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Abstract. The dynamics of an open quantum system, consisting of three
superconducting qubits interacting with independent reservoirs, is investigated to
elucidate the effects of the environment on a unitary generation scheme of W states
[Migliore R. et al. (2006) Phys. Rev. B 74, 104503]. To this end a microscopic master
equation is constructed and its exact resolution predicts the generation of a Werner-like
state instead of the W state. A comparison between our model and a more intuitive
phenomenological model is also considered, in order to find the limits of the latter
approach in the case of structured reservoirs.
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1. Introduction

The recent progress during the last decade in the context of superconducting solid-state
devices, whose system parameters can be controlled in situ to manipulate quantum
states coherently, has strengthened the idea that Josephson architectures are among the
best candidates both for the search of experimental evidence of nonclassical features
at mesoscopic level and for the practical implementation of logic gates and circuits.
Superconducting circuits indeed work well, and experiments have demonstrated single-
qubit operations [1, 2, 3, 4, 5, 6, 7] with reasonably long coherence times (of the order
of 1pus [8, 9]) and that two-qubit entanglement can be produced [10, 11, 12, 13, 14]
and detected [15, 16, 17]. A current challenge is the generation of maximally entangled
states of more than two solid-state qubits, a powerful resource in quantum information
processing and communication. Numerous theoretical protocols for the preparation of
such states have been proposed [18, 19, 20| and very recently also some experimental
successes have been achieved. Indeed, tripartite interactions between two phase qubits
and a resonant cavity in circuit QED were demonstrated [21], as well as the generation
and detection of GHZ-class entanglement between three superconducting phase qubits
[22] and three charge qubits [23]. Quite often, the samples were designed with four
qubits to allow for future expansion of the multipartite entanglement generation schemes
21, 22]. All these goals clearly highlight the need of theoretical analyses of the dynamics
of superconductive architectures on the basis of more realistic models, including the
effects of external environments which are unavoidably coupled to the systems under
study.

Indeed, every quantum system is coupled to one or more external environments.
Such a coupling may dramatically affect the predictions done under the hypothesis
of perfect isolation. When the external environment is included, the dynamics of the
open quantum system under study becomes non-unitary, and may suffer dissipation and
decoherence. In this context, the open system dynamics is usually described by means of
a Markovian master equation. Many master equations for interacting qubits have been
recently introduced in the literature, which may turn out to be useful for the study of
dissipative effects on multipartite entanglement [24, 25, 26, 27].

Very recently, in the framework of Josephson flux qubits, some of us have proposed
a scheme for the generation of multipartite entangled states [19]. This scheme operates
in such a way that, exploiting the sequential inductive interaction of each qubit with
one of them playing the role of an entanglement mediator, it generates an entangled W
state after a finite number of steps without requiring conditional measurements. Two
key requirements are the possibilities of both preparing the initial state of the qubits
and of switching on and off, at properly selected instant of times, the coupling constant
describing the interaction between each qubit and the mediator. The proposed scheme,
however, neglects the presence of external degrees of freedom.

In this paper we analyze the theoretical protocol presented in Ref. [19], focussing
in particular our attention on the case of three qubits. In our analysis we take into
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account from the very beginning the coupling between each qubit and the external
world by means of a generalization of a previous microscopic master equation for the
study of the dissipative dynamics of two coupled qubits [24].

The aim of this paper is twofold. On one hand we investigate the robustness of
the theoretical scheme against losses that, generally speaking, waste unitary scheme.
On the other hand, the study we develop allows us to give some insights on the
general problem of the choice of the effective master equation for the description of
open system dynamics. Indeed, while in this paper we propose to study the effects
of losses by means of a model microscopically derived, one may wonder what would
be the prediction of the phenomenological master equations which are usually adopted
in the literature on leaky coupled quantum systems. In particular, while our model
involves transitions between stationary states of the whole three-qubit system, the
phenomenological approach just describes those between the bare states of the system,
i.e., each transition involves one single qubit only. By means of a systematic comparison
between the predictions of these two models, we show that, while the models are actually
equivalent in the case of flat reservoir spectra, they give very different predictions in the
case of structured environments, so that a naive introduction of a phenomenological
model can be inappropriate.

