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EXISTENCE OF NODAL SOLUTIONS FOR DIRAC FIELD WITH
FRACTIONAL NONLINEARITY

LOIC LE TREUST

ABSTRACT. We prove by a shooting method the existence of infinitely many
nodal solutions of the form v(z%,z) = e—i0a’

tions:

x(z) for nonlinear Dirac equa-

3
iy YHOup — myp — plpp[P = 0.
n=0
with m > 0, p € (0,1) and x(x) compactly supported under some restrictive
conditions over p and the frequency €2 > m. We then study their behavior as
p tends to zero to establish the link between theses solutions and the M.I.T.
bag model ones.
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1. INTRODUCTION

We study in this paper a class of relativistic models proposed by Mathieu and
Saly [6, 5] that account for the internal structure of hadrons, that is how strong
interaction forces bind quarks together. They recovered the M.I.T. bag model [4]
as a limiting case.

Key words and phrases. Nodal solutions, Shooting method, Winding number, M.I.T. bag
model, Exited states.
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2 L. LE TREUST

We will look for solutions of the Dirac equation augmented by a nonlinear self-
interacting term:

3
(1.1) i A0 —map — F(Pp)yp = 0,
pn=0
The notations are the followings: ¢ : R* — C*, 9,9 = Tgw 0 < p < 3, with

Einstein’s convention for summation over p, and m > 0. We write ¢) = (7%, 1))
where (.,.) is the usual scalar product and v* are the 4 x 4 Pauli-Dirac matrices:

I 0 0 o*
0 _ - _
5 (O —I) and ~y < T ) for k=1,2,3,

1 _ 0 1 2 0 —i 3 _ 1 0
"‘(1 0)"’_<z’ 0)"’_ 0 —1 )

We assume throughout this paper that

p—1
Fla) = { p|z| if || >0

with

0 ifz=0

with p € (0,1). The solutions are sought among stationary states

(1.2) P20, x) = e " x(x)

where z = (x!,22, 2%) € R? and whose frequency verifies > m, so that x is

solution of:
3

(1.3) iy 7*Ox + 2yOx — mx — F(xx)x = 0.
k=1

Moreover, we restrict ourselves to functions given by the particular ansatz:

(1.4) X = iu(rj(z) ii(%eg@ )

where r = |z| and (0, ®) are the spherical coordinates in R?® with x localized, that
is :

Tlggo(u,v) =0.

Equation (1.3) then becomes a nonautonomous system of ordinary differential equa-
tions

@5) {u+2“ (- - ) (m— )

v = u(-F@?—-u?®) — (m+9Q)).

For this to be well defined, we impose on u to be zero at zero and we consider the
following Cauchy problem for x € RT:

(1.5)
(1.6) { (u(0),v(0)) = (0,z).

Notice that the nonlinearity F' allows the zero map to be solution of (1.1), so that
the solutions of (1.6) will be extended by zero when they hit zero. We choose
x nonnegative due to the symmetry of the equations. For the sake of notation
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simplicity, we will not write the p dependence unless it is necessary (for instance,
we write (u,v), (1.6) etc instead of (up,vp), (1.6), etc).

This phenomenological model has been proposed by Mathieu and Saly [6, 5].
They recovered the M.I.T. bag model [4] as a limiting case as p tends to zero and
observed numerically a localization mechanism, indeed the solutions are compactly
supported. Balabane, Cazenave and Vazquez [1] have shown by a shooting method
the existence of a ground state for a more general class of nonlinearities and obtained
a necessary and sufficient condition on them to give rise to compactly supported
solutions.

Following [1], we adapt to our framework the shooting method of Balabane,
Dolbeault and Ounaies [2] which established the existence of infinitely many com-
pactly supported solutions for a sublinear elliptic equation with any given number
of nodes. In their case, the lack of regularity of the nonlinearity in zero forces the
solutions to be compactly supported. Our case is wilder since we have to deal with
a lack of regularity not only in zero but in the whole set {|u| = |v|}. In this paper,
we provide the first rigorous proof of the existence of localized nodal excited state
solutions for the fractional model with p small studied in [5].

