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Abstract

In this paper, we consider the minimization of a convex objective function defined on a
Hilbert space, which is only available through unbiased estimates of its gradients. This problem
includes standard machine learning algorithms such as kernel logistic regression and least-squares
regression, and is commonly referred to as a stochastic approximation problem in the operations
research community. We provide a non-asymptotic analysis of the convergence of two well-
known algorithms, stochastic gradient descent (a.k.a. Robbins-Monro algorithm) as well as a
simple modification where iterates are averaged (a.k.a. Polyak-Ruppert averaging). Our analysis
suggests that a learning rate proportional to the inverse of the number of iterations, while leading
to the optimal convergence rate in the strongly convex case, is not robust to the lack of strong
convexity or the setting of the proportionality constant. This situation is remedied when using
slower decays together with averaging, robustly leading to the optimal rate of convergence. We
illustrate our theoretical results with simulations on synthetic and standard datasets.

1 Introduction

The minimization of an objective function which is only available through unbiased estimates of the
function values or its gradients is a key methodological problem in many disciplines. Its analysis
has been attacked mainly in three communities: stochastic approximation [1, 2, 3, 4, 5, 6], optimiza-
tion [7, 8], and machine learning [9, 10, 11, 12, 13, 14, 15]. The main algorithms which have emerged
are stochastic gradient descent (a.k.a. Robbins-Monro algorithm), as well as a simple modification
where iterates are averaged (a.k.a. Polyak-Ruppert averaging).

Traditional results from stochastic approximation rely on strong convexity and asymptotic analysis,
but have made clear that a learning rate proportional to the inverse of the number of iterations, while
leading to the optimal convergence rate in the strongly convex case, is not robust to the wrong setting
of the proportionality constant. On the other hand, using slower decays together with averaging
robustly leads to optimal convergence behavior (both in terms of rates and constants) [4, 5].

The analysis from the convex optimization and machine learning literatures however has focused
on differences between strongly convex and non-strongly convex objectives, with learning rates and
roles of averaging being different in these two cases [11, 12, 13, 14, 15].



A key desirable behavior of an optimization method is to be adaptive to the hardness of the problem,
and thus one would like a single algorithm to work in all situations, favorable ones such as strongly
convex functions and unfavorable ones such as non-strongly convex functions. In this paper, we
unify the two types of analysis and show that (1) a learning rate proportional to the inverse of the
number of iterations is not suitable because it is not robust to the setting of the proportionality
constant and the lack of strong convexity, (2) the use of averaging with slower decays allows (close
to) optimal rates in all situations.

More precisely, we make the following contributions:

— We provide a direct non-asymptotic analysis of stochastic gradient descent in a machine learn-
ing context (observations of real random functions defined on a Hilbert space) that includes
kernel least-squares regression and logistic regression (see Section 2), with strong convexity
assumptions (Section 3) and without (Section 4).

— We provide a non-asymptotic analysis of Polyak-Ruppert averaging [4, 5], with and without
strong convexity (Sections 3.3 and 4.2). In particular, we show that slower decays of the
learning rate, together with averaging, are crucial to robustly obtain fast convergence rates.

— We illustrate our theoretical results through experiments on synthetic and non-synthetic ex-
amples in Section 5.

Notation. We consider a Hilbert space H with a scalar product (-,-). We denote by || - || the
associated norm and use the same notation for the operator norm on bounded linear operators from
H to H, defined as ||A|| = sup, < |Az| (if H is a Euclidean space, then || Al| is the largest singular
value of A). We also use the notation “w.p.1” to mean “with probability one”. We denote by E the
expectation or conditional expectation with respect to the underlying probability space.

2 Problem set-up

We consider a sequence of convex differentiable random functions (fp)n>1 from H to R. We consider
the following recursion, starting from 6y € H:

Vn 2 1; on = 9n71 - ’Ynf;z(onfl)v (1>

where (v,)n>1 is a deterministic sequence of positive scalars, which we refer to as the learning rate
sequence. The function f,, is assumed to be differentiable (see, e.g., [16] for definitions and properties
of differentiability for functions defined on Hilbert spaces), and its gradient is an unbiased estimate
of the gradient of a certain function f we wish to minimize:

(H1) Let (F»)n>0 be an increasing family of o-fields. 6y is Fo-measurable, and for each 6 € H, the
random variable f () is square-integrable, F,,-measurable and

VO eH, VYn>1, E(f(0)|F._1)=f'(0), wp.l. (2)

For an introduction to martingales, o-fields, and conditional expectations, see, e.g., [17]. Note that
depending whether Fy is a trivial o-field or not, 8y may be random or not. Moreover, we could
restrict Eq. (2) to be satisfied only for 8,,_; and 6* (which is a global minimizer of f).

Given only the noisy gradients f,(0,,—1), the goal of stochastic approximation is to minimize the
function f with respect to #. Our assumptions include two usual situations, but also include many
others (e.g., active learning):



— Stochastic approximation: in the so-called Robbins-Monro setting, for all 8 € H and
n > 1, f,(0) may be expressed as f,(0) = f(0) + (en,0), where (¢,,),>1 is a square-integrable
martingale difference (i.e., such that E(e,|F,—1) = 0), which corresponds to a noisy observation
f'(0n—1) + &, of the gradient f'(6,,—1).

— Learning from i.i.d. observations: for all @ € H and n > 1, f,(0) = £(6, z,) where z, is an
i.i.d. sequence of observations in a measurable space Z and £ : H x Z is a loss function. Then
f(0) is the generalization error of the predictor defined by 6. Classical examples are least-
squares or logistic regression (linear or non-linear through kernel methods [18, 19]), where
[n(0) = 1((zn,0) — yn)?, or fn(6) = log[l + exp(—yn (2,,0))], for z, € H, and y,, € R (or
{—1, 1} for logistic regression).

Throughout this paper, we assume that each function f, is convex and smooth, following the tra-
ditional definition of smoothness from the optimization literature, i.e., Lipschitz-continuity of the
gradients (see, e.g., [20]). However, we make two slightly different assumptions: (H2) where the
function 6 — E(f! (0)|Fn—1) is Lipschitz-continuous in quadratic mean and a strengthening of this
assumption, (H2’) in which 6 — £/ () is almost surely Lipschitz-continuous.

(H2) For each n > 1, the function f,, is almost surely convex, differentiable, and:

Vn > 1, V61,0, € H, E(||f,(61) — f(02)*| Fn1) < L?[|61 — 62)*, w.p.l. (3)

(H2’) For each n > 1, the function f,, is almost surely convex, differentiable with Lipschitz-continuous
gradient f;, with constant L, that is:

Vn > 1, V91,92 S H, ||f7/z(91) — f,’l(92)|| < L||91 — 92” , W.p.l. (4)

If f,, is twice differentiable, this corresponds to having the operator norm of the Hessian operator of
fn bounded by L. For least-squares or logistic regression, if we assume that (E||z,*)*/* < R for all
n € N, then we may take L = R? (or even L = R?/4 for logistic regression) for assumption (H2),
while for assumption (H2’), we need to have an almost sure bound ||z, || < R.

3 Strongly convex objectives

In this section, following [21], we make the additional assumption of strong convexity of f, but not
of all functions f, (see [20] for definitions and properties of such functions):

(H3) The function f is strongly convex with respect to the norm || ||, with convexity constant u > 0.
That is, for all 01,602 € H, f(01) > f(02) + (f'(02),01 — 02) + 5|01 — 62>

Note that (H3) simply needs to be satisfied for 6, = 6* being the unique global minimizer of f (such
that f/(6*) = 0). In the context of machine learning (least-squares or logistic regression), assumption
(H3) is satisfied as soon as &||0|| is used as an additional regularizer. For all strongly convex losses
(e.g., least-squares), it is also satisfied as soon as the expectation E(x, ® x,,) is invertible. Note that
this implies that the problem is finite-dimensional, otherwise, the expectation is a compact covariance
operator, and hence non-invertible (see, e.g., [22] for an introduction to covariance operators). For
non-strongly convex losses such as the logistic loss, f can never be strongly convex unless we restrict
the domain of 8 (which we do in Section 3.2). Alternatively to restricting the domain, replacing the
logistic loss u +— log(1 +e~") by u — log(1 + e~%) + eu?/2, for some small € > 0, makes it strongly
convex in low-dimensional settings.



By strong convexity of f, if we assume (H3), then f attains its global minimum at a unique vector
0* € H such that f/(0*) = 0. Moreover, we make the following assumption (in the context of
stochastic approximation, it corresponds to E(||&,||?|Fn-1) < 0?):

(H4) There exists 02 € Ry such that for all n > 1, E(|| f4(0*)|*| Fn-1) < 02, w.p.l.

