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Abstract

We consider large time behavior of typical paths under the Anderson poly-
mer measure. If P? is the measure induced by rate , simple, symmetric random
walk on Z? started at x, this measure is defined as

T
it 1(X) = Zupale) e {6 [ w0 b arz o)

where {W, : z € Z%} is a field of #id standard, one-dimensional Brownian
motions, f > 0,k > 0 and Z, g;(r) the normalizing constant. We establish
that the polymer measure gives a macroscopic mass to a small neighborhood of
a typical path as T'— oo, for parameter values outside the perturbative regime
of the random walk, giving a pathwise approach to polymer localization, in
contrast with existing results. The localization becomes complete as ?2 — oo in
the sense that the mass grows to 1. The proof makes use of the overlap between
two independent samples drawn under the Gibbs measure K. 3.1 which can be
estimated by the integration by parts formula for the Gaussian environment.
Conditioning this measure on the number of jumps, we obtain a canonical
measure which already shows scaling properties, thermodynamic limits, and
decoupling of the parameters.
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1 Introduction

In this paper we consider a polymer model related to the parabolic Anderson equation.
In particular, we give quantitative bounds on the overlap of the polymer measure in
terms of an inverse temperature parameter. This gives a quantitative expression for
the extent to which the polymer measure concentrates its weight near a particular
path at low temperature. The Anderson polymer model is a measure on simple, sym-
metric, continuous-time random walks influenced by a random field,

W = {W, : x € Z%}, of iid Brownian motions defined on some probability space
(Q, F;, Q) where the filtration is given by F; = o({W,(s) : 0 < s < t, x € Z}).
(Expectation with respect to @ will be denoted by E.) This measure and similar ones
have been studied in [7] from the perspective of intermittency and also when influ-
enced by an interacting particle system [14], in [11] for large deviation aspects, in the
one-dimensional totally asymmetric case [20] [18], in [3], [5], and [23] as a particular
model of directed polymers in random medium, and a host of other references which
may be found in [9] for a general picture. In order to describe this model, start with
the measure P to be the measure on the canonical probability space, D([0, 00), Z?)
of right continuous paths which possess left limits everywhere, with a finite number
of jumps of size one only on any finite interval. These are the typical sample paths
of the simple symmetric rate x random walk. Here, as is usual, P¥(X, =) =1 and
with respect to P%, the canonical process X (t,w) = w(t), w € Dy = D([0, 0), Z%) is
a Markov process with infinitesimal generator kA where A is the discrete Laplacian

defined by Af(z) = 5 > iy—z||=1(f () — f(z)). The Anderson polymer model is the
Gibbs measure on Dy = D([0, T, Z?) defined by

T
el = Zuara) B2 [ e {3 [ awn(o)}]

for bounded measurable f : Dy — R. The model has three parameters, the inverse
temperature € R measuring the fluctuations of the environment, the polymer length
T and the diffusivity x € (0,00) of the path under the a priori measure P*. The
partition function Z, s r(x) is given by

Zusalo) = 2 [ {5 | ) Wyio(9)})

By the Feynman-Kac formula,

u(t,z) = E* {exp {B/Ot dWx(m)(S)H

is the solution of the time-dependent parabolic Anderson equation (or stochastic heat
equation)

u(t,x) =1+ /{/0 Au(s, z)ds + B/O u(s, x) o dW,(s), (1)
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where odWW denotes the Stratonovich differential of W. In the space-continuous model,
the logarithm of u solves the Kardar-Parisi-Zhang equation (KPZ), which is expected
to be the scaling limit of our model in a weak noise limit. In dimension d = 1, its
distribution has been recently computed in [1], and a better understanding of the
KPZ universality class is being achieved; see [10] for a review.

The functions w(t,z) and Z, g(z) thus have the same distribution and we will
make use of the properties of u(t, z) derived in [12] and apply them to Z, 5+(z). We
shall use the notation E,, . g1 and Z, g when z = 0. By spatial homogeneity of the
field W we may confine ourselves to the study of the case x = 0. Our results concern

the behavior of p, g for B—; and T large in arbitrary dimension. It will be shown

that this measure concentrates its mass near a particular favorite path as ﬁ_}j — 00.
In a sense this means that there is a channel in the media in which most of the
polymer paths reside. The establishment of the concentration is done by examining
the overlap defined as

Ton =7 | ra(xX©=F o) 2

where M?,QB,T is the product measure of y, g with itself. The paths X and X ap-
pearing in (2) are thus independent samples of paths drawn according to the measure
g1 The quantity J, g r is, for two independent samples sharing the same environ-
ment, the proportion of time spent together. We also study another version of the
overlap. Define

Lo =7 | nE(XO=X @) ©

This version of the overlap measures the amount of time up to 7T' that the endpoint
of independent samples drawn with respect to the measure y, g agree.

In statistical mechanics, counterparts of these overlaps can be found, for the
Sherrington-Kirkpatrick model and other ones for disordered systems. Coming via
integration by parts, the first overlap revealed most successful in the last decade ([16],
[17], [24], [25]) to study the low temperature regime.

Below, we shall see that the overlap in our polymer model arises in a similar
fashion. By taking the logarithmic Malliavin derivative of the partition function with
respect to W, (t) one arrives at J,; g . By taking the logarithmic It6 derivative of the
partition function one arrives at I, 3. Both these overlaps take values in [0,1], they
vanish in the limit of large 7”s under the free measure, i.e. for § = 0, and positivity of
each one implies a specific form of localization. It is known that positivity of I, g1 is
equivalent to positivity of the difference between the annealed and the quenched free
energies. Here, we show that positivity of J, g r essentially amounts to this difference
being strictly increasing as a function of |3|. Then, using the logarithmic asymptotics
of the partition function from [12], we find that both versions of the overlap converge
to 1 as 32/k — oo, hence achieving its upper bound. This allows us to give a precise



account of the favourite end-point, of path localization and of the favourite
path. We introduce here a sequence of measurable functions y3 : [0, 7] — Z% such
that the proportion of time when the polymer is equal to the favourite path converges
to 1 as 3?/k — oo:

T
lij{ninf Eupr (%/ do (X (t) — yi*p(t))dt) — 1 as B*/k — oo. (4)
— 00 0

The function y;., defined in (23), depends on k, 5 and on the environment. Our
statement improves on the literature on polymers by concerning the path itself, not
only the terminal location at time 7" as in [4] and [8]. Also, we can obtain, in this
model, complete localization in the limit, i.e., the right hand side of (4) is equal to
its maximum value 1.

