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Lower compactness estimates for scalar balance laws

Fabio Ancona*, Olivier Glass!, Khai T. Nguyen*

Abstract

In this paper, we study the compactness in L}, of the semigroup (S;);>0 of entropy weak solutions
to strictly convex scalar conservation laws in one space dimension. The compactness of S; for each
t > 0 was established by P. D. Lax [9]. Upper estimates for the Kolmogorov’s e-entropy of the image
through S; of bounded sets in L' N L> were given by C. De Lellis and F. Colse [4]. Here, we provide
lower estimates on this e-entropy of the same order as the one established in [4], thus showing that
such an e-entropy is of size ~ (1/¢). Moreover, we extend these estimates of compactness to the case
of convex balance laws.

1 Introduction
Consider a scalar conservation law in one space dimension
ut + f(u)s =0, (1)
where u = u(t, r) is the state variable, and f € C?(R;R) is a (uniformly) strictly convex function:
f"(w)>e>0 VYueR (2)

Without loss of generality, we will suppose

f1(0) =0, 3)

since one may always reduce the general case to this one by performing the space-variable and flux
transformations = — = + ¢ f/(0) and f(u) — f(u) — uf’(0). We recall that problems of this type do not
possess classical solutions since discontinuities arise in finite time even if the initial data are smooth.
Hence, it is natural to consider weak solutions in the sense of distributions that, for sake of uniqueness,
satisfy an entropy criterion for admissibility [3]:

u(t,x—) > u(t, z+) forae. t >0, VzecR, (4)

where u(t,r+) denote the one-sided limits of u(t,-) at z. The equation (1) generates an L!-contractive
semigroup of solutions (S;);>0 that associates, to every given initial data ug € L'(R) N L>°(R), the
unique entropy admissible weak solution Syug = wu(t, -) of the corresponding Cauchy problem (cfr. [3, 8]).
This yields the existence of a continuous semigroup (S;):>o acting on the whole space L'(R). Such a
semigroup S; was shown by Lax [9] to be compact as a mapping from L'(R) to L}, .(R), for every ¢ > 0.

De Lellis and Golse [4], following a suggestion by Lax [9], used the Kolmogorov’s e-entropy concept,
which is recalled below, to provide a quantitative version of this compactness effect.

Definition 1. Let (X, d) be a metric space and K a totally bounded subset of X. For e > 0, let N.(K)
be the minimal number of sets in a cover of K by subsets of X having diameter no larger than 2. Then
the e-entropy of K is defined as

H.(K | X) = logy No(K).
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Throughout the paper, we will call an e-cover, a cover of K by subsets of X having diameter no larger
than 2e.

De Lellis and Golse obtained an upper bound for the e-entropy of the set of solutions to (1) at any
given time £ > 0, as ¢ — 07; that is to say, they showed how strong is the compactifying effect. Precisely,
they established the following result.

Theorem 1 ([4]). Consider f € C*(R;R) satisfying (2) and (3). Given any L,m, M > 0, define the set
of bounded, compactly supported initial data

Citmoan = {0 € L'(R) N L¥(R) | Supp (wo) € (L, L], Nluollr < m, Nuollze < M} (5)

Then for € > 0 sufficiently small, one has

with

L(T) = L+2 sup |f"(2)|\/2mT/ec. (7)

[z|<M
The aim of this paper is to show that the e-entropy estimates provided by Theorem 1 turn out to
be optimal, since we shall establish a lower bound on such an e-entropy which is of the same order

as De Lellis and Golse’s upper bounds. Hence, we deduce that H.(S7(Cipm ) | L' (R)) is exactly of
size ~ ¢~!. Precisely, we prove the following.

Theorem 2. Under the assumptions and in the same setting of Theorem 1, for any T > 0, and for
e > 0 sufficiently small, one has

H.(S7(Czm) | L'(R)) > (8)

1 L?
e 48-In(2) - |f7(0)|T"

As suggested in [9], the knowledge of the e-entropy magnitude of the solution set of (1) may play an
important role to provide estimates on the accuracy and resolution of numerical methods for (1).
The main steps of the proof of the lower bound (8) consist in:

1. Introducing a suitable class of piecewise affine functions and showing that any element of such
a class can be obtained, at any given time ¢, as the value u(t,-) of an entropy admissible weak
solution of (1), with initial data in Cjz , ar-

2. Providing an optimal estimate of the maximum number of functions in such a class that can
be contained in a subset of S7(Ciz,m, ) having diameter no larger than 2e. This estimate is
established with a similar combinatorial argument as the one used in [1].

Remark 1. Since by (2), (7), we have L(T)\/% < LZ(QQ, one derives from (6) the estimate
1 24L(T)?
He(ST(C[L,mJV[]) | Ll(R)) < g . %

Therefore, the size * - W of the lower bound (8) turns out to be the same as the one of the upper

€
bound on the e-entropy of St (Cirm,a) provided by Theorem 1, upon replacing L with L(T), and |f"(0)]
with c.

Next, we address the more general case of convex balance laws. Namely, given f € C?(R;R) sat-
isfying (2), (3) and g € C1(R* x R x R;R), we will analyze the compactifying effect of the balance
law



As for (1) we will consider weak solutions of (9) that satisfy the entropy admissibility condition (4). We
will make the following assumptions on the source term g:

g(t,z,0) =0 V (t,r) € RT x R, (10)
D,g(t,z,u) >0 Y (t,z,u) € RY x R? (11)
Jwe L, (RY) st. |Dug(t,z,u)| < w(t) for a.e. t € RT, V (2,u) € R2. (12)
In particular, (10), (12) together imply
lg(t, z,u)| < w(t) - |ul for a.e. t € RT, V (2,u) € R?. (13)

Under assumptions (12) or (13), for each ug € L'(R) N L>°(R), there exists a unique entropy admissible
solution wu(t, ) of (9) with initial condition u(0,-) = ug, see [3, 6, §].

Remark 2. Condition (10) in particular implies the fact that the source term g, if not zero, does depend
on u, since otherwise one would have g = g(t,xz) = 0, for all t,x. Because of (10), all solutions u(t, )
to (9) with initial data of compact support remain compactly supported for all times t > 0. Instead,
condition (11) guarantees that, at any given time T > 0, all constant states w(z) = w € R can be
obtained as the value u(T,-) of an admissible solution to (9) with suitable initial data. In fact, thanks
to (11), the backward generalized characteristics emanating from time T > 0 can never cross at a time
0 <t <T. Hence, using the method of the generalized characteristics [2, 3], one can always reconstruct
a solution on the time interval [0,T), starting from the terminal value u(T,-) = w.