3.1 Stochastic gradient descent

Before stating our first theorem (see proof in the appendix), we introduce the following family of
functions: ¢g : R4\ {0} — R given by:

pp(t) =

EE o itB£0,
logt if 5 =0.

The function 8 — @g(t) is continuous for all ¢ > 0. Moreover, for 5 > 0, pg(t) < %, while for
B < 0, we have pg(t) < _%6 (both with asymptotic equality when ¢ is large).

Theorem 1 (Stochastic gradient descent, strong convexity) Assume (H1,H2,H3H4). De-
note by 6, = E||0, — 0*||>, where 0,, € H is the n-th iterate of the recursion in Eq. (1), with
Yo = Cn~%. We have, for a € [0,1]:

_ 2exp (4L%C?p1_94(n)) exp (—%nl’a) ((50 + Z—z) + 4}51‘;2, if 0<a<l, )
T 2l (60 + 5 ) + 20202 ez, if a=1.

nrC
Sketch of proof. Under our assumptions, it can be shown that (d,,) satisfies the following recursion:
S < (1= 2p7n + 2L°97)0n—1 + 20°7;. (6)

Note that it also appears in [3, Eq. (2)] under different assumptions. Using this recursion, we then
derive bounds using classical techniques from stochastic approximation [2], but in a non-asymptotic
way, by deriving explicit upper-bounds.

Related work. To the best of our knowledge, this non-asymptotic bound, which depends explicitly
upon the parameters of the problem, is novel (see [1, Theorem 1, Electronic companion paper]| for a
simpler bound with no such explicit dependence). It shows in particular that there is convergence
in quadratic mean for any « € (0,1]. Previous results from the stochastic approximation literature
have focused mainly on almost sure convergence of the sequence of iterates. Almost-sure convergence
requires that o > 1/2, with counter-examples for o < 1/2 (see, e.g., [2] and references therein).

Bound on function values. The bounds above imply a corresponding a bound on the functions
values. Indeed, under assumption (H2), it may be shown that E[f(6,,) — f(0*)] < £6,, (see proof in
the appendix).

Tightness for quadratic functions. Since the deterministic recursion in Eq. (6) is an equality
for quadratic functions f,, the result in Eq. (5) is optimal (up to constants). Moreover, our results
are consistent with the asymptotic results from [6].

Forgetting initial conditions. Bounds depend on the initial condition 6y = E [|| — 6*||?]

and the variance o2 of the noise term. The initial condition is forgotten sub-exponentially fast for

€ (0,1), but not for « = 1. For a < 1, the asymptotic term in the bound is 4Co>

pne "
. _ _ Puc/a—1(n) 1 1 Pucsz—1(n) _ logn
Behavior for a = 1. For a =1, we have = ~"—5— < Ca=in if Cp > 2, #mm— = === if

Cp =2 and “”“f;fc;;(") < 1_}}0/2 nué’/Z if Cp > 2. Therefore, for o = 1, the choice of C is critical,



as already noticed by [8]: too small C leads to convergence at arbitrarily small rate of the form
n~HC/2 while too large C' leads to explosion due to the initial condition. This behavior is confirmed
in simulations in Section 5.

Setting C' too large. There is a potentially catastrophic term when C' is chosen too large, i.e.,
exp (4L202g01,2a (n)), which leads to an increasing bound when n is small. Note that for o < 1,
this catastrophic term is in front of a sub-exponentially decaying factor, so its effect is mitigated
once the term in n'~% takes over ¢1_2,(n), and the transient term stops increasing. Moreover, the
asymptotic term is not involved in it (which is also observed in simulations in Section 5).

Minimax rate. Note finally, that the asymptotic convergence rate in O(n~!) matches optimal
asymptotic minimax rate for stochastic approximation [23].

3.2 Bounded gradients

In some cases such as logistic regression, we also have a uniform upper-bound on the gradients, i.e.,
we assume (note that in Theorem 2, this assumption replaces both (H2) and (H4)).

(H5) For each n > 1, almost surely, the function f,, if convex, differentiable and has gradients
uniformly bounded by B on the ball of center 0 and radius D, i.e., for all § € H and all n > 0,
0l < D = |I/(0)]| < B.

Note that no function may be strongly convex and Lipschitz-continuous (i.e., with uniformly bounded
gradients) over the entire Hilbert space H. Indeed, if the function is p-strongly convex and ||6*] <
D/2, then (H5) implies that B > puD/2 (straightforward consequence of [20, Eq. (2.1.22)]). More-
over, if (H2?) is satisfied, then we may take D = ||0*|| and B = LD. The next theorem shows that
with a slight modification of the recursion in Eq. (1), we get simpler bounds than the ones obtained
in Theorem 1, obtaining a result which already appeared in a simplified form [8] (see proof in the
appendix):

Theorem 2 (Stochastic gradient descent, strong convexity, bounded gradients)
Assume (H1,H3 H5). Denote 6, = E [||0,, — 0*||?], where 0,, € H is the n-th iterate of the following

Tecursion:

vn = 1; Gn = HD[anl - anlz(enfl)]v (7>

where Ilp is the orthogonal projection operator on the ball {6 : ||0|| < D}. Assume ||0*|| < D. If
Y = Cn~%, we have, for a € [0,1]:

wne 0

SonHC +2B2C?n"HCp 01 (n), fa=1.

)

2,12 _ pC, 1—a 2B%C? : .
< {(50 + B<C wl,ga(n)) exp( N ) + ifael0,1); ()

The proof follows the same lines than for Theorem 1, but with the deterministic recursion §,, <
(1 — 2u7y)0n—1 + B?y2. Note that we obtain the same asymptotic terms than for Theorem 1 (but
B replaces o). Moreover, the bound is simpler (no explosive multiplicative factors), but it requires
to know D in advance, while Theorem 1 does not.

3.3 Polyak-Ruppert averaging

We now consider 6, = %ZZ;& ). and, following [4, 5], we make extra assumptions regarding the
smoothness of each f,, and the fourth-order moment of the driving noise:



(H7) For each n > 1, the function f,, is almost surely twice differentiable with Lipschitz-continuous
Hessian operator f//, with Lipschitz constant M. That is, for all 61,602 € H and for all n > 1,
1f7(61) — fr(02)|| < M||0; — 02]|, where || - || is the operator norm.

Note that (H7) needs only to be satisfied for 62 = 6*. For least-square regression, we have M = 0,
while for logistic regression, we have M = R3/4. Note that it may be possible to use recent results
in self-concordance analysis to link M and p [24].

(H8) There exists 7 € Ry, such that for each n > 1, E(||f,(0%)||*|Fn1) < 7* almost surely.
Moreover, there exists a nonnegative self-adjoint operator % such that for all n, E(f)(0*) ®
fL(0%)|Fnz1) < ¥ almost-surely.

The operator ¥ (which always exists as soon as 7 is finite) is here to characterize precisely the
variance term, which will be invariant of the learning rate sequence (7, ), as we now show:

Theorem 3 (Averaging, strong convexity) Assume (H1, H2’, H3, H4, H7, HR). Then, for
0, = %ZZ;S O and a € (0,1), we have:

1/2

o ez [ (0TS (07) 7] 60 1 MC7? 1/21 P1-a(n)
(E[|6, — 0*]]7)"" < NG + C12 pi=ar2 + WE (14 (uC) )771
ALCY? 1 _o(n)1/? 8A /1 a?\1/2
+ I n nut/2 (6 * L) (60 * ﬁ)
MC'/? E |60 — 6% 1/2
4 oMo 2iu T Aexp (24L°CY) (50+—“ “200072 I’ +27‘203u—|—87'202) : 9)

where A is a constant that depends only on p, C, L and o.

Sketch of proof. Following [4], we start from Eq. (1), write it as f] (0ph—1) = %(Hn,l —0n),
and notice that (a) f(0n—1) =~ f(0%) + f"(6*)(0n—1 — 6%), (b) f/(6*) has zero mean and behaves
like an i.i.d. sequence, and (c) L+ >, %(qu — 0)) turns out to be negligible owing to a sum-
mation by parts and to the bound obtained in Theorem 1. This implies that #,, — 6* behaves like
— LS f7(0%) 71 f1.(67). Note that we obtain a bound on the root mean square error.

Forgetting initial conditions. There is no sub-exponential forgetting of initial conditions, but
rather a decay at rate O(n=2) (last two lines in Eq. (9)). This is a known problem which may
slow down the convergence, a common practice being to start averaging after a certain number of
iterations [2]. Moreover, the constant A may be large when LC is large, thus the catastrophic terms
are more problematic than for stochastic gradient descent, because they do not appear in front of
sub-exponentially decaying terms (see appendix). This suggests to take C'L small.

