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A CENTRAL LIMIT THEOREM FOR ADAPTIVE AND
INTERACTING MARKOV CHAINS

By G. Forr*"f E. MouLines'$, P. PriourerY anp P.
VANDEKERKHOVE |l

CNRS & TELECOM ParisTech 8, Univ. Pierre et Marie CurieY, Univ.
Paris Estl

Adaptive and interacting Markov Chains Monte Carlo (MCMC)
algorithms are a novel class of non-Markovian algorithms aimed at
improving the simulation efficiency for complicated target distribu-
tions. In this paper, we study a general (non-Markovian) simulation
framework covering both the adaptive and interacting MCMC algo-
rithms. We establish a Central Limit Theorem for additive function-
als of unbounded functions under a set of verifiable conditions, and
identify the asymptotic variance. Our result extends all the results
reported so far. An application to the interacting tempering algo-
rithm (a simplified version of the equi-energy sampler) is presented
to support our claims.

1. Introduction. Markov chain Monte Carlo (MCMC) methods gen-
erate samples from distributions known up to a scaling factor.

In the last decade, several non-Markovian simulation algorithms have been
proposed. In the so-called adaptive MCMC algorithm, the transition kernel
of the MCMC algorithm depends on a finite dimensional parameter which
is updated at each iteration from the past values of the chain and the pa-
rameters. The prototypical example is the adaptive Metropolis algorithm,
introduced in Haario et al. (1999) (see Saksman and Vihola (2010) and
the references therein for recent references). Many other examples of adap-
tive MCMC algorithms are presented in the survey papers by Andrieu and
Thoms (2008); Rosenthal (2009); Atchadé et al. (2011).

In the co-called Interacting MCMC, several processes are simulated in
parallel, each targeting different distribution. Each process might interact
with the whole past of its neighboring processes. A prototypical example is
the equi-energy sampler introduced in Kou et al. (2006), where the different
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2 G. FORT ET AL.

processes target a tempered version of the target distribution. The conver-
gence of this algorithm has been considered in a series of papers by Andrieu
et al. (2007b), Andrieu et al. (2007a), Andrieu et al. (2011) and in Fort et al.
(2010a). Different variants of the interacting MCMC algorithm have been
later introduced and studied in Bercu et al. (2009), Del Moral and Doucet
(2010) and Brockwell et al. (2010). These algorithms are so far limited to
specific scenarios, and the assumptions used in these papers preclude the
applications of their results in the applications considered in this paper.

The analysis of the convergence of these algorithms is involved. Whereas
the basic building blocks of these simulation algorithms are Markov kernels,
the processes generated by these techniques are no longer Markovian. Indeed,
each individual process either interacts with its distant past, or the distant
past of some auxiliary processes.

The ergodicity and the consistency of additive functionals for adaptive
and interacting Markov Chains have been considered in several recent pa-
pers: see Fort et al. (2010a) and the references therein. Up to now, there
are much fewer works addressing Central Limit Theorems (CLT). In An-
drieu and Moulines (2006) the authors establish the asymptotic normality
of additive functionals for a special class of adaptive MCMC algorithms
in which a finite dimensional parameter is adapted using a stochastic ap-
proximation procedure. Some of the theoretical limitations of Andrieu and
Moulines (2006) have been alleviated by Saksman and Vihola (2010) for
the so-called adaptive Metropolis algorithm, which established a CLT for
additive functionals for the Adaptive Metropolis algorithm (with a proof
specially tailored for this algorithm). The results presented in this contribu-
tion contain as special cases these two earlier results.

The theory for interacting MCMC algorithms is up to now quite limited,
despite the clear potential of this class of methods to sample complicated
multimodal target distributions. The law of large numbers for additive func-
tionals have been established in Andrieu et al. (2008) for some specific in-
teracting algorithm. A wider class of interacting Markov chains has been
considered in Del Moral and Doucet (2010). This paper establishes the con-
sistency of a form of interacting tempering algorithm and provides non-
asymptotic LP-inequalities. The assumptions under which the results are
derived are restrictive and the results do not cover the interacting MCMC
algorithms considered in this paper. More recently, Fort et al. (2010a) have
established the ergodicity and law of large numbers for a wide class of in-
teracting MCMC, under the weakest conditions known so far.

A functional CLT was derived in Bercu et al. (2009) for a specific class of
interacting Markov Chains but their assumptions do not cover the interactive
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A CENTRAL LIMIT THEOREM FOR IMCMC 3

MCMC considered in this paper (and in particular, the interacting MCMC
algorithm). A CLT for additive functionals is established by Atchadé (2010)
for the interacting tempering algorithm; the proof of the main result in this
paper, Theorem 3.3, contains a serious gap (p.865) which seems difficult to
correct.

This paper aims at providing a theory removing the limitations mentioned
above and covering both adaptive and interacting MCMC in a common uni-
fying framework. The paper is organized as follows. In Section 2 we estab-
lish CLTs for adaptive and interacting MCMC algorithms. These results are
applied in section 3 to the interacting tempering algorithm which is a sim-
plified version of the Equi-Energy sampler. All the proofs are postponed in
Section 4.

Notations. Let (X, X) be a general state space and P be a Markov tran-
sition kernel (see e.g. (Meyn and Tweedie, 2009, Chapter 3)). P acts on
bounded functions f on X and on o-finite positive measures p on X via

Pi) / Ple,dy)f(y),  pP(A) / () Pz, A)

We denote by P" the n-iterated transition kernel defined inductively

P ) [ P, dg) Py A) = [ Pl dg) P, 4)

where PY is the identity kernel. For a function V : X — [1,400), define the
V-norm of a function f: X — R by

def | fI(2)
fly = sup ——~.
’ ’V zeX Vv x)
When V' = 1, the V-norm is the supremum norm denoted by |f|. Let Ly
be the set of measurable functions such that |f];, < 4o00. For p a signed

measure on (X, X'), we defined ||x||y, the V-norm of p as

lully, = sup  |u(f)]-

When V =1, the V-norm corresponds to the total variation norm.
For two transition kernels Py, P5, define the V-distance as

def

|P1 — Pl = Slelgv_l(x) |Pr(z,-) = Pa(z, )y -
xT

Let (2,),,cn @ sequence. For p < ¢ € N?, .., denotes the vector (z,, ..., 7).
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4 G. FORT ET AL.

2. Main results. Let (0,7 ) be a measurable space. Let {P,0 € ©} be
a collection of Markov transition kernels on (X, X’) indexed by a parameter
0 € ©. In the sequel, it is assumed that for any A € X, (x,0) — Py(z, A)
is X ® T/B([0,1]) measurable, where B([0, 1]) denotes the Borel o-field. In
the sequel © is not necessarily a finite-dimensional vector space. It might
be a function space or a space of measures. We consider a X x ©-valued
process {(Xn,0n)},,cn on a filtered probability space (2, A, {F,,n > 0},P).
It is assumed that

A1 The process {(Xy,0n)},en 15 (Fn),en-adapted and for any bounded
measurable function h,

E[h(Xns1) | Fo] = By, h(Xn) -

Assumption A1 implies that conditional to the past (subsumed in the o-
algebra F,,), the distribution of the next sample X, is governed by the
current value X, and the current parameter ¢,,. This assumption covers any
adaptive and interacting MCMC algorithms; see Andrieu and Thoms (2008),
Atchadé et al. (2011), Fort et al. (2010a) for examples. This assumption on
the adaptation of the parameter (6,), o is quite weak since it only requires
the parameter to be adapted to the filtration. In practice, it frequently occurs
that the joint process {(Xy, 0n)},,cn is Markovian but assumption A1 covers
more general adaptation rules.