We now mention related results on complete localization. Strong concentration for
the directed polymer in a random environment for parabolic Anderson model (space
dependent only) with a Pareto potential was established in [13]. The main difference
is that there, the favourable sites in the environment have a simple characterization
in terms of the potential. In the time-discrete case with heavy tailed potentials
(time-space dependent), see [2] for similar conclusions. When the tails are less heavy,
the favourite corridors can no longer be characterized by maxima of the potential,
they are no more explicit, but complete site localization can still be proved [28].
Note that in the discrete case, only little is known on the random geodesics [21]
in first passage percolation, which are the zero-temperature favourite paths. In our
parabolic Anderson model, the potential has strong decay, but we can prove strong
localization. For the solution of the KPZ equation in one dimension, the distribution
of the favourite end-point has been recently computed in [19], it is the arg max of an
Airy, process minus a parabola.

The parabolic Anderson model, compared to other directed polymers, has some
nice scaling properties, it also decouples some parameters due to its Poissonian struc-
ture. With a Gaussian potential, it allows a simple integration by parts formula,
which comes from the Malliavin calculus.

The organization of this paper is as follows, in Section 2 we present our main
results. Section 3 contains preliminaries from the Malliavin calculus giving a first
version of the overlap. Section 4 gives an Ito calculus derivation of the second version
of the overlap, and contains the proofs for localization. In Section 5 we prove the
results for the distribution of the number of jumps under the polymer measure, and
regularity properties of the favourite end-point and path in Section 6.

2 Main Results

From now on, we adopt the notation
T
Hr(2) = [ dWy(). 7 € Dr )
0
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2.1 Thermodynamic limits

Our first goal is to determine the large deviation rate for the number of jumps of
paths with respect to the measure i, g3 7. We begin with the exponential growth rate
of Z,, g1 conditioned on the number of jumps of the process X up to time 7" which
we denote by N(T, X).

Proposition 2.1. Forr > 0, the limit

D(3.r) = lim T~ o B, [exp{8Hr(X)}|N(T, X) = [rT] (6)

exists a.s. and in LP, p € [1,00). The limit is deterministic, symmetric and conver
in 3, continuous in ([3,r), independent of K, and satisfies the scaling relation

T(3,7) =al(a Y26, a7 17), a>0. (7)

Let I, be the Cramér transform (i.e. the large deviation rate function) of the
Poisson distribution with parameter x,

L.(r) =rin(r/k) — r + K, r>0. (8)

We will see that the function r +— I'(8,7) — I,(r) is concave on R, and tends to —oo
as r — +00.

Proposition 2.2 (Free energy). The limit

U(k,B) = jlgr;o T'Z. 57

exists a.s. and in ILP, p € [1,00), and is equal to

U(k, B) = sup{l'(8,r) — Lc(r); r = 0}. (9)
In particular, for all positive a,
V(k,B) = a¥(a 'wa'?p)

BU(B %k, 1).
kU1, 57123). (10)

From this we obtain the quenched large deviation rate function for the distribution
of the number of jumps of the polymer.

Theorem 1 (Large deviations). Define I, 3 to be the convex function

Lg(r)=—=0L(8,7) + L(r) + ¥(k, B).

Then
lim T 'nppr(N(T,X)=n) = —L.5(r), as. (11)

T—oo,n/T—r



Moreover, for a.e. realization of the environment W = {W,(-) : x € Z¢}, and all
subsets B C R,

. < Timi 1
1£Of Log(r) < llTrgng In i, 57 (N(T,X)/T € B)
< limsup T 'Inppr(N(T, X)/T € B) < —inf 1, 5(r).
B

o T—o00

Remark 2.1. (i) Annealed bound. By Jensen’s inequality, it is readily checked that
both
U(k,pB) < p%/2 and T(B,r) < B%/2

hold. These, in addition to (9), imply that
Uk, B) = B*/2 <= T(8,r) = 5*/2, (12)

and, in such a case, I,; g(r) has a unique minimum at r = &.
(ii) Weak versus strongdisorder. From (31), (32) it follows that

U(k,B) = B3%/2 = B/ < T, (13)

for some critical value T, € [0, 00) depending only on the dimension; finiteness of 1.
can be seen from (14) below.

In dimension d > 3, it is known by second moment method [5] that Z,, s rexp{—T/3?/2}
converges to a positive limit, so that the equality holds in the left member of (12) for
(%/k small. Hence, T, > 0 in that case.

In dimension d = 1,2, it is expected, in view of results for discrete models [15],
that T, = 0.