Asymptotically leading term. When M >0 and « > 1/2, the asymptotic term for §,, is inde-
pendent of (v,,) and of order O(n~1!). Thus, averaging allows to get from the slow rate O(n=%) to
the optimal rate O(n~!). The next two leading terms (in the first line) have order O(n®~2) and
O(n™2%), suggesting the setting o =2/3 to make them equal. When M =0 (quadratic functions),
the leading term has rate O(n=1) for all a€(0,1) (with then a contribution of the first term in the
second line).

Case a = 1. We get a simpler bound by directly averaging the bound in Theorem 1, which leads
to an unchanged rate of n™!, i.e., averaging is not key for a = 1, and does not solve the robustness
problem related to the choice of C' or the lack of strong convexity.

Leading term independent of (v,). The term in O(n~!) does not depend on 7,. Moreover,
as noticed in the stochastic approximation literature [4], in the context of learning from i.i.d. ob-
servations, this is exactly the Cramer-Rao bound (see, e.g., [25]), and thus the leading term is



asymptotically optimal. Note that no explicit Hessian inversion has been performed to achieve this
bound.

Relationship with prior work on online learning. There is no clear way of adding a bounded
gradient assumption in the general case a € (0, 1), because the proof relies on the recursion without
projections, but for a = 1, the rate of O(n~!) (up to a logarithmic term) can be achieved in the
more general framework of online learning, where averaging is key to deriving bounds for stochastic
approximation from regret bounds. Moreover, bonds are obtained in high probability rather than
simply in quadratic mean (see, e.g., [11, 12, 13, 14, 15]).

4 Non-strongly convex objectives

In this section, we do not assume that the function f is strongly convex, but we replace (H3) by:
(H9) The function f attains its global minimum at a certain 8* € H (which may not be unique).

In the machine learning scenario, this essentially implies that the best predictor is in the function
class we consider.! In the following theorem, since #* is not unique, we only derive a bound on
function values. Not assuming strong convexity is essential in practice to make sure that algorithms
are robust and adaptive to the hardness of the learning or optimization problem (much like gradient
descent is).

4.1 Stochastic gradient descent

The following theorem is shown in a similar way to Theorem 1; we first derive a deterministic
recursion, which we analyze with novel tools compared to the non-stochastic case (see details in the
appendix):

Theorem 4 (Stochastic gradient descent, no strong convexity) Assume (H1,H2’ H4 H9).
Then, if v, = Cn~%, for a € [1/2,1], we have:

2 14 4L3/2¢C3/?
— Jexp (4L%2C?%p1_9,(n)) — '
LQ) p ( P1-2 ( )) mln{@lfa(n); SDOt/Q(n)}

E[f(6) ~ F67)] < (b0 + (10)

When a = 1/2, the bound goes to zero only when LC < 1/4, at rates which can be arbitrarily
slow. For a € (1/2,2/3), we get convergence at rate O(n~%/2), while for o € (2/3,1), we get a
convergence rate of O(n®~!). For a = 1, the upper bound is of order O((logn)~1), which may be
very slow (but still convergent). The rate of convergence changes at @ = 2/3, where we get our best
rate O(n~=1/3), which does not match the minimax rate of O(n~1/?) for stochastic approximation
in the non-strongly convex case [23]. These rates for stochastic gradient descent without strong
convexity assumptions are new and we conjecture that they are asymptotically minimax optimal
(for stochastic gradient descent, not for stochastic approximation). Nevertheless, the proof of this
result falls out of the scope of this paper.

If we further assume that we have all gradients bounded by B (that is, we assume D = oo in (H5)),
then, we have the following theorem, which allows a € (1/3,1/2) with rate O(n=3/2+1/2).

LFor least-squares regression with kernels, where f, () = %(yn — (0, ®(xn,)))?, with ®(z,,) being the feature map

associated with a reproducing kernel Hilbert space H with universal kernel [26], then we need that z — E(Y|X = z)
is a function within the RKHS. Taking care of situations where this is not true is clearly of importance but out of the
scope of this paper.
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Figure 1: Robustness to lack of strong convexity for different learning rates and stochastic gradient
(sgd) and Polyak-Ruppert averaging (ave). From left to right: f() = |0]? and f(6) = |0]*, (between
—1 and 1, affine outside of [—1, 1], continuously differentiable). See text for details.

Theorem 5 (Stochastic gradient descent, no strong convexity, bounded gradients) Assume
(H1, H2’, H5, H9). Then, if v, = Cn~%, for a € [1/3,1], we have:

1/2~1/2 i
- < (60 + B2C2p1_90(n)) Cmin;;ﬁfa(nf%m(n)}, if a € [1/2,1], .
[f( n) — f( )] X %(50 n 3202)1/2 (144L'/2BC?/?) ( )

(1=20) 030 /2-1/2(n) if € [1/3,1/2].

4.2 Polyak-Ruppert averaging

Averaging in the context of non-strongly convex functions has been studied before, in particular in
the optimization and machine learning literature, and the following theorems are similar in spirit to
earlier work [7, 8, 13, 14, 15]:

Theorem 6 (averaging, no strong convexity) Assume (H1,H2’ H4 H9). Then, ify, = Cn™*,
for a € [1/2,1], we have

1 141 0'20
= [1+(2LC’) + 5, p1-a(n).

E [£(82) - £0)] <5

L2

02) exp (2L2C%p1-24(n))

(6 + (12)

nl—a

If &« = 1/2, then we only have convergence under LC < 1/4 (as in Theorem 4), with potentially
slow rate, while for & > 1/2, we have a rate of O(n~%), with otherwise similar behavior than for the

strongly convex case with no bounded gradients. Here, averaging has allowed the rate to go from
O(max{n®~1,n=%/2}) to O(n=®).

Theorem 7 (averaging, no strong convexity, bounded gradients) Assume (H1,H2’ H5 H9).
If v, = Cn™%, for a € [0, 1], we have

E [f(0n) — f(67)] <

na—l

2C

BQ
%‘Plfa(n)-

(50 =+ C’2B2<p1,2a(n)) + (13)

With the bounded gradient assumption (and in fact without smoothness), we obtain the minimax
asymptotic rate O(n~/2) up to logarithmic terms [23] for @ = 1/2, and, for a < 1/2, the rate

O(n=%) while for a > 1/2, we get O(n®~!). Here, averaging has also allowed to increase the range
of a which ensures convergence, to « € (0, 1).

5 Experiments

In this section, we illustrate our theoretical results on synthetic and non-synthetic examples.
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log(n) log(n)
Figure 3: Comparison on non strongly convex logistic regression problems. Left: synthetic example,
right: “alpha” dataset. See text for details. Best seen in color.

Robustness to lack of strong convexity. Definef : R — R as |0|? for || < 1 and extended
into a continuously differentiable function, affine outside of [—1,1]. For all ¢ > 1, we have a convex
function with Lipschitz-continuous gradient with constant L = g(g—1). It is strongly convex around
the origin for ¢ € (1, 2], but its second derivative vanishes for ¢ > 2. In Figure 1, we plot in log-log
scale the average of f(0,) — f(6*) over 100 replications of the stochastic approximation problem
(with i.i.d. Gaussian noise of standard deviation 4 added to the gradient). For ¢ = 2 (left plot),
where we locally have a strongly convex case, all learning rates lead to good estimation with decay
proportional to « (as shown in Theorem 1), while for the averaging case, all reach the exact same
convergence rate (as shown in Theorem 3). However, for ¢ = 4 where strong convexity does not
hold (right plot), without averaging, o = 1 is still fastest but becomes the slowest after averaging;
on the contrary, illustrating Section 4, slower decays (such as o = 1/2) leads to faster convergence
when averaging is used. Note also the reduction in variability for the averaged iterations.

Robustness to wrong constants. We consider the function on the real line f, defined as
f(#) = 1|0|* and consider stochastic approximation with standard i.i.d. Gaussian noise on the
gradients. In Figure 2, we plot the average performance over 100 replications, for various values of
C and «. Note that for « = 1/2 (left plot), the 3 curves for stochastic gradient descent end up being
aligned and equally spaced, corroborating a rate proportional to C (see Theorem 1). Moreover, when
averaging for & = 1/2, the error ends up being independent of C' and « (see Theorem 3). Finally,
when C is too large, there is indeed an explosion (up to 10°), hinting at the potential instability of
having C too large. For o« = 1 (right plot), if C is too small, convergence is very slow (and not at
the rate n~1), as already observed by several authors (see, e.g., [8, 6]).