The paper is organized as follows. In Sec. Il we briefly describe the main features of
a tripartite flux qubit system and of a possible coupling scheme which allow us to control
at will the interaction between each flux qubit and one of them playing the role of a
mediator. We moreover give the microscopic master equation describing this tripartite
system. Section III is devoted to the solution of the master equation at zero temperature
whereas Sec. IV the analysis of the dynamics starting from appropriate initial conditions
exploiting both the microscopic and phenomenological approaches. Concluding remarks
are finally summarized in Sec. V.

2. The physical system and the microscopic Master equation

Let us begin by briefly illustrating the main features of the tripartite system sketched
in Fig. 1, extensively described in Ref. [19]. Two spatially separated flux qubits (named
2 and 3) are connected by tunable flux transformers to a third qubit (M) which plays
the role of an entanglement mediator.

Each qubit loop is interrupted by three Josephson junctions. Two of them are
characterized by the same Josephson energy FE; and the third one possesses a lower
Josephson energy aF;, with a < 1. If the operating flux bias gb;(vz) (i = M, 2,3) applied by
a coil to each qubit is close to ¢y/2, ¢g = h/2e being the flux quantum, a 3JJ qubit can be
described in terms of two quantum states |L®) and |R®)) corresponding to a clockwise
and a counterclockwise supercurrent circulating in the loop, i]l(;i) = 27T04E§i> /¢o. In
other words, in such conditions it is possible to realize an effective two state system
whose Hamiltonian, in the basis of the energy eigenstates |0); = %HL“’) + |R®)] and

11); = %HL(")) — |R)], assumes the form H® = wiaif)a(_i) with aif) = |1); (0] and
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switch 2 ‘
switch 3 ‘

Figure 1. Schematic of the system setup.

) = |0); (1|. Here the energy splitting w; = +/A? + €?, typically of the order of
5+ 10 GHz, depends on the tunneling frequency A; between the two wells of the qubit
potential and on the corresponding asymmetry €; = 2[ ( — ¢0/2). An inductive
coupling between the qubits 2 or 3 and the mediator M can be realized via the tunable
flux transformer described in Ref. [28]. As shown indeed by M. G. Castellano et al. [28]
it is possible to control the flux-transfer function R(g&f}}), and therefore the inductive-
coupling constants, gy and gps3, by properly setting the critical current of the inner
de-SQUID of each transformer via the additional bias fluxes ¢((;i) and ¢£§?

In this way we may turn on and off at will the coupling between each qubit and the
mediator, to realize as extensively discussed in Ref. [19], a unitary step-by-step scheme
which allows us to generate the following W state of the whole system:

1 | |
W)=z (\100) —1010) — i |001>>. (1)

Here we want to investigate the effects of dissipation on this generation scheme caused
by environments. Let us start by briefly summarizing the scheme for the generation of
the state (1) starting from the initial condition |100) of the three qubits, in which only
the first qubit is excited, whereas the other two are in their ground states.

Calling M the first qubit and 2 and 3 the other two, the scheme consists of two
steps: in the first step the qubit M interacts for an interval of time 7 with the qubit 2
and the qubit 3 evolves freely, while in the second step the qubit M interacts for a time 7,
with the qubit 3 and the qubit 2 evolves freely. The Hamiltonian models corresponding
to these two steps are respectively:

His = Z w@-oﬁ)a(_") + g2 <UELM)U(_2) + U(_M)Uf)> , (2)
i=M,2,3
and
Hina = Z sz( Do 4 (05:\/[)0(_3) + a(_M)af)> . (3)
i=M,2,3

The explicit expressions for the eigenstates of Hiy (Hang) denoted by |a) ® |k)s,
b) @ k)3, |c) ®[k)s and [d) ® k)3 (|a') ®[k)2, [V) @ k)2, |') @ [k)2 and |d') @[k)2), where
kE = 0,1, and the corresponding eigenvalues are given in the Appendix. During these
two steps, the three qubits suffer from environmental perturbations. We assume that
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each qubit interacts with a reservoir which is independent from the others, since the
three qubits are spatially separated, and we exploit the results presented in Ref. [24],
where a master equation for the evolution of two coupled qubits has been derived from a
microscopic Hamiltonian, following the standard approach [29]. More in detail, given the
Hamiltonian of a generic quantum system, the microscopically derived master equation,
in the Born-Markov and rotating wave approximations, describes jumps occurring
between the eigenstates of the Hamiltonian. Moreover in Ref. [24] the reservoirs are
assumed to be independent, which is justified in the case of spatially separated Josephson
qubits, since the noise in each device is due to impurities belonging to different parts of
the whole superconducting circuit.