2.2 Asymptotics of Lyapunov exponents for parabolic An-
derson model

The existence of the quenched Lyapunov exponent W(k, 1) is well-known in parabolic

Anderson model literature, see for example [3], [6], [7] and [12]. In [6] and [12] it was

shown that
o2

Wk, 1) ~ o T K\ O, (14)

where ~ means that the ratio of the two sides tends to one. A few words about the
constant « are in order. Define the space of paths

Tjon)n = {fy €D,:v:[0,n] = Z% N(vy,n) = n} )
The superadditive functional

A, = sup H,(vy)

Y€ 0,n],n
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is the supremum of a Gaussian field

{Hn<7) Y€ F[O,n},n}

indexed by the set I'g ) ». This set has a suitably bounded entropy, which allows the
conclusion, see [6] and [12], that there is a finite, positive constant a such that

lim —A, = «, a.s.
n—oo N

This is the constant o appearing in (14). Thus, by the scaling relation (10), it follows
that
a2 62

m, B%/k — 00 (15)

W (r, B) ~

In particular, for k£ > 0,
2

lim W(8% " 8) = =

fm EEeT A = 3y

We give a new approach to (14) and (15). Obviously, since I” norms approach the
L norm as p — oo,

) 1
lim — In B, [exp{BHr(X)}N(T,X)=[rT]] = sup Hr(v)
B—o0 BT YEL (o, 1,(T)
= AT,T’

By taking the limit as T — oo and interchanging the limits 7" — oo and 3 — o0, a
step to be justified later, we get

lim B7'T(B,7) = Jim. T 'Ar,. (16)

B—00

Now, by the Brownian scaling, Ag, £ \/TAr, making the previous limit equal to
ay/T. Let ryax(k, B) be the set of maximizers of the right-hand side of (9). This set

is a non-empty, compact interval included in R*, and we conjecture it reduces to a

single point. Observe by scaling that
Tmax("iu 6) = K‘Tmax<17 571/2/8)'

Theorem 2. (i) Almost surely,
lim A'T(8, r) = av/F
B—00
locally uniformly for r € (0, +00).
(i) As 8?/k — o0,
U(k, ) ~ Ksup {aﬁ % —Li(r):r> 0}
05262

~ 4In(B?/x)



(iii) As 3?/k — oo,
a?(8?/k)
T2 (32/m)

Tmax (K, B) ~ K X

The behavior in (iii) for the typical number of jumps (ryax(k, 5) >> k) is drasti-
cally different from that in the weak disorder regime in Remark 2.1, (i).

2.3 Overlaps and phase transition

Recall the definitions (3) of I, 57 and (2) of J, 3. Even though the quantity J sr
places more restriction on the paths, measuring the fraction of time together from 0
to 1" with respect to ,u?%’T, for large 3%/k it is essentially the same size as I, 5. The
advantage of J, g is that it involves a single Gibbs measure and therefore contains
pathwise information. We will prove in Sections 3 and 4 that

Theorem 3. (Overlaps) (i) For all 5 and k the limit

],@5700 = 71220157577“ (17)

exists almost surely and is nonrandom, and is equal to

~ 2
]H,B,OO =1- E\D(’%v 6) (18)
(i) The limit
Tiproo = M B[]y p7] (19)

exists for all k and all B except for an at most countable set of values of 3%/k, and

Tupoe =1= 67 5- 05, ) (20)

We say that a function f : R — R is non-constant around b € R if; in all neigh-
borhoods of b there is some V' with f(V') # f(b). Define the subsets of R,

2
NC, = {b : % — ¥(1, 3) is non—constant around b} . NC, = Kk'2NC,.

By (10), 5+ %2 —W(k, B) is non-constant around every point in NC,, and only there.
Note that, by (20), this function is non-decreasing as || is increased. Also, if § is
not in the subdifferential of ¥(k,-) at 8, then g € NC,.



Corollary 2.1. (i) We have, with Y. from (13),

Lipoo >0 <= B%/k>T..
(i1) Similarly, for all k > 0,

Y. = inf{s%/k : j,.i,gm > 0}.

Moreover, if B € NC,., there exists a sequence 3, converging to [3 such that j,@gmoo > 0.
Finally, if the derivative of V(k,-) at B exists and is different from B, then J,, 5.0 > 0.

We also have asymptotic estimates on the overlaps.

Theorem 4. As 3?/k — oo, we have (i)

Lipoo=1— W(l +0o(1)),

and (ii)

Jepoo=1—-0 (W) . (21)

The first step for (i) is an It6 calculation, and for (ii) it’s an integration by parts
formula, which relies on the Malliavin calculus.

2.4 End-point and path localization

For fixed k, 8 we define the favourite end-point z*(¢) for the polymer at time ¢ by
2*(t) = argmax { E,; [exp{ BH,(X)}0,(X(t))] : x € Zd} , (22)

taking the first argument x in the lexicographic order in case of multiple maxima. By
definition, #*(t) maximizes the distribution p, 5:(X () = x) of the end-point location.
Noting that for t < T,

1) = 37 B8, (X (1))

xCZ4

is almost surely finite, we see that there is at least one maximizer. We will see in
Proposition 2.3 (i) that, in fact, the spatial rate of decay is superexponential.

We introduce for each 7" > 0 a new object, the favourite path with time horizon
T, defined as

yr(t) = arg max { B, (exp{ BHr(X)}0,(X(t))) ;= € Z'} . (23)

At each time t € [0,7], it maximizes p,p7(X(t) = z); it does exist by a similar
argument.

We start with technical results. Denote f(z,t) = E, [exp{S8H(X)}d.(X(¢))] and
f(z,t,T) = E, [exp{SHr(X)}0.(X(t))] for short notations.

9



Proposition 2.3. (i) For a < In2 there exists Cy(t, W) such that
f(z,t) < Coexp —{a|z|In |x|}, r € 7%
(ii) For a <1In2 there exists C1(T, W) such that
flz,t,T) < Cyexp —{a|z|In|z|}, reZt<T.

(iii) The function t — f(x,t) is almost surely Holder continuous of every order less
than 1/2.
() The function t — f(x,t,T) is almost surely of C* class on [0,T].