Afterwards, we study how these solutions are related to the M.I.T. bag model
ones as it was first studied in [6].

Let us now state our main results:

Theorem 1.1. There are p € (0,1) and, for every p € (0,D), a constant Q, > m
such that if §Q > Q,, there exists an unbounded increasing sequence (Ti)pen of
initial data such that for any k € N, the Cauchy problem (1.6) has a compactly
supported solution which crosses the set {(u,0)|u # 0} exactly k times.

The following theorem establishes the close link between the fractional model
and the M.I.T bag one.

Theorem 1.2. For all k € N, there exist a finite number of points {R',... R'}
with | < 2k + 1, (ug,v0) € CHRY\{R!,...,R'}) and a decreasing sequence (p,)
converging to zero such that :

(i) (up,,vp,) converges to (ug,vo) in L? and uniformly on every compact interval
of [0, R\{R*, ..., R'} such that (ug,vo) % 0.
(ii) (uo,vo) is a solution of the free Dirac equation on [0, RI\{R!,... R'}:

'+ 2= p(Q—m)
v'=—u(24+m),

discontinuous in R',... R'.

(iii) (ug,v9) =0 on [R!,00) and (v3 — ud)(R!) = 0,
(iv) v3 —ud is positive on [0, R') and on ezactly k intervals (R', R"™1),

where (up, vp) is the solution of (1.6), found by theorem 1.1 with k nodes.

Let us notice that (ug,vp) is discontinuous at each bound of the k intervals of
point (iv), so it has at least k discontinuities before R'.

Indeed, in the case k = 0, the solution (ug,vg) is the ground state of the M.I.T.
bag model as said [6] whereas the other nodal solutions are different from the ones
derived by P. Mathieu in [5] (by lack of continuity).

Section 2 gives the framework of the proof of theorem 1.1 and some preliminary
results. The core of the shooting method is given in the section 3 and the proof of
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theorem 1.1 in section 4. We study the relation between the fractional model and
the M.I.T. bag one in section 5.

2. NOTATIONS AND PRELIMINARY RESULTS

The singularity of the nonlinear term in equations (1.5) forces the solutions to
be compactly supported as proved in [1] for the ground state. But it is the source
of a lack of regularity when the trajectories cross the set {|u| = |v|}. So we have to
consider solutions in the extended sense (see [3]). Indeed, our main contribution is
to deal with the shooting method of [2] in a nonregular framework. This singularity
introduces some additional difficulties since the main E.D.O. theorems [3] fail to
show local uniqueness. Then we introduce a smooth function ¢ which vanishes in a
neighborhood of {|u| = |v|} and whose values are in [0, 1] to regularize the system
(1.5):

2u
(2.1) W o) = o(—F(? —u?) — (m - Q)
. T
v = u(-F(?—-u?) — (m+9Q)).
In fact, this regularization does not give rise to regular solutions. But, since the
system (2.1) is autonomous and hamiltonian near {|u| = |v|}, we get local existence
and uniqueness while keeping qualitative properties. We give later (section 2.2) the
rigorous definition of a family of regularization functions (@), such that we will be
able to pass to the limit to obtain the solutions of theorem 1.1.
Let us now define more precisely how we extend the notion of solution:

Definition 2.1. (u,v) is a solution of the system (2.1) if there exist two real
numbers 0 < Ry < Ry < oo such that the following holds:
(i) (u,v) € WH([Ry, Ra)) N CH({r € (R, Ra)u® # v?})
(ii) u(0) =0 and v(0) >0if Ry =0
(ili) Vr € [R1, Ra), (u,v)(r) # 0
(iv) (u,v) is a solution of (2.1).
Notice that if ¢(u?,v?) = 1, then (u,v) is a solution of the system (1.5).

We remark that conditions (i-iv) ensure that (u,v) is a solution in the classical
sense on {r € (Ry, R2)|u? # v?}, (ii) guaranties the absence of singularity at the
origin and we can assume v(0) > 0 in (ii) due to the symmetries of (2.1).