Medium-scale experiments with linear logistic regression. We consider two situations where
H =RP: (a) the “alpha” dataset from the Pascal large scale learning challenge (http://largescale.
ml.tu-berlin.de/), for which p = 500 and n = 50000, and (b) a synthetic example where p = 100,
n = 100000; we generate the input data i.i.d. from a multivariate Gaussian distribution with mean




zero and a covariance matrix sampled from a Wishart distribution with p degrees of freedom (thus
with potentially bad condition number), and the output is obtained through a classification by a
random hyperplane. For different values of «, we choose C' in an adaptive way where we consider
the lowest test error after n/10 iterations, and report results in Figure 3. In experiments reported
in the appendix, we also consider a fixed rate equal to 1/L suggested by our analysis to avoid
large constants, for which the convergence speed is very slow, suggesting that our global bounds
involving the Lipschitz constants may be locally far too pessimistic and that designing a truly
adaptive sequence (7,,) instead of a fixed one is a fruitful avenue for future research.

6 Conclusion

In this paper, we have provided a non-asymptotic analysis of stochastic gradient, as well as its
averaged version, for various learning rate sequences of the form -, = Cn™® (see summary of
results in Table 1). Following earlier work from the optimization, machine learning and stochastic
approximation literatures, our analysis highlights that ot = 1 is not robust to the choice of C' and to
the actual difficulty of the problem (strongly convex or not). However, when using averaging with
a € (1/2,1), we get, both in strongly convex and non-strongly convex situation, close to optimal
rates of convergence. Our work can be extended in several ways: first, we have focused on results in
quadratic mean and we expect that some of our results can be extended to results in high probability
(in the line of [13, 3]). Second, we have focused on differentiable objectives, but the extension to
objective functions with a differentiable stochastic part and a non-differentiable deterministic (in the
line of [14]) would allow an extension to sparse methods. Finally, there are potentially further links
between machine learning and the existing literature on stochastic approximation (see, e.g., [2]),
which are worth pursuing.

SGD | SGD | SGD SGD Aver. | Aver. | Aver.

a wL | u, B L L,B W, L L B
o , 1/3) « o X X 2 X a
1/3, 1/2) | «a a X | Ba—-1)/2] 2a x a
(1/2 , 2/3) ! a a2 a2 1 l—a|l-«
2/3 , 1| « a |l1-« 1-« 1 l-a|l-«

Table 1: Summary of results: For stochastic gradient descent (SGD) or Polyak-Ruppert averag-
ing (Aver.), we provide their rates of convergence of the form n~? corresponding to learning rate
sequences v, = Cn~%, where [ is shown as a function of a. For each method, we list the main
assumptions (u: strong convexity, L: bounded Hessian, B: bounded gradients). For all columns but
the second, we consider the convergence rates of function values.
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In this appendix, we provide detailed proofs to all the results presented in the main paper. We also
provide an additional simulation experiment comparing fixed learning rate sequences of the form
v, = Cn~%, and adaptive ways of setting C.

A  Proof of Theorem 1

Proof
Sketch. Under the stated assumptions, it is easily shown that (d,,) satisfies the following recursion:

O < (1= 2090 + 2L°93)0n—1 + 20°77. (14)

Note that it also appears in [3, Eq. (2)] under different assumptions. Using this recursion, we
then derive bounds using some classical techniques from stochastic approximation [2], but in a
non-asymptotic way, by deriving explicit upper-bounds.

Derivation of recursion. Using the Lipschitz continuity of f; (assumption (H2)), together with
assumption (H4) and the fact that 6,_; is F,,_1-measurable, we obtain

E(|l £ -0 Fa-1) < 2E([1£(0%) = f1,On-0)II[Fa-1) + 2E( 7, (6*)1*[Fr-1)
< 20301 — 07| + 207,

On the other hand, the recursion in Eq. (1) implies:

105 = 07[* = [|0n—1 — 0"[|* = 2y (On—1 — 0", f,(On—1)) + 72|l 1 (On-1)II. (15)
By computing the conditional expectation of the two sides of the previous equation, and using
assumption (H1) together with the strong convexity assumption (assumption (H3)), in particular
through [20, Eq (2117)] (i.e., for all 91,92, <f/(91> — f/(92>,91 — 92> 2 uHHl — 92”2)

E(|0n = 0" 17| Faz1) = [10n-1 = 0" = 29 (0n—1 — 0", f (0n-1)) + 3R E( £, (On-1) 1P| Fr-1)

1001 — %112 = 270181 — 02 +A2E(| £ (B 1) |21 Fo1)
(1 = 2pm + 2L297) X (|01 — 0%[|* + 20°77.

NN

Thus, setting §,, = E||6,, —0*||? and taking the expectation of the both side of the previous inequality
yields to the following deterministic recursion:

O < (1= 2090 + 2L°92)0n—1 + 20°77. (16)

General study of recursion for any decreasing sequence (V,),y- Since p < L, we have
2p7yn — 2022 < 2Ly, — 2L%92 = 2Ly, (1 — Lv,) < 1/2, thus the multiplicative factor in front of
dn—1 is always positive (in fact greater than 1/2). Moreover, since all terms are positive, we have
by applying the recursion n times:

0 < [T = 20 + 2L292)80 + 202> [T (1= 20y + 20392, (17)
k=1 k=1i=k+1

The quadratic risk is therefore a sum of two terms: a transient term, depending only on the initial
condition dg, of the form A; ,d¢, and stationary term depending only on the noise variance, of the
form 2021427”.

To deal with the transient term, we use the simple bound 1+ ¢ < exp(t) for any ¢t € R, to obtain

def . " =
Arn = J] (0 =207 +2L0%97) < exp (mka) exp <2L22v£> : (18)
k=1

k=1 k=1

11



For the stationary term, we consider two cases, depending whether 7, is smaller or larger than 5%,
leading to two regimes, the first one where in fact the error §,, may grow, and a second one where
it goes back to zero.

Indeed, when v, < 545, then 1 — 2uy, + 2Ly < 1 — py, and in all cases, 1 — 2y, + 2L*y2 <
1 +2L%y2. We denote by ng = inf {n EN,y, < 5= } We then have:

def = e
Ao = D T (V=20 + 2029707
k=1i=k+1
= Y I O —2ww+2L9)%
k=no+1i=k+1
no no n
+3 0 I Q=2 +2023900 [T (0 —2py+20%) (19)
k=1i=k+1 1=no+1
< I a-mint+ |3 I avoratng] I a-m 0
k=1i=k+1 k=11i=k+1 1=no+1

We have:

i ﬁ (1+2L%7 ) = % ZO []_0[(1 +2L%7) — 1_0[ (1+ 2L27§)]
k=1 -i=k

k=1i=k+1 i=k+1

1 no no
32 H (1+2L%2) < 2L2 exp <2L2 ka> (21)

k=1

N

Moreover, because for n < ng, v, = 2;, we obtain:

n

n no
I G=p) = exp (uZ%—) exp (uZ%—)
1=ng+1 =1 =1
exp (—ui%) exp <2L2 iv?) : (22)
i=1 =1

Moreover, since (7, ) is decreasing, for any m € {1,...,n}, we may split the following sum as follows:

oI G=wwi = Z H C—mi+ >, [ =i
k=11i=k+
11

N

k=1i=k+1 k=m+1i=k+1

A=) Y ve+vm >, [T O=pww

i=m+1 k=1 k=m+1i=k+1

N

n m n n n
o
< exp <—MZ %-) Do+ Y, [ II a=ww -] —u%)}
i=m-+1 k=1 K k=m+1 Li=k+1 i=k
n m ,7 n
< exp <—MZ %-) oi+—=1-J] @ —u%)}
i=m+1 k=1 K i=m+1
n )
et

VAN

)

]

e}
/‘—\
- =

12



This leads to the following bound on As ;,:

A < exp < p Z %) ka + 1 —exp < LQZ%) exp <u27> . (23)

i=m-+1

with an alternative equation (with no split using m, which will be used for v,, = C/n):

[T (0= i+ gz exp (413 Zw) exp <u217> - (24)

k=1i=k+1 k=1

A2,n g

M:

Note that in order for the previous inequalities to be valid for all n, we may simply replace ng by n
(which we do later).