We comment on some observations on the favourite attributes z* and y;. Both
depend on &, 8 (also T for the second one) and on the environment V. Both have
long jumps: z*,y; ¢ Dr. By time continuity in (iii-iv) and since for a measurable
F(w, x), the (smallest) maximizer is a measurable function of w, both (¢,w) — yi (%)
and (t,w) ~ x*(t) are measurable functions from [0, 7] x Q to Z%. Observe that the
functions y; and z* are equal at time ¢ = 7', but they are not related otherwise.
In general, x*(7T'/2) is different from y5.(7'/2). The end-point process is F-adapted,
with F = (F)is0, Fr = 0 ({Wa(s) : 0 < s < t, x € Z}) . The other one , being only
Fr-measurable, is anticipating.

Now, here is a fundamental difference between the two. The mapping ¢ — x*(¢) has
oscillations at those times ¢ when there are many maximizers: in view of Proposition
2.3 (iii), the set of jump times then looks locally like the set of zeros of Brownian
motion. In contrast, from differentiability in Proposition 2.3 (iv), we see that ¢ —
yr(t) has no oscillations. The favourite path is much smoother than the favourite
end-point viewed as a process.

Coming to our main results, we prove that the polymer concentrates on the favorite
end-point and path in the strong disorder region (loosely speaking), and overwhelm-
ingly as 3%/k — oo.

Theorem 5. (favourite site and path)
(1) If B*/k > Y., there exists a constant C' = C(%/k) > 0 such that

T
liminf% / lr s (X (1) = 2*(1))dt > C aus. (24)
0

T—o0

On the contrary, for 8*/k < Y., the left-hand side of (24) converges to 0. Finally,
for all € > 0, for all 8%/k large enough, we have a.s.,

(-0 g < lmint g [ s X0) £ 0)a
< h;n—fip%/o e st (X (8) # 2*(t))dt
&2

10



(i1) For all k > 0 and B € NC,, there exists a sequence 3, — 3 such that

lim inf Ejiy 5, 7 (% /0 s (X () y;;@))dt) > 0. (26)

T—o00

On the contrary, for By ¢ NCy, then limr oo B g1 (% fOT do(X () — y}(t))dt) =0

for all B in a neighborhood of By. Finally, for all e > 0, for all 3?/k large enough, we
have a.s.,

-0 i < 1= s Buear (7 [ 60X -0t

1 T
L=ty B (3 [ 800600 - s
052
(/)

In words, the proportion of time the polymer sticks to the favourite path is positive
in the long run if and only if the difference between annealed and quenched free
energies is strictly increasing with |8|. Moreover, this proportion tends to 1 as the
ratio %/k becomes large. In the case (26) we say that path localization holds
at (k,[). In the case of (27), precisely when the overlap of the polymer with the
favourite path tends to 1, we say that complete path localization takes place as
B%/k — oo.

Very little can be said so far on the favourite path 7., which determines the corridor
where most of the mass is concentrated. Both x* and y;. are complicated functions
of the environment. However, from the above theorem, it is approximated, in the
distance disty(x,y) = T* fOT So(x(t) —y(t))dt, within order of 1/1n*(3?/k)) accuracy,
by a path 7 from Dy, with jump density TN (T, %) € (rmax(k, 8) — €, "max (s, B) + €)
by Theorem 1. Since .

K (i, 3) ~ Mj
T?(52/n)
the path 34 becomes wilder as 32/k increases, but within certain limits.
We end with a conjecture, which holds for polymer models on trees.

Conjecture 2.1. NC, = {B:|8] > (KT.)?}.

~

IN

<(2+¢) (27)

3 Preliminaries from Malliavin calculus.

Express minus the Hamiltonian for a fixed path X as



This has the form
=y / (t, 2)dW,(t),
x€Z4

where h(t,x) depends on X by the relation h(t,z) = 6,(X(t)). Obviously, h €
L2([0, T x Z%). The family {W(h) : h € L*([0, T] x Z%)} is called a centered, isonormal
Gaussian family, and defines an abstract Wiener space as in [22] or [27]. The Malli-
avin derivative DF of a square integrable random variable F' defined on this space is,
when it exists, a random element of L*([0, T] x Z%), that we will view as a stochastic
process DF = (D, ,F');, indexed by time and space. The Malliavin derivative D;, is
heuristically equal to m and can be formally computed as such. The Malliavin

derivative of Hp(X) is thus the element of L([0, 7] x Z%) defined by

D Hr(X) = 0,(X(2)).
Then taking f(y) = €Y and applying the chain rule, we find the Malliavin derivative
of f(BHr(X)) is given by

Dy f(BHT(X)) = Bf(BHT(X))0.(X (1))
Taking the average over paths X and then differentiating yields
DyoZyspr = BE[6:(X (1)) exp{BHr(X)}].

Note that we need to invoke not only linearity but also continuity to get this identity.
Using again the chain rule, we obtain

DioInZypr = Bpinsr(0(X(1))). (28)
The crucial point is that

1D Z g e o012y = B2 / W (X (1) = X ()t

- 6 T JH,E,T
< B°T. (29)
The integration by parts formula
T
E[W(h)F] = E[Z/ h Dy, F dt], (30)
—Jo

is the central tool in Malliavin calculus, see [22].

Lemma 3.1.

%E[IHZ,@ 7] = BT[1 = E[Jap1]]- (31)

12



Proof. Differentiating inside the integral, we obtain
0
%E[ln Zypr] = Elptepr(Hr(X))].

Then, we write

Eprpr(Hr(X))] =

unm<2/ AW, ( )))]

€z4d

-3 55, [;H;X’ / dm(th(t»]
-y 5 E [;H;X’ av.(0)] 8.0x(0)]
SSy I

from Gaussian integration by parts, see [22]. (A less pedestrian — though equivalent
—computation is to apply directly the formula (30)). Then,

E [prp0(Hr(X))]

BHT(X) BHr(X) B D,  Hn(X) ePHr(X
-y / 5D, Hp(X) -~ T Bl DHr O TN s v | ar
— ZR,B,T ZH,B,T ZR,B,T
ePHT(X)  BHT(X) B 15 (X (t))ePHr(X)]
= (X (¢ — e 0. (X (1)) | dt
x> / ( )G - G (X(1)

=55 [ F [ 6 X ) ~ e (X ()]

= [ [ (1=t = X))
=PT[1—E[Jepr]]
]

We will use the concentration of measure phenomenon in our analysis. The use of
Malliavin calculus for concentration appeared in [23] in the study of polymers, and
earlier in [26] in the study of mean-field disordered systems.