We assume that the transition kernels {Fy,6 € ©} satisfy a Lyapunov
drift inequality and smallness conditions:

A2 For all § € ©, Py is phi-irreducible, aperiodic and there exists a func-
tion V : X — [1,400), and for any 6 € O there exist some constants
bg € (1,4+00), \g € (0,1) such that

PV < XV + by .

In addition, for any d > 1 and any 6 € ©, the level sets {V < d} are
1-small for Py.

In many examples considered so far (see Andrieu and Moulines (2006), Saks-
man and Vihola (2010), Fort et al. (2010a), Andrieu et al. (2011)) this condi-
tion is satisfied. All the results below can be established under assumptions
insuring that the drift inequality and/or the smallness condition are satis-
fied for some m-iterated P;". Note that checking assumption on the iterated
kernel Pg" is prone to be difficult because the expression of the m-iterated
kernel is most often rather involved.

A2 implies that, for any 6 € O, Py possesses an invariant probability dis-
tribution my and the kernel Py is geometrically ergodic (Meyn and Tweedie,
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A CENTRAL LIMIT THEOREM FOR IMCMC )

2009, Chapter 15). The following lemma summarizes the properties of the
family {Py,0 € ©} used in the sequel (see e.g. Douc et al. (2004) and refer-
ences therein).

LEMMA 2.1.  Assume A2. Then for any 0 € ©, there exists a probability
distribution Ty such that 1gPy = 79 and me(V) < by(1 — Ng) L. In addition,
for any a € (0,1], the following property holds.

Pla] For any 6 € ©, there exist Cyp < 0o and pg € (0,1) such that, for

any v € [a, 1],
155" — molly~ < Co pg -

Set
(1) Lo ™ Co v (1—pg)7".

It has been shown in Fort et al. (2010a), that under appropriate assump-
tions, when the sequence (0),cy converges to ¢, € © in an appropriate
sense, n~ 1 31, f(Xx) converges almost surely to 7, (f), for any functions
f belonging to a suitable class of functions M.

The objective of this paper is to derive a CLT for n=Y/2 31 { (X)) — 7o, ()}
for functionsf belonging to M. To that goal, consider the following decom-
position

D2 F () = m, ()} = SO(F) + SP(F)
k=1

where 57(11)( f) and S,(LQ)( f) are given by

2) SO € n V23" F(Xk) — 7o, ()}
k=1
n—1

(3) SO E 023" o, (F) — 0. (f)} -
k=0

We consider these two terms separately. For the first term, we use a clas-
sical technique based on the Poisson decomposition; this amounts to write
Sr(Ll)( f) as the sum of a martingale difference and of a remainder term con-
verging to zero in probability; see Andrieu and Moulines (2006); Atchadé
and Fort (2010); Fort et al. (2010a); Del Moral and Doucet (2010); Saks-
man and Vihola (2010) for law of large numbers for adaptive and interacting
MCMC). Then we apply a classical CLT for martingale difference array; see
for example (Hall and Heyde, 1980, Theorem 3.2).
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6 G. FORT ET AL.

The second term vanishes when mg = mp, for all § € © which is the case
for example, for the adaptive Metropolis algorithm (Haario et al., 1999). In
scenarios where € — 7y is a non trivial function of 6, the weak convergence
ST(LQ)( f) relies on conditions which are quite problems specific.

The application detailed in Section 3, an elementary version of the inter-
acting tempering algorithm, is a situation in which 7y, is known but the
expression of mg, 0 # 0, is unknown, except in very simple examples. The
Wang-Landau algorithm (Wang and Landau, 2001; Liang et al., 2007) is an
example of adaptive MCMC algorithm in which 6 — 7y is explicit.

The results in this paper cover the case when the expression of my is

unknown: we rewrite ST(?)( f) by using a linearization of the fluctuation
7o, (f) — 7o, (f) in terms of the difference Py, — Py,

g, (f) — 7o, (f) = 7o, (Po, — Po,) Mg, (f) + E(f, 0k) -

Our approach covers much more general set-up than the one outlined in Bercu
et al. (2009).

By A2, for any o € (0,1) and f € Lya, the function ), <, Py (f — mo(f))
exists and is in Ly«. For 6 € O, denote by Ay : Ly« — Ly« the transition
kernel which associates to any function f € Ly« the function Agf given by:

(4) Nof E ST PR —mo(f) .
n>0

The function Ay f is the solution of the Poisson equation

(5) Nof —PoNof = f —mo(f) .

This solution is unique up to an additive constant (see e.g. (Meyn and
Tweedie, 2009, Proposition 17.4.1.)).

The convergence of ST(LU( f) is addressed under the following assumptions
which are related to the regularity in the parameter § € © of the ergodic
behavior of the kernels {FPy,0 € ©}.

A3 There exist o € (0,1/2) and a subset of measurable functions My« C
Ly« satisfying the two following conditions

(a) for any f € Mya,

_ " a P
n 1/22|P9kA€kf_P9kflA9k—lf‘VaV (Xk) — 0.
k=1

(b) n= V2 Y08 L3/ Py, V(Xk) — 0 where Lg is defined by (1) for
the constants Cp, pg given by P[a].
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A CENTRAL LIMIT THEOREM FOR IMCMC 7

A3-a controls the regularity in the parameter 6 of the Poisson solution Ag f.
Lemma 5.1 in Appendix 5 is useful to check A3-a. It relates the regularity in
0 of the function § — PyAg f to the ergodicity constants Cy and py introduced
in Lemma 2.1 and to the regularity in 6 of the function 8 — P, from the
parameter space © to the space of Markov transition kernels equipped with
the V-operator norm.

A3-b is a kind of containment condition (see Roberts and Rosenthal
(2007)): when the ergodic behavior A2 is uniform in 6 so that \g, by and
the minorization constant of the FPy-smallness condition do not depend on
0, then the constant Ly does not depend on 6 and by A1l and the drift
inequality A2,

—1/2aZE XkJrl nl— 1/2c {E )] + (1 B )\)_1[)} 0.

Therefore, condition A3-b holds provided the ergodic constant Lg, is con-
trolled by a slowly-increasing function of k. Lemma 5.2 in Appendix 5 pro-
vides sufficient conditions to obtain upper bounds of 6 +— Ly in terms of the
constants appearing in the drift inequality A2.

We finally introduce a condition allowing to obtain a closed-form expres-
sion for the asymptotic variance of S,(Ll)( f). For 6 € © and f € Ly« define

(6) Fy & Py(Aaf)? — [Podgf)?

A4 For any f € Mya, n~! Zz;é Fy, (X%) N o2(f), where o?(f) is a
deterministic constant.

Assumption A4 is typically established by using the Law of Large Num-
bers (LLN) for adaptive and interacting Markov Chain derived in Fort
et al. (2010a); see also Theorem 5.4 in Appendix 5. Under appropriate reg-
ularity conditions on the Markov kernels {Fy,0 € O}, it is proved that

S 0 Fy, (Xi) — [ mp, (dz) Fy, ()} converges in probability to zero. The
second step consists in showing that n=! 312} [ 7, (dx) Fp, () converges
to a (deterministic) constant o?(f): when 7y is not explicitly known and the
set X is Polish, Lemma 5.3 in Appendix 5 is useful to check this convergence.
In practice, this may introduce a restriction of the set of functions f € Ly
for which this limit holds (see e.g. the example detailed in Section 3 where
Mva ?é EVoz).