Our idea is now to use the dissipator appearing in that paper to describe the
losses of the pair of coupled qubits both in the first and in the second step, while the
dissipation relative to the free i-th qubit (i is equal either to 2 or 3 depending on the
step considered) will be described as usual by terms like ~; (0 ,00 + — 1{0( e P}

More in detail, exploiting the results presented in Ref.[24], in correspondence to the
first step we can write:

p = —ilHs, p| + Dusa(p) + Ds(p), (4)
while for the second step the master equation can be given as:
p = —ilHaua, p] + Dass(p) + Da(p). (5)

The two dissipators Djso and D)3 describe the losses of the combined systems of qubits
M and 2, and qubits M and 3 respectively, and their structure can be directly obtained
starting from Ref. [24]. In particular the dissipator in Eq. (4) can be written as:

Dura(p) = e (lah Ol al = 500001 )
verr (I elp(olenal = {lexel, o0}
er (1Dl ~ 31, o))
verr (I o0l e = 1) dl (0}
er (I8} alp(01a) 0] - 3{1a) el o))
err (IeHalp(@la)el = 5{laal. (o) )
ver (la)0lptolo)al - 30,0}
ear (I elp(0l = 51 eloto) )
s (1) BlADI) el + 10){dloft) )
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tcenr (la){elp(]d) (8] + B){d]o(t) ) o]
ey (Jd)elp(t)]a) (0] + D) alo(t)|e) (d])
e (1) Blpla) el + o) (alp(b) )] ). (6)

where |a), |b), |c) and |d) are given by Egs. (A.1) in the Appendix. The decay rates
appearing in Eq. (6) are defined as:

0 0

1 = Y1,.m COS> B + 1.2 8in? 3 (7)
50
Crr = ViI,M sin’ B + V1,2 cos® 0% (8)
0 0
Cer,] = VI,M cos® = — V1,2 sin’ ) (9)
' ' 2 ’ 2
Cor1T = —Y11,0 SID> 3 + Yr1.2 COS> 5 (10)

where for brevity we have put v;; = v;(wy) and v;7; = v;(wrr), with
1 1

wr =g (war +wa) — 5 (w2 — war)® + G310, (11)
the Bohr frequency relative to the transitions |d) — |¢) and |b) — |a) and
1 1
wir =5 (war + wa) + 5\/@02 —wi)* + g3 (12)

the Bohr frequency relative to the transitions |¢) — |a) and |d) — |b). The functions
7v;(w) are the Fourier transforms of the bath correlation functions of the jth reservoir
(with j = M,2,3) [24], and are related to the j-th reservoir spectral density J;(w)
through the relation:

(W) = Jj(w)[1 + N;(w)], (13)
with Nj(w) being the average number of photons in the mode of frequency w. The
excitation rates ¢r, €y, Cery and Ce.;r can be directly obtained from Egs. (7)-(10)
correspondingly substituting v ; by 77, = yrje %% and 7 by Yir; = yir e e,
with 3; the inverse temperature of the j-th reservoir.

In the same way, the dissipator in Eq. (5) is given by:

Durs(p) = ¢ (Ia’><b’\p<t>lb’><a’| - %{|b’><b’\’f)<f>})
+c, (\a'><c'|p(t)\c”><a| - %{Ic’><c’l,p(t)}>
v (WY1 ] - 1) o0 )
b, (|c'><d'|p(t)|d’><c’| - %ﬂd’)(d’l,p(t)})
+2, (|b’><a'|p(t)|a’><b’| - %{Ia’><a’l,p(t)})
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ets (I @lol0le) ] 5 el oo )
+2, (\d’><b’\p<t>|b'><d'| - %{\b’><b’\,p<t>})
ety (1)) = 51, o))
s (IW @) (] + ) [p(8)1¥) ')
ar (I pOI) ¥ + W) p(0)|) (@)
1 (10 No®)1a) ] + D) p(8)| ) ()