We shall denote by E; the evolution operator that associates, to every initial data ug € L*(R)NL>(R),
the entropy admissible solution Eyug = u(t, ) of the corresponding Cauchy problem for (9). We establish
the following.

Theorem 3. Suppose that f € C*(R;R) and g € C'(RT x RxR;R) satisfy (2), (3), (10), (11) and (12).
Then, in the same setting of Theorem 1, for any T > 0 and for € > 0 sufficiently small, one has

He(Br(Clr,man) | L'(R)) = (14)

1 Lg-exp(—\|w\|L1(07T))
: I8 (@) [f0)| T

Since balance laws are not considered in [4], following the same lines of the proof in [4] we also establish
the same type of upper bound for H.(E7(Ciz,m,m) | L'(R)) as the one given in Theorem 1.
Let us introduce the following notations. Given ¢t > 0, M > 0 and a,b € R with a < b, we set

BapaM) = {(s,2) [s € [0,8], a=(t =) If ey STS0+E=8) U N pian}r (15)

and

kap,t(M) = max {|Dyg(s, z,u)|; (s,2) € Daps(M), u € [-M,M]}. (16)
We obtain the following result.
Theorem 4. In the same setting of Theorem 1, assume that f € C*(R;R) and g € C1(RT x R x R;R)
satisfy (2), (3), (10), (12). Then, for e > 0 sufficiently small, one has

8 L(T)?- (1 +2(1+ T Kpr) exp ([lwll, g 1 ))

1
H.(E L'(R)) < —- '
(Br(Cirman) | LH(R)) < £ - o
where
. 11 2mT
L(T) = L+ 20N e ngy nty [1 + T\/m} exp([[wll,, g )
KL,T = k_LT,LT,T(MT)’
with
. 1/ °
LT = L + ||f HLoc(fM]w]\JT) MT T’
and
My = exp ([|w|| ) M.

L1(0,T)



Remark 3. As observed in Remark 2, the condition (11) guarantees that the equation (9) be controllable
to constant states at any time T > 0. However, it remains an open question whether such a condition
is really necessary in order to show that the class of piecewise affine functions introduced in the proof of
Theorem 2 be reachable by solutions of (9) at any given time T > 0. On the other hand, Theorem /4
implies that the solution set of (9) is compact in L}, without requiring that the assumption (11) be
satisfied. Thus, it remains as well open the problem of determining whether such an assumption is
necessary to establish the lower bound (14) on the e-entropy of the solution set of (9).

Remark 4. Theorems 3 and 4 remain true if the source term has the form g = g(t,u), and satisfies
only the condition (12), together with g(-,0) € L}, .. Clearly, in this case, the solution u(t,-) of (9) will
not be in general compactly supported, but instead the difference between u(t,-) and the solution of (9)
with zero initial data has always compact support. So, it will be convenient to compute the e-entropy of
the translated set E(Cip.m,ar) — ET0, which obviously coincides with the one of E1(Cir,m ). In this

way we will see in Subsection 4.3 that one can establish, for € > 0 sufficiently small, the estimate

o SL  zenp(lel )
HE(ET(C[L,mJVI]) | L (R)) < g : T VT > 07 (17)
where
2mT
. " .
L(T)iL + 2||f ||L°°(—M§1,M%) c eXp(”w”Ll(O,T))?
with
Mz =exp(|lwllzx0,7)) (M + [lg(-, 0)[| L2 (0.1))-
Moreover, for any T > 0, and for € > 0 sufficiently small, we derive the estimate
1 L2 -exp (—|wlliio,1))
H.(E7(Cif,m L'(R)) > —- ’ . 18
(Fr(Chaman) TR 2 2 5 0@y 17 crom) T "
where
Gr =1+ 9(,0)[[rr0,7) exp(llwl 21 (0,1))- (19)

As a final remark, we observe that it would be interesting to provide upper and lower quantitative
compactness estimates for the solution set of genuinely nonlinear 2 x 2 systems of conservation laws
(whose L}, compactness follows from the estimates provided in [5], as observed in [10]), while it remains
a completely open problem whether such a compactness property continues to hold (and possibly derive
similar quantitative estimates) for general systems of N conservation laws with genuinely nonlinear

characteristic fields.

The paper is organized as follows. In Section 2 we provide a tight lower bound for the e-entropy of
the solution set of a convex conservation law, establishing Theorem 2. In Section 3 we extend the results
of Section 2 to the case of convex balance laws, proving Theorem 3. Finally, in Section 4 we derive an
upper bound for the e-entropy of the solution set of a convex balance law, proving Theorem 4; also, we
prove Remark 4.

Acknowledgements. The authors wish to thank Institut Henri Poincaré (Paris, France) for providing a
very stimulating environment at the “Control of Partial Differential Equations and Applications” program
in the Fall 2010, during which a part of this work was written. FA and KTN thank the Marie-Curie
Initial Training Network SADCO for its support. OG is partially supported by the Agence Nationale de
la Recherche, Project CISIFS, grant ANR-09-BLAN-0213-02.

2 Lower compactness estimates for conservation laws

2.1 Proof of Theorem 2

For arbitrary positive constants L, M, m and b, let us consider the set

A[L,m,M,b] = {UT S BV(R) ‘ Supp (UT) C [—L,L}, ||UTHL1 S m, ”uTHLOC S M? DU‘T S b}7



where the last inequality has to be understood in the sense of measures, i.e. the Radon measure Dur
satisfies Dur(J) < b- |J| for every Borel set J C R, |J| being the Lebesgue measure of J. We obtain a
proof of Theorem 2 as a consequence of the following two propositions that shall be established below.

Proposition 1. Suppose that f € C%(R;R) satisfies (2), (3). Given any L,m, M, T > 0, for

h < min (M,Tg,ngfu(O)'), (20)
sufficiently small, one has
ALy, Lhn, @71r70)) -1 C ST(ClL,m M), (21)
with
Ly = L —2T|f"(0)| - h. (22)

Proposition 2. Given L,m,M,b > 0, for any € > 0 satisfying

. < mm(m,LM)7 (23)
6
one has b2
1 2
1 > .
Hs(A[L,m,M,b] |L (R)) =z 27111(2) (24)

Notice that the lower bound (24) is independent on m and M, which appear only in the constraint (23).
Moreover, because of (20), the constant Ly given by (22) satisfies Ly > (3/4)L. Hence, applying (24),
with L = Ly, b= (2T|f"(0)])~!, and relying on (21), we recover the estimate (8), which proves Theo-
rem 2.