We can now state conditions upon which StV (f) is asymptotically normal.
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8 G. FORT ET AL.

THEOREM 2.2.  Assume A1 to A4. For any [ € Mya,
1 . ,
NG kZZI {F(X0) =m0 ()} 25 N(0,0%(f)) -

The proof is in section 4.1.1. When 7y = 7 for any 6, Theorem 2.2 provides
sufficient conditions for a CLT for additive functionals to hold.

When 7y is a function of 8 € ©, we need now to obtain a joint CLT
for (Sr(ll)(f),S,(f)(f)) (see (2) and (3)). To that goal, we replace A1l by
the following assumption which implies that, conditionally to the process
(0r)rens (Xk)pen is an inhomogeneous Markov chain with transition kernels
(PGjaj > 0)

A5 There exists an initial distribution v such that for any bounded mea-
surable function f: X"t! — R,

E [f(XOn) ‘ HO:n] = / e / V(de)f (xO:n) H P9j71(xj—17 dxj) :

Assumption A5 is satisfied when {(X,,0,)},cy is an interacting MCMC
algorithm. Note that A5 implies A1l.

The first step in the proof of the joint CLT consists in linearizing the
difference mp, — mg,. Under A2, my(g) exists for any g € Ly« and § € O (see
Lemma 2.1), and we have

m(9) — mo.(9) = moFPog — w0, Py, g = o (P — Po,) g+ (70 — m0.) P, g .

which implies that (79 — g, ) (I1— Py, )g = w9 (Py — Pp,) g. Let f € Lya.
Then Ay, f € Ly« and by applying the previous equality with g = Ay, f, we
have by (5)

(7) mo(f) — mo,(f) = mo (Pp — Pp,) Mo, f -

We can iterate this decomposition, writing

mo(f) — mo, (f) = o, (Po — Py, ) Ao, f+
7o ((Po — Py, ) Mo, f) — o, (Po — Po,) Mo, f)

Applying again (7), we obtain
mo(f) — 7o, (f) = o, (Po — Po,) Mo, f + 79 (P9 — Po,) Mo, (Py — Py,) Mo, [ -

This decomposition can be iterated, which yields The first term in the RHS
of the previous equation is the leading term of the error my, — mg,, whereas
the second term is a remainder. This decomposition naturally leads to the
following assumption.
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A CENTRAL LIMIT THEOREM FOR IMCMC 9

A6 For any function f € My,

(a) there exists a positive constant y2(f) such that

8) V2N g, (Po — Po.) Mo, f 2 N(0,72(f)) -
k=1

(b) Y230 7, (Po, — Po,) Mg, (Pa, — Pa,) Ao, f — 0.

THEOREM 2.3. Assume A2 to A6. For any function f € Mya,
7 00 =00} B2 (0,070 +27)

The proof of Theorem 2.3 is postponed to section 4.1.2. It is worthwhile
to note that, as a consequence of A5, the variance is additive. This result
extends Bercu et al. (2009) which addresses the case when Py(z, A) = Py(A)
i.e. the case when conditionally to the adaptation process (6,,),,cy, the ran-
dom variables (Xy,),cy are independent (see (Bercu et al., 2009, Eq. (1.4))).
Our result, applied in this simpler situation, yields to the same asymptotic
variance.

3. Application to Interacting Tempering algorithm. We consider
the simplified version of the equi-energy sampler (Kou et al., 2006) intro-
duced in Andrieu et al. (2011). This version is referred to as the Interacting-
tempering (IT) sampler. Recently, convergence of the marginals and strong
law of large numbers results have been established under general condi-
tions (see Fort et al. (2010a)). In this section, we derive a CLT under similar
assumptions.

Let {n% k € {1,--- | K}} be a sequence of tempered densities on X,
where 0 < 81 < --- < B = 1. At the first level, a process (Y}),cy With sta-
tionary distribution proportional to 77! is run. At the second level, a process
(Xk)pen With stationary distribution proportional to 772 is constructed: at
each iteration the next value is obtained from a Markov kernel depending
on the occupation measure of the chain (Y},), oy up to the current time-step.
This 2-stages mechanism is then repeated to design a process targeting
by using the occupation measure of the process targeting w1

For ease of exposition, it is assumed that (X, X') is a Polish space equipped
with its Borel o-field, and the densities are w.r.t. some o-finite measure on
(X, X). We address the case K = 2 and discuss below possible extensions to
the case K > 2.
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10 G. FORT ET AL.

We start with a description of the IT (case K = 2). Denote by O the set
of the probability measures on (X, X’) equipped with the Borel sigma-field
T associated to the topology of weak convergence. Let P be a transition
kernel on (X, X') with unique invariant distribution 7 (typically, P is chosen
to be a Metropolis-Hastings kernel). Denote by € € (0,1) the probability of
interaction. Let (Y}),cn be a discrete-time (possibly non-stationary) process
and denote by 6,, the empirical probability measure:

def 1
(9) 0, = Ez(syk .
k=1

Choose Xy ~ v. At the n-th iteration of the algorithm, two actions may be
taken:

1. with probability (1 — €), the state X,,41 is sampled from the Markov
kernel P(X,,, "),

2. with probability €, a tentative state Z, 1 is drawn uniformly from the
past of the auxiliary process {Yj, k < n}. This move is accepted with
probability (X, Z,11), where the acceptance ratio r is given by

(10) r(z, 2) def | o m(2)r P (z) A 7 (2)

ml=B()m(x) " wh(x)

Define the family of Markov transition kernels {Py,0 € ©} by
(11) Py(z,4) = (1—€)P(z, A)
v [ s + 14w [ 0= oa)

Then, the above algorithmic description implies that the bivariate process
{(Xn,0n)},cn is such that for any bounded function i on X"

E [h(XO:n)WO:n] = / I/(dxo)Pgo (1‘0, dxl) s Pgn_l (.%'n_l, d.%'n) h(.%'o;n) .

We apply the results of Section 2 in order to prove that the I'T process
(Xk)pen satisfies a CLT. To that goal, it is assumed that the target density
7w and the transition kernel P satisfy the following conditions:

I1 7 is a continuous positive density on X and |7|s < +00.

I2 (a) P is a phi-irreducible aperiodic Feller transition kernel on (X, X)
such that 7P = .
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A CENTRAL LIMIT THEOREM FOR IMCMC 11
(b) There exist 7 € (0,1), A € (0,1) and b < 400 such that
(12) PV <AV +b with V(2) % (r(2)/|r]e) " .

(c) For any p € (0,|m|x), the sets {m > p} are l-small (w.r.t. the
transition kernel P).

(d) For any v € (0,1/2) and any equicontinuous set of functions
F C Ly~, the set of functions {Ph : h € F, |h|,, < 1} is equicon-
tinuous.

From the expression of the acceptance ratio r (see Eq. (10)) and the as-
sumption 12-a, it holds
Py, =m,

where 0, o« m'~P. Therefore, when 6,, converges to ,, it is expected that
(X&) ey behaves asymptotically as 7; see Fort et al. (2010a).