When a solution (u, v) hits 0 at a finite radius, we extend it by 0 for the remaining
values of r, so that the global function # induced (1.2-1.4) is solution of (1.1). We
note = v(0) the parameter of the shooting method and we will sometimes write
(tug,vs), Ry etc instead of (u,v), R etc when we want to emphasize the solution
dependance on .

2.1. Qualitative results. Let us introduce two continuous functions on R2, the
energy:
Q—m Q
v? + 2
2 2

1
H(w0%) = — 2 (07 —ud)? — a2 4
and for € € (0,m),
H.(u?v?) = H(u?v?) — (Q — e)v?
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Following [1], the next lemma gives us one of the main qualitative results, that
is the decay of the energy. Let us assume in the sequel that (u,v) is a solution of
(2.1) for some ¢ fixed.

Lemma 2.2. We have:
Quo(ul. v2
D0y = 2R g 2y ),
dr T
so v+ H(u?,v?) is nonincreasing.
Proof. We have :
d
d—H(uz7 V) (1) = —p(v'v — u'u)[v* — PP+ 0'0(Q — m) + u'u(Q 4+ m)
-

2
— v/(ul + ﬁw(u27v2)) _ U/’U/
r

= (Zotr)

2u2p(u?, v?
= —#(phﬂ — 2P+ (m + Q).
O

Let us study now the energy level shapes (figure 1) which thus play a key role
in our study.

Lemma 2.3. Let ¢ € [0,m),
(i) there exist two constants A > 0 and B > 0 such that:

H(u?,v?) > A(u? +v?) — B for all (u,v) € R?

(ii) the set H='(—o00,C) is bounded for every C;
(iii) for e >0, H-1({0}) is a connected unbounded curve in {u?® < v?} U{0}, such
that HZ'({0}) n H~'({0}) = {0};
(v) Hy'({0}) = {u® = v*};
(v) for ally >0, there exists C,, > 0 and D., > 0 such that for all (u,v) € R?:
CyH(u?,v?) > u?.

2,2\ 5
H(uvv)_7:>{ u2+1)22D7.

Moreover, v — C., is nonincreasing, lim,_,o C, = oo, lim,_,oC, = 1/Q. Let us
write a = (@ — m) 77 = sup{o|3us H(u?,0%) = 0}.

The proof is a straightforward calculation and is postponed in the appendix.
The second main qualitative result is the following lemma:

Lemma 2.4. Let 0(r) = arctan(%)(r). We have:

ooy — P07 & (1= D)2 = m)) + 122+ m) = gl o)
’Z,L2 +'U2
>

(1= p)(Q —m) — p(u®,0%)/r if H(u?,v*)(r) 2 0.
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\J

H<O0

FIGURE 1. Energy levels

Proof. We have if H(u?,v?)(r) > 0:

,  uwv—vu
) =
—p(v? —u?)|v? — u?P7 4 03 (Q —m)) + u?(Q + m) — 2uvp(u?, v?)/r
N u2 + v?
_ pH(u?v?) + (1 = p)(v* (2 —m)) + u*(Q +m)) — 2uvp(u®,v*)/r
N u2 + v?
< (1 —p)(Q —m)(v? +u?) — 2uvp(u?,v?)/r

u2 + v2
> (1-p)(Q2—m) — p(u®,0*)/r.
O

In the next lemma, we give uniform estimations far enough from r» = 0 and from
the first radius of the crossing of the set {u? = v2} to get a lower bound on 6.

Lemma 2.5. There exist a unique p € (0,1) and, for all 0 < ¢ <P, Qq > m such
that if Q > Qg, then there are ro > 0, a > 0 and we have for all 0 <p < q:
: 1
(%) mo > @omya=a
(it) v2, —ul, > az® for allr € [0,ro)
(iii) there exists © > 0 such that if r > ro and Hy(u2 ,,v2 ,)(r) > 0 then 0, (1) >
©;
for every solution (uy p, Vs p) of (1.6)p. (P~ 0.0173622)
For ¢ >0 and p € (0,5 — (], ro, ©, a and Q, may be chosen independent on p.

The proof is a straightforward calculus similar to the one of [1] and is postponed
in the appendix. We fix p < p and Q > €, in the sequel.