Study of recursion for v, = Cn™®, a € (0,1]. We use the following inequalities (which are
standardly obtained by bounding sums with integrals, and which could clearly be improved to
obtain sharper bounds):

n

V821, @p(n)—pp(m) < Y KN <2pp(n) — pp(m)],

k=m+1
V<1, slea(n) ~galml] < 3 K< pp(n) — pp(m).
k=m+1

We take bounds on the two terms Aj; , and Az . From Eq. (18), we get for all a € (0, 1],
A < expl=pCpi_a(n)] exp[2L2C%p1_a(n)].

For any a € (0,1), Eq. (23) leads to

20 C

fan < 24 Coraa(m ey (L lora(n) - pr-an/2)] )

une

1 C
+m exp (402L2¢172a(n0)) exp <‘u7901a(n)>

C
s C?%p1_24(n) exp (%nlo‘)

C
+ﬁ exp (4C?L%p1-2a(no)) exp (_%(Pl—a(n)) )

VA
+

where we have used the fact that for all 3 € [0,1), ¢3(x) — g(2/2) > 22”. We can replace ng by n,
thus leading to

C 2
8 < exp (4L2C%p1_ga(n)) exp (%wla(n)) (50 + LQ)

4Co?
+
pn®

+2C%0% 1 _2a(n)exp <%nla> .

We can now use the inequality ¢1_o(n) = n'~% to combine the first and third term into

2
2 exp (4L202g01,2a(n)) exp (%n ) (5 + %)

leading to Eq. (5).

13



For ao = 1, we get from Eq. (24),

. C C C?
Ay < 207 Z exp <H_ In(n) + el 1n(k)) =l

1 C
+m exp (4(}2L2¢172a(n0)) exp <’u7<pla(n)) .

_ 1 C
< 20%C%n “C/Qcpuc/g_l(n) + Y7 exp (4CQL2<p1,2a(n0)) exp (%@1&(71)) .

Bound on function values. Using the Cauchy-Schwarz inequality, we get:

1
Bl 0nmr) = o0 Fit] = [ B[00+ (1= 00) = £1(0%). 00 = 0°)|Fca
1 /
< [ (B + (1= 08) = 0V PF)| e — 07
0
1
L
< L0y — 0| /O T D

This implies that, for all n € N, E[f(6,) — f(6*)] < £6,,.

B Proof of Theorem 2

Proof We follow the same proof technique than for Theorem 1. If we assume that all gradients are
upperbounded, i.e., for all n € N and all 0 € H, || f/ (0)|| < B, then the recursion in Eq. (6) becomes
(using that orthogonal projectors are contractive and that ||6*| < D):

O < (1= 2pyn)0n—1 + By < exp(—=2pyn) 01 + B>y (25)
By applying Eq. (25) n times, we get

8 < o [T exp(=2pm) + B> Y i [ exp(—2p).
k=1 k=1 i=k+1

Case 7, = Cn™%. For a < 1, the first term leads to a bound,

b0 exp[—pCp1-a(n)]

while the second term leads to, following the same reasoning than for obtaining Eq. (23) in the proof

of Theorem 1:
2B2C?

pune

C
+ BC%p1_5q(n) exp (—%nl‘a) :
leading to an overall bound

2B2C?

pwn®

+ B2C?p1_24/(n) exp(—uCn'~/2).

b0 exp[—pCp1_q(n)] +

14



In order to get Eq. (8), we combine the first and third terms, by noticing that ¢1_(n) = n'=.

For oo = 1, we get the bound (still following the same reasoning than for Theorem 1):

8o exp[—pCipr1-a(n)] + 2B*C*n " g 0 1(n).

C Proof of Theorem 3

Proof Following [4], we start from Eq. (1) and write it as f}(6,—1) = %(Hn_l — 6,), and notice
that:

(@) fh(On-1) = f,(07) + [ (07)(On—1 — 07),
(b) f!(6*) has expectation zero and essentially behaves like an i.i.d. sequence,

(c) 23>0, W—lk(t?k,l — ;) turns out to be negligible owing to a summation by parts and to the
bound obtained in Theorem 1.

Thus 6, — 6* then behaves like —2 31" f”(6*)~1 f/(6*), which leads to the bound in O(n~1/2).
More precisely, we have:
FUONOus —0) = L0 s — 0%) + [F(07) — 20Oy — 07)
+

= ful0n) - f(9) [ (07)(On1 = 07) = f1,(6n—1) + £,,(67)]
HFOT) = £ (001 — 07).

Note that f”(6*) is invertible (with lowest eigenvalue greater than p). We treat all terms separately:

— Note that we have for all n > 1, from Eq. (1):
1

f7/z 971—1 = en—l _Hn .
(Bat) = )
We have, summing by parts,
1¢n 1 1= 1 1
_ * —1 —1 * —1 * —1
EZ% (Or—1 — ) = EZ(Gk —0") Vepr =% ) — 5(971—9 )Vn +;(90—9 s
k=1 k=1
leading to
1= 1 1
H— e =00 < T 07 bl = 0= 00— 0
k=1

— Since (f},(0*)) is a square-integrable martingale increment sequence in H, we get

//9* %Zéo*

tI‘ [f//(@*)flzf//(o*)fl] .

15



— Because of assumption (H5), we obtain
1" ( n* * M *||2
177 (6%)On—1 = 67) = fr(On—1) + £, (0] < - N10n—1 = 67|

— Similarly [f”(6*)— f//(6%)](0n—1 —0*) is also a martingale in H, whose conditional second order
moment is upper bounded by 4L?||0,,_1 — 6*||?. Thus

2 n—1
(H— F18) = £ (Brs — ) 2><%25k.
k=0

We finally obtain by combining all factors using Minkowski’s inequality [17]:

B 1/2
_ tr £ (9* —12 ars —1\1/2 1 1 2L, n—1
(1@, - on)2)"* < WO PO W il o (Zak
k=0

vn nypt/2 T ey pt /270
1 1/2 *
+ 1/225/m+1 %l g WZEH@ — 07|47, (26)

which can further simplify as

9*)“2)1/2 < (trf”(e*)_lzf”(e*)_l)l/2 + 1 51/2
X \/ﬁ NYn Ml/? n

noo\ 2
1 1 1/2
T ( + 2L) 8 i /2 <Z 5k> (27)

ZEH@ =071 (28)

k=1

1/2 _
1/2 Z(S / |7k+1 7k1| +

In order to further bound the error, we can first re-use results from Theorem 1, but we also need to
derive a bound on the fourth-order moment E||6; — 6*||*.

Fourth-order moment. We now derive a recursion for the fourth-order moment, following the
same arguments than for the second-order moment:

10, =0 1* = (I6u-1 — 0" = fo(Gan)I)?

= (1001 — 011> + 221 FoOn)I* — 270 (Bnor — 0%, F1(00-1)))
16n—1 = 0" [[* + 492 (1 — 0%, f1(On1))” + V2 F1(On)]*
4|81 — 6712 (Bur — 0%, Fo(Bur)) + 2921001 — 011 £ (Bur) |12
42 (O — 0%, £ (On1)) | o (Onr) 12

2

Therefore
E[[|0n = 0**| Faci] < N0n—1 — 07" + 6921001 — O*|PE[1f},(0n-) | Fuca]  (29)
9B [ £, (On—1) || Fri]
— 4y |0n—1 — 9*||2 (01— 07, f/(en—l) - f/(e*»
4y 10n—1 = O |E [|| f1.(On—1)||*] Fr1] -

Since the function f is strongly convex,

(s — 0, F'(Onr) = ' (0°) = pll s — 07 . (30)
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On the other hand, the decomposition
1 Orn—) | < NLf5(On—1) = fr(67) + FL (07 < LI6n—1 — 07| + [ £.(67)]] ,
implies that for all p € {1,...,4}

E || (On-1)lIP] Fnoa] < 2771 [LP[10n—1 — 077 + 77,

(31)

where we have used that E(|| f/ (6:)||?|Fn-1) < 77 (Assumption (H6)). Combining Eq. (29) with

Eq. (30) and Eq. (31) yields

E [[16n — 0% Fae1] < 1001 — 6*|* [1 — dpyn + 1297 L% + 1675 L + 84, L*] (32)
12001 — 07|27 4 16]|6n—1 — 0% 757" + 87,7
Since
16[|0n—1 — 0% [lyn 7> <8 [ya7 1001 — 07 |* + 7, 7"]
Eq. (32) yields
E [[|0n — 071 Faz1] < 001 = 07| [1 = 4pyn + 1297 L% + 167, L + 8, L]
42001 — 0% ||*7272 + 169271 .
We can now combine this with Eq. (6) and replace o2 by 72 > o2, i.e.,
E [[[6n = 0*11*] Fue1] < (1= 2py5 + 2L%77)[|0n—1 — 0%||* + 27777, (33)
to derive a recursion for )
20y,
wn = [0 = 6% + =L 6, — 07
I
Indeed, we have, using %vn < Ynt1 < Yt
E(un|Foo1) < [0n-1 = 0%* [1 = dpyn + 1297 L2 + 167, L + 893 L]
2074102 40y,
oy = 0 IP[2093% o+ TR (1 g 21290)| #1607 4