Drift conditions for the symmetric random walk Metropolis (SRWM) al-
gorithm are discussed in Roberts and Tweedie (1996), Jarner and Hansen
(2000) and Saksman and Vihola (2010). Under conditions which imply that
the target density m is super-exponential in the tails and have regular con-
tours, Jarner and Hansen (2000) and Saksman and Vihola (2010) show that
any functions proportional to 7—* with s € (0, 1) satisfies a Foster-Lyapunov
drift inequality (Jarner and Hansen, 2000, Theorems 4.1 and 4.3). Under this
condition, 12-b is satisfied with any 7 in the interval (0,1). Assumption 12-d
holds for the SRWM kernel under weak conditions on the symmetric proposal
distribution as shown by the following lemma. The proof is in section 4.2.1.

LEMMA 3.1. Assume I1. Let P be a Metropolis kernel with invariant
distribution ™ and a symmetric proposal distribution q : X x X — R* such
that sup(, yex2 ¢(7,y) < +oo and the function x — q(z,-) is continuous
from (X, |-|) to the set of probability densities equipped with the total variation
norm. Then P satisfies 12-d with any function V oc 77, 7 € [0,1), such
that w(V') < +o0.

For a measurable function f : X — R such that 6,(|f]) < +o0, define the
following sequence of random processes on [0, 1]:

|nt]
(13) L Su(fit) =n~ 2 {f(Y)) = 60.(1)} -
j=1

It is assumed that the auxiliary process {Y;, ,n > 0} converges to the prob-
ability distribution 6, in the following sense:
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12 G. FORT ET AL.

I3 (a) 6,(V) < 400 and sup, E[V(Y,,)] < +oo.

(b) There exists a space N of real-valued measurable functions de-
fined on X such that V' € AN and for any function f € N,
On(f) == 04(f)-

(¢) For any function f € N, the sequence of processes (S, (f,t),n >
1,t € [0,1]) converges in distribution to ((f)B(t),t € [0,1]),
where 4(f) is a non-negative constant and (B(t) : t € [0,1]) is a
standard Brownian motion.

(d) For any a € (0,1/2), there exist constants gy and p; such that,
for any integers n, k > 1, for any measurable function h : X¥ — R
satisfying |h(y1,...,yx)| < z;?zl Ve (y;),

2

k
E / . /]1_[1 00 (dy;) — O (dy) (Y1, - uk) | < Ag nk,

with limsup In Ax/(klnk) < oo.

I3 is satisfied when (Y}),cy is i.i.d. with distribution 6, such that 6,(V) <
+o00. In that case, I3-b to I3-c hold for any measurable function f such that
0,(]f|?) < +oo. I3-d is satisfied using (Serfling, 1980, Lemma A, pp. 190).

I3 is also satisfied when (Y}), oy is an asymptotically stationary Markov
chain with transition kernel ). In that case, 13-a to 13-c are satisfied for any
measurable function f such that 6, (|f [(I — Q)~'f]|) < 400 (see e.g. (Meyn
and Tweedie, 2009, Chapter 17)). Condition I3-d for a (non-stationary) ge-
ometrically ergodic Markov chain is established in the supplementary pa-
per (Fort et al., 2011).

The following proposition shows that under I1 and 12, condition A2 holds
with the drift function V' given by A2-b. It also provides a control of the
ergodicity constants Cy, pgp in Lemma 2.1. The proof is a direct consequence
of (Fort et al., 2010a, Proposition 3.1, Corollary 3.2), Lemmas 2.1 and 5.2,
and is omitted.

PROPOSITION 3.2.  Assume 11 and I2a-b-c. For any 0 € ©, Py is phi-
irreducible, aperiodic. In addition, there exist A € (0,1) and b < +oo such
that, for any 6 € O,

(14) PV (z) <AV (z) +b0(V), for all x € X.

The property Pla] holds for any o € (0,1/2), and there exists C' such that
forany 0 € ©, Ly < CH(V).

Assume in addition 13a and E[V (Xo)] < +00. Then, sup, > E [V (X,)] <
+00.
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A CENTRAL LIMIT THEOREM FOR IMCMC 13
The next step is to check assumptions A3 and A4.

PROPOSITION 3.3.  Assume 11, 12, 13a-b and E[V(Xj)] < 4+o00. For any
a € (0,1/2), set My« be the set of continuous functions belonging to Ly« N
N. Then, for any o € (0,1/2), the conditions A3 and A4 hold with

(15) Hurﬁ/%&mm@xm,

where Fy is given by (6).

The proof is postponed to Appendix 4.2.2. We can now apply Theorem 2.3
and prove a CLT for the 2-levels IT.

THEOREM 3.4. Assume I1, 12, 13 and E[V(Xy)] < 4+o0c. Then, for any
a € (0,1/2) and any continuous function f € Lya NN,

ST X)) = (1) B N(O,02(F) + 252(1))
v

where o2(f) and 72(f) are given by (15) and I3-c.

The proof is postponed to Appendix 4.2.3.

The above discussion could be repeated in order to prove by induction a
CLT for the K-level IT when K > 2 (see Fort et al. (2010a) for a similar
approach in the proof of the ergodicity and the LLN for IT). Nevertheless,
the main difficulty is to iterate the control of the L?-moment for the V-
statistics (see I3-d) when (Y%),cy is not a Markov Chain or, more generally,
a process satisfying some mixing conditions. A similar difficulty has been
reported in Andrieu et al. (2011).

4. Proofs. Denote by Dy (0,6') the V-distance of the kernels Py and
Py

def
= 1P~ Polly -

(16) Dy (0,0
Note that under A2, for any « € (0, 1], any f € Ly« and any 6 € O,

(17) Aoflye < |flye L

where Ly is defined by (1).
4.1. Proofs of the results in Section 2.
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14 G. FORT ET AL.

4.1.1. Proof of Theorem 2.2. Let f € Mya. Eq. (5) yields to S,(LI)(f) =
E.(f) + R () + RY(f) with

=a(f) % S (Ao F(X0) = P Aoy F(X 1)}
k=1

RY(f) < n1/2 > {Po, Mo f(Xk) = Po,_ Mo, F(X)}
P

R ()« n= 2Py Ng, f(Xo) — n 2Py, A, f(X) -

We first show that the two remainders terms RS)( f) and Rg)( f) converge
to zero in probability. We have

|PyAgf(x) — Py Mg f(2)] < |Polof(x) — Py Ao f(2)|ya V() .

Assumption A3 implies that Rs)( f) converges to zero in probability. The
drift inequality A2 combined with the Jensen’s inequality imply PpV* <
MgV +by. By (17) and this inequality,

1PoAof(2)] < |flya L PoV(z) < |flya Li (V(z) +bF) .

Then, Py,Ag, f(Xo) is finite w.p.1. and n_l/QPgoAgof(Xo) 2% 0. By A3-b

and (17), n=1/2Py, Ay, f(X,,) 0. Hence, R&Q)(f) 0.

. —_ def
We now consider =,(f). Set Dy(f) = Ag,_, [(Xk) — Po,_, Mo, f(Xi—1).

