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Abstract

The topic of this paper is to study the conservation of variational
properties for a given problem when discretising it. Precisely we are
interested in Lagrangian or Hamiltonian structures and thus with vari-
ational problems attached to a least action principle. Consider a partial
differential equation (PDE) deriving from a variational principle. A
natural question is to know whether this structure is preserved at the
discrete level when discretising the PDE. To address this question a
concept of coherence is introduced. Both the differential equation (the
PDE translating the least action principle) and the variational struc-
ture can be embedded at the discrete level. This provides two discrete
embeddings for the original problem. If these procedures finally provide
the same discrete problem we will say that the discretisation is coher-
ent. Our purpose is illustrated with the Poisson problem. Coherence
for discrete embeddings of Lagrangian structures is studied for various
classical discretisations. For Hamiltonian structures, we show the co-
herence between a discrete Hamiltonian and the discretisation of the
mixed formulation of the Poisson problem.
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Introduction

Many problems in physics, formulated in terms of Partial Differential Equa-
tions (PDE), are associated with essential structural properties. For instance
we mention the maximum principle, conservation laws or variational princi-
ples in mechanics. It is quite natural to ask the numerical methods to preserve
these structural properties at the discrete level: in order to enforce the numer-
ical solutions to satisfy the underlying physics of the problem.

Two fundamental notions arising in classical mechanics are Lagrangian and
Hamiltonian structures. Lagrangian systems are made of one functional, called
the Lagrangian functional, and a variational principle called the least action
principle. From the least action principle is derived a second order differential
equation called the Euler-Lagrange equation, see e.g. [1]. The Lagrangian
structure is much more fundamental than its associated Euler-Lagrange equa-
tion: it contains information that the Euler-Lagrange equation does not. An
important example is the change of coordinates. The Lagrangian structure
is independent from change of coordinates, whereas the associated Euler-
Lagrange equation may completely change of nature (from linear to non linear
for instance). Similarly, Hamiltonian systems also are associated to a vari-
ational structure. They are associated with fundamental properties such as
energy conservation or existence of first integrals.

Consider a numerical method for the resolution of a problem that derives
from a variational principle. When understanding how the original variational
structure is embedded at the discrete level, one can answer how the associated
properties will be preserved by the numerical solutions. There has been a wide
range of works about the conservation of geometrical properties at the numer-
ical level by Hairer et al. [17, 15, 16], by Faou [11] and on the conservation of
variational structures by Marsden et al. [23, 18, 20, 19] in the case of ODEs.

In this paper we will analyse the question of the conservation of variational
structure as follows. We consider the general framework of embeddings as
presented in [5, 4, 6, 7]. We introduce the concept of coherence. Consider
a problem associated to a Lagrangian structure. On one hand we have the
Lagrangian functional £ on a functional space. On the other hand we have
the corresponding Euler-Lagrange equation. Discretisation can be performed
in two different ways.

e Either by discretising the Euler-Lagrange equation. This will be called
a discrete differential embedding because it is based on deriving discrete
versions of the differential operators in this PDE.

e Or discretise the Lagrangian structure by defining a discrete Lagrangian
functional £ and the associated discrete least action principle. This
second procedure is called discrete variational embedding (it is also called
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variational integrator).

In case the discrete differential embedding and the discrete variational embed-
ding are equivalent, we will say that we have coherence. The same notion of
coherence can be defined relatively to Hamiltonian structures.

In case of coherence, the numerical solutions will inherit the properties of the
original physical problem (conservation of energy, independence with the co-
ordinate system...).

Based on this notion of coherence, the present work is an attempt to inter-
pret numerical methods as wvariational integrators for PDEs deriving from a
Lagrangian/Hamiltonian structure. We will focus on a canonical example of
such a problem: the Poisson equation. This problem is well documented at the
continuous and at the discrete levels. It provides an appropriate test case to im-
prove the understanding of discrete embeddings for Lagrangian/Hamiltonian
structure.

The outline of the paper is as follows. In section 1 are presented Lagrangian
systems. We introduce in section 2 the notions of discrete differential and
discrete variational embeddings, and give various examples. The concept of
coherence is then defined in section 2.4. In section 3, we study the coherence for
finite difference and finite volume methods, as applied to the Poisson equation.
Section 4 is concerned with Hamiltonian structures and mixed formulations.
The discrete embedding of Hamiltonian structures is analysed for the mimetic
finite difference method that is shown to be coherent.

Throughout this paper,  C R? is a bounded domain with regular boundary.
The Sobolev space of order m is denoted by H™(€2) and the two following spaces

HYQ) = {ve H(Q)vpn =0}, Hun() = {p e L2AQ)", divp e L*0)}
will be considered.

1 Lagrangian systems

We recall classical results about Lagrangian calculus of variations for PDEs,
illustrated in section 1.2 with the Lagrangian formulation of the Poisson prob-
lem. For more details, we refer to [9, 12, 13].

1.1 Lagrangian calculus of variations

Definition 1. An admissible Lagrangian function L is a function,

L:OxRxRY — R
(x7y72) )_) L(l‘7y7z)7
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such that L is of class C! with respect to y and z and integrable in z. The
Lagrangian function L defines the Lagrangian functional L:

L:H(Q) — R,
U — /QL(:L’,u(a:),Vu(x))dx.

We are interested to vanish the first variations of the Lagrangian functional
L on a space of variations V. As in [12], we could give a general notion for
extremals and variations. We take the following definitions of the notions of a
differentiable functional and an extremal for L.

Definition 2 (Differentiability). We consider a space of variations V' C H'(Q).
The functional £ is differentiable at point v € H'(2) if and only if the limit,

lir% L(u+ev) — E(u)’
(d €

exists in any direction v € V. We then define the differential DL(u) of L at
point u as,

L - L
vV s DL(u)(w) = lim 20t ) = £
e—0 €
With the above definition of differentiability, one recovers the usual defini-
tion of the differential in case V' = H'(Q) and DL(u) is linear and continuous
in u on H'(Q2). The definition given here suffices to introduce extremals:

Definition 3 (Extremals). A function u € H'(2) is an extremal for the func-
tional £ relatively to the space of variations V' C H'(Q) if £ is differentiable
at point v and:

DL(u)(v) =0 forany veV.