+Cp 11 <\dl><b'\0(t)|a'><0'\ + \C'><a'|/)(t)\b'><d'\>a (14)
where |a), |b), |¢) and |d') are given by Eqs. (A.4) and:
0’ o'

¢ =7} cOS” 7t Yy o sin” X (15)
/ /

= V}I,M sin’ b + 791,2 cos” DX (16)
o' o'

C/cr,l = '7},M cos’ 9 7},2 sin” bR (17)

0’ 0’
C/cr,ll = _7}1,1\4 sin” b + 791,2 cos’ bR (18)

The excitation rates ¢, ¢, ¢, ; and ¢, ;; can be directly obtained from Egs. (15)-(18)
correspondingly substituting v; ; by 97 ; = 77 ; e %% and Yir; bY V1 = Vir e P,

where
, 1 1 5 5
Wi =3 (wy + ws) — 3 (ws — wnr)” + g3 (19)
1 1
Wy = 5 ar +w3) + 54 (s — o) + gl (20)

Finally, we define the single qubit dissipators appearing in Eqs. (4) and (5)

Ds(p) =3 (0(3 pot? {0 o, p})
+ 73 (af)pa@ — —{J@Uf),p}) , (21)
Da(p) = (0(2)p0+ ~ 50}

#3 (o90® - %o, 0}). (2

where 73 = y3(w3) and Yo = Yo(ws) (3 = y3e P*3 and 4y = yp e %%2) are the decay
(excitation) rates of the qubits 3 and 2, which evolve freely during the first and second
step, respectively.



Dissipative effects on a scheme of generation of a W state in an array of coupled Josephson junctionsS

Having at our disposal the master equation microscopically derived, we can analyze
the dynamics of the system putting into evidence the effects of the presence of the
external world on the generation of W states. In addition, the knowledge of such a
master equation gives us the possibility to test the validity of phenomenological master
equations generally used to describe physical systems like the one examined in the
present paper. A phenomenological approach would suggest us to adopt the following
equation to describe the dynamics of the system under scrutiny

p=—ilH o+ 3 (0( pol? — Lot }>

1=M,2,3

+ Y A (a+)pa(z {a J+,,0}) (23)

i=M,2,3
where H is equal to either Hiy or Hs,q depending on the step considered, while the
dissipator is the same for both steps. In what follows we refer to Eq. (23) as the
phenomenological master equation.

3. Solution of the microscopic model at zero temperature

From now on, we will call a microscopic model the set of master equations (4) and (5),
while we will call a phenomenological model the master equation (23).

Let us start with the microscopic model. We will focus on the zero-temperature
case, i.e., we will put all the excitation rates equal to zero. The initial state we consider
is |100), which, in terms of the eigenstates of the first step corresponds to a density
operator where the only nonzero matrix elements are between [b0) and |c0)

0 0 0 0
|100)(100| = (cos§|b) + sin §‘C>) <cos §(b| + sin§(c\> ®10)3(0
0 0 0 0
= (cos §|bO> + sin §|CO>> <cos — (b0 + sin — (cO\) (24)

Thus the only differential equations of interest, derivable from the master equation (4),
are the following ones:

Pc0,c0 = V3Pel,el — CITPc0,c05

Perer = — (V3 + ¢r1)pet et (25)
Pb0,60 = V3Pb1,61 — CIPb0,b0s

P11 = — (73 + €1)pp1b1, (26)
Pa0,a0 = Y3Pal,al T CIPp0,b0 + CITPc0,c0,

Palal = —V3Pal,al + CIPu1p1 + CITPel,c1s (27)
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) . cr+cyr