Observe that under A1, Dy(f) is a martingale-increment w.r.t. the filtra-
tion {Fg, k > 0}. The limiting distribution for =,,( f) follows from martingale
CLT (see e.g. (Hall and Heyde, 1980, Corollary 3.1.)). We check the condi-
tional Lindeberg condition. Let € > 0. Under A2, we have by (17)

Di(f) < flve L5y {V(X0) +P9k—1va(Xk—1)}‘ .
Set 7 ¥ 1/a—2> 0.
RS LN )
E};E [D]%(f)]l‘Dk(f)\ze\/ﬁ fkq} < <e\/ﬁ> E;E [Di+ (f)‘fk—l]

1 \71 <
< |27 L ZE [22+7) ey P, VX 2+T‘ 2
< flve <e\/ﬁ> n [ Ok —1 { (&) bV k_l)} k_l]

I T N = S
<ol () T 6t mvin).
k=0
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A CENTRAL LIMIT THEOREM FOR IMCMC 15

Under A3-b, the RHS converges to zero in probability thus concluding the
proof of the conditional Lindeberg condition. For the limiting variance con-
dition, observe that

1 n 1 n—1
EZE [D/%(f) ‘]:k—l] = EZFGIC(X]C) ,
k=1 k=0

where Fy is given by (6) and, under A4, n=' Y} | E[D} |-7:k—1] N a?(f).
This concludes the proof.

4.1.2. Proof of Theorem 2.3. We start by establishing a joint CLT for
(S,(Ll)(f),Sr(f)(f)), where Sr(Ll)(f) and 57(12)(]”) are defined in (2) and (3), re-
spectively. Similar to the proof of Theorem 2.2, we write S,Sl)(f) =E,(f)+

R%l)(f) + Rg)(f) and prove that Rg)(f) + Rg)(f) L5 0. We thus consider

the convergence of Z,,(f) + S,(LQ)(f). Set F? & (0, k <n). Under A5,

B [ei(msn(f)mgsﬁ?)(f))] _E [IE [emlsn(f) ‘f,ﬂ eiuQSf)(f)] '
Applying the conditional CLT (Douc and Moulines, 2008, Theorem A.3.)
with the filtration 7, j, def oY1, ,Y,, X1, -, Xk), yields to:

(18) lim E [eiuﬁnm ‘ fg} Py gmute? (/2

n—o0

observe that under A5, the conditions (31) and (32) in Douc and Moulines
(2008) can be proved following the same lines as in the proof of Theorem 2.2;
details are omitted. Therefore,

E ei(mEn(f)JruQSf)(f))} _E [(E [emlanm ‘ fg] _ efu?UQ(f)/2> ezuzsf)(f)]

+ e~ m(N2E [eiwsg)(f)} .

By (18), the first term in the RHS of the previous equation converges to
zero. Under A6, lim,,_ . E [eiu?sg)(f)] = e 437*(/)/2 and this concludes the

proof.

4.2. Proofs of Section 3.
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16 G. FORT ET AL.

4.2.1. Proof of Lemma 3.1. Let v € (0,1/2) and F be an equicontinuous
set of functions in Ly~. Let h € F, |h|y,, < 1. By construction, the transi-
tion kernel of a symmetric random walk Metropolis with proposal transition
density g(z,-) and target density m may be expressed as

Ph(z) = /T(m,y)h(y)q(w,y) dy + h(z) / {1 —7r(z,y)}q(z,y)dy,

where 7(z, y) L /\ (m(y)/m(z)) is the acceptance ratio. Therefore, the
difference Ph(z) — Ph(z') may be bounded by

{Ph(x) Ph(x ){ Q{h h(x’)‘
/ Ih(y) = h@)| [r(e.) - r(@',y)]| ale,y)dy
(h(y) — h(a") r(=',y) (q(z,y) — q(a’,y)) dy| .
Since |r(z,9) — (', y)] < 7(y)|n (@) — 71 (@)],

[ 11w = )] [ra) = (6 0) gt )y

< |r @) = @) [ [h) b 7() ateny) dy

< <( sup q(x,y)) |77 2) — 7 (@] (x(V7) + V() .

x,y)eX?

In addition,

‘/ (h(y) = h(z") r(2,y) (q(z,y) — q(z',y)) dy'

) ,
h(y) — h(x z,y) — q(2’, d
/{y:w(wgw(m')}( )~ h(a) m(a') (a(z,y) —a(a’,y)) dy

_l’_

/ (1) ~ @) (a(r,9) — ala, ) dy
{y:m(y)>m(2’)}
<4m (@) o)~ ale’ )y suplhy) mw)]

Since V o 7~ " and 7 € (0, 1), supy |h|m < 1 under I1. Therefore, there exists
a constant C' such that for any h € {h € F,|h|,,, <1} and any z,2’ € X,

|Ph(z) — Ph(z')| <2 |h(z) — h(2")|
+C (@) =77 @) + flate, ) = a6, Nly) (V7@ + 77 @))
thus concluding the proof.
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A CENTRAL LIMIT THEOREM FOR IMCMC 17

4.2.2. Proof of Proposition 3.3. The proof is prefaced by several lemmas.

LEMMA 4.1. Let Py be the transition kernel given by (11). For any

(0,0") € ©% and any o € (0,1], we have Dya(6,0") < 2|6 —0'|.a. For
any positive integer n,

2 2
(19) Dya(0p,0n,-1) < EQn,l(VO‘) + EV“(Yn) .

PrOOF. For any f € Ly« and any x € X,

Po(a f) — Pple. f)] = c / r@.y) [ (0) — F ()] [6(dy) — 0'(dy)]
< el =0 () [FC) = F@)llve <20 =0y flve -

which proves the first assertion. Inequality (19) follows from (9) and the
obvious identity

-1 n—1

0(F) = Orma() = 7oty S0 FOR) + ) = 1 [F(Y2) = 0]

n(n—1 P
O

LEMMA 4.2. Let a € (0,1). Assume 11, 12a-b-c, 13a-b, and E[V (Xy)] <
+00. Then for any v, € (0,1) and any § > 7,

0" Dy (B, 061V (X5) — 0.
k=1
Proor. By Lemma 4.1, we have
PR : PR :
10> " Dy (O, 1)V (X) <2070 ) SO (V) + VIV VY (X) -
k=1 k=1
By I3-b, 0 (V) 2 6, (V) thus implying that lim sup, {0 (V) +k V7 (Yz)} <

oo, P-a.s. . Therefore, the result holds if

lim supn~° Z KRV (X)) =0.

Under the stated assumptions, Proposition 3.2 implies that sup;, E [V (X})] <
400 and this concludes the proof. O
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18 G. FORT ET AL.

LEMMA 4.3.  For any 0 € O, any measurable function f: X — R in Ly«
and any z, 2z’ € X such that w(x) < 7(z’)

\Pof(z) — Pof(«')] < |Pf(x) — Pf(a)] + | f(x) = f(z)]
7P (x) — 7P| (V@) +0(VY)) .