2.2 Proof of Proposition 1

1. We will show that any element ur of the set on the left-hand side of (21) can be obtained as the value
at time T of a weak admissible solution to (1), that is backward construct starting from ur by reversing
the direction of time. Namely, given

ur € ALy, Lh, b, 2T|£7(0)))-1] (25)

set
wo(x) = ur(—2x) VzoeR, (26)

and consider the entropy weak solution w(t,z) = Spwp of (1) with initial data wg. By well-known
properties of solutions to scalar conservation laws, and because of (20), (25), w verifies the L! and L>
bounds (cfr. [3, Theorem 6.2.3, Theorem 6.2.6]):

Hw(ta ')HLl < HwOHLl < Lh<m,

Vit>0. (27)
[w(t, )L < llwollpe < h < M,

Moreover, recalling that the solution propagates along generalized characteristics (cfr. [3, Chapters X &
XI]), and due to (3), (25), (27), we derive the bound on the support of w:

Supp (w(t, ")) C [=I(t),I(t)] V>0, (28)
where
l<t) = LT +t- ||f/||Loo(7h’h) < LT +th : ||f”||Lo¢(7h7h)' (29)
Since, by the continuity assumption on f”, we may assume that
[f"(R)] < 21£"(0)], (30)



for |h| sufficiently small, we deduce from (22), (29), that
<L VteloT]
Together with (28), this yields the uniform bound on the support of w:
Supp (w(t,-)) C [-L, L] Vtel0,T]. (31)
Next, observe that the function
u(t,z) =w(T —t,—x), (t,z) € [0,T] xR,
is a weak solution of (1) in the sense of distribution, which, by (26), clearly satisfies
uw(T,-) = up.

On the other hand, if we show that w(¢, ) is Lipschitz continuous with respect to z, for all z € R,
t €]0,T7, it would follow that u(¢, x) automatically satisfies the admissibility condition (4) as an equality,
and thus provides an entropy weak solution of (1) which attains the value ur at time 7', and has initial
data u(0,-) = w(T, — ) € C|m,a by virtue of (27), (31).

2. Therefore, to complete the proof of the proposition we only need to show that
w(t,-) € Lip(R) Vtelo,T]. (32)

Toward this end, observe that since w is an entropy admissible weak solution of (1), with initial data
wo € BV(R) by virtue of (25)-(26), one has w(t,-) € BV(R) for all ¢ > 0 (cfr. [3, Theorem 6.2.6]). It will
not be restrictive to assume that w(t, -) is right continuous (possibly redefining w(t, -) on the countable
set of jump points). Moreover, by the strict convexity assumption (2) on f, w satisfies the one-sided
Oleinik inequality [11]:

Yy—x ct
for all ¢ > 0, and all z,y € R with z < y. We will show that the initial lower bound
(y=) — wola+) = Dui(Jz,y]) > — 2 34
wO y wO x - U)o m7y - 2T|f//(0)|? ( )

induced by (25)-(26) propagates over the time interval ]0,T[, so that w satisfies also a lower semi-
Lipschitz estimate which, together with (33), yields (32). Namely, we will prove that, for any ¢ €]0,T7,
there exists some constant C; > 0 such that, for all z,y € R, with x < y, there holds:

wlty) ~wlta) | (35)
y—x a

Observe that, if w(t,y) — w(t,z—) > 0, relying on (4) we immediately deduce (35). Hence, we will
consider only the case where
w(t,y) —w(t,z—) < 0. (36)

We shall rely on Dafermos’ theory of generalized characteristics (in the sense of Filippov) for entropy
solutions of conservation laws (cfr. [3, Chapters X & XIJ). Let £*(-) and &Y(-) be, respectively, the
minimal and maximal backward generalized characteristics emanating from (¢,x) and (¢,y). Since these
characteristics are shock-free, they are straight lines of slope f'(w(t,x—)) and f/'(w(¢,y)), respectively,
and satisfy

w(t, =) = w(s,£"(s)) < wo(§"(0)+)

w(t,y) = w(s,£(s)) = wo(£”(0)—)

(see [3, Theorems 11.1.1 & 11.1.3].) Moreover, &*(-) and £Y(-) do not cross at any time s €]0,¢[
([3, Theorem 10.3.2 & Corollary 11.1.2]), so that one has £¥(0) > £(0). Notice that, If £¥(0) = £*(0), it
follows that

V0<s<t, (37)

I'w(t,y) = f'(w(t,z=) = == >0,



which, by the strict convexity of f, implies w(t,y)) — w(t,z—) > 0 in contrast with (36). Therefore, we
may assume that £¥(0) > £%(0). Due to (34), (37) we then have

w(t,y) —w(t,z—) = wo(£Y(0)=) — wo(£7(0)+)
£Y(0) = £%(0)

= T2r0)
_ y—a -t (w(ty) - f (w(te-))
2T177(0)] |
Thanks to (27), (30) and (36), this yields
wlt,y) it =) > gl + ) (2] (39)

In turn, (38) together with (4) yields (35) with
1
2T =) f"(0)
It follows from (33) and (35) that, for any fixed ¢ €]0, T, there holds

Cy =

’w(t,y)—w(t,xﬂ Smax{(at)fl,C’t}-|y—x| Vae<uy,

establishing (32), and thus concluding the proof of Proposition 1. O

2.3 Proof of Proposition 2

1. Following a similar strategy as the one pursued in [1], we will establish a lower bound on the cov-
ering number N (A[z m, arp)), by first introducing a two-parameters class of piecewise affine functions
in A[z,m,a,5), and next providing an estimate of the maximum number of such functions contained in a
subset of AL 01,5 having diameter no larger than 2e. Namely, given any integer n > 2, and a constant
h > 0, for every n-tuple ¢ = (t;)i=0,...n—1 € {—1,1}" consider the function F, : R — [—h,h], with
support contained in [—L, L], defined by (see Figure 1):

hn

2L .
2L< +L - k—) ifo, =1, of
F.(z) = ) . Ve L—|—k— —L+(k+1)n
2
”(:c+L (k—i—l)—) if 1 = —1,
n

2L ke{o,...,n—1}.