Pro,c0 = | Webp — 5 Pb0,c0 + V3Pb1,c15

) ) cr+cyr

Polcl = (zwcb — %= ) Polcls (28)

where wy, = E,. — E}.
Solving these equations, we are able to demonstrate that at t = 7, namely at the
end of the first step, the state of the system reads as
P(71) = Pa0,a0(71)]a0){a0| + ppopo(71)[60) (BO[ + peo.co(71)[c0) (O]
+ p60,c0(71)[60) (0] 4 p3o 00(71)|c0) (00 (29)

where

Pe0,c0(T1) = peo,co(0) e 1™, (30)
Pro.50(T1) = propo(0) e ™, (31)
Pa0.a0(T1) = 1 = propo(0) €™ — peg o(0) eI, (32)
pio.o(T1) = procof0) el =51, (33)
The state described by Eq. (29) represents the initial condition for step 2. In the basis
of the eigenstates of the Hamiltonian (3), it reads:
p(711) = paro.aro(T1)|a’0)(a’0] 4 pyopo(71)6'0) (B0 + pero,ero(T1)|c0) (0]
+ parra1(11) | 1) (a1 + pyo.co(71)[60)(0] + pyg,0(T1) [0} (VO]
+ o1 (T1)[V0)(a'L] + prg o1 (T1)[a 1) (VO] + pero.a1(11)|0) (a1
+ Po.arn (1) 10, (34)

where

Part.a1(T1) = proso(T1) sin® = + pe co(71) cos® B

2
— 2Re[po.co(71)] sin B cos 2’ (35)
0 .0 .0 0
per0.eo(T1) = proso(Ti) cos? 3 sin? 5 + peo.co(T1) sin? 3 sin® 3
0 0 4
+ 2 Re[ppo.c0(71)] sin = cos = sin? —, (36)
’ 2 2 2
YA 0 L0
Proro(T1) = proso(T1) cos? 5 cos? ) + peo.co(T1) sin? 5 cos? 5]
0 0 L0
+ 2 Reppo.c0(71)] sin = cos = cos® — (37)
' 2 2 2’
,Oafo,a/o(ﬁ) = Pa0,a0 (71)7 (38)
5 0 .50
Pro.co(T) = (Pbo,bO(Tl) cos B + peo.co(T1) sin 5
0 0 4 4
+ 2 Re[pro.co(71)] sin 5 cos 5) sin 5 COS 5, (39)
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.0 0 o'
Pr0,01(T1) = [=Pe0,60(T1) + Peo,co(T1)] sin 5 €08 5 €08
/ 9 9/
+ pro.co(T1) cos® 5085 = Pro.co(T1) sin? 5085, (40)
.0 0 . ¢
Per0,a1(T1) = [=Pe0,p0(T1) + peo,co(T1)] sin 5 Cos 5 sin =
g .0 0 . ¢
+ pro.co(T1) cos® 3 sin 5 = Pro.c0(T1) sin? 5 sin 7 (41)

Starting from this initial condition, it is straightforward to see that the only
differential equations of interest, derivable from the master equation (5), describing
the dynamics of the system during the second step at T'= 0 K, are

. /
Pc’0,c'0 = V2P 1,¢'1 — CrrPe’0,e/05

pc’l,c’l = - (72 + C,II) Pc'1,c'1, (42)

. /
Pro,b'0 = V2P 1,61 — CrP0,b0,

pyiv: = — (92 +¢f) pyiwvi, (43)

. / /
Pa’0,a'0 = V2Pa'1,a’1 T CrPyop0 + CrrPer0,¢0,

. / /
Pa'l,al = — V2Pa'l,a’1 T CrPy1p1 T CrrPer1 e, (44)

for the populations and for the coherences

Peoal = — (iw/[[ — wy + %CIH) Po,a1l F Chp P01

paopr = — (’W/H fup+ 2T - 202} - C}I) P01, (45)
Proa1 = — (zw} +wy+ L —2|— Cl[) Py0.a1 + Co 110,15

Pdoe1 = — (W} + wy + W) Pdr0,c'1; (46)
) - cr+ ¢y

Pro,c0 = (ch/b/ — 5 ) Pu0,c0 T V2P0 1,1,

) . cr + ¢
Pv'1,c1 = (lwc'b' — Y2 — L 9 H) Pi'1,c'15 (47)
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where woy = E. — E;. Also in this case, it is possible to verify that the solutions of
these differential equations are given by

Partan (t) = Partan (1) e 2, (48)
pe0.c0(t) = peroero(T) e~Cu =) (49)
propolt) = pyopo(r) e =), (50)

Paro,wo(t) =1 — pyopo(m) €T — pug o (0) e 7

- pa/l,a’l(Tl) eiw (tiﬁ)a (51)

