random cones
(Gt)o<i<r satisfying the hypothesis given in introduction. We interpret them
as solvency cones, i.e. Gy is the set of all portfolio positions we can change
into positive ones (i.e. in Rff_) paying transaction costs. A portfolio pro-
cess (Vi)o<i<r expressed in physical units is a process with the dynamics:
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AV, =V, — Vi1 € =G, a.s. The goal is the following: given an American
claim (h¢)o<i<7, find a “minimal” portfolio (V;)o<i<r such that V; >¢, hy,
for all ¢, and Vi = hp. Such a portfolio V' is said “minimal” in the sense that
if W is another one satisfying the same property, then W; >q, V; for all ¢t.
Throughout this section, we suppose that the random cones G and G* are
generated by linear independent generators. This is the case when d = 2 and
the transaction costs coefficients are strictly positive, [3]. We define a “Snell
envelop” as follows.

Proposition 6.4 Assume there exists k > 0 such that hy <g, klq for all
t. Then, there ezists a unique minimal portfolio process (Vi)o<i<r such that
Vi >a, ht, for all t, and Vr = hy. Moreover,

Vi = essup * ((he, Gy), (Vig1, Gegr)),, t<T—1.

Proof. We set Vr = hp and inductively we define V; := essup (h¢, Vit1):
where the essential supremum is understood in the generalized sense of this
section; h; is associated to the cone G; and Viy; is associated to Giyq. It
follows that V; is Fi-adapted and satisfies Vi >, hi. Since, we also have
Vi 26,01 Vi, it follows that AViy1 € —Gyyq, e (Vi)o<i<r is a port-
folio process. Moreover, consider any portfolio W process super-replicating
(ht)o<t<T- We necessary have W, >¢, h, and Wp = hp. From the dynamics
AWt+1 = Wt+1 - Wt € —Gt+1, we also deduce that Wt ZGtJrl Wt+1 By
backward induction and definition, it follows that Wy >¢, V; for all ¢t. O

6.2 Dynamic risk measure

Assume we are given two constant closed and proper cones K and G gener-
ated by linear independent generators of R?. We suppose that X C G and
int K # (. We also suppose that R‘i C @. In this section, G is interpreted
as the solvency cone in the continuous-time model of Campi—Schachermayer
as described in Section 3.6.6 [3]. We are given discounted prices (S%)1<i<q
verifying S* = 1 we interpret as currencies like Dollars, Euros, Yen, etc. The
constant proportional transaction costs coefficients (A7), ; of the model are
interpreted as the exchange rate between the currency number ¢ and number
j. Therefore, G is defined as, [3],

G = cone{(1 + N)e; —ej: 1 <i,j <d}.

The problem is the following: we are given a vector-valued process X with
X; € LR, Fr) which models the value at date t of some multi-assets
financial portfolio, the investment of a company. A dynamic measure of risk
(pt) associates to X the set of Fy-adapted portfolios of reference instruments
z; € LO9(R?, F;) which, when added to X;, make the total position X; + x;
acceptable by the regulator/supervisor. In this example, we suppose that the
acceptable positions are given by the cones K, we call the security cone. The
process (p:(X)) is defined as a set-valued mapping but, as in the previous
example, there exists a “minimal” selector of the risk measure which turns
out to be also a risk-measure according to the definition we shall recall below.
Let us before show the following.
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Proposition 6.5 Suppose that h is an adapted process and there is k > 0
such that hy <k klgq for allt € [0,T]. Then, there exists a unique minimal
process (Vt)te[o,T] such that Vi > he, for allt, Vo = hy and Vi, — Vi, € =G
for all t1 < tg. Moreover, V is left-continuous and of finite variations. If
W is another such process with only Wp >k hp, then necessarily we have

W>aqV.
Proof. We consider the refining sequence
ot .= {t:=Ti/2":i=0,---,2"}

of partitions of [0, T] and set II = U, [I". Like in Proposition 6.4, we deduce,
for each n € N, the minimal portfolio process (Vt(nn)) super-replicating (h¢r)
at dates t € II™ in the following sense:

Vi = essup @ (hep, K), (VD G)) <2 -1,

tn
Vi = by

Observe that by definition Vt(nnH) >a V;(Jﬁl) and Vthﬁl) >a Vt(nnﬂ).
i 2i+1 2i+1 i+l

It follows that Vt(_JLH) >a Vt({jl) By virtue of the definition of V(") as

a minimal process, we then deduce that k1; >¢a V;(n'H) >a Vt(”) for any
t € II™. We then define Vt(oc), for each t € II, as the increasing limit of
the sequence (Vt(n))n with respect to G or equivalently as the F;-adapted
essential supremum of the family (Vt(n))n with respect to the cone G. Then,
we put Vi = limyqt renr Vt(oo) which is left-continuous. Observe that V; is
a decreasing limit with respect to G. Indeed, Vt(loo) — Vt(;o) € Giftg > tg
with ¢1,ts € II. We then deduce that V is an adapted process. By virtue of
Lemma 7.1, we also deduce that V' is of finite variations, i.e. V is a portfolio
process according to Lemma 3.6.12 [3] with respect to the constant cone G.
Finally, consider any portfolio process W K-superhedging the payoff h. Then,
the discrete-time process (W;n); verifies Wir >k hyn and Win >¢ Wiz, | by
assumption. It follows that W; >g Vt(") for all ¢ € IT and n such that

te II™. As n — oo, we obtain W; > Vt(oo) for all ¢ € II. Moreover, if W is
left-continuous we get that Wy >, V; for all ¢. O

Throughout the sequence, we suppose that X € D, i.e. X; > —k1,4 for all
t € [0, T] where k > 0. Applying the last lemma to h = — X, we then deduce
a unique process p;(X) satisfying p;(X)+X; € K which is minimal according
to the cone process G. The dynamic py, (X) — py, (X) € —G it satisfies means
that p(X) is a self-financed portfolio subjected to the transaction costs given
by (A"7); ;, see [3]. We then easily show the following:

Proposition 6.6 The mapping p is a coherent risk measure, i.e. satisfies
the following statements:

R0.) p,(0) = 0.
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R1.) If X >k 0, then Vt, pi(X) <g, 0 a.s.

R2.) If X)Y € D, then Vt, py(X +Y) <g, pe(X) + p:(Y) a.s.
R3.) If € Ry and X € D, then p(AX) = Ap(X) a.s.
R4.)If X € D, and a € R, then py(X +a) = p4(X) + {—a}.

6.3 Skorohod problem with oblique reflection

Assume we are given two constant closed and proper cones K and G gen-
erated by linear independent generators of R? with K C G, 0K C intG
and int K # (). We suppose that Ri C G. Let us consider a cadlag (right-
continuous and left-limited) and deterministic function (X;);>¢ with X, €
int K.

The goal is to find a left-continuous and right-limited function (Y;);>o of
finite variations such that Z; = X; + Y; verifies:

Z € G, ZH‘ € K as.
Y, AYZ, € —0G,
AYZ A0 Zi ¢ K

where Y; is the option version of the Radon-Nikodym derivative dY¢/dVar (Y ),
Y¢ is the continuous part of Y and Var (Y¢) its total variation.

Definition 6.7 A process A is said G-increasing if Ay >¢ Ag fort > s.