L L
Proposition 1. If z — g—y(az,u(x),Vu(x)) and = — g—z(az,u(x),Vu(x)) re-

spectively are in L*(Q) and in [LQ(Q)]d, then the Lagrangian functional £ is
differentiable at point u € HY(Q).
In that case the differential is given for any v € H'(Q) by:

DL(u)(v) :/Q [g—j (z,u(z), Vu(z)) v(z) + a—L(x,u(:c),Vu(:c))-Vv(:c) dz.

Proof. Using a Taylor expansion of L at the point (z,u + ev, V(u+ €v)) in the
variables y and z leads to:

L(z,u+ev, V(utev))= L(z, u, Vu)+ev g—L (z,u, Vu)+V (e v)-g—L(x, u, Vu)+o(e).
Y 2z
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Integrating over the domain € gives:

L(u+ev) = L(u)+ 6/ v(az)g—L(w, u(z), Vu(z))dz

Q Y
oL
+ E/QVU(ZL‘) : a(x, u(z), Vu(x))dz + o(e),

leading to (1). O

Extremals of the functional £ can be characterised by an order 2 PDE,
called the Fuler-Lagrange equation given in the following theorem.

Theorem 1 (Least action principle). Consider a Lagrangian functional £ that
satisfies the sufficient conditions of differentiability of proposition 1 at point
u € H'(Q). Assume that u is an extremal for a given space of variations V/
and that 2&(-,u(-), Vu(-)) € Hqiv(2). Moreover the subspace V= {v € V,v =
0 on 99} is supposed to be dense in L?(€2). Then u satisfies the Euler-Lagrange
equation:

oL . (OL
8—y(:p,u(x), Vu(x)) — div <§(x, u(z), Vu(x))) =0. (2)

In the sequel we will denote P the differential operator associated to the
Euler-Lagrange equation given by

P(u) := g—j(:p,u(x), Vu(x)) —div (g—i(x,u(x), Vu(x))) : (3)

Proof. Following (1) and using the Green formula gives: V v € 1,

/Q [g—j@ u(x), Vu(z)) - div (g—% ule), wu))ﬂ o(z)dz = 0,

which implies (2) by density of V4 in L%(Q). O

1.2 Lagrangian structure for the Poisson problem

We consider the Poisson problem on €2 for a homogeneous Dirichlet boundary
condition: find u € H*(Q),

—Au=f in Q and uwu=0 on 09, (4)

for a data f € L*(2). Assuming that € is bounded with a smooth boundary,
problem (4) has a unique solution u € H*(Q2) N H} ().

Equation (4) is the differential formulation of the Poisson problem. Let us now
present its variational formulation. We consider the Lagrangian function L:

L(z,y,z) = %z -z — f(x)y.
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The associated Lagrangian functional £ is given by,

1
L(u) = / ( §|Vu|2 — fu) dz. (5)
Q
The differential formulation (4) of the Poisson problem is equivalent to,
find w € Hy(2) sothat VoeHyQ), DL(u)(v)=0, (6)

Equation (6) is the well-known variational formulation of the Poisson problem,
with the space of variation V = H}(Q) given by:

/Vqudx:/fvdx.
Q Q

2 Discrete embeddings

The formalism of embeddings has been initiated in [5] and further developed in
[4, 6, 7). We propose here a general notion of discrete embeddings. This notion
is defined in two particular cases: discrete embeddings of differential operators
called discrete differential embedding in section 2.2 and discrete embeddings
of Lagrangian functionals called discrete variational embedding in section 2.3.
The notion of coherence between discrete differential and discrete variational
embeddings is presented in section 2.4.

2.1 General definitions
Let X denote a functional space on 2. We consider the mapping,
P:ueXw~— Pu) ey,

where Y either is a functional space on €2 or Y = R. At this point no particular
property is required for P.

Definition 4. We consider X; and Y, two finite dimensional spaces and
m : X = Xp, my 0 Y — Y, two surjective linear mappings. We introduce
Py . X — Y, and consider the diagram:

X L, v

ml lm (7)
Py,

Xh —_ Yh

We say that P, is a discrete embedding of P.
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Remark 1. The setting presented in definition 4 is general. It introduces
discrete (finite dimensional) counterparts for the functional spaces X and Y.
These discrete spaces theirselves can be functional spaces (such as for finite
element methods e.g.) or not (such as for finite difference methods). The
diagram is not commutative in general.

Consider again the Poisson problem. On one hand we have its differential
formulation (4). It is associated to the mapping P: v € X — Au+ f €Y,
with X = H?(Q) and Y = L?(Q). The Poisson problem rewrites as:

find we M C X sothat P(u)=0,

with M = H}(Q2) N X. A discretisation for the differential formulation of the
Poisson problem reads,

find w, € M, C X;, so that Ph(uh) =0, (8)

where P, : X, — Y}, is a discrete embedding of P and where M, C X} en-
codes the boundary condition. The definition of P, requires a definition of A,.
This is a discrete embedding for the Laplace operator and will be referred as
discrete differential embeddings. This is detailed in section 2.2.

On the other hand the variational formulation (6) of the Poisson problem,
with X = H!(Q), £: X - R and V = H{(Q) = M rewrites as,

find we M CX sothat YVveV, DL(u)(v)=0.
A discretisation for the variational formulation of the Poisson problem reads:
find wu, € M;, C X5, sothat Vu, € Vh, Dﬁh(uh)(vh) =0.

It involves L}, : X} — R, a discrete embedding of the Lagrangian functional
L: X — R, that will be referred as discrete variational embedding. This is
developed in section 2.3.

2.2 Discrete differential embeddings

Definition 5. Consider the diagram (7) in definition 4 in the case where P is
associated with some PDE P(u) = 0, i.e. P is a differential operator. In that
particular case we call P}, a discrete differential embedding.