Y A s e

Figure 1: The function F, for n =10 and ¢ = (-1,-1,1,1,1,-1,1,—1,-1,1)

Notice that every F,, t € {—1,1}", belongs to A1, m a5 Provided that

h< M, hg%, nh < 2Lb. (39)
Moreover, given any ¢,7 € {—1,1}", one has
2hL
17, = Fell, = = d(e,0),



where

d(e,7) = Card{k € {1,...,n} | tx U}
It follows that

_ ne
[F = Fell,, <e <= d(,7) < YA
Notice that, given any fixed 7 € {—1,1}", the set Zy(¢) of n-tuples « € {—1,1}" such that d(:,7) < 575

depends on 7, but the number of elements of Z;(¢) is independent of the choice of 7. Denote C(¢) such a
number. By standard combinatorial properties, counting the n-tuples that differ for a given number of
entries, we compute

L5z

cey =Y <’;) (40)

£=0

where |a] = max{z € Z | z < a} denotes the integer part of «. In order to provide an estimate of C(e),
we rewrite the right-hand side of (40) using the fact that, if X1,..., X,, are independent random variables
with Bernoulli distribution P(X; = 0) = P(X; = 1) = 1, then for any k < n one has

k
P(X1+---+Xn§k):21nZ(Z>. (41)
=0

We may estimate the left-hand side of (41) setting S,, = X1 +-- -+ X,,, and using Hoeffding’s inequality
([7, Theorem 2]) that, for any fixed p > 0, gives

P(Sy, —E(Sn) < —p) < exp <—2Z2) : (42)

where E(S,,) denotes the expectation of S,. Since, by the above assumptions on Xi,..., X, we have
E(S,) = 5, taking u = § — | 535 |, k = | 577, and assuming

ne n
< = 4
2hL — 2’ (43)

we deduce from (40)-(42) that

n

<o (50-5))

2. To obtain a large lower bound on the covering number of Az, a7 m 5], let us maximize the map

=3 17"

1 (5 — Long))®
7(3(5) <exp|—2-2—2hL2]
<o ) "

with the parameters h,n, subject to (39) and (43). If we first optimize ¥(h,n) with respect to h (letting
n be sufficiently large so that the first two constraints in (39) be satisfied) we find that the maximum is

attained for
Lt

I, 45
2 (45)
Next, optimizing ¥(h,,n) for n satisfying (43), we deduce that the maximum is attained for
2bL?
wW= ) 46
One can check that B L
e _m_m
2hmL 6 2’



so that, with hsm, 7 defined by (45), (46), conditions (39), (43) are both verified provided that e satis-
fies (23). Hence, we deduce from (44) that

C(e)
2’)1

_ 1 4bL?
< exp (= ¥(hz, 7)) = exp <_5 o ) .

Now observe that any e-cover of A[z ar,m,p), in particular, contains the set
F = {fL R — [—hﬁ, hﬁ] ; LE {—1, ].}n},

and that each element of this cover contains at most C(2¢) functions of F. Since the cardinality of F
is 2", it follows that the number of sets in an e-cover of Az, arm b is at least

2" 1 2bL?
N, > > Z.
E(A[L,M,m,b]) =z C(25) Z €Xp <€ o7 ) s

which yields (24), thus completing the proof of Proposition 2. O

3 Lower compactness estimates for balance laws

3.1 Proof of Theorem 3

In order to establish Theorem 3, we will make use of a local Oleinik type estimate for balance laws (9),
that extends (33) taking into account the contribution of the source term. An inequality of this kind
was established in [12, Theorem 1.2]. Here, we provide a slightly more accurate estimate, determining
how the constant C' appearing in [12, Theorem 1.2] depends on the time ¢ and on the set of points x,y
for which the inequality holds. For source terms of the form g = g(u), a global Oleinik type estimate
was obtained in [6, Section 4]. Recall the notation k(M) from (16).

Lemma 1. Suppose that f € C*(R;R) and g € C1(RT x R x R;R) satisfy (2), (10) and (12). Given
up € LY(R) N L®(R), let u : RY x R — R be the corresponding entropy admissible solution of (9) with
ingtial condition u(0,-) = ug, and set

My = Jluol, . - exp (||| t=>0. (47)

Ll(O,t))
Then, for all t > 0, and for any given a,b € R, a < b, there holds

2 .
ult,g) —u(t,w)  H O eV oxp (1wl 0,)

Yy—x - ct

YV z,y € [a,b], x<uy.
(48)

Remark 5. From the proof of the lemma it will be clear that, when the source term has the form
g = g(t,u), and satisfies (12), but not necessarily (10), one obtains the global Oleinik estimate

u(t,y) — u(t, ) < exp (Hw”Ll(O,t))
Yy—x - ct

Vr,yeR, z<uy, (49)
which is a bit more accurate than the one provided in [6] (showing that the constant C appearing in [6,
Section 4] is precisely 1/c).

Relying on Lemma 1, we will establish the analogous result of Proposition 1 in the case of balance laws,
which together with Proposition 2 yields the conclusion of Theorem 3.

Proposition 3. Under the assumptions of Lemma 1, assume that f, g satisfy also (3) and (11), respec-
tively. Then, given any L,m,M,T >0, for

i m L
h S min (M, E, W) exp (_ ||w||L1(O,T))’ (50)



sufficiently small, one has

. E 1
AI:LT,Lh,hv(2T|f”(O)‘exP(”wllLl(o‘T)))_l] C T(C[L,”%M])V (5 )
with

Ly = L —2T|f"(0)| exp (|| (52)

L1(O,T)> h

Note that, thanks to (50), the constant Ly given in (52) satisfies Ly > (3/4)L. Hence, relying on (51),
and applying (24), with L = Lz, b = (2T|f”(0)| exp(||w|r.2(0,7))) ~*, we recover the estimate (14), which
proves Theorem 3.

Remark 6. For balance laws (9) with source term not satisfying condition (11), a result as the one
provided by Proposition 3 is in general false. If we consider for example the balance law

g+ (u?/2), = —x, (53)

with initial data ug = 0, by a direct computation along the characteristics we find that a shock disconti-
nuity is generated in the corresponding solution at time T = /2. It follows that the zero constant cannot
be attained as the value of a solution to (53) at any time T > w/2. A way to see this is that, should
a solution reach 0 at time T > w/2, it would not contain a shock for t € [0,T] as a consequence of [3,
Theorem 11.9.4], and hence it would be reversible in time, which yields a contradiction with the shock
generation mentioned above. Another way to see this is that by tracing characteristics backwards on such
a solution, one would find a centered rarefaction wave at positive time.

But on the contrary, one clearly has 0 € A[ps pr ar ) for any L'ym!, M', 0" > 0. Hence, if we let E;
denote the evolution operator associated to (53), the inclusion Ap: ms v ) C E7(Cip,m ) will be never
satisfied for T > 7/2, no matter how we choose the constants L',m’, M’ b'.