2.2. Regularization functions. We are now able to construct the regularization
functions. Let us define for ¢ € (0, m) fixed, the sets (figure 2):

RE={(u?v*) e R*: |v* —u’| < ad®, Ho(u*,0*) > 0, H.(v®,u?) > 0}
RZ={(u*v*) eR*: |[v® —u?| < aa2/2,H%(u2,v2) > O,H%(Uz,uQ) >0},
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FIicURE 2. Regularization area

where a and « are the constants of lemmas 2.3-2.5.
We choose for . a smooth function with values in [0, 1] such that

_ J 0OonR2
Y= 1on (RL)e.
Moreover, we have N.soR. = {u? = v?} because of lemma 2.3. Notice that for
every = > a, (uz,v;)(ro) does not belong to R! by lemma 2.5.

2.3. Existence and local uniqueness results. Let us fix in this part € € (0,m).
For the sake of simplicity, we remove € from the notation.

Lemma 2.6. Consider the initial value problem for r1 >0, (u1,v1) € R?\{0}:

{ (2.1)
(u,v)(r1) = (u1,v1),

such that u; = 0 if 11 = 0. Then there exists a unique local solution.

Proof. The Cauchy-Lipschitz theorem shows this result provided that r; # 0 and
u? # v}. The contraction mapping argument sketched in [1] ensures the result for
r1 = 0. So the point is when uf = v?. In this case, the system (2.1) reduces itself
into the autonomous hamiltonian one:
u= v(—pp® —u?PTl —(m - Q))
{ o' = u(—plv? — 2Pt — (m + Q).

Because of lemma 2.2, any such solution has a constant energy. Moreover lemma
2.4 and the energy level shapes (figure 1) show that these solutions hit the set
{(u,v)|u? = v?}\{0} as long as H(u?,v?) > 0. This sets the existence and unique-
ness on the left. The same argument is still valid on the right. O

Lemma 2.7. For every initial condition (u,v) = (0, z), there exists a unique maxi-
mal solution of the problem (2.1) on an interval [0, Ry) and ||(u,v)|| < x on [0, R;).
If R, < oo, the solution hits 0 at R,.

Proof. There exists a unique maximal solution of the problem (2.1) on an interval
[0, R;) because of lemma 2.6. The decay of the energy 2.2 and energy level shapes
show that ||(u,v)|] <z on [0, R;). Lemma 2.6 gives the latter assertion. O
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As we look for localized solutions, we extend those such that R, < oo by 0 so
that every x > 0 gives rise to a function defined on R™T.

3. THE SHOOTING METHOD
We set for every v > 0,
pa(y) := sup{r > 0: H(u,v2) >},

and the winding number

Nz (a,b) := #{r € (a,b)|v.(r) = 0}.

We will write N, (b) instead of N, (0,b). The core of the shooting method will be
the study of the following sets which are introduced in [2]:

Definition 3.1.
A= {z >0 lim H(u2,v2)(r) <0, (ug,v,)(r) #0Vr >0, Ny(c0) =k}

T YT

o= {o>0[ Tm (u,02)(r) =0, Na(pa(0)) = K.

= pa(

FIGURE 3. Solutions belonging to Ay and A;.

These sets are well defined because of 2.7. The key idea is that the trajectories
wind around the zero energy level and cross it in finite time. Some of them fall into
the negative energy domain and form the Ay sets, these cannot converge to zero so
do not yield to localized solutions of (2.1). Others converge to zero, these are the
sought ones.

3.1. Main results.
Lemma 3.2. Let us assume that o < p;(0) and let ro < a < b < p,(0), then:

No(ab) > (20— a))