We consider the refining sequence II™ := {¢" :== Ti/2" : i =0,---,2"}
of partitions of [0,7] and denote II = U,>1II". We say that h is a cadlag
(respectively ladcag) II™-process if h is constant on each interval [t}', 7, |
(respectively on [t, 7 ;]). Moreover, a left-continuous process (V;);<r is
assumed to have a right limit at date T" we denote by Vp, and verifies
Vo = Vog. We recall in Appendix the projection of a point z € G onto K
parallel to —G we denote by Pr%(z). (i)iven k € int K we fix r; > 0 such

that B(?,m) C K. We denote Br= /T

Lemma 6.8
Let us consider a function (X;)i<r and || X||, := sup,<p [| X¢||. Then,

_>* _>*
=k Xl Sk X <k ET[IXu
, - —
Proof. Since B(k,ry) C K, we get that B(k*,1) C K. It follows that
B(0,||X||u) € K — k*||X||4. Since, X and —X evolves in B(0, || X||.) we
easily conclude. O
Observe that there exists a constant Sx only depending on the cone K

— -
and k* such that — k* <x & <g k* implies ||z|] < Bk.

Our main result is:
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Theorem 6.9 Suppose that (X;)i<7 is a cadlag function. Then, there exists
a ladeag function X1(X) := (Vi)i<r of finite variations which is G-decreasing
such that 55(X) .= X+V € G, 2o(X)+ € K, |V|u < B[ X|lu and ATV €

—0G. Moreover, V = dV¢/dVar (V) € —0G and V = V122(X)¢th

The proof follows from the following result.

Theorem 6.10 Suppose that h zs a deterministic cadlag function. Suppose

h <k k for allt € [0,T] where k € K. Then, there exists a ladcag function
(Vi)i<T such that Vi >k hy, for allt. Moreover, V is of finite variations with

ATV € —0G and V¢ € —G. If W is another such process, then necessarily
we have W >4 V.

To give the proof, we need the following lemmas.

Proposition 6.11 Suppose that (hi)tcn is a discrete-time process and there

is k € K such that hy <x k for all t < T. Then, there exists a process
Z(h) := (Zt)temn such that Z >k h and Zt?—f—l ~Zn € =G foralli <2"—1.
If W is another such process, then necessarily we have W >q V.

Proof. Like in Proposition 6.4, it suffices to set Zr = hp and
Zn = essup ((hen, K), (Zep, s @)y, 1 <27 —
O

Pr0p051t10n 6.12 Suppose that (hi)i<r is a cadlag II™-process and there
is k € K such that hy <g k for allt <T. Then, there a_;umque minimal
ladcag IT™-process (Vi)i<r such that V >q h, Vo = Vog, k >¢ V4 >k h
and ATV € —9G, Vi, s —he, = P& (Vi, —hy,). If W is another such process,
we have W > V.

Proof. Consider the minimal G-decreasing process (Z;)iemn» we get using
Proposition 6.11. Let us set Vo = Vo1 := Zp := Vi» and let us define recur-
sively Vin,, = Ving as follows. Suppose we have already defined Vir = Vin
such that Virn > hen  and Vin >G Zip . Then, Vin >g Zin > hyp so that
we may define

Vin

i+1

— essup =% ((hep, K); (Vig, —G))ep = essint @ ((hey, —K); (Vi , @)

Observe that we have Viny — Vin € —0G, ie. Viny = IP’I_(HL (Vt?):
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Zin +K

To see the uniqueness, let us set U; := V; — hy, t € II™. Observe that it is
equivalent to define U instead of V' as follows: the discrete-time process U is
defined as Uy = Upy = Zy — hg and

Utif = Uti,1+a Uti = Utif - Ahtl S G7 Uti+ = P;(G(Utl)
Consider another process W satistying the same properties than V. We first
get that W, >¢ Z so that Wy, >¢ V;,. We then consider U the process
associated to W which is defined as U and satisfies the same properties. By

induction, we get that U > U sothat W >¢ V. O

Corollary 6.13 Suppose that (X¢)i<7 is a cadlag II™-process. Then, there is
a G-minimal ladcag IT™-process X1(X) := (Vi)i<r with 21(X)o = Z(—X)o,
D(X) == X + 21(X) € G, Za(X)y = PE(X(X)) € K and ATV ¢
—JG. Moreover, we have || X1(X) |l < Bk|| X |l and ATV, # 0 if and only if
Yo(X): ¢ int K.