Note that a discrete differential embedding is not a differential operator
itself. It is the discretisation of a differential operator.

Consider the discrete differential embedding for the Poisson problem (8). We
set Pyup, = Apup + fr. The definition of P, involves a definition of f;, and of
Ayp,. Two ways can be followed to derive Aj. The first one is to directly discre-
tise the Laplacian, as it is done using finite difference methods in section 3.1.
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The second one is to use the divergence form of the Laplacian: A = divoV
and to derive a discrete embedding for the Laplacian as A, = divy, oV}, where
div, and V), are two discrete differential embedding of div and V. This will
be the case with finite volume methods in section 3.2.

This leads to two discrete differential embeddings for the Poisson problem:
either,

—Apup, = fa,
or,

— divh(thh) = fh-

These two discrete problems do not coincide in general. Indeed, recovering the
algebraic properties of the original differential operators (here A = divoV) at
the discrete level (here Aj, = div, oV},) is a full problem by itself.

We now give three illustrations of discrete differential embeddings: for the
gradient operator and for the divergence one. Let us start precising the notion
of a mesh for the domain Q Cc R? d = 2, 3.

Definition 6 (Mesh). A cell is a polygonal /polyhedral non empty open subset
of RY. A mesh T of the domain €2 is a collection of cells partitioning € in the
following sense:

UkerK = Q, and (Kl,KQGT:> either KiNKy=0 or K, =

A face (or an edge) e of some K € T such that e C 09 is called a boundary
face. The set of boundary faces is denoted &y. It satisfies: 02 = U.cg,e. For
every e € &, there exists a unique K € T satisfying e C K N 0€: one writes
e = K|09.

The internal faces set &; associated with 7 is the set of all geometrical subsets
e=K NK,, Ki,K, €T and K; # K,, having non-zero (d — 1)—dimensional
measure. For every e € &;, there exists a unique couple Ky, Ky € T satisfying
e = K| N Ky: one writes e = K| K.

The faces set associated with 7T is given as £ = EgUE;. It provides a partition-
ing of UgerOK, in the same meaning as earlier: Ugcce = Uger0K and the
overlapping of two distinct faces either is empty or of zero (d — 1) —dimensional
measure. Let e € £ such that e C 0K for K € 7. We denote nk . the unit
normal to e pointing outward of K. We also provide intrinsic orientation to
faces: to all faces e € & is associated n. one of its (two) unit normal, if e C 0K
we have n, = +ng..

The set of vertexes associated with 7 is denoted N: it contains exactly all the
vertexes of all the cells K € T.

One shall denote |O] the measure of a geometrical object O according to its
dimension. Taking d = 3, | K| is the volume of the cell K, |e| the area of an
edge e € £ and |zry| the length between two points x and y. The cardinal of a
set B is #F.
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2.2.1 The finite volume divergence

We denote here X = [HY(Q)]¢, Y = L*(Q) and div: X — Y is the divergence
operator. Let T be a mesh of 2. We here define X;, = R#¢ and Y}, = P°(T)
the space of piecewise constant functions over the cells of the mesh, with the
natural identification Y, = R#7. Note that in general there is no natural
identification of R#¢ with some finite dimensional vector field space over §2,
we however mention the case of simplicial meshes where such an identification
is provided by the Raviart-Thomas finite element space of order 0, RTy(f2),
see [21].

To p € X we associate mp = (pe)ece With p. = [ p - n.dl/|e| the mean flux
of p across the face e according to its orientation provided by n. (in the trace
sense). To f € L*(Q), we associate my f = (fx)xer With fx = [ fdz/|K] the
mean value of f on the cell K. The discrete divergence is defined as,

divy, : pr = (Pe)ece € R* = (divi pr)xer € R¥7,

with,
. 1
divg pn = m Z Pe|€‘ Ne - Nie. (9)

ec&,eCOK
This definition simply is the flux balance around the cell K, the last term
n. - ng . giving the correct orientation for the fluxes, 7.e. outside the cell K.

With these definitions we have a discrete differential embedding for the di-
vergence,

H' ()] —T L(Q)

ml lm (10)

R#g divy, R#T

and this diagram moreover is commutative thanks to the divergence formula:
79 © div = dth o7ry.

2.2.2 The P!(T) finite element gradient

We introduce X = C1(Q) and Y = [C°(2))]* the spaces of continuously differ-
entiable functions and of continuous vector fields over €2 respectively. We now
consider the gradient operator V : C'(€) — [C°(Q)]".

Let X, = PY(T) be the space of continuous functions over 2 that moreover are
piecewise affine on each cell K € T. Let us assume that the mesh is simplicial,
the space X, is identified to R*V. We have the projection 7, : u € C*(Q)
mu = (ug)sen € PY(T) with ug = u(S). Let Y, = [P%(T)]" be the space
of piecewise constant vector fields over each cell K € 7. We have a simple
projection 5 1 [C(Q)]" — [P°(T)]" by averaging a vector field over each cell
of the mesh (similarly to 7 in section 2.2.1).
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We have the following discrete differential embedding for the gradient:

CH Q) —— [CO()]

al | (11)

PY(T) —= [P(T))"

where the discrete gradient V;, = V|pi(1) indeed is the restriction of the con-
tinuous one to P!(T). In that case the diagram is not commutative.

2.2.3 Non-conforming finite element gradient

We propose a second definition of discrete differential embedding of the gra-
dient, that is referred to as non-conforming finite element gradient since it
matches with the Crouzeix-Raviart finite element of order 1 discretisation, see
[8], in the case of a simplicial mesh.