Lemma 3.2 (Concentration). Let A be a Borel subset of the path space with PF(A) >
0, and let

Zypr(A) = By lexp{fH7(X)}; A

13



Then, for all u > 0,

u2

Proof. Of course, Z, sr(A) = Z, 3 when A is the full space. Following the above
computations for Z, s, we see that the derivative is equal to

DioIn Z g 0(A) = B r(9:(X(1))[A),

and, as in (29), its norm L*([0,T] x Z%) is a.s. bounded by 8%7T. The lemma follows
from Theorem B.8.1 in [27] O

Next observe from (31) that

U(k,8) = lim T'E[InZ,s71]
T—o0
B
= lim r[1—E[J,7|]dr (32)

T—oo Jq

Define
Dy ={p € R:¥(1,p) is differentiable at 3}, D; = D]\ {0},

and

D, = k'/?D;.

By (10), 8 — WV (k, B) is differentiable on D,, for all k, and by convexity, and the com-
plement of D, is at most countable. By standard convexity arguments, the derivative
B(1 — E[J.p7]) of T'E[InZ, 7] converges on D, to (0/08)¥(k,[3). Hence, the
limit

~ 0
— T _1_p19
Jli,ﬁ,oo T ,111_1330 E [JH,67T] - 1 /6 8/B\II<K‘7 6) (33)
exists for all k and 8 € D,, with
s ~
U(k, B) = / P 1= Topeo] dr (34)
0
and moreover B
B 6[1 — J,.i,@oo] is non decreasing. (35)

Proposition 3.1. A4s $%/k — oo,

o2
W(l +0(1)) = % OB r [1 — J,moo} dr,

and

Jepoa=1-0 <m) .
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Proof. The first statement is straightforward from (15) and (34). By (35), we have

for 5 >0,
/Oﬁ'r’ [1 — j,moo] dr > ﬁfr [1 — j,i,mo] dr

2

9 ~
Z % <]- - JH,B/Q,OO) .

Then, combining this with the first statement, we obtain

o2
21In <%2>

yielding the same bound for j,.i,@oo. This completes the proof. O

J/@,ﬁ/Q,oo Z 1 - (1 + O<1))7

4 An Ito Calculation

In this section we use the 1t6 calculus to obtain results on the overlap. We refer to
[5] for the use of stochastic calculus in the study of the parabolic Anderson model.
Recall

Zepi = B lexp{ BH(X)}]

and that B, [f exp{3H,(X))]
K €xXp t
MR,ﬁ,t(f) = Z *
H767t
Note that 1 1
dinZ, g+ = dZ,. 51 — ——d (Z,, )
N 28t Z 5 Bt T 5 Z’%’th (Zpt)
where

dZ. g =dE, lexp{BH:(X)}]
=FE, [d exp{BH,(X)}]

: (36)
—B, [B exp{BH,(X)} dWx(t) + % exp{BH,(X)} dt}

and therefore,
A (Zepa) = BPEE |Lgooxo 5P BHAX)} exp{ BH(X)}| dt

with X an independent copy of X. Thus,

2

A Zy g = B Wi () + 2 (1= 122, (X (1) = X(1)) dt

15



and upon integration we get

1 1 32 L[
n In Z.5: = ;Mt =+ 5 - 7 M,@ﬁ,s(X(S) = X(s))ds |, (37)
0

where M, is a square-integrable martingale with quadratic variation (M) given by
d (M)
St = 0D (X (1) = 2)° = Bl (X (1) = X (1),
T€Z

As a consequence we derive from (37) both the existence of the limit (17) and the
relation (18),

v ) = o (1= p 1 [, (X0 = X6 ds) . as
Indeed,
: <c]i\f>t =p* %Nw,t(X(t) = 1)’
<p* sup s (X (1) = ) %Z: fm (X (1) = ) (38)
<p

Thus, lim;_, %Mt = 0 and the rest is clear.

Proof of Theorem 3. We have just proved statements (i). By (33), and since the
complement of D, is at most countable, we obtain the claims (ii). O

Proof of Corollary 2.1. (i) is a consequence of (18) and of the definition (13) of Y.

(ii) follows from the integral formula (34). For instance, for 0 < 5 < (1 such that
(8%/2) — V(k,B) # (B?/2) — ¥(k, B1), the first term is smaller than the second one
by monotonicity, and the difference

0 < (B7/2) = W(k, Bh) = (5°/2) + ¥(r, B) = /ﬁ " 1= T dr

so that there exists r € (8, 1) such that j,i,r,oo > (0. From this and similar considera-
tions, we easily obtain the second statement. Under the assumption of the last claim,
the equality (20) holds, proving the claim. O

Proof of Theorem 4. The claim (i) is a consequence of (15) and (18).The claim in (ii)
is simply the second part of Proposition 3.1. O

16



Proof of Theorem 5. Letting ar =1 — I, g1 for a short notation, we have

or = 1= [ HE 000 = Koy
-7/ > (0 = el X0) # )
= %/0 (1 - %Ma,ﬁ,t(x(t) = 37)2) dt

Let us denote

my = Nn,ﬁ,t(X(t) # l'*<t)), bT = T mtdt
0

By splitting off the term for x = z*(¢) from the sum of the terms for « # 2*(¢) in (39)
we get,

1 (T
ar = T/o 1—(1—-m)? Z L p(X t)y=2x)*| dt

xF£x*(t)
= 2bT——/ mfdt——/ > twpa(X () = z)%dt.
0 x#x*(t)
Clearly, it implies that ar < 2br, but also an estimate in the reverse direction. Since
Z pe gt (X () = 2)° < Z fr g (X (1) = 27(t)) X pr,p i (X (E) = )

= (1 — mt)mt,
by definition of x*, we obtain
br < ar < 2br.