Proof. 1t suffices to apply Proposition 6.12 and Lemma 6.8. O

Corollary 6.14 Suppose that (X;)i<7 is a cadlag function. Then, there ex-
ists a ladcag function X1(X) := (V)< of finite variations which is G-
decreasing such that Xao(X) =X +V € G, Zo(X)4 € K, [V|lu < C|1 X]|w
and ATV € —0G. Moreover,

V =dVe/dVar (V°) € —0G, V = V1, x)gint k-

Proof. Consider the cadlag function X as an element of the Skorokhod space
D[0, T] endowed with the usual Skorohod topology. In the following, we use
the notations of [4] Chapter VI. Consider a sequence of cadlag IT™-functions
X™ such that X™ converges uniformly to X on [0,T] and (II") is a refining
sequence of partitions. For each n, Corollary 6.13 ensures the existence of
(X1 (X™), X5(X™)) solving the Skorokhod problem. Observe the inequalities
sup,, || X2(X™)||. < oo and sup,, || X1(X™)|l. < oo since sup,, || X", < oo.
Recall that for each n, X1 (X™) is a G-decreasing process. Using Lemma 3.6.13
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[3] (or Lemma 7.1 of this paper) and Corollary 6.13, the Helly theorem asserts
that for any sequence of A := {Var(X;(X™))} there exists a subsequence
ap, € A such that a,, converges pointwise to « € D[0,T] at each point t € D
of continuity of «. It is straightforward that for any ¢t € D, there exists t,, < t,
with ¢, — ¢, such that Aa,(t,) — Aa(t) = 0 since oy, is a stepwise function.
Moreover D is dense in [0,T] as a complement of a countable subset of [0, T7].
By virtue of Lemma VI-2.25 [4], we deduce that o, converges to o € D[0, 7]
for the Skorokhod topology. We then deduce that A is relatively compact, i.e.
lim supy, o SUp,e 4 w7 (, ) = 0. We also have lim supg, o sup,, wy(X",0) = 0.
Since AX5(X™)y = AX"™ + AX1(X™) 4, we then deduce that

wp(Zo(X") 4, 0) < wip (X7, 0) + wip(Z1(X")+,0)
< supwip (X", 0) + wh(Var(21(X™)4),0)

< sup wip (X", 0) + sup wh(a, 0).
n acA

From there, we get that limsupy, sup,, w(X2(X")4,0) = 0 and finally the
family (X2(X™)4) is relatively compact for the Skorokhod topology. We de-
duce that (Xo(X™)4) converges to Xo(X)1 € D[0,T] for a subsequence.
We then set Xo(X) := X5(X)_ + AX. By virtue of Proposition VI-2.1 [4],
for each ¢ € [0, T there exists ¢, — ¢ such that Xo(X"™)4(tn) = X2(X)+(2),
Do (X™)_(tn) = X2(X)—(t) and AX(X™) 4 (t,) = AXo(X)1(t). Recall that
by assumption, AX"™ converges uniformly to AX. It follows that

To(X™)(tn) = Zo(X™)_(tn) + AX™(t,) — Za(X)(t) € G.
Since Yo (X™) 4 (tn) = P (Z2(X™)(ts)), we deduce by continuity that
Da(X)4(t) = PE(Z2(X)(1)) € K.
We note X (X) := ¥5(X) — X. From above, we have
LX) (tn) = Zo(X")(tn) — X" (tn) = L1 (X).