40
< tpo [1— pym + 1295 L7 + 1695 L% + 89, L] 4 1697 + —7"
I
20y, 72
i1 = 072209272 + Z2 (1 = 2py, + 2022)
20,72
20T (L1 iy — 129202 — 169213 — 873L4)}
272 373 474 a4, 40 4 3
< Up—1 [1 — WYn + 127, L* + 167y, L” + 87, L } + 167, 7" + —7";,
I
40
< Up—1 [1 — pyn + 1675L2 + 2473L4] + 167;417'4 + —7'4'72.
I
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Following the proof of Theorem 1, we consider the following terms A}
largest n such that 1672L? + 2474L4 Ynpt]2:

A, exp <—MZ%+16L227§+24L427;§>
k=1 k=1 k=1

A def - - i 12 16444 @ 4_3

b = Y [ exp(—pwi/2) (16957 + L

k=no+1i=k+1

n and A5 where ng is the

o

- "° 40
+ JI eo(=muw/2)Y ] exp(164;L* +24+{L%) (16%374 + ;T‘Wi)

k=no+1 k=1i=k+1
We have
! = e 4 4 40 4 3
Ao S Z H exp(—p7yi/2) [ 1677 + —779
k=1i=k+1 H
5 272 RS 40
+ H exp(—puyk/2) H exp(uyr/2) HeXp 167y; L* + 24~; L )Z 167274 + 7‘ v3
k=1 = i=1 k=1
< >0 I ep=m3i/2) (16%7 + 2 vk)
k=11i=k+1
no no 10
+ H exp (3272 L% + 48~ LY) H exp(—puyk/2) Z (16 it + ;7 7k>
k=1 k=1 k=1

Moreover, we further split A5, and get, for any m € (0,n):

n

= 40
A, S Z H exp(—vi/2) (16%T + =7 7)

k=1i=k+1

40 - = 40
exp(—p7i/2) (167274 + ;T“vi’ + > I exp(=pw/2) <1677§T4 + 77472)

k=1i=k+1 k=m+1i=k+1
n m n n 40
< ] ew(—pi/2)) ] (16 it =i ) + I exp(=pi/2) (1673 ™ — 4751) o
i=m-+1 k=1 k=m+1i=k+1 H

k=11i=k+1

N

[T ep(-mi/2)> <1677§T4 + ;T“vi’

i=m+1 k=1

N\
—=
=
=
\
N
=
VRS
—
(@)
5
T
\\'
S
_|_
B B
=[5 =5
\]
.
2
W
_|_
7 N VRS
—_
(@)
T
\\'
S

This leads to, for v, = Cn~* and m = n/2:
Up < quan + Al2,n
C
< exp (—%(pl_a(n) + 16 L2C?p1_oa(n) + 24L4C4<p1_4a(n)) ug

c 4074C3
+exp (—%%—J”) + 32L%C%p1_2a(n) + 48L4C4<P1—4a(n)) (167‘404901_4a(n) + ==

1 /16 x 23¢C3+4 40 x 24402
+- 3a + 2a
7 n un

4074C?

) + (167‘404(,01_4a(n) +
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Since p1-44(n) < 1 and p1-34(n) < 3, we obtain:

u, < exp <£<p1a(n) + 16L202<p1,2a(n) + 24L4C4) ug (34)

2
8074C3 )

C
+ exp (—%(pl_a(n) + 32LQC2<p1_2a(n) + 48L4C4) (167404 +

807403)

C —«
exp(—M?n1 ).

1 /128C31%  6407%C?
+- 3a + 2a
7 n un

) + (167404 +
With further simplifications, we get:

16074C3

2 2
un < exp (%nla + 32L2C%¢, _aa(n) + 48L4C4) (327404 + +E|6 — 0%||* + OST 50>

I

1 12 3.4 442
( 8C*r +607‘C>. (35)

n3oz ’un2a

Overall bound. For « < 1, we now compute a bound on all terms from Eq. (26), using Theorem 1
and Eq. (34), with the notation

. pC - 22
A= ——k T4+ 16L°C 10 (k) | . 36
g_lexp( 16 + P1-2a( )) (36)
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L o 1 20 %0
nl—aul/2c M1/2na/2

1 9 2 uC . o2 1/2
+2n1—aul/2c exp (2L ¢ ‘P1—2a(”)) exp —?n do + Iz

20 5 2\? 24
pC1/2pl-a/2 + {00+ 12 npl/2C
1 1 1/2 1 1 1/2
Wm( +2L)5 i <C+2L)5

1/2
2L i 2L 14Co?
nut/? <; 6k> nul/? [ 1 1-a(n)

n C 2 1/2
+2 Z exp (4L202g01_2a(k)) exp (—%kl_a) (60 + %) }

k=1

2L 201/2¢ ) AL o2\ '/?
L U770 /2 a 1/2
npl/2 i/ Pr-a(n) /= + npl/2 (50+ L2) A

1/2 1 20 ~2C"Y%0 0y
1/2 25 |7k+1 Ve Cnu1/zz_: e k

da Zko‘ Yexp (2L°C? (n)) ex —ﬁnl_a ] +U—2 v
Cnul/g p P1—2a p 3 0T 732

4o 4oy o? 1/2
Cl/QnM(pa/Q(n) + Cn,ul/Q (60 + ﬁ) A

M & M N1 1 1203272 2672C
E 9 _ 9* 4 1/2 |: :|
2npl/? ;( 16x 1) 2npul/? ; pl/2 3a/2 + ke

M & te;
— Y e 160202 oK) +24L4C*
+2n,u1/2 I;exp( 16 + p1-2a(k) +

1607403 20C 1/2
x (327404 b 2T LR — 0F |t 50)
1t 1t
MCT2

o [01/29017304/2(%) - u‘l/le—a(n)}

+M\/%Cl/2¢

2nu

N

nyppt/2 "

N

N

N

N

N

N

N

N

HE] 6o — 0% |*

1/2
o0z~ T2+ 87’202)

Aexp (24L'C*) (50 +

Behavior of the constant A. For all a € (0,1), A is finite, while for & = 1, A = O(n). Note
that when C'L is too large, A may be large as well.
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Final bound. We get a bound of the form
tr f//(e*)—lzf//(o*)fl)lﬂ
Vn
20 5 a2\'? 24
+u01/2n17a/2 +{% + Iz npt/’2C

1 1 1/2
er <5 + 2L> 50

El@, —)2)* < !

2L 2CY% e AL o2\,
Wwwl—a(n) 2 4 Ve (50 + ﬁ) AY
doa i%e% o2\ /2
+C’1/2n,u(pa/2(n) + C?’Lﬂl/Q (60 + ﬁ) A
MCr? _
o [01/29017304/2(”) +u 1/2<P1—a(”)}
M+/20CY2r U0 — 6%||* 1/2
+TAGXP (24L4C4) (50 =+ % —+ 27’203M + 87’202)
which we can simplify into
B tr (%)% £ (9*)—1)1/2
vn
n 60 1 n 4LC1/2 <p1_a(n)1/2
(C1/2 pi=a/2 [ n
MCT? _
+W [01/2<P1—3a/2(”) +p 1/2501704(”)
84 (1 o2\
tr (0 +7) (04 53)
5MC1/2 EllO, — 6*|14 1/2
+WTAGXP (24L4C4) (50 =+ % —+ 2T203M + 87202) .

We can further simplify by noticing that ¢q_34/2(n) < ¢1-a(n), and thus obtain the desired result. B

D Proof of Theorem 4

Proof In this proof, we follow the proof technique of [20] for the deterministic case. Define
Ap =E[f(0n) — f(07)] - (37)

We also derive a deterministic bound, which we upper bound, but here on the function values A,, .
We start by showing that the iterates remain bounded in quadratic mean.

Note that the bound that we derive depends on a particular choice of 6* among all minimizers of f.