Let X = H'(Q), Y = [L2(Q)]” and consider V : H!(Q) — [L2(Q)]". We set
X, = R# and Y, = [P°(T)]" the space of piecewise constant vector fields

over the cells of the mesh, with the natural identification Y}, = [Rd] T To
u € H'(Q) we associate mu = (Ue)eee With u. = [ udl/|e| the mean value
of u on the face e (in the trace sense). We have the same simple projection

Ty [L2(Q)]d — [Rd] #7 as in section 2.2.2 by averaging a vector field over
each cell of the mesh. The discrete gradient is defined as,

.
Vi up = (Ue)ece € Xn = (Vgun)xer € [Rd}# ;

with,
1
Viup = — Uele] N .
" 2

ecf,eCOK

With these definitions we have the following discrete differential embedding
for the gradient,

HY(Q) —— 2O
X, — [RYFT
and this diagram moreover is commutative thanks to the formula [, Vudz =

/. o undl, with n the unit normal on 9K pointing outwards K.

2.3 Discrete variational embeddings

Definition 7. We consider a Lagrangian functional £ : X — R as defined
in definition 1 for some functional space X C H!(Q). A discrete variational
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embedding is a discrete embedding £, of £ as defined in definition 4 in the
particular framework ¥ = R = Y}, and my = id. The diagram for a discrete
variational embedding is the following,

X-£.R

|

Xn

Finite element discrete variational embedding

We consider a general Lagrangian functional £ as in definition 1. We use here
the same framework as in section 2.2.2. The mesh is assumed to be simplicial.
We consider X = C'(Q), X}, = PY(T) and the projection m; : u € C(Q) —
mu = (ug)seny € Xp with ug = u(S). Since PY(T) C H'(Q) we define
Ly : PYT)— Ras Ly, = Lprr). We have the diagram,

C(
ml
Py
Note that this definition extends to any conformal finite element space X,
since we always have X;, C H'(Q2) (see e.g.[3, 14]). Of course the definition of
m needs to be adapted to each particular choice of Xj,.

Also note that the extension to non-conforming finite elements is possible since
L can be evaluated on any function u that would only be locally H!, over each

cell of the mesh (precisely u;x € H'(K) for all K € T) instead than globally
H' on the whole domain €.

Q)L—>R

A

T)

2.4 Coherence

Consider a problem associated with a Lagrangian variational structure and
consider this problem either under its variational formulation (Lagrangian least
action principle),

find we M CX sothat YVveV, DL(u)(v)=0, (12)
or under its differential formulation (Euler-Lagrange equation),
find we M C X' sothat P(u)=0, (13)

where P(u) defined in equation (3) is the operator associated to the Euler-
Lagrange equation.

Under the conditions of theorem 1, these two formulations are equivalent. They
however give rise to two discretisation procedures.

11
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— Being given £, a discrete variational embedding of £ as in definition 7,
the discrete least action principle reads

find w, € My, C X; sothat Vo€ Vh, Dﬁh(uh)(vh) =0. (14)

This is a discrete variational formulation.

— Being given a discrete differential embedding of P as in definition 5,
find w, € M; C X; sothat Py(u)=0. (15)
This is a discrete differential formulation.

A priori, the two discrete problems (14) and (15) do not provide equivalent
problems. This question is addressed considering the concept of coherence
introduced in [5].

Definition 8 (Coherence). Consider a Lagrangian functional £ satisfying the
hypothesis of theorem 1. The operator associated to its Euler Lagrange equa-
tion (2) is denoted P.

Consider a discrete variational embedding of £ as in definition 7. It is as-
sociated to a functional £, and to a discrete least action principle given by
equation (14). Consider a discrete differential embedding of P as in definition
5: it is associated to an operator P,. These embeddings are said coherent if the
discrete variational formulation (14) and the discrete differential formulation
(15) are equivalent (i.e. have the same solutions).

In other words the following diagram is commutative,

U E(U) disc. var. emb. wp, — Lh(Uh)

L.A.P.J/ J{disc. L.A.P.

u solution of PDE (13) ise. At emby -, solution of PDE), (15)

E.L. equation disc. E.L. equation
where L.A.P. stands for least action principle and E.L. for Euler Lagrange.

A general raised question then is: can we find conditions ensuring the co-
herence between the discrete differential and variational embeddings 7
In the next two parts we study the coherence for discrete differential embed-
dings of problems having a Lagrangian or Hamiltonian variational formulation.
It turns out that one cannot set apart the coherence from the algebraic proper-
ties of P, inherited from the one of P. More precisely a property of integration
by parts type is required at the discrete level to ensure coherence.
A deeper insight into this relationship is gained by considering the Poisson
problem. Assume one performs a discrete differential embedding A, for the
Laplacian. In all forthcoming examples, coherence is obtained in case A, is the
composition of a discrete gradient and a discrete divergence A, = div, oV,
and if in addition these two discrete operators fulfil a duality property of type
Green-Gauss formula. This is the case for finite differences with formula (18),

for finite volumes with formula (21) and for mimetic finite differences in section
4.3.

12
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Coherence for conforming finite elements

We first consider the Poisson problem (4). As developed in section 1.2, this
PDE is the Euler Lagrange equation associated with a least action principle

on the Lagrangian functional L(u) = [, (%\Vu|2 — fu)dz given in equation
(5).

Let X;, C H}(Q2) be some conforming finite element space. We can define
Ly, = L;x,. This provides a discrete variational embedding of £ as in definition
7. The numerical problem solved in practice is the linear problem Pj,(u;) = 0
on X, (involving the mass and stiffness matrices) where the operator P, is

defined by,

Yo, € Xy, / Pr(up)vpdx = / (Vuyp, - Vo, — fo) de = DLy (ur)(vp).
Q Q

The operator P, on X}, provides a discrete differential embedding for the oper-
ator P(u) = —Awu — f but is not explicit. By construction, these two discrete
variational and differential embeddings are coherent.

The coherence for conforming finite element methods naturally extends to
the PDE P(u) = 0 in equation (2) for an homogeneous Dirichlet boundary
condition. This problem derives from a least action principle associated with
the Lagrangian functional £ in definition 1. On one hand we have a discrete
variational embedding with £}, = Lx,. On the other hand the problem solved
in practice is Py (up,) = 0 with Py, (uy,) defined as,

oL oL
YVon € Xy, / Py(up) vy dz = / (—(x,uh, Vup) vp+——(z, up, Vuh)-Vvh) dz,
Q Q 8y 0z
that provides a discrete differential embedding of P. These discrete embed-

dings are coherent by construction.