Since AX5(X) = AX, we deduce that AX(X) = 0 ie. X(X) is left-
continuous. It is clear that X1 (X) is G-decreasing hence of finite variations:

21(X)e=Z(=X)o + /Ot ay dVar S5(X), + Y ASF(X),

s<t

where « is the optional Radon-Nikodym derivative dX§(X)/dVar X (X).
From the equalities AXo(X™) (t,) = AX"(t,) + AT X1 (X™)(t,) and
AX(X)4(t) = AX(t) + AT X2 (X)(t) we deduce that AT X, (X)(t) € —0G
as n — oo for all t < T. Assume that AT X (X)(t) # 0. Then, we also have
AT (X™)(t,) # 0 if n is large enough so that Yo(X™)(t,) ¢ int K hence
Yo (X)(¢) ¢ int K. At last, we may assume, [2], that

21Xy, ¢ = 2(X)

a = lim sup L
J g VCLT(El(X)+)t-;+1+ — Var(Z‘l(X)Jr)tiJr Jt3.,t7 1)
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where (tfc) is the same refining sequence of partitions of [0,7] we use to
approximate X. By construction, we have X (X)ti i Zl(X)tiJr € —G.
1

Moreover, since X1(X),;,  — 21 (X)ti-s- — AT X (X), it follows that

k1T

El(X) El(X)tfc+ ZG A+21(X)—€1

§ —
tk+1+

if j is large enough and € is chosen arbitrarily small. Since AT X, (X) € —0G,
we then deduce as € — 0 that a € (—G) N (=0G + G) = —0G. Assume that
a # 0, then El(X)t£+l+ - El(X)t{cJr #0if j i§ large gnough. We deduce ¢,
such that Zl(X)tiJrﬁ — 21(X) # 0 where t; > f;; > #; . On the other
hand, by virtue of Proposition V1-2.1, we get ¢/, with ¢/ < ¢, 4o and sd with
< sJ converging respectively to ti 41 and fi such that

21X = DX, = DXy, — DX, #0.

that
Observe we necessarily have ¢, > ti 41+ By construction, it follows that
Yo(X™),; = X5(X™),; ¢ int K. Taking the limit, we get that

n k+1
Yo(X) 4 (t) € (R?\int K) N K = OK.

Since X5(X )4 (t) = Pr%(X2(X)(t)) we then deduce that Yo(X)(t) ¢ int K.
O

7 Appendix

Lemma 7.1 Suppose we are given a constant cone G C R? generated by
a basis of R%. Let us consider a process (A)i<r verifying Ay, — Ay, € G
whatever to > t1. Then, A is of finite variations.

Proof. By assumption, G = cone (§;)1<i<q Where (§;) is a basis of R%. Let us
consider the mapping

d d
d:Riszx= in& — &(z) = Zmiei e R?
i=1 i=1

where (e;); is the canonical basis of R?. We denote by ¢! the inverse of &.
Recall that @ and &' are linear hence continuous. Moreover #(G) C R%.
For any subdivision (¢;) of [0, T], we get

Z |Ati+1 - Ati = Z |¢_1 o (Ati+1 - Atl) ‘ < ”@_1” Z |¢ (AtH»l - AtL) |

d
S C(||4571|| Z Z ‘QJ (Ati+1) - QS](Atz)) ‘

g
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where @7 is the j-th component of ¢ and C'is a constant (all the norms being
equivalent). By assumption, ¢/ (A, ) — 7 (A;,) > 0 for all j. It follows that
there is another constant C' such that

S i, — An | < Cl#(Ar — Ao)| < O[] Ar — A,

We conclude that Var (A)r < C||®|||Ar — Ao|. O

In the following, we assume that G C R?2 is a constant cone satisfying the
hypothesis of the introduction and K C G is a closed cone with 0K C int G.

Proposition 7.2 (Projection onto K parallel to —G) Givenx € G, there
exists a unique y := P;(G(.I') € K such that

lz — yll = min{|lz — k|| : 2 — k € G}.

We omit the proof which is standard.
Lemma 7.3 The mapping G > x — ]P’;(G(x) € R? is continuous.

Proof. We may assume that G = R?2 like in the previous lemma. Then
0K = D, U Dy, where D, = {(x1,y1) : y1 = ax1, x > 0} and D, is defined
similarly with b > a > 0. It is then easy to show the implication z,, = = =
PY (z,) — PRC(z) since we have an explicit expression of PR.%(x) if 2 € G.
O
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