Therefore, (i) in Theorem 5 follows from points (i) of Corollary 2.1 and of Theorem
4.

We now turn to the proof of (ii). Repeating the same steps with p, g r instead of
5.t €xcept for the splitting according to = = yj.(t) or not, we see that

1 T
ar =1 B [ i (X0 = K@)
0

and .
_ 1 .
br = B [ nan(X() £ i (0)d
0

are such that - B
br < arp < 2br.

Since ar =1 — EJ, g, point (ii) in Theorem 5 follows from points (ii) of Corollary
2.1 and of Theorem 4. O
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5 Jump Distribution

Let Eg denote the expectation for the simple, discrete time random walk S =
{S(i);i € N} on Z* with discrete time, and, for n € N, T, 7 = {(t1,...,t,) : 0 < t; <
...t, <T}. The quantity

B, [P X|N(T, X) = n] (39)

does not depend on k and is equal to

n -1
{%elﬂj} f ) .an TES [H?:O eB[WS(i)(ti+1)_WS(i)(ti)}K/e_"@(ti-kl_ti)} dty ...dt,

— Tyl f ) _an’T Eq [66 Z?:O[WS(i)(tiJrl)—Ws(i)(ti)}] dty . ..dt,,

where we have set tg = 0,t,,1 = T. Under the law on path space defined by (39), the
jump times and jump values are independent, with respective distributions, uniform
on [0,7], and Ps.

Proposition 5.1. The following limits ezist a.s. and in LP,p € [1,00), and are equal:

Ak, B,r) = lim T'InE, [eBHT(X); N(T, X) = [rT]] (40)

T—o0
=  lim  T7'InE, [P N(T, X) = n]
T—oo,n/T—r

The limit is deterministic, convex in 3, and concave in r.

We will use the following observation, which has been found to be useful in similar
situations, where the subadditive (or superadditive) ergodic theorem does not apply.

Lemma 5.1 (Stochastic superadditive lemma). Let Uy be an integrable random pro-
cess indexed by t in N or Ry, such that

(i) EUis > EU + EU,, 5,1 >0,

and

(ii) %(Ut — EU,) = 0 as t — 0o, where — is some stochastic mode of convergence
(a.s., in probability, in LP, ...).

Then, as t — oo,
U EU;

with the same mode of convergence.

Proof of Lemma 5.1. From (i) and the superadditive lemma,
E E
lim % :sup{%; tZO}.

The claims now follows from (ii). O

18



Proof of Proposition 5.1. For r € Q, we now check that Lemma 5.1 applies to the
sequence
U, =InE, [eﬁH‘(X);N(t, X)=rt],

t € N with rt € N. First, define a probability measure on the set of paths D., by
,u,(:)ﬁt() = fepi(- |N(t, X) = rt), we have for s € r'N,

Uss > WE [P EN(E+ 5, X) =r(t+5), N(t,X) = rt]
= B, [P PO~ N (¢ 4 5, X) = r(t+ 5), N(t, X) = 1]
Matkov 77 1 Mg:za,t [exp Uy 0 6, x(s)] (6 time-space shift)
Jensen

> U + Mgzg,t [Us o et,X(t)] (41)

Since {W, : x € Z%} are independent Brownian motions,

E U+l [Usobxw]| = EU -+ Eul), [E (Us0,x0)]
— EUt + EUS,

which, together with (41), proves (i).

To show (ii) with a.s. convergence, we combine concentration and martingale
inequalities. Let 1/2 < a < 1, and {7}, },,>1 be the sequence defined by T} = 1, T}, 1 =
T, + T¢. Then T, = n™+"°" as n — 0o. By Lemma 3.2 with A = {N(¢t, X) = rt},
it is easily seen that (ii) holds along the sequence T,, using the Borel-Cantelli lemma.
We now bridge the gaps. By [to’s formula,

Ur = My — (1/2){M)7 + 3°T/2

for some continuous martingale M with (d/dt){M); < 3% for all t > 0. Fix a sequence
en — 0 with ¢, = n°W . For n large, B*T* < €, T 41, and then

Q sup |Up—Ur,—EUr+EUr, | > QEnTn_H:| < F [ sup  |Mp—Mr,| > €, 1,11

TnSTSTn-H TnSTSTTH-l
Doob
< (€nTn+1)72E [<M>Tn+l - <M>Tn}
< (EnTn—l—l)_QBQ(Tn-i-l —-T,),

which defines a summable series if we choose a € (1/2,1) large enough. By Borel-
Cantelli, this completes the proof of (ii).

The limit A is convex in [ as a limit of convex functions. We now check concavity
in r. First note that

Vi =In B, [?70, N(T, X) = n]
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which is equal to Ur with r = T'/n, satisfies

VTJrT’,nJrn/ Z h’l Eli [eﬁHT+T/(X); N<T7 X) =n, N<T + T/7 X) =n-+ nl]

(r)

(42)
= Vrn+n K g1 [exp Vit pan © 9T,X(T)] (r="T/n).