3 Coherence of classical discrete embeddings

In section 2.4, we showed a first example of coherent discrete embedding of
Lagrangian structure. In this precise case, several facilities were available: the
discrete solution also is a function u; : € — R so that differentiation and
integration had the same sense at the discrete and at the continuous levels. As
a result the definition of a discrete Lagrangian £, was obvious and natural:
Ly, was the restriction of £ to some functional space of finite dimension.

Such facilities are not always available, they rather are restricted to conforming
finite element methods. Such a lifting between the discrete space of unknowns
X}, and a function space is not available in general. As a result differentiation
and integration have to be re-defined at the discrete level to provide a definition
of a discrete Lagrangian. In this section we give two examples of discrete
embeddings for a Lagrangian structure: finite differences and classical finite
volumes. Coherence is proved in both cases.

13
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3.1 Finite differences

We refer to [22] for a general presentation of finite difference methods. We
study in this section the coherence properties of finite difference methods ap-
plied firstly to the Poisson problem (4) and secondly to the general Euler-
Lagrange PDE (2). The domain is set to Q = [0, 1]2. We consider a Cartesian
grid T of  with uniform size h = 1/N, N € N*  in every direction. The re-
sults of this section can be extended to more general domains, to other space
dimensions and more general lattices.

We will use the following notations. For j = (i,7) € Z* we write 0 < j < N
if0<i< Nand0<j<N. Let J=1{j €N 0<j< N}. The point of
coordinates (ih, jh) € Q is denoted x;. The mesh with vertexes {x;, j € J} is
denoted T, it is a cartesian grid of €.

Let us consider the two spaces S = {u: Z* — R} and V = {p: Z* — R?}.
Let j = (i,j) € Z*: we denote for u € S, u;; = u; = u(j) and for p € V,
Pi; = Pj = P(j). We consider the discrete space

Xp={ues, uyy=0if j¢J andif z; € 0Q}.

The truncation operator 7' : & — X}, is defined as (Tu)j: ujif 0 <j < N
and by (Tu)j: 0 otherwise.

3.1.1 Discrete differential embedding for the Laplacian
The discrete Laplacian Ay, : S — S is defined as, for j = (i, j) € Z?,

Ui—1j = 2U 5+ Uig1y | Wij—1 — 2Uj 5 + Ui ji1

h? h? '
The operator T'o Ay : § — X}, induces a mapping on X;. Considering the
projection m : C°(Q) — X, given by (mu); = u(x;) if 0 < j < N, or
(mu); = 0 otherwise, we have the following discrete differential embedding:

(Apu); =

CQ) —2 0(Q)

ml lm

To A
X, —n X,

For f € C%(Q), the discrete differential embedding of P(u) = —Au — f then is
Py(up) = =T o Apuy, — m f for uy € Xj. The discrete differential formulation
of the Poisson problem is,

find we X;, sothat Py(u)=-To Ayu—mf=0. (16)

Let us introduce a discrete gradient V, : & — V and a discrete divergence
divy, : V — 8. For j = (i,j) € Z? they are given by,

1 [ Wit15 — Ui Lo—pk 2 P2
(Viu)y =+ T (divap)y = Pig = Pitg | Pig = Pagr.
o\ g — iy h h

14
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for u € S and p = (p*,p?) € V (p' € S and p? € S are the two components of
p). This defines two discrete differential embeddings,

Cl(Q) —— [CoQ)] )P s coQ)
Xh —)TQOVh XhXXh XhXXh Todiv Xh

with my = m X m; and Ty =T x T component by component.

As one can see, a forward finite difference formula has been used for the defi-
nition of the discrete gradient, whereas a backward one has been used for the
discrete divergence. This choice has been made in order to have the following
properties (that can easily be checked). We have the composition rule,

Ah = dth OVh, (17>

and the discrete Green-Gauss formula:

VueX, VpeV: Y pj-(Viuw)j=-) (divip)ju.  (18)
jeJ jeJ
3.1.2 Discrete variational embedding, coherence
For f € C°(f2) we introduce the discrete Lagrangian functional:
1
Yu€ Xy Li(u)=3 Ze; Viul? h? — ;(wlf)juj h2.
j j

This definition provides the following discrete variational embedding for the
Poisson Lagrangian functional £ : u +— fQ(%|Vu|2 — fu)dzx given in equation

(5),
1) £—=R

| A

Xh
The discrete variational formulation of the Poisson problem reads:

findu € X;, sothat Vv, € X, : DLu(u)(vy) =0. (19)

Theorem 2. The discrete variational and differential embeddings of the Pois-
son problem using the finite difference method are coherent. Precisely, the two
discrete problems (16) and (19) have the same solutions.

Proof. Let us consider a solution u to (19). We have for all v, € X},

Z(th)j : (thh)j h* — Z(ﬂjf)jvj h? = 0.

jeJ jeJ
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Using the discrete Green-Gauss formula (18), we get: for all v, € X,
— Z (divh(th))j (% h2 - Z(?Tlf)jvj h2 = 0.
jeJ jeJ
Using the composition rule (17), this exactly means, for all j so that 0 < j < N,
— (Apu); = (m1f);, which is equation (16). O

3.1.3 Extension

The previous coherence theorem extends to the general Euler-Lagrange PDE
(2) that we recall,

z

P(u) = g—j(:p,u(x), Vu(x)) —div <g—L(x,u(x),Vu(:p))) = 0.

This equation is considered here together with a homogeneous boundary con-
dition on 0f2. The two discrete differential embeddings for the gradient and
for the divergence introduced in section 3.1.1 provide the following discrete
differential embedding P, : X, — X,. It is defined for u € X, by,

. oL .
VjeZ? (Pu);= 8_y (x5, uj, (Viu);) — (divy, q)j =0
OL

with q €V, q; = a(:cj,uj, (th)J) Vije 72

The differential form for the discretisation of the PDE (2) is,
find w € X, such that P,(u)=0.