Bound on ||f,, — 6*]|2. Following the same argument than for strongly convex functions to obtain
Eq. (6) (but taking u = 0), we have, for §,, = E||0,, — 6*||?, using (H1), (H2’), (H4):

6 < (14 2L%4%)0, 1 + 20292, (38)
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This implies, by applying the previous recursion n times, that

6, < ﬁ1+2L2 5O+202i ﬁ (1+2L%2)vi

k=1 k*ljkarl
- H (1+ 2L} 50+L22[ H 1+2L27]2-)H(1+2L27j2)}
k=1 = j=k+1 Jj=k
0’2 e
< exp <2L2Z’yi> (50 + L2) %ef Dy, (39)
k=1

which provides an upper-bound on the mean-square error d,,. Moreover, we have, using the Lipschitz
continuity of f, and taking conditional expectations:

n(On—1)II?
E[fOn) Faa]l < fOn-1) = Wmllf (On-1)|* + [Hf (On-0)1?| Foea] - (40)

F(0n) < f(en_n—vn<f’<9n_1>,f;wn_l>+7

Using inequality (2.1.7) from [20] (owing to the Lipschitz continuity of f,,), we get:

1 * * * *
S 17 On) = £ (017 < fu(Onr) = fu(07) = (£(67), 001 — 07) .
By computing the conditional expectation, we therefore obtain, since 6,1 is F,,_1-measurable,
1 X *
STE[Ifn(0n-1) = Fu (07 Fuor] < f(On-1) = f(67). (41)
Combining the two inequalities in Eq. (40) and Eq. (41) leads to

F(Onr) = FO) = 3l )|+ 2L [ 110001 Fc]

N

2
< S One1) = £O) =l f On-0)IP + EER[2 5207 + 20£206%) = £2(0n-) ] Foci]
< L+ 29 L) [f(On-1) = FO)] = Wl ' (On-0)||* + 72 Lo”.

Taking the expectation on the both sides of the previous identity yields

E[f(0n) — f(0%)] < (1 +292LE[f(0n_1) — F(O)] = VBl f' On_1)|?> + 72 Lo

Using f(0) — f(6*) < (f'(0),0 — 0*) (from the convexity of f), we get, from Hélder’s inequality:

2

ALy = [E[f(0n-1) - f(67)]
<E[f (On-1)I” x Ellfn—1 — 67[* < DaE[ £ (0n-)[I*  (42)

with A, given in (37). We thus get our main recursion:

Bn < (1429202001 = 222 492107 (43)
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Case: v, =Cn~ %, a € (1/2,1). In this case, we have D,, < D. We make the following steps:

— We first show that the inequality in Eq. (43) may be replaced with an equality, which leads to
a discrete time-difference equation which is analogous to the continuous-time Riccati ordinary
differential equation (see, e.g., [27]).

— The behavior of the recursion changes depending on the sign of —22 AZ | +92L0% ie.,
whether A2 | < L7,0%Dy or not. We will show that if this inequality is strict, then it

remains strict and we can derive a simple bound on A,,.

Replacing inequalities by equalities. For all n € N*| consider the recursion deduced from (43)
by replacing inequality with equality:

A= (142920801 - 3=A2 +72L0%, (44)

with initial value &0 = Ay. It is worthwhile to note that, for any n € N,
An = A,

This is due to the fact, that both sequences are upper-bounded by (L/2) D (using the reasoning
in Eq. (39)), where Do, = (0o + Z—z) exp(uzc2 ), and that the function

2a—1
Eo pa() & (14 292078 — 22, (45)
is increasing on [0, 1+;ﬁDm] 2 [0, %D
Relationship between &%71 and Lv,02Ds. Denote
en = (ALY20C3/%) 71 DY 2 min{1, n3/271} (46)
Since 771/2 — ’yrllfl > gT/Z and (g,,) is decreasing, we have for all n > 0,
1/2 1/2
At en)? = A0t e > 0 0t en)? = A0+ en),
01/2 Lo 01/2
> _— -
= (4na/2)(1+€n+1) = 47’1,0‘/27
anLl/QaﬁD;}/Q = U’yﬁD;}/Q(4L1/2003/2)_1DC1X42 min{1, n3a/2_1},
01/2 mln{l n3o¢/2—1} 01/2
= ) < ;
4n2« 4ne/2
leading to
Y21+ )2 = 2 (14 engn)? > e L2092 D2, (47)

Let no be the smallest n such that A%ﬂ > (1 + €,)Lyn0?Doo. Let us assume for now that ng
is finite. We first establish that, for all n > ng, we have A2 | > (1 + ,)Ly,0?Dys. Indeed, if
An1> (14 sn)l/QLl/Q'y,l/QaDclxé{ then, since the function ¢, in Eq. (44) is increasing in A,_1,

Bu > (1429201 +e,) 2Ly, 2a DY — (L 42,)/LY27}/ 20 DY?)? 4 72 Lo?
> (L+e2) 2L 30 DY — i Lo® + L0 DY (/2 (1 4+ €)' /2 = 3 2 (1 + 20s1)/?)
> (L4 ens) /L2950 D,
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because of our assumption regarding 7, and €, (that led to Eq. (47)).

Thus for n > ng, we have:

Be < (4230800 = 528 (1= (14 en) ™)

= (1+22LA, , - A2 _Sn
(1+2v:L7) 1 Do T e

If we denote v, = A, [Tieng 1 (14292 L)1, for n > ng, and vy, = A, , then we have the inequality

5 ’02 n—1 c
< vpoq— ———n=l 1+2920%)—=
oS e e 1L 0T

En 2 142917
L4en Do "1 1429212
~_In En 02

2D 1+4¢e, "V

< Up—1 —

g Un—1

We can now follow the standard argument from [20], i.e., divide by v,v,—1 and obtain for n > ng:

-1 1 Tn En Un—-1 —1 Yn En
v <o, — <o, —
n=l=n 9D 146, vy, " 2Docl4¢,’

which leads to, by summing n — ng times,

1 - €

-1 1 k

Vo KU, — ———

no X Yn 2D00kz+11+€k
=ng

Ve

i.e., for n > ng (using the definition of ny),
1 1

<
1 n ck -1 X n e _1/27—1/2.-1/2 _1—1/2
2D Zk:noJrl 1+eg Yk + Ung 2D Zk:noJrl 1+k€k Yk + (1 + Eno) 12L=Y Tno O Do

Up <

By assumption regarding the value of €,, for all n, we have

i
L

Y21 4,2 = (7,;:{2(1 +epyr) V2 - 7,;1/2(1 +ep) ) + 7{1/2(1 +ep)71/2

il
_

1/2 1/2
Vk/ (1+ex)/? - %11(1 +ery1)t/? LAV 4 ey
1
P14 ) V22 (1 ) /2

(]

k=1
n—1
_ —1/2 —1/2 1/2 1/2 —1/2 —
> Y () P P =) o (U en) Y
k=1
> liyks—kLl/%D*/?. (48)
2 1+eg >
k=1
Thus, for n > ng,
1
Up K

_1 n _Ek ’
D 2 k=1 Tte, 'k

which leads to A, < ——="2——exp(2L2Y";_, 7). Given Eq. (48), this is also true for

3Doo 2-k=1 Tfey 'k

n < ng, and thus also true if ng is infinite. We thus get the desired bound because Do, > 02/ L:
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— For a > 2/3,

Z Ek i 2 (1 +4L1/20_03/2Dgo1/2)—10(‘01_a(n)

et 1+ ¢
> (14+4L32C3%)71Cp_o(n).
— For o < 2/3,
n cr n 1
Z T = 27,1%
k:11+5k k:11+€k

- 1

> =T k=
—1 1+4L1/2003/2Doo kl—3a/2

(1+ 4L1/2003/2D;}/2)_1Ctpa/2(n)

(1+4L32C32) 71 0p 2 (n).

VoWV

Study of recursion for v, = Cn~'/2. For all a € (1/2,1], we can replace Do, by D,, in the
final bound. Note that this may not lead to the best possible bound; we thus get the desired result,
which is also valid for o = 1/2. [ ]

D.1 Proof for Theorem 5

Proof The proof technique is the same as in previous theorems.

Derivation of deterministic recursion. Since ||f/(0)| < B almost surely, then,

671 < 571—1 + 32772;’ (49)
leading to a bound &, < D, & 8, + B2 > h_17i. Using (40), we obtain
271 B2
v2LB
E[f(0:)] Fr-1] < f(On-1) = vl F'(On-1)]1* + —5

which implies, together with (42), the following recursion (which replaces (43)),

. 1
An < Doy = B-A2 + 592LB?, (50)

where A,, is defined in (37).

Study for « > 1/2. We can then follow exactly the same proof than for Theorem 4 for a €
[1/2,1], and obtain the desired result for & > 1/2 (note that the absence of the multiplicative factor
(1 + 2L?~2) makes the problem a little easier).