T
Proof. By lemma 2.5, we get

b
0. (b) — 0,(a) = / 0.(s)'ds > O(b— a),

so that N,(a,b) > |2(b—a)]. O

T

Let v > 0 such that ¢ :=2(1 — p)(Q2+m)C, —1 > 0, such a ~ exists because of
lemma 2.3.
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Lemma 3.3. Let us assume that p,(y) > 0, then we have:

d 1-p
- (r@ S (2 02)) 2 =2p(1 = p)CLp() L — 25in? 0,7,
r
Proof. For the sake of clarity, we remove here the x subscripts. By lemma 2.2, we
have for r € (0, p(7)):

d 2u?
TH(u?,0%) 2 === (ppo? — "~ + (m + Q)

dr
2,2 2
__2CW(Q+m)H(u ,0%) B 2pu \1—28in20|p*1
T r(u? +v?)t-p
S _205(2+ m)H (u?,v?) B 2pC2H (u?,v?)P|1 — 25sin? f|P~1
- r r k)
S0,
d (742(Q+m)c7 H(u? v2))
dr ’
> —ZngH(uz,UQ)pH — 2sin? g[P~1p2(HMICy 1
> prC,’Y’|1 — 2sin? 9|p*1rq(r2(9+m)C”H(u2, v2))p
> —2pOp[1 — 2sin B ()9 H )7,
this gives us the result. O

Proposition 3.4. We have lim,_,oc N, (70, pz(7)) = 00.

Proof. For x big enough, we have H (uZ,v2)(rg) > 7 by the second point of lemma
2.5. The previous lemma ensures that:

1-p m 1-p
(a2 @mICy )7 = (MO F 2, 02) (r0) )

Pz('Y)
> ~2p(1 = p)Cpa()? [ L 25?0, (5) P s

ro

20(1 — p)CPp, ()T [P=(V)
> D( 2 5P (7) / - 9 5in2 930(8)|p_19:/p(5)d8
(C] ro
In(1 — (0/4 - q 0z (p= (7))
. p(1—p)CPpa(7) / 11— 2sin® 4P~ 1dg
@ 91(1"0)
2p(1 — p)CFpg ()2 ’
> _ p( Pg ~P (7) (N (ro, pu (7)) + 2)/ [1— 2sin? 0|p*1d9,
0

since p € (0,1), [y 11— 2sin? P~1df < co. Lemma 2.5 ensures that
lim H(u2,v%)(r) = oo,
Tr—r00
so lemma 3.2 and the previous inequality give the result. O

Proposition 3.5. For all k € N, there exists o > 0 such that if N.(R) = k and

u2(R) + v2(R) < o? for some x and R, then x belongs to Ay U I, U Apy1. The
parameter o may be chosen independent on €.
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Proof. The proof is based on the one of the proposition 3 from [2] with a slightly
more Complicated trapping region. The decay of the energy makes the result obvious
if H(u2,v2)(R) < 0. By symmetry, we will just show it in the case

(uZ,v3)(R) € {u>0}U{H >0} and z > a.
Let (Mj, M>) be the unique point of
Q-—m
p
(M;/2,v1) be the unique point of OR. N {u > v > 0}. We set
K = H((M,/2)%,v?) > 0.

L) N {o > u> 0} N {o? —u? = )71},

The parameter ¢ is chosen such that:
M3
AMR (O )’
and B(0,0) C H™1(—o00, K) N {0 < u < My /2}. Let
D={0<H<K}IN{0<u< M},

0<o<

(see figure 4). If (u,v) exits D crossing the boundary at {H = 0}, we have the
result. We now prove that this is the only possible way to exit D.

FIGURE 4. Trapping region

Let us assume by contradiction that (u,v) do not cross the boundary at {H = 0},
then by the decay of H, (u,v) must exit D at {u = M;}. Let R” > R be the value
of r at the crossing, then H(u?,v?)(R") > 0. Since > a, lemma 2.5 ensures that
ro < R. By lemma 3.2, we have:

k=NR)<NR')<k+1
N(R") > N(ro, R") > L%( ro)],
SO

R" < (k+2) T 70

Let R’ = sup{r € (R, R")| u < M;/2}. By the decay of the H, we have ¢, = 1 on
(R/ R//)
H(R) = H(R") = [u 22k = o7~ + (m+ Q)dr

T.

M7 " 2 2p—1
A e e

v
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moreover,
My/2 =u(R")~ u(R)= [ —v(plu® —v?[P~" + (m + Q) — 2dr
< My [ (plu2 — 2P~ + (m + Q))dr,

since v <0 and u > 0 on (R', R"”). Thus, we have:

MS
H(R") < H(R/)_‘Uwz(ﬂ(kTiz)‘H"o)

< H(R)-—o<0.