—iw’ +iw _otey t—T
pc’O,a’l(t):pc’O,a’l(Tl)e< e )( 1), (52)

. . Y +c,
—iw)+iws— 22 I) (t—71)

Pro.a1(t) = proa(T) e( ) (53)

/ /
CIJ;C”) (t=71)

(54)

At this point it is convenient to write the density matrix describing the system

iwc/ ’—
Pro.c0(t) = pro.co(T1) €< ’

during the second step, i.e. at a generic instant of time ¢ > 7; in the basis of the qubits
eigenstates {|klm)} = {|k)1 ® |I)2 ® |m)s} with k,I,m =0, 1:

p(t) = pOOO,OOO(t)|OOO> <OOO| + p100,100(t)|100><100| -+ p010,010(t)|010> <0].0|

+ poot,001 ()[001)(001| + p100,010(%)[100) (010[ + pTgg 010(£)[010) (100
+ p100,001 (£)]100){001] + pTog,001 (£)|001) (100] + poo1,010(¢)[001)(010]
+ Poo1,010()[010)(001|, (55)
where
£000,000(t) = paro,aro(l), (56)
o 0
P100.100(t) = propo(t) cos® 3 + pero wo(t) sin® 3
o o
+ 2 Re[pyo.0(t)] sin 5 COS 3, (57)
£010,010(t) = par1.a1(t), (58)
5 0 5 0
poot1,001 (t) = propo(t)sin 5 + pero,eo(t) cos B
0 o
— 2 Re[pro.o(t)] sin 5 Co8 5, (59)
/ 9/
£100,010(t) = pro.ar1(t) cos — + proan (t) sin —, (60)

2 2
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0 o’
100,001 (t) = [—propo(t) + peoo(t)] sin 5 cos 5
/ 9/
+ pro,eo(t) cos® 9 Pyo,0(t) sin’ 90 (61)
/ /
Poo1,010(t) = —pro,a1(t) sin 3 + peoai(t) cos 3 (62)

From Eqgs. (55)—(62) one can obtain all the information about the effects of dissipation
on the system dynamics.

4. The system dynamics: microscopic and phenomenological approaches

Exploiting the results obtained in the previous section, we now analyze the effects of
the reservoirs on the generation of the W state given in Eq. (1). In what follows we
assume gyro = gz and wyy = wy = w3 = 10gy2, which are typical values for the current
superconducting technology [30].

The scope of the analysis will be twofold. On one hand we want to point out how
the losses affect the scheme for the generation of the W state. On the other hand, we
want to compare the predictions of our model given by Egs. (4)-(5) with those predicted
by the phenomenological model in Eq. (23), in order to understand the limits of validity
of the latter. We calculate the fidelity F = (W|p(71, 72)|W) of the density matrix of the
system at the time ¢t = 7 + 75 with respect to the target state |IW) in Eq. (1). Figure 2
displays the time dependence of this function with respect to the durations 7, and 75 of
the two steps of the generation scheme. The maximum of the fidelity, which is around
0.76, is calculated by considering decay rates of the order of 0.1¢gy5 and corresponds
to a choice of times very close to that in Ref. [19], i.e., 71 = 2g;,,arcsin(1/y/3) and
Ty = 29,5 arccos(1/+/2). As foreseeable the interaction of each qubit with the reservoir
significantly affects the W-state generation scheme. For this reason, even if for some
purposes a value of 75% can be reasonable, it can be of interest to identify the state
reached at the time instants considered. A reasonable guess would be to assume that,
at the time instants 7, = 2g,, arcsin(1/v/3) and 7, = 2g,; arccos(1/v/2) the state is
described by a Werner-like state pyr = p|000)(000] + (1 — p)|W)(W|, where p is the
(time-dependent) probability that at ¢ = 7y + 7, the system is found in its ground
state [000) [31]. In order to verify that this is indeed the case, we calculate the
fidelity F(71,72) = Tr (\//pwp(T1,2)/pw), finding that it is about 0.98. We may
thus conclude that, when dissipative effects are not negligible, the step-by-step scheme

described in Ref. [19] can be exploited to generate the Werner-like state py, instead of
the W state defined in Eq. (1).