+supm [f]ya
X

PROOF. The proof is adapted from (Fort et al., 2010a, Lemma 5.1.); it is
omitted for brevity. O

PROOF OF PROPOSITION 3.3. Let a € (0,1/2). By Proposition 3.2, A2
and Pla] hold. By I3-b,

(20) limsup Ly, < +o0, P—as.
n

where Ly is given by (1) with Cy, pg defined by P|a].
We first check A3-a. Let f € NN Lya. By Lemma 5.1,

| Po Ao f = Poy_ Aoy, flya <5 (Lo, V Lo, _,)° 70, (V) Dy (O, 05 1) | flye -

By Lemma 2.1, Proposition 3.2 and Assumptions I1, 12 and 13-b,

(21)  limsupmg, (V) <b (1 —X) " timsupf,(V) < oo, P—as. .

n— o0 n— oo

Therefore, by (20) and (21), it suffices to prove that

n*1/2 ZDva (Gk, Gk,l)VO‘(Xk) i) 0,
k=1

which follows from Lemma 4.2. We now check A3-b. By Proposition 3.2, it
holds

n—l/(Qa) ZLZ,CQPGkV(Xk) < n—l/(Qa) ZLZO‘ {V(Xk) + Bak(V)] .
k=1 k=1

Under the stated assumptions, limsup,, [0,,(V') + Ly, ] < 400 w.p.1. and by
Proposition 3.2, sup, E [V (Xy)] < +o0. Since 2a < 1, this concludes the
proof.

The proof of A4 is in two steps: it is first proved that

1 n—1 1 n—1 P
(22) - > F (Xx) - - > / g, (dz) Fy, () — 0,
k=0 k=0
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A CENTRAL LIMIT THEOREM FOR IMCMC 19
and then it is established that
(23) /ng (dz) Fy, (x) 23 /we*(dx)Fg* () .

In order to prove (22), we check the conditions of Theorem 5.4 in Appendix 5
with v = 2a. First observe that Agf? € Ly2a (see (17)). We check condi-
tions (i) to (vi) of Theorem 5.4.

(i) and (iii) follow from Proposition 3.2 and (20).

(ii) follows from Eq. (21).

(iv) follows from Lemma 4.2.

(v) under A2, we have by (17) and the Jensen’s inequality

|Fy(x)] < 2[f[3a Li PV (x) < 2| fl3a Lj [PaV?| 20 V*(2) -

Hence, |Fyly2a < 2 ]f\%,a L ‘ngza‘vm. By I3-b, the drift inequality (14)
and the Jensen’s inequality, lim sup,, ‘Pgn VQO‘{VQQ < 400 w.p.1. (20) con-
cludes the proof.

def

(vi) Set Fy(z) = Go(z)— Hy(z) where Go(z) & Py[Agf]2(z) and Hy(z) X
(PyAgf(x))?, with

def
Ao flye + Ao flya < Mpo =

(L5 +L§) | flya -

By (20), limsup,, o, Ms, 6, , < 00, P-a.s.
It holds

|Go () — Go ()|

< | Py (z, [Aof]? — [Aor f1°) | + ‘/{Pa(x,dy) — Py (z,dy)} [Ag 17 (y)
< 2My g Py (z,|Aof — Mg fIV®) + Mg g Dy2e(6,6") V()
<2Mgg [Aof — Mg flya |PoV>*|oa V(@) + Mg g0 Dy2a(6,0') V() .
By Lemma 5.1,
|flva [Mof — Mg flya < 3Dva(0,0) (Lo V Lg)® mp(VE) .
Since w.p.1.:

lim sup {7T9n (V) + Mgmgn_l + Lgn + |P9nV2a|V2a} < o0,
n— o0
it follows that n =1 >0, V2%(Xy) |G9k - Gy, _,
ability provided that

‘VQQ converges to zero in prob-

nt Z [sza (Hk, (9]?,1) + Dya (Qk, 9;671)] VQQ(Xk) l> 0,
k=1
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20 G. FORT ET AL.

which follows from Lemma 4.2. Similarly, it holds

|Hg(x) — Hor(z)| < |PpAgf(x) — Por Mg f ()| |[PoAo f () + Por Mg f ()]
< Mpg |PyAof(x) — PyAg f()|[{ PV (x) + Py V* ()} .

Along the same lines as above, using Lemmas 4.2 and 5.1, we prove that
nTiSr_ V2 Xy) |Hg,c — Hyp, ‘VQQ converges to 0 in probability.

We now consider the second step and prove (23). To that goal, we have
to strengthen the conditions on f by assuming that f is continuous. For any

9 €0, [mp(da)Fy(z) = [ mp(da)Hy(x) with

def
(24) Ho(x) = (Mof)* (x) = (Pohof)* (z) -
We prove that there exists 2, with P(£2,) = 1 and for any w € Q,,

(I) for any continuous bounded function h, lim,, 7g, (,y(h) = 7, (),
II) the set {H, ,n > 0} is equicontinuous,
On (w)
(I11) supy, 79, (w) (|Hp, @) ") < +oo,
(IV) limy, Hg, () (7) = Hg, (x) for any = € X,
(V) m. (|Hp,|) < +o0.

The proof is then concluded by application of Lemma 5.3.

ProOF OF (I). Under the conditions I1 and I2a-b-c, I3a-b and E[V (X)] <
+o0, (Fort et al., 2010a, Proposition 3.3.) proves that this condition holds
for any w € ©; such that P(Q;) = 1. O

Proor oF (II). Let Cy, py be given by P|a]. For any constants C,v > 0
and p € (0,1), set

(25) Ocpw = {0 €O st. Cy<C,pg < p,0(V) <0} .

By (20) and I3-b,

(26) limsup Cp,, < +o0 ,P — a.s. limsup pg, <1,P— a.s.
n n
and lim sup,, 6, (V) < 400 w.p.1. Therefore, it is sufficient to prove that the
set {Hg,0 € O¢ o} is equicontinuous.
Let C;v > 0 and p € (0,1) be fixed. Observe that by definition of Ly (see
(1)) and (17)
12
(27) sup Ao flye < [flye (CV(1-p)7")

‘96@0,/),1)
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For any z,2’ € X and any 6 € O¢,,

|Hp(z) — Ho(2")| < |Agf () +A9f HAef —Agf(x /){
+ |Poof(z) + Pohof ()| (|Aof (z) — Ao f (&")] + | f () = f(&")]) |

where we have used PyAgf(x) — PyAgf(2') = (Ag —1)[f(z) — f(2)]. By (14)
and (27), for any 0 € O¢ ..,

(28) P @)] < flye (CVA=p)7) (V@) +bv) -

Therefore, since f and V are continuous, it suffices to prove that the set
{Aof,0 € ©c} is equicontinuous. Lemma 4.3 and 12-d imply that the set
{Pof.0 € ©¢c,p} is equicontinuous. Repeated applications of this Lemma
shows that for any ¢ > 1, the set {Pg f,0 € O¢,.} is equicontinuous. By
Proposition 3.2, we have for any 0 € O¢ .,

[Aof (@) = Aof (@ Z |PE () = P F(@)

+20"C(1—p)! (V(z)+ V() .
Then, the set {Agf,0 € O¢ .} is equicontinuous. O

Proor or (III). By (20) and (21), there exists €23 such that P(Q3) = 1
and for any w € 3, (III) holds if, for any constants C,v > 0 and p € (0, 1),

sup | Hol /2 mo(V) < +o00,

0€O0Cc, v
where Oc ), is defined by (25). The bound on Hy follows from (27) and
(28). By Lemma 2.1 and Proposition 3.2, SUPpeoc., ., (V)< (1=N"1bo.
U

a.s.