This is the wanted contradiction. Indeed, in the nonregularized case, we have that

az = (2mm)T (1=pY
P 202
and we can show that all the above constants can be chosen independent on €. [

Lemma 3.6. Let us assume that there exist y > 0 and R > ro such that
(e, v2)(r)|| <y and H(uZ,v3) > 0,
for all r € [ro, R) where |.|| is the euclidean norm. Then for all s € (1, ﬁ), there
exists C > 0 such that for all rg <ry <re < R:
[0z lwss oy (02 s (s Ntz Ve llwss g ey € CN (r1y12) 4 (g = m1) + 1),
C does not depend € and x.

Proof. For the sake of clarity, we remove here the z subscripts. We have:

d2 2 2 2 .2
éi:%wem&vaF%wﬂfm»flﬂﬂiﬁl,
T T

so, for 1o < r1 < re < R,
/T2 du?
71

because of lemma 2.5 and s(p — 1) > —1. The same proof works as well for v? and
uv. g

S

ar<c( [ n-2s oo Vi o)

< C(N(r1,7m2) + (12 —11) +2),

Lemma 3.7. Let (uw,v) be a solution of (2.1) such that ||(w, )| # 0 on [r1,re].
For all n > 0, there exists § > 0, such that if (u,v) is also a solution of (2.1) with
1(w, 0)(r1) — (@, 0)(r1)|| <6, we have ||(u,v)(r) = (@, V)(r)|| <n on [ri,rs].

Proof. The proof is the same as in [2] with the estimation of lemma 3.6. g

Lemma 3.8. For all x > 0, we have:
(i) either Ny (c0) < oo,
(ii) or Np(00) = oo, lim H(u2,v2) =0 and (usz,v,) # 0 on (0,00).

T VX
00

Proof. For the sake of clarity, we remove here the = subscripts. We recall that R is
the latest radius before the solution hits 0.

(a) If R < oo, then N(00) < 0.
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(b) Let us assume now that there exists r; > 0 such that
H(u?,v?*)(r1) <0 and (u,v)(r;) # 0.

Lemma 2.2 ensures that H(u?,v?)(r) < 0 for a 7 > r1, so R = oo by lemma
2.7. (u,v) will not cross the set {v = 0} anymore and N(c0) < 0.

(c) Let us assume that there exists v > 0 such that H(u? ,v?) > v on (0, R), then
R = co. Let (r,,) be a sequence in (rg,c0) such that lim,,_,, r,, = co. Because
of lemma 2.4, 6’ is bounded from above for > rg. So the same proof as in
lemma 3.2 ensures that there exists C' > 0 such that for all rg < r1 < 7o,
N(ry,r9) < C(rg — r1). Lemma 3.6 shows then that for all ro < r1, all 0 < [
and all s € (1,%), (u?(. + 7)), (v2(. + 7)) and (uv(. + r,)) are bounded
in Whs(ry,r; +1). Up to the extraction of a subsequence (ny), there exist
U, V,W € Whs(ry,ry +1) such that:

Up = (u?(-+ 1)) — U
Vii= (0 +r)) — V

Wi = (wo(. + 1)) k:z w,

in CO([ry, 71 +1]). By Fatou Lemma, we have:
0= liminf S YO (pl 1y, — V3P~ 4 (2 + m))dr >
Jrtt SR (ply — VP4 (Q + m))dr,

T

so, Up(U,V) = 0. We can then construct a solution (u,v) of the autonomous
system associated with (1.5) taking care of the sign of W such that u? = U
and v2 = V. This solution verifies H(u? v?) > , its winding (lemma 2.4)
contradicts Up(U, V) = 0, so that this case is impossible.

(d) The remaining case is the one of the second point of the lemma.

O

3.2. Topological results. We are now able to give the properties of the A; and
I sets as in [2].

Lemma 3.9. For all k € N,
(i) Ag is an open set,
(i) Ay is bounded,
(iii) Ir is bounded,
(iv) sup Ay € I—1 U I},
(v) sup I, € I,
(vi) if x € Iy, then there exists a neighborhood V' of x such that V C ApUI,UAk1q.