Since one can wonder how the predictions change if one uses the phenomenological
model to describe losses, let us now compare the predictions of the microscopic model
just analyzed and the numerical solution of the phenomenological master equation (23).
A good measure of the discrepancy between the predictions of the two models is the
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Figure 2. Dependence of the fidelity F on the durations of the two steps 7 and 7o.
Here wp; = wy = w3 = 10gas9, the decay rates are of the order of 0.1gs2 and the times
are in units of 917412 = g;/llg.

trace distance [32]

1
D(pmim pphen) = 5 Tr(|pmic - pphen‘)a (63)

which quantifies the imbalance between the probability distributions described by
the states pmic, predicted by the microscopic model, and pphen, predicted by the
phenomenological one.

We choose the same Lorentzian shape for the spectra of the three reservoirs

Y0 A2
J(w) = 64
() (W—wp)? + A2 (64)
with wy = wy = wy = ws. For very large values of the width A one recovers the

results for flat spectrum and the decay rates are all equal to the qubit-reservoir coupling
constant 7. We calculate the trace distance (63) for two cases: a) A = 1000 g2
and 79 = 0.1gpe, which corresponds to losses with flat spectrum; b) A = 0.01 g
and 79 = 0.1gps2, which corresponds to losses for a very structured reservoir. Numerical
simulations of the phenomenological model in the first case (not shown in figures), clearly
demonstrate that, when the spectra of the reservoirs are equal and flat, the distance
between the two states is very small. Therefore the effect of losses are essentially the
same for both models, so that we may claim that the microscopically derived master
equation is equivalent to the phenomenological one in such a case. A similar conclusion
was previously found in the context of cavity-QED, where a phenomenological model
of cavity losses, with the dissipative part of the master equation depending only on
the single-mode operators, turns out to be microscopically justifiable in the case of flat
reservoir spectrum [33, 34].

In the second case of structured spectrum, instead, the values of the decay rates are
very sensitive to the Bohr frequencies at which they are evaluated. As a consequence, as
shown in Fig. 3, the trace distance between the states predicted by the phenomenological
and microscopic models can reach very large values. In order to understand the origin
of the large distance between the states predicted in this last case, one can look at
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Figure 3. Distance between the microscopically and phenomenologically derived
states for A = 0.01gp2 and g = 0.1gp2 as a function of 71 and 7. The times
are in units of g;jQ = gfvjlg.

the dynamical behavior of the populations of the states of the system predicted by the
two models. Figures 4 (a), (b) and (c) show, as a function of the interaction times 7
and 79, the populations of the states |000), |010) and |001), correspondingly, calculated
exploiting the phenomenological (top) and the microscopic (bottom) models.

From Fig. 4(a) it is clear that, while in the phenomenological model (top), all
the excitations decay exponentially with the same rate with respect to both 7 and
Ty, in the microscopic model (bottom) the role of the two interaction times is very
asymmetric: indeed, by varying the duration 7 of the first step, one obtains initial
states for the second step characterized by very different decay rates, so that some
excitation is trapped or not in the system according to the value of 7.

Consider now the decay properties of the population of the state [010) for the the
phenomenological and microscopic models. Figure 4(b) (bottom) in particular shows
that, depending on the choice of 7y, the initial condition of the second step oscillates
with almost no damping, and then the state decays with the single-qubit decay rate.

As far as the decay properties of the state |001) are concerned, Figs. 4 (c¢) show
that, while in the phenomenological model the oscillations between qubits M and 3 decay
rapidly, in the microscopic model the oscillations are conserved for much longer times:
this is due to the fact that in the microscopic model the decay rates are proportional
to the value of the spectrum at the Bohr frequencies between dressed states, as one can
see from Eqgs. (13)-(12) and (15)—(20), and therefore, for the spectrum chosen in our
example, they are much smaller than the decay rates in the phenomenological model,
which are proportional to the value of the spectrum at the single-qubit frequencies, i.e.,
to its maximum. More in detail, for the spectrum and the value of A\ we are considering
here (namely A = 0.01gps9), the single qubit decay rate is equal to 79 = 0.1gpm,
while it is straightforward to show that the decay rates of the states involving the
second qubit in the first step are equal to J(wy) ~ J(wrr) =~ 0.4 - 107%gye. The very
small decay rates for the states involving the second qubit in the first step give rise
to phenomena of population trapping, whose consequence is the conservation of the
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Figure 4. Populations of states (a) |000), (b) |010) and (c) |100) calculated by
the phenomenological (top) and microscopic (bottom) models with A = 0.01g/2 and
Yo = 0.1gas2, as functions of the interaction times 71 and 75 (in units of 917412 = g;/llg)

population oscillations with respect to the interaction time 7 in Fig. 4(b) (bottom).
This point is analogous to what was previously found during the study of a microscopic
non-Markovian model for cavity losses in cavity-QED [35].