3.2 Proof of Lemma 1

1. Tt will be sufficient to prove (48) when the initial data ug € L'(R) N BV (R), since one can then
recover (48) for general data ug € L*(R) N L>°(R) relying on the L!-continuity of the evolution operator
E;, t > 0, and on the lower semicontinuity of the positive variation. Therefore, we may assume that
u(t,") = Eiug € BV(R) for all ¢ > 0, and thus we can use again Dafermos’ theory of generalized
characteristics (we refer to [3, Section 11.9] for the general case of balance laws). Moreover, it is not
restrictive to suppose that u(t,-) is right continuous, and to establish (48) only at points x,y € [a,b]
where u(t,-) is continuous (since one then derives (48) at the points of discontinuity taking the right
limits of u(t,-)).

Observe that, if £(-) denotes the maximal backward generalized characteristic emanating from a
point (¢, z), then by [3, Theorem 11.9.1] there is some C! function v(-) that, together with (), satisfies
on ]0,¢[ the characteristic equation

{5(8) = f'(v(s)), (54)
o(s) = g(s,8(s), v(s)),
with

&)y =z, o(t) =u(t, ). (55)
Furthermore, there holds u(s,£(s)£) = v(s) for all s €]0,¢[, and

uo(£(0)—) < v(0) < up(§(0)+). (56)

Therefore, since (13), (54) imply

Lo(s)] < w(s) - o(s)], 67)

applying Gronwall’s lemma, and using (55), (56), we deduce

ju(t, 2)] < max{uo(€(0) )], fuo(€(0)4)[} - exp (]l ., )

10



In turn, this yields
[lu(s, -)HLOO < M; Vsel0,t], t>0, (58)

with M, defined by (47). Relying on (58), and because of (54), we deduce that the set A, 5 (M;) defined
n (15) is a backward domain of determinacy relative to the interval [a,b] and to the time ¢, since it
contains all backward generalized characteristics emanating from points (¢, ), € [a, b].

2. Fixt >0, a,b € R, a < b, and consider z < y two points of continuity of u(t,-) inside [a,b]. Let
&%(+) and &Y(-) be the (unique) backward generalized characteristics (cfr. [3, Theorems 11.9.5]) emanating
from (t,x) and (t,y), respectively. By [3, Theorems 11.9.1 & 11.9.3] there will be some C! functions
v*(+),v¥(), so that (£§7(-),v™(-)) and (£¥(:),v¥(-)) satisfy on ]0,¢] the characteristic equations (54) with

§5(t) =z, V*(t) =u(t,x) and  £U() =y, v¥(t) = ult,y). (59)

Observe that, if u(t,z) > u(t,y), the inequality (48) is certainly satisfied since its right-hand side is
always positive. Therefore, by virtue of (59) we will consider only the case v*(t) < v¥(t). Then, set

7 =inf {o €]0,] | v"(s) < v¥(s) Vs € [o,1]}, (60)
and observe that, by the strict convexity assumption (2) on f, and because of (54), one has
y—r>¢s)—€(s) Vselo]. (61)

Moreover, since £*(-) and £Y(-) do not cross at any time s €10, ¢] (cfr. [3, Section 11.9]), it follows that

V(s) > &%(s)  Vselo,d. (62)
Then, relying on (12), (54), (58), (61), and recalling (16), we deduce that for all s €]7,¢t[, there holds
0¥(s) = 07(s) = g(5,¥(s),v"(s)) — 9(5,£"(5),v"(5)) + g(5,£7(s),v"(s)) — g(s,£"(5),v"(s))
< w(s)(0¥(s) = v"(8)) + Kap,t (Mi)(E¥(s) = £%(s)) (63)
< w(s)(v(s) = v"(s)) + kbt (Mi)(y — ).

Hence, using Gronwall’s lemma, from (63) we derive

v¥(s) —v"(s) > (v¥(t) — v"(t)) exp ( - / W(T)dT) = (t = 8)kapte(Me)(y — x)
° Vselat. (64)

Y

(0¥(t) — v*(t)) exp ( - /Ot w(T)dT) — t kot (M)(y — )

Two cases now may occur. If @ > 0, by the definition (60) and because of the continuity of v*(-), v¥(-)
it follows that v*(7) = v¥(F), which together with (64), and recalling (59), yields

u(t,y) —u(t,z) < tkqp(M)exp (/0 w(r)d7‘) (y —x). (65)
Instead, if @ = 0, using (64), and relying on (2), (62), we deduce
0 <¢£7(0) —£7(0)
—y—a= [0 = 1 e)ds

<y—a—c [ @)~ (s))ds
< (1+ ct?hapi(My))(y — z) — ct(v¥(t) — v*(t)) exp ( - /0 w(T)dT),
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which, by virtue of (59), yields

u(t,y) — ult,z) < (1+ct k"””éth))(y*x) exp ( /0 w(T)dT). (66)

Hence, from (65), (66) we recover the inequality (48) concluding the proof of the lemma.

Notice that the assumption (10) was used, in conjunction with (12), only to establish the a-priori
bound (58) on the L norm of the solution, which in turn was needed to define a bound on D,g over a
domain of determinacy of the solution. Therefore, as observed in Remark 5, the conclusion of the lemma
continues to hold (with k4 +(M;) = 0 in (48)) in the case the source term g = g(t, u) satisfies only the
assumption (12). O

3.3 Proof of Proposition 3

1. In the same spirit of the proof of Proposition 1, we will show that any element ur of the set on
the left-hand side of (51) can be obtained as the value at time T of a weak admissible solution to (9)
constructed by reversing the direction of time, starting from up. Namely, given

ur € AT L, (27177 (0) | explell 1 o)1 (67)

setting
g(tv z, U) = _g(T - tv -z, 'LL) )

we consider the entropy weak solution w(t, ) = Eywq of
Wy + f(w>m = ’g(tw’f,U)),

with initial data
wo(z) = up(—x) Vo € R. (68)

Observe that, by the estimate (58) established in the proof of Lemma 1, and because of (50), (67), (68),
there holds
ot o < exp (0l g p) el
vtelo,T]. (69)

Sexp(HwH )hSM.