Proof. We just prove here that sup Ay belongs to UI,. The same proof as in [2]
shows the result with the help of the lemmas of the previous part.

Let 2 = sup Ay, then we have z ¢ UA,,. Let us assume that « ¢ UI,,, then setting
R > @ + 1o, we have H(uZ,v2)(R) > 0 because of lemma 3.8 whereas there
exists y € Ay, as close to x as we want such that H(u2,v2)(R) < 0. This contradicts

the flow continuity (lemma 3.7). So z belongs to UI,. O

We get the key lemmas of [2], so that we have shown the following result:
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Proposition 3.10. Ve € (0,m), there exists for all k € N a solution (ug,v;) of
(2.1) such that:

(i) Ry < 00, i.e. (ug,vy)(Ry) =0,
(ii) N.(0,R,) = k.

4. EXISTENCE OF SOLUTION OF (1.5)

We give here the proof of theorem 1.1.

Proof. Let us fix k € N. We write here € superscripts to emphasize the € dependence
of the solutions. Let (u$,vS) be a solution of (2.1) such that N&(co) = k with .
defined in section 2.2. We have :

(k+1)m
(C]
Let v > 0 such that ¢ := 2(1 — p)(Q + m)C, — 1 > 0, either H((ug)?, (v5)?)(ro) is

smaller than v or not. In that case, we have because of lemma 3.3:

Ry = p3(0) <

x x

+ 1o = E

(Re)2+mein) (RO (g2, (1)) ) 2

T
~2p(1 — p)CE(RL)? [+ |1 — 25in? P~ dr.

this gives us an uniform bound on H((u)?, (v5)?)(ro) which depends neither on
e nor on x. By the decay of the H, we obtain a uniform bound on (ug,vS) on
[r0, R] and thus an uniform Sobolev bound on ((ug)?, (vS)?, uSvs) because of lemma
3.6. Following the same idea as in 3.8, we obtain the uniform convergence of a
subsequence in C%([ro, R]) to some functions U, V, W which allow us to contruct
a solution (u,v) of (1.5) such that (u,v)(R) = 0. Let F(x) = (uz,v,)(ro), where
(ug,vy) is a solution of (1.5). F' is a bijective continuous map from [a,c0) into
F(Ja,00)). We have constructed the regularization system so that

e ((ug)?, (v5)?)(ro) = 1.

Since F([a,0)) is closed, (u,v)(ro) € F(]a,00)) and there exists > a such that
(tg, v:)(r9) = (u,v)(rg). This allow us to construct a solution of (1.5).

It just remains us to show that the winding number is preserved during the
extraction. Let ¢y € H 1 (R;)N{(u,v)|u <0 < v} and § > 0 such that B(c,d) C
HYR;) N {(u,v)|lu < 0 < v}. We write c. = —c,. For every ¢ > 0, joining
(us, v5)(ro) and 0, we construct the closed curve ~°. Setting:

Ny = -] Lo,
V= T S \z—cy  zHceq)’

Lebesgue theorem shows that N(7°) = k converge to N (") so that we have the
result. O

5. M.I.T BAG MODEL

Let us now study the link between the fractional model and the M.I.T. bag one.
For any k € N fixed, (up,vp) is the solution found by theorem 1.1 with & nodes and
R, is the radius at which it hits 0. We give here the proof of theorem 1.2.
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Proof. We have by lemma 3.2 for every p small enough:

(k+1)m —
R, < 6 - R.
Lemma 2.5 ensures that R does not depend on p provided that p € (0,7 — ].

Lemma 5.1. There exist g € C°([ro, R]), (uo,v0) € C°({|g| > 0}), a nonincreasing
nonnegative function Hy and a zero convergent decreasing sequence (py) such that:

(i) (v, —u ) converges uniformly to g in C°([ro, R]),
(i) (up, ,vp,) converges uniformly to (ug,vo) on every compact interval of
{lgl > 0} and v§ —uf =g,
(i) Hp,(uz ,v2 ) converges a.e. to Hy,
(iv) Hy = —%sgn(vd — ud) + L5520 + 25242 on {|g| > 0}.