ProOF OF (IV). We first prove that for any = € X, lim, Ag_ f(x) —
Ay, f(z). By Proposition 3.2, for any ¢ > 1,

(29) |Ag, f(z) — A, f(2)] < Co,ph,V(2) + Ce*/)g V(z) + |7, (f) — me(f)]

+Z\Pen ~ P} f()

From (Fort et al., 2010a, Proposition 3.3.), m, (f) — ma, (f) == 0 since f
is continuous. In addition, following the same lines as in the proof of (Fort
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et al., 2010a, Proposition 3.3, Lemma 4.4.), it holds Pk flx)=PF f(z) 220

for any k. Therefore, by (26), (29) shows that hmn A@ flz) 2 Ag* (x).
It remains to prove that lim, Py, Ag, f(2) = Py, Ag, f(x). This is a con-
sequence of the above discussion and the equality

P, Mg, f(x) — Po, Ao, f(x) = Np, f(x) = A, f() + 0, (f) — 70, (f)

which follows from (5).

Combining the two results above, for any = € X, Hy, (z) =2 Hg, (x) as
n — +oo. Since X is Polish, there exists a countable dense subset D of X
and a set 4 with P(€24) = 1 such that for any z € D and any w € (4,

The proof is concluded by the inequality

| Ho, ) (%) = Ho. (2)] < [Hp, () (%) = Ho, o (f)\
\H9n<w> 7) = Hy ()| + [Ho, (%) — Ho, (2)] ,
the continuity of Hy, and (II). O
PRrROOF (V). Since Hy, € Ly 2., this is a consequence of Lemma 2.1 and
Assumption I3-a. O
O

4.2.3. Proof of Theorem 3.4. We check the conditions of Theorem 2.3.
A2 to A5 hold (see Propositions 3.2 and 3.3) and we now prove A6. We
ﬁrst check condition A6-a. For any function f € Ly« NN, define

// (dz") = 0.(d2")) mo, (dz)r(z, ") (Ae, f(2') — Ao, f()) -

Let f € Lye NN note that Gy € Lya. Recall that by Eq. (11), for any ¢
such that (V) < +o0,

B Pof(@) = Pof@) = [ 106dy) = 0u(dw)] o) (F0) ~ F(a) -
Then, using (30),
. (Po, = Po,) Ao, f

// 7, (dx) [0k (dz) — 0.(d2)] r(z, 2) [Ae, f(2) — Ag, f(2)] = 0k(Gy) .

o
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Therefore,
1 & 1dan 1 &
— Py —DPp)Agf==-Y ——
k=1 k=1 Jj=1
L kJrl 1
= [ 'S, (t)dt -
[osim S [ (3

with Sy, (t) L -1/ Z[m] G(Yj). Note that

(k+1)/
(1)
k/n t

Since Gy € Lya, 13-a implies that sup,oE[|Gf|(Yx)] < oo. Therefore,

n—1 (k+1)/n 1 1
}:/ <Q——>&UMH~6MD£30
el k/n k t n

Yj)
) 1
Sn(D)dt + =S, (1) ,

n 1l<:
N DR -

Using I3-c¢ and the Continuous mapping Theorem ((van der Vaart and Well-
ner, 1996, Theorem 1.3.6)), we obtain

1 O D -2 ! -1
— Y, Pg —P,g* Ag*f — Y f / t~ " B.dt .
77 2. (P ) ([ B

Since fol t1Bdt = fol log(t)d By, fol t~1B;dt is a Gaussian random variable
with zero mean and variance fol log?(t)dt = 2.

We now check condition A6-b. Note that

n-1/2 ka (Po,, — Po,) Mo, (Py, — Py, ) Mo, f = n~ 1?2 ka(ng) )
— k=1

where
(32) Gy(a) = (Py— Fy.) Mo, (Py = Py.) Do, f(x) .
We write for any = € X and any ¢} € N,

m0,(GY,) = (w0, — Pyt ) G, (2) + (Pjt = BY) G (@) + B G, ()
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By Proposition 3.2, P[a] holds and there exist Cy, pg such that || Pj' — mgl[,,o <
Copy. Furthermore, Lemma 5.2 and I3b imply that limsup, Cy, < +oo
w.p.1. and there exists a constant p € (0,1) such that limsup,, ps, < p, w.p.
1. Set ¢, & |¢1n k| with £ such that 1/2 + ¢lnp < 0. Let « € X be fixed.

By Lemma 4.4 and 13-b, there exists an almost surely finite random vari-

able (7 s.t.

D3 (- Bl G )| <
=1

Since n~1/2 S ot < pIn=1/2 SR ke o 0, it holds

1 & < Vi f a.s
—= > (70, = B3) G, (@) = 0.
Vﬁik:l
By Lemma 4.6, there exist some positive constants Co, k4, a such that

97 1/2

n n Zk 1 at
‘ ‘ o KoL
(S -rrcim) | <eanrm SIS ()"

k=1

Since limy, Ez/k‘l/Q = 0, there exists k, such that for k > ki, (K*Ek)“/kzl/z <
1/2. Then,

ks [z Ink]

L) S e s

The RHS tends to zero when n — +oo, which proves that n~=1/2 22:1{sz: -
PiYGh (2) = 0.
Finally, by Lemma 4.7, there exists a constant C'3 such that

97 1/2

5 f a 1 k

3

thus implying that n=1/237_, ngng (x) .

LEMMA 4.4. Assume I1 and I2a-b-c. Let o € (0,1/2). For any f € Lya
and 0 € O,

6@ = [0 002 (e10) FO,21,2).
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where Gg is defined by (32); and there exists a constant C' such that for any
T € X,

[FO 2,21, 2)| < Cflya VD (@) (V1) + V(22))

In addition, there exists some constant C' such that for any ¢ € N, any
0 €0 and any f € Lya,

‘(779 - P(f) Gg‘va <C'|flya

‘ng - WGHW oV .

PROOF. Set v % aA (B/71). Throughout this proof, let Lg be the constant

given by P[v]. We have

FO(,21,20) < (s, 22) [ [ o dn)ry,20) (0. £ 1) — o, £(w)
- [ Aoy z) (£ 1) B0 £0)
Note that |r(-,z1)],» <1 for any z; so that by (17),

\ [ 8. os i), 280, 5 0)| < 2, 1Sl VEGa1) Ve

In addition, since v — /7 < 0, we have by definition of the acceptance ratio
r (see (10))
r(z,22)V7(22) < V7 (2) .

Then, there exists a constant C' such that

€'r(z, 2) ‘/Ae*(zmdy)?”(y,21)Ae*f(z1) <Clflya Vi(z) V() -

Similar upper bounds can be obtained for the three remaining terms in F(©),
thus showing the upper bounds on FO),
In addition, by P[y]

(- )it <o, [efr v

|4

The proof is concluded upon noting that |G£(m)| <C|flya (V). O
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LEMMA 4.5.  Assume I1 and I2a-b-c. Let o € (0,1/2). There exist some
constants C,ky and p. € (0,1) such that for any t > 1, any integers
Uy, - ur and any f € Lya,

(Py— Py,) (Pt —mg,) - (Py — Pp,) (P —mp,) G (2)
= //(9 —0,)%" (dz1449) Féﬁ?t(w,zl,--- ey

where Gg is defined in (32), and

t o t+2
(33) Fzﬁ)t(x7 21y 7Zt+2)‘ S C ‘f‘va Iii P*ijl Jva/\(ﬁ/’r)(x) Z Vo‘(zj) .
J=1

PROOF. By repeated applications of Eq. (31), it can be proved that the
(t)
1

functions Fy,,., are recursively defined as follows

def
(34) Flg?zt(x?zla”' azt+2) = 6T($,Zt+2)><
/ (Péit (Zt+27 dy) B Péit (.%'7 dy)) Fl,(bi_t})l (y7 21y 7Zt+1) 5

where FQE?:)O = F© and FO is given by Lemma 4.4.