Study for a < 1/2. For a < 1/2, we consider
en = (ALY2BC3/2) "1 DY/2p30/2=1 5 (4L 2021, () 23021,

which is a decreasing sequence. We can then follow the same reasoning than for the proof of
Theorem 4.
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The recursion defining A, provides an upper bound to A,, as soon as D, /2v, > L/2,i.e., v, < 1/L,
which simply implies that the reasoning from Theorem 4 can only be applied for n large enough.

Following the same reasoning than for Theorem 4, we get, using Dy < (6o + B?C?)p1_24(k) and
< (4LY2BC32)=Y(5 + B2C?)V/2:

1

Ap <

€k
y Treg 1k

€1
D
1
1
D

32k

32k

TVk
1

1
k l+e,

-1 1 1 —«
2 Zk:l Dy, 1+4L1/QBC3/2D;1/2161*3"‘/2 Ck
1

N

1 1 —a
3 2=t Dk (144L1/2BC3/2) Dy /2 1 —30/2 Ck
2(1 +4L'Y?BC?/?)/C
Yot prrpke/P

Therefore
2(1 +4LY2BC3%/?) (50 + B2C*)'/2)C
e gk
2(1 +4LY2BC?/?) (50 + B2C*)'/2)C
(1—2a)t/2,
Zk ) kl/z) La/2—-1
2(1 +4LY2BC3/?) (50 + B2C*)'/2)C
(1- 204)1/2410304/271/2(”)
_o20+ ALN2BC3/?)(80 + B2C?)V/?2/C
- (1- 204)1/2@3a/2—1/2(”)

which leads to the desired result for o < 1/2. [ |

N

3

D.2 Proof of Theorem 6

Proof We follow the proof of [8, 7] by adapting it to the smooth case. Note first that by convexity
) n—1 =
f <n ];)6%) < nkz:;)f(@k)-
Since (still by convexity of f) f(6*) > f(0x—1)+(f" (0x-1),0* — Or_1), the previous inequality implies

F(Ok—1) = £(07) < (f'(Or—1), Op—1 — 07) . (51)

Moreover, we have:

E [0k — 0*11%| Fr1] < 10k—1 — 0" — 27k (' (Ok-1), Ox—1 — 6%)
+ RE( f1Or-1) 17| Fr-1);  (52)
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The inequality [20, Eq. (2.1.8)] yields

L7 fiBsr) = FLO < (Fh(Bkr) = Fi(67), 05 — 67)
which implies that

1Ok I” < 2 [|FO + 2L (f1(Or—1) — Fi(67), 051 — 67) .

Plugging this inequality in Eq. (52) then implies

O < Gj—1 = 29 (1 = L) E[(f' (-1, 01 — 07)] + 27302,
where 6, = E [||t9;c - 9*||2}, showing that

29k [1 = L] E [(f'(Or—1), Or—1 — 07)] < 81 — 0 + 2730 . (53)
Define ng = inf {k € N, (1 — L) > 1/2}. For any k > ng, 1 — vy L < 1/2 and therefore,

E[(f (Ok-1),0k—1 — 0")] <7 " (Ok—1 — Ok + 2740?) .

Note that by integrating by parts,

n n—1
> v ko1 = 0k = b+ D> Ok et = ] v o
k=no+1 k=no+1

Using that 6, < D,,, where D, is defined in (39), and (D,,) is non-decreasing, the previous identity
shows that

n

S i k1 — k] < Doyt (54)
k=ng+1

Combining Eq. (53) and Eq. (54) shows that For k € {1,...,ng}, under (H2?),

F(0) — F(07)] < /0 (0% + t(0 — 0%)) — 11(6°), 01 — 9*>dt' <L/200x - 0" .

Combining these two inequalities finally yields to

n—1 n no

171D 1 L
—1 * n 2
Elf(” Z‘gk)}_f(e)gg[v—n‘i‘?(f Z 'Yk+§ZDk}a

k=0 k=no+1 k=1
where we used the Lipschitz-continuity of f.
Case v, = Cn~ /2,

In this case, for L2C? < 1/4, we have D,, = (60 + Z—Z) n2L*C* | This leads to an upper bound of the

form

1 1 o2 Co? 1 _ 1L o2 1 2 2
- g Yo 1/2 1/2 + L o\ L 2L%C?*+1
nl/2—2L2C% ¢ (60 T Lz) = (n no ) n 2 (50 * LQ) 202C2 + 10

leading to, for ng = (2LC)?,

1 1 o? o> L Co? 1 o rovar2c?yr 1
nl/2-2L2C% ¢ (60 * ﬁ) HETERE) (50 i ) sprcr ) n
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Case v, = Cn~%, a € (1/2,1). In this case, we have D,, = (50 + Z—z) exp (22L:§12), leading to the

upper bound

54 o? 2L2C%\ 1 N Co? (n) + L5 o? 2L2C2\ (2LC)Ye
— | ex — —p1_ — — | ex
0T T2 )P 1) " p ProeW T\ 00T 75 P50 n

Case v, = Cn~!'. In this case, we have D, = (50 + %";) exp (LZC;WZ), leading to the upper

bound
G0 Co? L2C%*7%\ 1 n Co? In(n) n L G0 o? L2C?%r?
0T T2 )P\ TG cT Ty Ty T\ )P T '

We can summarize the results as follows:

0_2

L2

1

) exp (2L202<p1,2a(n)) [En’)ﬁl + 5

£(2L0)1/a 2

N [+ ZCoatm)  (9)

and further bound [&ne~1 + LEEEZ by LI14(2LC) 4 |, which leads to the desired result. W

E Proof of Theorem 7

Proof We follow [7, 15, 14]. Since E(|| f{(0k—1)||*|Fx—1) < B? almost-surely, Eq. (52) rewrites
E [0k — 0"[1*] Frer] < 101 — 0717 = 29 (f'(Oh—1), Ox—1 — ") + 1 B>. (56)
which implies that
2E [(f'(Ok-1), 061 — ")) < 61 — 6k + i B> (57)
Since, on the other hand, for any n € N, 6, < D,, =y + B*>_;_, 77, (51) shows that
n—1 11D n—1
—1 _ * < -_n 2 .
{ QG0 RIS
k=0 k=0
This leads to the bound

no! 2 22 B®
5o G0+ C* B p1-2a(n) + 5-¢1-a(n).

2

F Additional experiments

Medium-scale experiments with linear logistic regression. We consider two situations where
H =RP: (a) the “alpha” dataset from the Pascal large scale learning challenge (http://largescale.
ml.tu-berlin.de/), for which p = 500 and n = 50000, and (b) a synthetic example where p = 100,
n = 100000, we generate the input data i.i.d. from a multivariate Gaussian distribution with mean
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Selecting fixed rate (1/L)

—»—1/3 - sgd

-%x-1/3 -ave

—0—1/2 - sgd

o -9-1/2 - ave

b —8—2/3 - sgd

o -8-2/3 - ave
= 1 - sgd
o 1-ave

o 1 2 3 4 5
log(n)

Selecting rate after n/10 iterations

loglf(8,)-f1

—»—1/3 - sgd
-»-1/3 - ave
—0—1/2 - sgd
-9-1/2 - ave
—8—2/3 - sgd
-8-2/3 -ave
1 - sgd
1-ave

o 1 2 3 4
log(n)

Figure 4: Comparison on a non strongly convex logistic regression problem with p = 100.

Selecting fixed rate (1/L)

——1/3 - sgd
0 -%-1/3 - ave
—0—1/2 - sgd
— -9-1/2-ave
by —8—2/3 - sgd
o -B8-2/3-ave
5 1-sgd
— 1-ave
-15
0 1 3 4

2
log(n)

Selecting rate after n/10 iterations

——1/3 - sgd
-%-1/3 - ave
—0—1/2 - sgd
— -9-1/2-ave
by —8—2/3 - sgd
o -B8-2/3-ave
S 1-sgd
2 1-ave

0 1

2 3 4
log(n)

Figure 5: Comparison on a non strongly convex logistic regression problem with p = 100. “alpha”

dataset.

zero and a covariance matrix sampled from a Wishart distribution with p degrees of freedom (thus
with potentially bad condition number), and the output is obtained through a classification by a
random hyperplane. In Figure 4 and Figure 5, we try two ways of selecting the constant C' for

Y = Cn=%

(1) a fixed rate equal to 1/L suggested by our analysis to avoid large constants (left

plots), for which the convergence speed may be too slow, hinting at the fact that our global bounds
involving the Lipschitz constants may be locally far too pessimistic; (2) an adaptive way where we
consider the lowest test error after /10 iterations (right plots), for which convergence is much faster,
hinting at the fact that a truly adaptive sequence (v,,) instead of a fixed one is clearly an important

avenue for future research.
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