We can define the discrete Lagrangian £ : X; — R for u € X}, by,
Vjez? (Ehu)j: Z L(:Ej,uj, (th)j) h?.
jeJ
It provides a discrete variational embedding for £. The associated discrete
variational formulation of the problem is:

findu € X} such that DLp(u)(v) =0 forany v e Xp.

We conserve in this framework the coherence result enunciated in theorem 2.
It is similarly the consequence of the discrete Green-Gauss formula (18). Pre-
cisely a solution to the discrete variational formulation of the problem satisfies
for all v € X,

oL oL
> 5 (@i ug, (Vau)y) v = 5, (@, (Vius) - (Vav)s h* =0.
jes %Y jeJ
With the discrete Green-Gauss formula (18) we get:
oL .
) <8—(xj,uj, Viu) — (divy, Q)j) vy h* =0
jes %Y

and we exactly recover the discrete differential formulation of the problem.
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3.2 Finite Volumes

We focus in this section on the classical finite volume method (as presented
e.g. in [10]) for the Poisson problem (4). We consider a mesh 7 of the domain
Q) as in definition 6. Relatively to this mesh we assume that we can build two
sets of points: cell centres (x)ke7 and boundary face centres (¢)ece, that
satisfy:

VKeT, Vec&: zgeK, x.€e.
Veec& : e=K|Ky, [tk 2K, Le,
Vee&: e=K|0Q, [z, xk] L e.

These two conditions are referred to as admissibility conditions. They impose
a strong constraint on the mesh 7. Distances (d.).ce across the faces are
defined as follows:

Ve=K||Ky €& :d.=|rg xr,,
Ve=K|0OQ€&: d = |tk

3.2.1 Discrete differential embedding

We consider the settings in section 2.2.1: X = [H}(Q)]%, Y = L?(Q), X, = R#¢
and Y, = R#7. We recall that the projections m : X = Xpand m: Y = Y,
are the normal component mean values on the mesh faces and the mean values
on the mesh cells respectively.

The finite volume divergence divy, : Y, — X, is defined in equation (9) that
we recall,

. 1
leK Pr = m Z pe|6| Ne - Nge,

ec&,eCOK

with the same notation divg py, := (divy, pr) k-

The flux operator F : H2(Q) — R#¢ (thus relatively to the mesh T) is
defined as F = m; o V (it consists in averaging the gradient of a function over
the edges in their normal direction). The discrete flux operator is defined as:

Fn: up = (ug)xer € R¥T s (Foup)ece € R?,

with,
Uk, — U
Ve= KI‘KQ c gl . .Feuh = %nlﬁ,e ‘e,
u
Ve=KoQ€e€E : Foup= —d—KnK,e ‘1.

Numerical fluxes across edges (and according to their intrinsic orientation)
thus are computed using a finite difference scheme. Note that the Dirichlet
boundary condition has implicitly being taken into account when defining the

17
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numerical fluxes on the boundary faces. This provides a discrete embedding
for the flux operator F:

H2(Q) L R#¢

| &

R#T

where the projection 73 is defined as (m3u)x = u(xg), i.e. as the values of the
function u at each cell centre xx.

The discrete Laplace operator A}, is defined as,
Ah : R#T — R#T, Ah = dth oFy.

For f € L?(Q), the discrete differential embedding of P(u) = —Au — f then
is Pp,(up) = —Apuy, — mof for u, € R#*7. The differential formulation for the
discrete Poisson problem is,

find u, € R*7T  so that Py(up) = —Apup — mof = 0. (20)

Moreover we have the following discrete Green-Gauss formula: for all p =
(Pe)ecs € R¥E and for all uy, = (ug)xer € R#7,

> (divg p) ug| K| = = peFeunle|d.. (21)

KeT eel

3.2.2 Discrete variational embedding, coherence

In the continuous case, the diffusion energy [, |Vul?/2dz is part of the La-
grangian functional £. In the framework of finite volume method, no proper
discrete gradient is available, but only numerical fluxes in the normal direction
to the mesh faces. Thus only the normal component (and not the tangential
one) of some discrete gradient on the mesh faces is approximated.

We recall that mof = (fx)ker with fx = [, fdaz/|K], see section 2.2.1. We
introduce the discrete Lagrangian functional £, : R¥7 — R as

Lulun) = 5 S (Fan? lelde — 3 freurc K.

ecf KeT

The functional £; defines a discrete variational embedding of £. The varia-
tional form for the finite volume discrete Poisson problem is,

find w, € R¥7  such that Vv, € R¥7 DLy(up)(vy) = 0. (22)

Theorem 3. The discrete variational and differential embeddings of the Pois-
son problem using the finite volume method are coherent. Precisely, the dis-
crete differential formulation (20) and discrete variational formulation (22) for
the Poisson problem have the same solutions.

18
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Proof. Let uy, satisfy (22), we have by differentiating £,: for all uy, vy, € R#7

DLy(up)(vn) = > (Feun) (Fevn)lelde — D (maf)rv|K| = 0.
ec& KeT
Using the discrete Green-Gauss formula (21), we get for all uy,, v, € R#*7 :
— Y (divi (Fuun)) vk | K| = D (maf )xvx|K| =0,
KeT KeT

which is equivalent with (20). O

4 Hamiltonian calculus of variations and mixed
formulations

In this section let L be an admissible Lagrangian function as defined in section
1.1. We recall the link between Hamiltonian and Lagrangian systems in section
4.1. We will stress here the relationships between mixed formulations and
discrete embedding of Hamiltonian systems in section 4.3.

4.1 Hamiltonian formulation

Definition 9 (Legendre property). We say that L satisfies the Legendre prop-

erty if the mapping z — a—(az, y,2) is a bijection on R? for any z € Q and
2
any y € R.