The proof of the upper bound is by induction. The property holds for

t = 1. Assume it holds for ¢ > 2. Set 7 Cran (8/7); by Proposition 3.2 and

the property P[y], there exist some constants C, and p, € (0,1) such that
| Ps. — o, < Cy, pj, - Then,

Vv

Zt_—l U 41
F, (2, 21002)| < Cflya 6700577 [ Do V0Lz)
j=1

5 V’Y(Zt_;,_g) + HPGU;t — T,

X 1(z, 2t42) [HP(;‘: = To, || - V’Y(m')]

< C |flya K" € Co, g™ (,2042) V7 (2e42) + V7 (@)}
Since v < B/7, r(x, zi42)V 7 (2t42) < V7(z) thus showing (33) with k, =
209*6. ]

LEMMA 4.6. Assume 11, I2a-b-c and 13. Let o € (0,1/2). There exist
positive constants C, k,a such that for any f € Lyao, any k, € > 1 and any
r € X,

-1

E [({ng - Pf*} ng (gg))2] 1/2 < C|flye Vak(w) Z (mk—y(za))

t=1

at
)
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where Gg is given by (32).

PROOF. For any g € Ly, k,£ > 1 and x € X,
Py g(x) — Py, g(x)

-1
(—t—S"
=N N B (P, — Py Pyt (P, — Py,) Pyg(a)
=1 uy. €Ut

/-1
=Y X AT (B - R (B )

t=1 ui.: €U
- (Py, — Po,) (Pt —mp,) ()

where Uy = {uy.4,u; € NaZ?:ﬂ‘j < {—t} Fixte{l,---,£—1} and
u1.¢ € Up. Then by Lemma 4.5,

(—t—S"
By " (R, = Ro,) (Bt —mo,) o+ (Poy = Po) (B = 0.) G, (a)

/—t— u
:/wk—e)( 2 (d21:042) /P Eimt (g dg) D, (y, 2, 2142) -

Assumptions I3-b and I3-d and Lemma 4.5 show that there exist constants
C, Ky, px € (0,1) such that

(—t—S"t
H/(@k — 0,)®F (dZ1;t+2)/Pe* 2= (x,dy) él’t(y, 21,00 242)

C Slimruj pf—t=3]
Sl<:1+1t/2’4'f’fh/a *P*JIJP =

2
Yye(z) .

Finally, Proposition 3.2 implies that sup;~ ‘Pg* Ve ; < 400. By combining

these results, we have for some constant C'

-1
¢ af ¢ f -1 t g—t/2 Sy
| Ph.Gl @) = PLGL @), < OB e VEl@) DD Atk 2 3D g
= u1: €U
t .
Note that 37, <. Px 7=1" < (1 — p,)~*. Furthermore, there exists a > 0

such that A; < t%. Therefore,

Hpgk a4 (z) — F5.GJ (;U)H2

-1
< Cok! flye VO(z Z <m1/a 1- )—1/(1 k—l/(Qa))

t=1

at
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28 G. FORT ET AL.
This concludes the proof. ]

LEMMA 4.7.  Assume 11, 12a-b-c and 13. Let « € (0,1/2) and f € Lya.
Then, there exists a constant C' such that for any k,£ > 1 and any x € X,

911/2
B|(H.64@) ]| <o il V.
Proor. We have

Py G (z) = / / (O — 0,)%% (dz1:0)Hy(, 21, 22)

with Hy(x, 21, 22) def PGZ* (2, FO(-, 21, 2)) where F(©) is given by Lemma 4.4.
Lemma 4.4 also implies that there exists a constant C' such that

(85)  [He(w,21,22)| < C |flye (V(21) + V(22)) Py, V(a).
By I3, the variance of ng* ng (x) is upper bounded by
Clf e (P3,V(2) k2.

The proof is concluded by application of the drift inequality (14) and I3-
a. ]

5. Appendix.

5.1. Technical lemmas. The following lemma is (slightly) adapted from
(Fort et al., 2010a, Lemma 4.2.)

LEMMA 5.1. Assume A2. For any f € Lyo and 0,0’ € O,

||mg — 7T.9/HVQ < 2(Lg V L9)47T9(Va) Dya (9,9/) ,

IAg — Mgl <3 (Lo V Lor)® mo (V) Dya (6,0)
|1PsAg — Py Agrllyya <5 (Lo V Lo ) m(V*)Dye(6,6') .

where Ly and Ay are given by (1) and (4).

The following lemma can be obtained from Roberts and Rosenthal (2004),
Fort and Moulines (2003), Douc et al. (2004) or Baxendale (2005) (see also
the proof of (Saksman and Vihola, 2010, Lemma 3) for a similar result).
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LEMMA 5.2.  Let {Py,0 € O} be a family of phi-irreducible and aperiodic
Markov kernels. Assume that there exist a function V : X — [1,400), and
for any 6 € © there exist some constants by < oo, dp € (0,1), A\g € (0,1)
and a probability measure vy on X such that

PyV < XV + by
Py(x,-) > 09 v9(-) Liyeey () o C 2b(1—2g) ™t — 1.

Then there exists v > 0 and for any 0, there exist some finite constants Cy
and pp € (0,1) such that

|1 P () — molly, < Co py V()

and
CoV(L—pg) t <C{bgviytv(1—2g) "t} .

Lemma 5.3 is proved in (Fort et al., 2010b, Section 4).

LEMMA 5.3.  Let X be a Polish space endowed with its Borel o-field X .
Let p and (muy,), ey be probability distributions on (X, X). Let (hy), oy be
an equicontinuous family of functions from X to R. Assume

(i) the sequence (pin),cn converges weakly to pu,
(ii) for any x € X, limy,_,oo hy(z) exists, and there exists v > 1 such that
supy, fa([hn|7) + p(] limy, Ay [) < 4o00.

Then, pin(hy) — p(limy, hy,).

5.2. Weak law of large numbers for adaptive and interacting MCMC' al-
gorithms. The proof of the theorem below is along the same lines as the
proof of (Fort et al., 2010a, Theorem 2.7), which addresses the strong law of
large numbers and details are omitted. Note that in this generalization, we
relax the condition supy |F'(-,0)|,, < 400 of Fort et al. (2010a). The proof
is provided in the supplementary paper (Fort et al., 2011).

THEOREM 5.4. Assume A1, A2 and let v € (0,1). Assume that

(i) imsup,,_,~ Le, < 0o, P-a.s. where Ly is defined in Lemma 2.1 applied
with the closed interval [y, 1].
(7i) limsup,, ., 7, (V) < 00, P-a.s.
(i) supg>; E [V (X})] < oo,

(iv) 0" Y4y Dy (0, O5—1) V7 (Xi) — 0.

Let F : X x © — R be a measurable function s.t.
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30 G. FORT ET AL.

(v) limsup,,_, ’F‘gn’V’Y < +o0.
. _ — P
(vi) n ! ZZ:% |F9k - Fy,_, ‘vw VI(Xg) — 0.
Then,

n—1 n—1
1 1 P
- kz_o Fy (Xp) =~ l;) / 7, (da) Fy, (r) — 0.
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