Proceeding as in (41), and letting 7,7",n,n’ — oo in such a way that n/T —
r,n' )T — ', T/T" — X\/(1 —X) with 7,7" > 0 and X € [0, 1], we get

A(’%a 67 Ar + (]' - )‘)T,) > )\A(K'a Ba ’I") + (1 - )‘)A("{a Barl)a
i.e, the desired concavity. O

Proof of Proposition 2.1. Writing the conditional expectation as a ratio, we now see
that the limit
Jim T'In E, [?HrO|N(T, X) = [rT]]
— 00

exists, and is equal to A(k, B, 7)+1.(r) by Cramér’s theorem. This shows the existence
of ', and also that

Ak, B,r) =T(8,1) — I.(1) (43)

We now turn to the scaling relation. Under P.(-|N(T,X) =n), X1 = (Xt €

[0,77) has n jumps on [0, 7] the values and times of which are independent, uniformly
distributed. Then, with X : s X(s/a), the following image laws are equal

X(a)

0,a7] © Pr(-IN(T, X) =n) = Xpar o PF (- [N(aT, X) = n) (44)

Also, Wi (s) = a/?W,(s/a) defines a collection, W@ = {Wi" : 2 € Z}, of inde-
pendent standard Brownian motions. Denoting by ¢;, 2 = 1,...n, the jump times of
X and ty = 0,t,41 =T, we have by definition,

n - @ .
HY (X) =Y Wy, (tis1) = Wx,, (t)] = o™V HY Y (X@),

i=0
and also,

]_ —1/2 (a
= In B, [N (T, X) = n] = iTlnEH [eﬁa IPHY

) (x(a
X N(T, X) = n}
a

a —1/2 w(a) (45>
= — InE, [eﬁa HY (X)|N(aT,X) = n}

by (44). The first scaling relation follows from taking the limit 7" — oco,n/T — r. The
convexity in [ follows from Holder’s inequality. For continuity we need to establish
lim, ,; I'(8,ar) = T'(B,r). But, by scaling, T'(8,ar) = al'(8/+/a,r) and the result
follows from continuity in 3. O

Here is a direct consequence of (43) and of the scaling.

20



Corollary 5.1. For all v, A is jointly convex in (k, ), and
Ak, B, 1) = al(a Yk, a V2B, a7 r) (46)
Proof of Proposition 2.2. For A, B > 0, write

B, [/ = N B [/ N(T, X) = n] + E, [”""X); N(T, X) > BT]
AT<n<BT (47)
+E, [ N(T, X) < AT] .

By the concentration inequality in Lemma 3.2, as T" — oo,
T~ (In B, [, N(T, X) > AT] — E [In E,, [ N(T, X) > AT]]) = 0
a.s. and in L. By Jensen’s inequality,
T7'E InE, [, N(T, X) > BT]] < 8°/2 —1.(B),
which can be made arbitrarily negative by taking B large. Similarly,
T7E InE, [T, N(T, X) < AT|] < 8%/2 — 1,(A),

which can be made arbitrarily negative by taking A small. Thus, for A sufficiently
small and B sufficiently large,

lim 7' E, [¢"""X] = lim T7'In B, [¢’"7X); AT < N(T, X) < BT
T—o0 T—o0

Define I'r(8,7) = T EIn E,, [¢?#rX)|N (X, T) = [rT]] which is a convex function of
f converging point-wise to I'(5, r) which is also convex in 3. The conditional version
of the concentration inequality holds due to cancellation, that is

u?T
> u) < Zexp{—Q—Bz}.

Write r = sA with s ranging over C' = |1, %] Nn~1Z. Since the number of points in
C grows like n, we conclude by Borel-Cantelli that

P <sup

seC

We also note that by convexity of both I'r and I' that I'r(5,r) converges uni-
formly for 8 in a compact interval to I'(5,r). By (45) it follows that I'r(8,ar) =

al'yr(a=23,r) which implies uniform convergence of I'p(3,7) to ['(3,r) for r in a
compact interval.

P (]% In B, [ CO|N(T, X) = [rT]] — Tr(B,7)

in B, [0 |N(n, X) = [sAT]] - Tu(8, 54)

> e/4 i.o.) = 0.
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Finally,

Y B[O N@ X)=[r]] = Y. Ecexp{BH.(X)}N(n,X) = [rn]

r€[A,Bljnn—1Z re[A,Blnn—1Z

XP.(N(n,X) = [rn])

re[A,Blnn—1Z

= ™ N OB (N(n, X) = [rn))

re[A,Blnn—1Z

O SRR O
re[A,Blnn—1Z

Thus,
T'InE, [¢""*X] ~ T 'InE, [/ AT < N(T, X) < BT

= o(1)+ T 'In Z LB =L (r)T
TE[A,B}QT71Z (48)

= sup {[(B,r) — L.(r);r € [A, B]} + o(1)
— U(k,B), T — o0,
by the standard Laplace method. O
Remark 5.1. We have shown that
V(k, B) = sup{A(x, B,r);r = 0}.
Since I,; is non negative and zero if r = k, and by (43), we have
L(B,r) = sup{A(k, B,7); k > 0}.

Proof of Theorem 1. The first statement directly follows from the previous results.
The large deviation principle (12) is proved in a manner similar to Proposition 2.2 [

Proof of Theorem 2. By (7),

L(3,7) L(r=28,1) L(r=128,1)
e e VAL (19)
We claim
Ble B7Ir(B,1) = a. (50)

i.e., (16) holds for = 1, and that for all 3, 37'T'(3,1) < a. Indeed,

1 1
ﬁl"(ﬁ,l) jlgr;o T InE,[e IN(T, X)=T]

1 (51)
< _
< fim GrfAr

=Q.
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Following the developments in [12], given € > 0, one can find a path v € Dy with
N(T,~) =T and the jump times of ~ are separated by ¢ and Hy(vy) > (a—0)T where
0 — 0 as e — 0. Moreover, writing n ~ v to mean that the jump times of n are within
€¢/3 of the jump times of v and the two paths jump to the same sites at these jump
times we have
T reNT e\T

pox i 0= 2 22 (6 - (&)
In addition, for X ~ = one has eventually, Hy(X) > (o — )T with § — 0 as ¢ — 0.
Thus,