L1(0,T)

Moreover, as discussed in the proof of Lemma 1, the solution propagates along generalized characteristics
that satisfy the equation (54), and hence, by virtue of (67), (69), we derive the bound on the support of
w(t,-):

with _
1(t) = L+t f Lo (—pn, pn)» Ph ieXp(HwHLl(oyT))h (71)

On the other hand, observing that by the continuity of f” we may assume that
1" (on)] < 21£7(0)], (72)

for |h| sufficiently small, relying on (3) we derive

W) < Le+tpnll f e,

B (73)
< Ly +2T|f"(0)lpn -
Hence, recalling (52), we deduce from (70), (71) and (73) the uniform bound on the support of w:
Supp (w(t, ")) C [L, L] v tel0,T], (74)
which, in turn, together with (50), (69), yields
w(t, )|, <2Lexp (||w||L1(07T))h <m Vte|0,T] (75)
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Next, observe that the function
u(t,z) =w(T —t,—x), V(t,z) € [0,T] xR,
is a weak distributional solution of (9), which, by (68), satisfies
u(T,") =ur,

and thanks to (69), (74), (75), verifies u(0,-) € C|1, ;5 a1)- Moreover, note that Lemma 1 guarantees that
w(t, z) verifies the corresponding upper one-side inequality (48). Therefore, to conclude the proof of
Proposition 3 it will be sufficient to show that w satisfies also a lower semi-Lipschitz estimate, since then
one deduces that u(t, ) = w(T —t,—-) is locally Lipschitz and hence automatically satisfies the entropy
condition (4).
2. We will show that the initial lower bound
wo(y—) —wolz+) _ 1
y—w o) e ([l g p)

Ve,yeR, z<uy, (76)

induced by (67), (68), propagates over the time interval |0, T, i.e. we will prove that, for any fixed
t €]0, T, there exists some constant C; > 0 such that there holds:
t —w(t ~
wb) mwlho) 5 &5 vayeRr a<y. (77)
y—

As in the proof of Lemma 1, it is not restrictive to establish (77) only at points z,y € R where w(t, -) is
continuous. Observe that (77) is automatically verified when w(t,y) — w(t, ) > 0. Hence, we only need
to consider the case where

w(t,z) > w(t,y). (78)

Letting &*(-), £Y(-) denote the backward generalized characteristics emanating from (¢,z) and (¢,y),
respectively, there will be some C* functions v®(-) and v¥(-) so that (£%(-),v*(+)) and (£¥(-),v¥(+)) satisfy
on ]0,¢[ the characteristic equation (54), with g in place of g, and

) =a, v(t)=w(t,z) and &)=y, V() =w(ty). (79)
Furthermore, there holds
v*(0) < wo(£°(0)+), v?(0) = wo(£(0)—). (80)

We will now prove that the inequality (78) between v*(t) and v¥(t) is preserved on the whole interval ]0, ¢],
i.e. there holds
v¥(s) > vY(s) vV s €]0,t]. (81)

Toward a proof of this claim, set
7 =inf {0 €]0,] | v"(s) > v¥(s) Vs € lo,t]}, (82)
and observe that, by the strict convexity of f, and because of (54), one has
&% (s) < &Y(s) Vselo,t]. (83)

Moreover, the assumption (11) on D,g implies D,g > 0. Then, relying on (12), (54), (83), and by the
definition (82), we find

0% (s) = 0%(s) = g(5,€%(5),v"(5)) — (5,67 (5), 0" (5)) + (5,7 (5), 0" (5)) — (5, €% (5),v%(s)) (84)
<w(s)(v"(s) —v(s)),
for all s €]7,t[. Hence, using Gronwall’s lemma, from (84) we derive
v¥(s) —v¥(s) > (v(t) —v¥(t)) exp ( — / w(T)dT)
° Vs € [a,1], (85)

v

(v®(t) — vY(t)) exp ( - /Otw(r)dr) >0

13



which, in particular, implies v*(g) > v¥(7). Thus, by the definition of 7 in (82), and by the continuity
of v®(-),v¥(-), it follows that @ = 0.

3. Since @ = 0, by (83) and (85) we deduce that
£°(0) < £%(0), v*(0) > 0¥(0). (86)
Relying on (69), (72), (76), (80), (81), (86), and using (85) with @ = 0, we find

= w T — W Y — gy(O) — 61(0)
Bo = wo€(O)+) =woE*07) < Srrmr o) exp (]

Ll(o,T))

y—z+ / (F/ (0" () — £/ (0¥(s)))ds

27117 (0) exp (Il o )
y—= t
< 7oA
= 2T\f”(0)lexp(HWHU(O’T)) Tt
which yields
O o < y—a . 87
wo(£7(0)+) — wo(£Y(0)—) < 2(T—t)\f”(0)|eXp(HWHLI(O,T)) &

Hence, applying again (85) with @ = 0, thanks to (80), (79) and (87) we obtain
w(t.) — w(t,2) 2 exp (], o p,) (0(€(0)-) — wo(€(0)+))
y—z

> T/ Nl £/ /AN 0

AT =0)l(0)]
which proves (77) with

o S—
F AT -0l O)”

thus completing the proof of the proposition. O

4 Upper compactness estimates for balance laws

4.1 Proof of Theorem 4

Following the arguments of De Lellis and Golse in [4], we shall establish an upper estimate on the e-
entropy of E1(C(z,m, ) relying on the upper bound on the e-entropy of a class of nondecreasing functions
provided by:

Lemma 2. ([4,Lemma 3.1]) Given any, L,V > 0, setting
Tipv) ={v:[0,L] = [0,V] | v is nondecreasing },
for0<e< %, there holds

HGwy | 20,0 <1 | 2.

In order to derive an a-priori bound on the support of solutions to balance laws in terms of the L! norm
of their initial data, we will use the next technical lemma whose proof is provided below.

Lemma 3. Given v € BV(R), compactly supported and satisfying
Dv < B in the sense of measures, (88)

for some constant B > 0, there holds

1], < V2Blo]L (89)
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Now, supposing Lemma 3 proven, one establishes Theorem 4 as follows.

1. Given any ug € C[r,m, 0, We shall first derive an a-priori bound on the L' norm of the corresponding
entropy weak solution u(t,-) = Eiug of (9), relying on the Oleinik type estimates provided by Lemma 1.
To this end, observe that by standard arguments for conservation laws (e.g. cfr. proof of [3, Theo-
rem 11.8.2]), and thanks to (13), we find

Dt 0 < ottt Py, < ) e, ],

Hence, applying Gronwall’s lemma, and by the definition (5), we deduce
e, M, < exp (Il ) ol < exp (il o) o ¥EE0.T] (9p)

Moreover, as discussed in the proof of Proposition 3, because of (5) and (58), we have

hut, ), . < Mz =exp (ol 00) M ¥ EEO.T], (91)

and with (3), (56) and (57), that

with
T
" . 93
S L+ 15 gy [ It (93)
On the other hand, observe that (91)-(93) and the estimate (48) imply u(t, ) € BV(R), and
(14 ct?KL 1) - exp (HwHLl 0 T))