If L satisfies the Legendre property, the following function g : QxR xR? —
R? is well defined:

. oL
z=g(r,y,p) with p= a(x,y,z)-

OL
Let us consider p = 8—(:5, y,z) as a new variable, then,
z
OL OL
pza('x7y7g<x7y7p>) and g(x7y7$(xuyaz)):z'

Definition 10 (Hamiltonian). Let L satisfy the Legendre property. The
Hamiltonian H : Q x R x R? — R associated to L is:

H(z,y,p) =p-9(z,y,p) — L(z,y,9(x,y,p)).

We introduce two different definitions for the Hamiltonian functional H : Dom(H) C
L2(Q) x [L2(2)]* = R associated to H:

1. Primal Hamiltonian, Dom(H) = H'(Q2) x [L2(Q)]%,

H(u,p) = /Qp -Vu— H(z,u,p)dz. (23)
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2. Dual Hamiltonian, Dom(H) = L%(Q2) x Hgy (Q),
H(u,p) = / —div(p)u — H(z,u,p)dz. (24)
Q

Proposition 2. According to definition 2, the Hamiltonian functional H is
differentiable at point (u,p) € Dom(H) if

oOH oH

a—y(x,u,p) € L*(Q) and %(x,u,p) € [LZ(Q)}d.

In such a case we have, for (v,q) € Dom(H):

e In the primal case:

DH(u.p) (00 = [

OH OH
{q- (Vu — —(x,u, p)) +Vu-p—v—:(z,u, P)} dz.
Q

op y
(25)

e In the dual case:

DH(u.p) (00 = [

Q

. oOH : OH
{— div(q)u —q- %(% u,p) —v <d1VP + a—y($>U, P))} dz.

Definition 11 (Extremals). Let us consider a space of variation V' x W C
Dom(H). We say that (u,p) € Dom(#) is an extremal for H relatively to
V x W if H is differentiable at point (u, p) and:

V(v,q) €V xW, DH(u,p)-(v,q)=0.

Theorem 4 (Hamilton’s least action principle). Let (u, p) € Dom(H) be an
extremal for H relatively to V' x W. Assume moreover that:

e in the primal case: p € Hg;, (), Vo = {v € V,v = 0 on 00} is dense in
L2(€2) and W is dense in [L2(€2)]%,

e in the dual case: u € HY(Q), V is dense in L?(Q) and Wy, = {q €
W,q-n =0 on 00} is dense in [L2(€)]".

Then (u, p) is a solution of the Hamiltonian system:

divp Z—Z—H(x,u,p)

OH (26)
Vu =—(z,u,p).

ap ) )

Proof. Let us consider the case of the primal definition of the Hamiltonian
functional H. Since p € Hgiv(§2), using the Green formula in (25) gives:
V(v,q) €V x W,

A(—(divp—%%—j(w,u,p))v—l—q-(Vu—aa—iI(:c,u,p)))dx + /mv p-nds=0.

The boundary integral vanishes for v € V4. We recover (26) by density of Vj
in L2(€2) and of W in [L2(Q)]". O
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Corollary 1 (Lagrangian and Hamiltonian formulations). The solutions (u, p)
of the Hamiltonian system (26) are exactly the solutions of the Euler-Lagrange
equation (2) under the condition

OL
p= 5(1’, u, Vu).

Application to the Poisson problem

We consider the Poisson problem (4). We recall that the Lagrangian function
associated with this problem is

L(l’,y,Z) = %Z 2 f<x>y

The Legendre property is clearly satisfied by L. We introduce the new variable
p = z and the function g is given by g(z,y,p) = p. A Hamiltonian for the
Poisson problem is then given by,

H(r,y.p)=p-p— L.y, g(r,.p) = 3o o+ fl)y (20)

The Hamiltonian system (26) associated with (27) is the mixed formulation of
the Poisson problem (4):
—divp =f
{ (28)

Vu =p.

Applying theorem 4, one obtains that the weak solutions of the Poisson prob-
lem in its mixed form (28) exactly are extremals for the Hamiltonian functional
H in (27). Precisely:

e Primal form (23) of #. Consider an extremal (u,p) € H}(€2) x [L2(Q)]"
of H relatively to the space of variations V x W = H(Q) x [L2()]%.
An extremal exactly is a solution for the primal weak formulation of the
mixed Poisson equation: find (u,p) € H}(Q2) x [L2(€2)]* such that,

{—fﬂp-VUdl‘:—foUdl‘ VUEH%(Q)
Jo(p—Vu)-qdr=0 vV qe [L2Q) .

e Dual form (24) of H. Consider an extremal (u,p) € L*(Q) x Hg, () of
H relatively to the space of variations V' x W = L*(Q2) x Hg; (). An
extremal exactly is a solution for the dual weak formulation of the mixed
Poisson equation that reads: find (u,p) € L2(92) x Hg;, () such that

Jufdivp + £ dr =0 Y e L)
pr.qd;p+fQudiqux:0 V q € Haiv () -
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4.2 Coherence

The definition of the discrete differential embedding in section 2 applies to the
Hamiltonian system where P is given by

OH
divp+ —(z,u,p)
_ dy
Vu — —(z,u,

op (z,u,p)

The definition 7 of the discrete variational embedding also applies to Hamil-
tonian system by replacing £ by H. The definition of coherence for the dis-
cretisation of Hamiltonian systems is the same as definition 8 for Lagrangian
systems.

Definition 12. Let us consider a discrete differential embedding of the mixed
problem (26). If the discrete problem solutions exactly are extremals of a
discrete Hamiltonian functional H;, that moreover also is a discrete variational
embedding of H, then we say that we have coherence.

In case of coherence we then have the following commutative diagram:

disc. var. emb.

(u, p) = H(u,p) (uns Pr) = Hnu(un, Pr)
L.A.Pi ldisc. L.A.P.
(u,p) solution of PDE (26) ise. difT, emby, (up, pr) solution of the discrete PDE
Hamiltonian system disc. Hamiltonian system
where L.A.P. stands for least action principle.

Remark 2. In section 2.4 it was shown that the coherence for conforming finite
element naturally derives from the method definition. The same conclusion
also holds for conforming mixed finite elements. The discrete Hamiltonian in
that case is the restriction of the Hamiltonian H to the finite element space.