1
lim lim B—Tln E,[PHr@|N(T, X) = T]

B—o00 T'—o00

1
> lim lim BT In B, [e*T7@) X ~ ~|N(T, X) =T]

B—o00 T—o0

B—o00 T—o0

1 T
> lim lim B_Tln (eﬁ(a_‘s)T\/f <6_Ee) )

T B—oo T—o0
>(a—9)
and letting € — 0 and therefore § — 0 we have established the claim (50). Then, (50)
and (52) imply (i), uniformly for r € [¢,e!] for all € € (0, 1].
By (49) and (51) we have

1
> lim lim = In eI (X ~ 4|N(T, X) =T) (52)

L(B,r) < apyr, (53)
Combining (9) and (53),

U(k,B) < sup {aBvr—L(r)}.
For the converse direction, consider r,, the (unique) maximizer of a5+/r — I.(r). Note

that r,, ~ —0 ; as (%/Kk — oo and write

U(k,B) = T(Brm) = La(rm)
= Tmr(r;zl/ZBa 1) = L(rm) (by (7))
= 7 2801+ €(r;V26)) — L(rm) (}LIL% e(u) = 0,see (50))

= (1+€(r;}?B)) x r.hus. of (15).

m

Thus, the first claim in (ii) is proved. The second one is clear. We finish by (iii),
which means that all maximizers are of the indicated order of magnitude. For ¢ > 0,
using (53) and the definition of 7,

sup{I'(B,7) — Li(r) : |[r — rpp| > Time} < sup {aﬁ\/; —L(r);|r —rp| > rme}
< (1-=9¢)sup{afyr —1L.(r);r >0}
<

(1—8)U(k,B)
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for some positive 9, d’. O

6 Regularity of the favourite attributes

In this section, we give the

Proof of Proposition 2.3. We denote by ||z|| = max;<,4|z;| the supremum norm on
the lattice. Let 0 <a < b <In2.
(i) Observe that provided n is sufficiently large that 2"/t > &,

on<||z)|<2ntt 2n<||z||<2n+l

P < sup  f(z,t) > eb"2n> < 49" max  P(f(x,t) > e ")
< 4dondebn?”  max BB, [exp{BH(X)}6.(X ()]
2n <zl <2mtt

= 492" max B [Eexp{BH,(X)}]] 0.(X (1))]

2n<|lzf<2ntt
< 4d2nd6bn2n662t/2PH(N(t, X) > 2n)
< 4d2ndebn2” 662t/26—2" log(2"/nt)+(2”/t—/@)t'

(54)

Thus,

2n<||z||<2n+1

iP( sup  f(z,t) > e ") < oo,
n=0

and consequently, given almost any realization of W, there is an N; such that
f(z,t) <e ™" for|lz| > 2", n> Ny.

This implies that for some Ny = Ny (W),

sup f(z,t) = max  f(x,t),

zeZd x€Z4,||z||<2N1

which implies the desired property.
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(ii) Setting 7, = inf{s > 0: X(s) = x}, we have

P sup sup f(z,t,T) > e ") <492  max  P(sup f(z,t,T) > e ")
2n< |z <4d2n+l t<T 2n<lzfl<2mtt <

< 4dgndehn2t max F {sup B, [GXp{ﬁHT(X)}(Sm(X(t))]]

2n<|lzf<2ntt t<T

< 449 max  EE, {sup exp{ﬁHT(X)}éz(X(t))]

2n<|lzf<2ntt t<T

= 49" max  EE, [exp{BHr(X)}; 7, < T]

2n<|jz||<2nt1

= 4492 max B, [E [exp{BHp(X)}]] ;7 < T]

2r<lzfj<2mtt
< 4d2nd€bn2n662T/2PH(N(T, X) > 2n)
< gdgnd bn2" 662T/26—2” log(2" /KT)+(2"/T—rK)T (55)

In the same way as before, we now conclude that f(x,t, T') exhibits superexponential
decay in = and as well that for some Ny = No(W, T)),

sup f(z,t,T)=  max  f(x,t,T7),0<t<T.

z€zZd z€Z,|lx)| <22

(iii) For X € Dy, define the time-reversed path X® € D, with X®(s) = X (¢t — s).
Since the symmetric simple random walk is reversible, we have

Ft) = Blep{BH(X)}15(X(1)
= Eexp{BH,(X)}5(X (1)

By (1), we obtain

t t
fa ) =00+ [ Afwyds 5 [ fa)odi,(s)
0 0
Since f is positive, we see that f(z,-) has the same regularity as W,.
(iv) Define

Hip(X) = %, 4, [ 6,(X (s = )[dW,(s) = dWa(s)],
fo(@, 6, T) = f(z,t,T) x e PWa(D),

By Markov property, we have
foz,t,T) = f7(2,t) x ¢°(2,t,T), (57)
with

Fo(z,t) = B [ePHEO06 (X (1)),
§°(2,1,T) = EBz[ePHir ],

25



By reversibility under P,
(2, t) = BZ [P 50 (X (1)),
Similar to (1), we obtain for z # z,

ﬁ@ﬂzé@+ﬁ/AJWJMWBAﬁV@OW%@—Wwﬁ

0

though the last term vanishes for z = z,

[ (x,t) = 6,(0) + /@/Ot A, f(x, s)ds. (58)

By definition of ¢*(z,t,T), we have a similar identity,
T
g (x,t,T) =1+ /@/ A,g%(x,s,T)ds.

t

Combining this with (56), (57), (58), we conclude that ¢ — f*(z,t,T) is differentiable
on (0,7) with derivative

%f(a:, t,T) = eBWz(T)/i(gm(:c,t, T)A, f(x,t) — f(x, )AL g%(x, ¢, T)),

which is continuous this interval, with probability 1. O
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