Du(t) < ” Vtelo,T], (94)

with
Krpr =k_pppp10(Mr), Ly =L+ |f"| “MrT,

Lo (=M, Mr)

(k—Ly Ly (Mr) being defined in (16)). Hence, applying Lemma 3 and relying on (90), (94), we derive

2m (14 ct?Kr 1)
ot My <y 22 exp ([l )Y e BT e T, (95)

which, together with (93), yields

1+Ct2KLT
O S LA i g o0 () | e,

(96)
. 2mT
<L) = L4200 e gy aii N o [V TVERLr | exp (Il )
Then, thanks to (2) and (95)-(96), we deduce
L(T)
. < 22/

2. In connection with ur = E7ug, consider now the function

(1+cT?Kpr)exp (o], r )
() = Oy L;g? —ur(x — L(T)), 2 € [0,2L(T)].
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By virtue of (94), uy is nondecreasing and, thanks to (97), satisfies

(1 +2(1+ cT?K; T) exp (HwHLl or ))L(T)

0 <uf(z) < T vV x e 0,2L(T)].

Hence, one has

et
[QL(T), (1+2(1+c T2Kr 1) exp(|lw]|

DER

L1(0,T)

Since u* is obtained from the restriction of ur to [—L(T),L(T)] by a change of sign, a translation by
a fixed function, and a shift of a fixed constant, it follows that the e-entropy relative to L'(0,2L(T))
of the set gathering all functions u* obtained from Erug, uy € Cir,m,m]» in this way, equals the one
of Er(Cip,m ) relative to L'(—L(T),L(T)). Therefore, the conclusion of Theorem 4 follows by an
application of Lemma 2, and observing that, because of (92) and (96), one clearly has

He(Er(Cirma) | L'(R)) = Ho(Er(Cipmoan) | L' (—L(T), L(T))).

4.2 Proof of Lemma 3

We shall first establish the conclusion of the Lemma 3 for compactly supported functions v, that belong

to C§°(R), and thus by (88) satisfy v'(x) < B for all x € R. Assume that Supp (v) C [-L, L], and

consider a point T € [—L L] such that [v(Z)] = ||v]|eo. We discuss two cases according to the sign of v(T).
If v(T) > 0, defining y = min{z € [-L,Z] | v > 0 on |z, ]}, one has v(y) = 0, and

2(=) —
v (T) = Q/y v(z) v (z) de < 2B/ ) dz < QB||11HL1(]R).

If v(%) < 0, defining y = max{x € [, L] | v < 0 on [T, z[}, one has

205\
v (J:)——Q/x o(2) v/ (2) do < 23/ r) do < 2B, .

Hence, in both cases we get the estimate (89) when v is smooth.

For general v € BV(R) satisfying the assumptions of the lemma, consider p € C§°(R), with p > 0
and fR p = 1, define the mollifier p, (z) = %p (%)7 for v > 0, and then introduce a smooth approximation
of v setting

Vy = Py * V.

Observe that, by standard properties of convolutions, and applying the integration-by-parts formula for
BV functions, relying on (88) one gets

v, —B=p,xv—p,*B=p,x(Dv—B)<0.
Hence, by the above conclusion we can apply (89) to v,, finding

[ovll, o < V2Bllvy] L1 (98)

Since v, — v in L}(R) as v — 07, and because there holds ||v, s — [|v]|ec as v — 0F, we then recover
from (98) the estimate (89) for v, thus completing the proof of the lemma. O

4.3 Proof of Remark 4

Let us discuss the case when g = g(¢,u) satisfies (12), but does not necessarily satisfy (10). As observed
in Remark 5, in this case we can still rely on the Oleinik type estimate (49). On the other hand, the
solution of (9) will be in general not compactly supported, since the solution with zero initial data will be
in general different from zero. Then, to establish the same type of estimates of Theorem 3 and Theorem 4,
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it will be more appropriate to consider the e-entropy of the set of functions Er(Ciz 1) — E70 (which
are compactly supported by the finite speed of propagation of solutions along characteristics) rather than
the e-entropy of E7(Cz,m ). Clearly, the two sets have the same e-entropy, being obtained one from
the other by a translation.

1. Upper estimate. Observe now that, if ¢+ — v%(t) denotes the solution of the Cauchy problem
0 = g(t,v), v(0) = 0, then the function defined by setting v(t,z) = v°(t), for all x € R, results to be the
(admissible) solution of (9) with initial data up = 0. Hence, one has

E0=2"(t), VYt>O0. (99)
Thus, setting

Ly(t)=inf{x € Supp (Eyug—E0) | ug € Cir,mn},  La(t) =sup{z € Supp (Eiuo—E;0) | uo € Cirm,m)}

(100)
for every ug € Cz,m,n there holds
Eug(x) = 0%(t) Vit>0, Ve < Li(t) or & > Lao(t). (101)
Relying on (12), (101), one then deduces as in the proof of Theorem 4 that
d
2 1Bevo — B0l < llg(t, Bruo) = g(t, BO)|, < w(t) - || Bruo — EO],
which, in turn, yields the estimate on the L' norm
1B — B0l < exp (ol o ) - ol < exp(leluqp) - m  VEcDI].  (102)

With similar arguments, one can derive as in the proof of Lemma 1 the a-priori bound on the L* norm

| Eruo—E40[|, < exp (Jlw]] < My = exp (|Jw| )-M Vtelo,T]. (103)

Ll(o,t))'HUOHLw L'(0,T)

On the other hand, applying Lemma 3, and thanks to (49) and (102), we derive

2m
1 Beto ~ BOl, . < \/ 22 exp (ol ) Y EN0LT]. (104)
Given any uy,u2 € C[rm 0, We introduce
Iy (u1,t) = inf Supp (Fruy — E0) and Ils(us,t) = sup Supp (Frug — E;0).

We consider the maximal backward characteristic emanating from (¢,1;(u1,t)) associated to E(.yu1,
denoted & (-), and the minimal backward characteristic emanating from (¢, l2(u2,t)) associated to E.yus,
denoted &3(-). Then there are some C! functions v1(-) and va(+) so that (&1(-),v1(+)) and (&(+),v2(+))
satisfy on ]0,¢[ the characteristic equation (54), with g(s,v(s)) in place of g(s,&(s),v(s)), and with
&1(t) = Li(u,t), v1(t) = Eyui(li(ui,t)), and &(t) = la(uz,t), va2(t) = Erua(la(uz,t)). Observe that by
the properties of the characteristics one clearly has —L < §;(0) < L, i = 1,2, and

vi($)] = [Es(ui)(&i(s))| < [ Bs(wi)llze Vs €]0,4], i =1,2.