5. Conclusions

In this paper, we have analyzed the effects of losses on a scheme of generation of
multipartite entanglement. At the time instants of interest, the fidelity between the
actual state of the system and the target state |IV) is about 75%. The deviation from
unity can simply be understood as due to the fact that the system has decayed to the
ground state |000). Thus, the scheme becomes a protocol aimed at the generation of a
Werner-like state py = P |000)(000] + (1 — P) |W)(W|. We wish to underline that this
statement is true when we consider a flat spectrum at 7' = 0 K.

Moreover, the comparison between our microscopic model and a naiver but more
popular phenomenological master equation has given us an occasion to understand the
limit of a phenomenological approach in the context of our problem. In fact, we found
that the predictions of the phenomenological and the microscopic approaches do not
differ much when the spectra of the reservoirs are flat. However, when the reservoirs
are structured the two models predict very different results, and in the microscopic
model, the population trapping phenomena can occur, due to the very different values
of the various decay rates involved, which cannot be predicted by the phenomenological
master equation. This is an example in which the phenomenological model can lead to
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very different phenomena from those predicted by the master equation derived from the
microscopic Hamiltonian.

Of course, at this stage of our study of structured reservoirs, we have only considered
effects which occur at times much longer than the correlation times of the reservoirs.
When this is not the case, a more complete non-Markovian theory must be adopted, for
instance by means of a time-convolutionless master equation. In this case, the various
decay rates would be time dependent, and would become stationary, and proportional
to the value of the spectra at the relevant Bohr frequencies, only at times much longer
than the memory times of the baths. This issue, as well as the study of other sources of
noise typical of Josephson junctions, such as 1/f and single impurity noise, will be the
subject of future work.
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Appendix A.

In this Appendix, we list the eigenstates and eigenvalues of the Hamiltonians (2) and (3),
corresponding to the first and second steps, respectively. Both sets of eigenstates and
eigenvalues can be obtained by a straightforward diagonalization of the Hamiltonians.

The eigenstates of the Hamiltonian (2) are |a) ® |k)s3, |b) ® |k)s, |¢) ® |k)3 and
|d) ® |k)3, where k =0, 1 and

|a> - |OM 02>7

0 0
|b> = COS 5‘1]\/[02) — sin i‘OM 12>,

6 6
|c) = sin §|1M 02) + cos §|OM 1),
with

w2 — w|

\/(w2 —wm)” + Giro

|gara|
\/(w2 —wm)” + Gir
The corresponding eigenvalues are

E, =0,

1 1
E, = 5 (wWar +wa) — 5 (woy — WM)2 + 939

sinf =

, cosf =

(A.2)

1 1
EC = 5 (wM -+ a)z) —+ 5\/((4)2 — wM)2 -+ 912\/[2,
E; = wy + ws. (A.3)
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Similarly, the eigenstates of the Hamiltonian (3) are expressed as |a') & |k)o,
1b') @ |k)2, |¢) @ |k)2 and |d') & |k)q, where k = 0,1 and

|a) = 10as 03),

N .
|b>—cos§|1M03>—sm§|OM13>,
/ /

0 0
|} = sin §|1M 03) + cos §|0M 13),
|d') = 1 15), (A.4)
with

|ws — wy]

Vs —won)? + gy

‘9M3|

Vs =) + gy
The corresponding eigenvalues are

Ea’ - 07

sin@ = , cosl) =

1 1
Eb’ = 5 (u)M +w3) — 5\/((4)3 — CUM)Q + 912\/13,

1 1
E, = 5 (war +ws3) + 5\/((4}3 - WM>2 _'_912\/[37
Ed/ = Wnpm + ws3. (A6>
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