4.3 Mimetic Finite Differences

We consider the mixed formulation (28) of the Poisson problem together with
a homogeneous Dirichlet condition v = 0 on 0f2. The scalar products on
L%(Q) and on [LQ(Q)]d are respectively denoted, for u, v € L*(Q) and for p,

a € [L4(Q)",
(u,v) Z/uv dz, [p,d] = /p-qu-
Q Q
The Green-Gauss formula rewrites as, for all u € H{(Q2) and all p € Hg;, (Q),

[p, Vu] = — (divp,u).

In the Mimetic Finite Differences (MFD) framework, a discrete flux operator
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Fn Y, = X is defined as (minus) the adjoint of the finite volume discrete
divergence (see section 2.2.1) after the introduction of a scalar product on
X, that is consistent with [-,-]. We refer to [2] for the MFD discretisation of
diffusion problems.

4.3.1 Discrete differential embedding

A mesh T of the domain 2 is considered as in definition 6. The space P°(T)
of the piecewise constant functions over the mesh cells is considered and iden-
tified with R#7. Since P°(T) C L*(Q), the L? scalar product on P°(T) is
available.
The notations in section 2.2.1 for the finite volume divergence are considered:
X, =R# and 7 : [HY(Q)]? — X, mp : L2(Q) — P°(T) are the projections
in the diagram (10). We adopt the following alternative (but equivalent) defi-
nition for the finite volume divergence in the diagram (10). We introduce the
space Xp:
Xy ={pge for K€T andfor ec& sothat eC K
that satisfy pr,e+Proe =0 if e= Ki|Ks}.
An element p € X, is given by one numerical flux on each external face and by
two opposite numerical fluxes per internal face. Obviously, X}, is isomorphic

to Xp,. With this identification we get the new commutative diagram for the
discrete divergence,

HY(Q) - L2(Q)

ﬁll J{m
X, T po(T)
where 7 is given by mp = (pk.) with px. = fep -ngdl/|e| the mean flux
of p across the face e according to the unit normal to e pointing outwards K.
The discrete divergence within this framework has the following expression (to
be compared to (9)), divy, : p = (px.) € X — (divg p)rer € P(T):

) 1
divgp = = Z PK.cle]-
‘ ‘ ecf,eCOK

The definition of a scalar product on X, is not obvious. Let us consider
K € T and denote XX the restriction of X}, to K. We suppose that a cell

scalar product [+, -]x is given on each X K € T and that the scalar product on
X}, decomposes as:
Vpnan€Xn: [Pl = Y [Pr ik (29)
KeT

A way to define the elemental scalar product (29) is to introduce a lifting
operator Ry : XX —s [L2(K)]” and then to define:

(o, Qi) = /K Ric(pn) - Rac(an)da. (30)
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For more details on the construction of Rg, we refer to [2]. The present
definitions are sufficient for our purpose. Relatively to the scalar product (29),
the discrete flux operator F, : P°(T) — X}, is defined as (minus) the adjoint
of the discrete divergence: Fj, = — div},. It is uniquely determined by,

Y up, pn € PU(T) x Xu:  [pn, Fatn], = —(divy, pa, up).

The discrete differential embedding for the mixed Poisson problem (28) using
the MFD method then is defined by P, : P%(T) x X, — P°(T) x Xp:

—divy pp, — maof
pPrn — Frup .

Py(un, pr) = (

The discretisation of the mixed Poisson problem (28) is : find uy € PY(T) and
pr € X}, such that,

Py (un, pr) = 0. (31)

4.3.2 Discrete variational embedding, coherence

The Hamiltonian H for the Poisson problem is given in equation (27). The as-
sociated Hamiltonian functional H with the primal definition (23), Dom(H) =
HY(Q) x [L2(Q)]",

’H(u,p):/p-Vudx—E/p-pdx—/fudx
Q 2 Ja Q

= b, Vu] — 5 [P 0]~ (u.f).

We therefore define the discrete Hamiltonian #j, : P°(T) x X, — R as,

1
Hh(uha Ph) = [ph, Fhuh]h - 5 [ph, Ph]h - (Uh, 7T2f)h-

It provides the following discrete variational embedding,

HL(Q) x [HY(Q)] Z=R

7r2><ﬁ—ll /
h

PO<T) X Xh

The variational form for the MFD discrete mixed Poisson problem is: find
(un, pr) € P°(T) x X}, such that,

Y (vn,aqn) € PU(T) x X,  DHp(un, pr)(va, qn) = 0. (32)

Theorem 5. The MFD discrete differential formulation (31) and variational
formulation (32) for the mixed Poisson problem are equivalent. Then the MFD
discretisation for the mixed Poisson problem is coherent.
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Proof. Differentiating H;, gives:

DHp(un, Pr)(Vn; dn) = [P, Frvnly, + [Frtn, drl, — [Pr, dnl, — (T2 f, vn)), -

Using that Fj, = — div}, relatively to the scalar product [, ], we obtain,

DHp(un, Pr)(vn, an) = (— divy, pr — w2 f, vn), + [Frtn — Ph, dnl,, -

Therefore singular points for H,, exactly are the solutions to equation (31). O

5 Conclusion

In the present paper we studied the properties of the discretisation of PDEs
deriving from a variational principle, either Lagrangian or Hamiltonian. We
addressed the following questions. Does the discrete problem also satisfy a
variational principle ? If it does, what is the relationship between that varia-
tional principle and the one that rules the PDE 7 These questions are analysed
by introducing the concepts of discrete variational and discrete differential em-
beddings and of coherence between these two types of embeddings.

For the Poisson problem, considering several classical methods, we showed
that the discrete Poisson equation is associated to a variational embedding. A
crucial property ensuring coherence for the discrete problems is the following.
The Euler Lagrange PDE involves two differential operators of order one: a
gradient and a divergence. The differential embeddings of these two operators
must satisfy some duality property. That property is a discrete analogous of
the Green-Gauss formula.
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