1
loc?

Moreover, using that ¢(-,0) € Lj, ., and applying Gronwall’s inequality we find

()] < explwlon) o0l g, ¥ s, (105)

Hence, relying on (99), (103), (105), we derive the estimates

max(|v1 (s)], [va(s)]) < M7, = exp(|wllior) (M + 9,0l 10m) ¥ se[0.4,
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and using (3),
t

|l2(uz,t) — 1 (u1,t)| < 2L + e g arz) /0 [va(s) — v (s)|ds. (106)

On the other hand, thanks to (104), we get
lva(s) — vi(s)] < [ Es(u2) = Es(0)|| L + [ Es(u1) — Es(0)]| Lo
[2m (107)
<2 E'eXp(HwHLl(O,T)) VSE]O,t].

Recalling (100), by the arbitrariness of uy,us € Cif, 1), We deduce from (106), (107) the estimate

. 2mT
Lo(t) = La(t) < 2L(T) = 2L + 4]l /" |z (argaag)\| —— - exp (I@ll o ) Y EE 0,7,

which in turn, together with (2), (104), yields

L(T
| Bruo — Br0]|_ < 2O

L = 2¢T (108)

Then, for any given ug € C[ m,m, setting ur = Erug — E70, we consider the function

eXp (”w”Ll(O,T) L(T)
+

7 Ry ur(z + Li(T)), z € [0,2L(T)],

uy(z) =

that results to be an element of I[2L(T)’ L) (145 exp(w] 1 0.19)] by virtue of (49) and (108). With the

same arguments of the proof of Theorem 4, applying Lemma 2, we thus obtain the estimate (17).
2. Lower estimate. For what concerns the lower bound on the e-entropy of the set of solutions of (9),

with ¢ = g(t,u) satisfying (12) together with g(-,0) € Lj,., following the same lines of the proof of
Proposition 3 one can show that, for

m L

h<\LM, 7, exp (— [|w : 109
( L 4T|f~|Lw<GT,GT>|> (= lllys ) (109)

sufficiently small, there holds

= € Tr, (£ — Br0, 11

AT Al:LT,Lh,h,(THf”HL‘X’(—GT»GT)exD(HwHLl(O,T)))il] = TT( T(C[L,m,M])) TO ( 0)

with B
Lyr=L1L-— T”fH“L(O(—)GT,Gﬂ - exp (Hw\|Ll(07T))h, (111)

where G is defined by (19), and 77 denotes the shift operator
u(z) = Tr (u)(x) = u(x — 17r),
associated to some constant 7, to be defined later (see (116)). In fact, given any ur € A, consider the
entropy weak solution w(t, z) = Eywq of
wi + f(w)e = —g(T —t,w),

with initial data
wo(z) = up(—x) +0°(T) VaxeR, (112)

and observe that the function u(t,z) = w(T — t,—x) is a weak distributional solution of (9), which, by
(99), (112), satisfies
w(T,) =ur + Er0. (113)
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Moreover, note that because of (99), (112) one has E; v°(T) = v°(T —t), and Eywy = v°(T — t) for all
x with |z| large enough. Hence, with the same arguments as above, by virtue of (12), (109), (112), and
because ur € .AT, one deduces that

)~ B (D), < exp (@l )Nl < exp (ol ) h<M Ve 0.1,
(114)
lw(t, ) — EtUO(T)||L1 < exp (HWHLl(o,t)) Nurll,, <exp (HWHLl(o,T)) -Lh <m Vtel0,T].
(115)

Recalling the definition (19) of G, from (105), (109) and (114) we derive
[w(s, )z < Gr, Vs €[0,T].
Thus, observing that Epvg(T)=1(0)=0, setting
E1(T) = — sup{ € Supp (Bruwo) | wo(—) €A_+0*(T)},

Ly(T) =~ inf{x € Supp (Erwo) |wo(—) € A_+v°(T)},

and relying on (109) and (111), we deduce that

Supp(w(T, =) C [L1(T), Lo(T)],  La(T) = La(T) <2Lp + 2T | || Jh<2L.

Loo(fc:T,c;T)'eXI?’(| L0,

Then, setting B
T =L (T)+ L, (116)

we find that Supp(7-,_(w(T,—))) = Supp(T-~, (Epwo(—-))) C [~L, L], which, together with the esti-
mates (114)-(115), yields
T—T (U(O, )) = T—T (UJ(T, _)) € C[Lm@,M]-

T T
Therefore, since w(t, x) verifies the upper one-side inequality (49), if we establish the lower bound (77),
for some constant Cy > 0, and for all ¢ €]0,77, it would follow that u(t,-) € Lip;,.(R) for all ¢ € (0,T),
and hence, observing that T_,_(u(t,-)) = E(T_-_(u(0,-))), we deduce by (113) that

7:TT (’LLT) S ET(C[L,m,M]) — E70.

In turn, this relation clearly implies ur € T;_(E7(Ciz,m,a)) — £70, proving (110).

Concerning (77), as observed in the proof of Proposition 3 it will be sufficient to derive such an
estimate for all points z,y € R, < y, where w(t,-) is continuous, and such that w(¢,z) > w(t,y). To
this end, note that, by the definition of A _ in (110), ur € A and (112) imply

wo(y=) —wo(at) _ 1
y—z Ty, 0 o (90000

Ve,yeR, z<y.

Then, with the same notations and with the same procedure of the proof of Proposition 3, relying on (12),
(54), (114), we obtain

£Y(0) - £7(0)

THf//HL[OjGT,GT] exp (Hw"Ll(O’T))

Ag = wo(£7(0)+) —wo(£¥(0)—) <

Y-zt / (F(0"()) — F'(0¥(s)))ds

T”fHHLf’fGTYGT] exXp (HwHLl(O,T))

— t
y—° + 1A,
exp(

<
T f" || Lo

[=Gr.G7]

|w||L1(O,T))
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In turn, this yields
wit,y) = w(t, ) > exp (Il o 7) (w0(€7(0)=) — wo(€*(0)+))
y—z
>
= (T =) ’

[-G7.Gr]

thus establishing (77), with C; = (T — t)llf”HLF"G . ])_1. This completes the proof of (110). Since
~ —YT.=T
by (109), (111) we have Ly > (3/4)L, relying on (110), observing that

H. (ET(C[L,WL,M]) ‘ Ll(R)) = H. (’E’T(ET(C[L,TTL,M])) —E70 | LI(R))a

and applying (24), with b = (TH'f””L[OOG o exp(|lwllpro,m)) "t L = Ly, we derive the estimate (18).
—=T.=T
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