(up,vp) is a solution of the free Dirac equation.

Proof. Let v > 0. Notice that liH(l) 2(1 — p)(2 4+ m)Cy > 1 by lemma 2.3. This
p—

allows us to do the same argument as in the proof of the previous section to show

that (Hp(u2,vz2)), is bounded on [rg, R] uniformly in p. We claim that (up,vp),
is bounded on [rg, R] uniformly in p too. Let us assume by contradiction that
(up,, Up, ) is not bounded. Up to a subsequence also written (p,),, there exists

(Tp, )n € [ro, RN such that (up,,vp,)(rp,.) =t (un,vy) is not bounded. He have:

(Q+m)u? + (2 —m)v2 — oo,
n—oo
Hy, (up,v7) < C,

so that

02—l i = e,

v2 — 42 is then nonnegative for n big enough and v2 — u? 00, thus
H (2 2)771|272pn+9_ (Zf 2)+QQ_>
Pn Ups Up) = 2 Un Up, Un Up, Up, n—o0 00.

This is the wanted contradiction. Moreover, we have

d u
%(vgn —u2 )(r)=4 (:" - Qupnvpn> ,

so that vf)n — uf,n is equicontinuous and bounded on [rg, R]. Ascoli’s theorem shows
the first point. On every compact interval of {|g| > 0}, (up, ,vp, ) is also equicon-
tinuous and bounded. Ascoli’s theorem and a diagonal argument give us the second

one. The remaining is immediate. (]

Lemma 5.2. Let (u,v) € R?, then

(i) For all € > 0, there exists C > 0 such that for all p € (0,1), if v> —u® > ¢
and H,(u?,v?) > 0 then u?> > C and v*> > C.

(ii) For all v > 1/2 there exists C > 0 such that if p € (0,1) and (u,v) € R?
verifies u? — v* > 0 and Hy(u?,v*) >~ then u* > C and v* > C.
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The proof is a straightforward calculus. Let Rlij be the i-th crossing of the set
{u® = v?}, R} the i-th crossing of the set {uv = 0} for the solution (uy, v,), where
i belongs to {1,...,2k}. Up to extraction, there exist (R});, (R); such that:

Rl = R{ and g(R}) = 0,
R, e Ry,
and R) < Ry < R2 < ... < R2k.
Lemma 5.3. For alli even, () # (R}, Ry™) € {g > 0} and O # (ro, R}) C {g > 0}.

Proof. By lemma 2.3, we have a, = (Q — m)2<11 » = sup{v|Ju; H,(u? v?) = 0},
and hm ap = VS . Thus, for all i even, (v —u2 (R ) > (Q—m)/2 for n

big enough so that g(RB) > (Q — m)/2. This ensures that R} < ﬁf) < Ryt We
claim that (R}, R5™Y) < {g > 0}. Let r* € (R}, R5™1), we have
%n (Ri};) N 9an:"2 > O(R 1),
2Pn ('L_L‘rpnvupg)(r_‘r) = 07
vs (r ) —upn(r ) >0,
so that EIC’ > 0 such that v (r*) > C and v2 (r*) > C for all n by lemma 5.2 and
liminf o2 (r*) —wu? (rt) = g(r*) is also positive thus r* € {|g| > 0}. The same

n— 00 Pn

argument works as well for 7~ € (R}, R}) and rq. This gives us the lemma. O

Lemma 5.4. For i odd, we have either
(i) 0 # (R§, R5™) € {lg] > 0}

" R,
s 1 Pn —
(ii) lim fRZn uy, ds = 0.

Proof. By symmetry, we can assume that for r € (R;7L7§;7L), Uy, (1) > vp, (r) > 0.
We have:

ar (v, —ug,) = dup (1/r = Q) +4Q(up, —up,vp,)
<4 (1/r— Q) +4Q(u;, —v2 ),

s0
jre‘mr (vg —ul ) <4e*u (1/r—Q).
Hence, for any r € (R}, , R}, ), we have:

T

(vzn - uzn)(r) <4(1/rg — Q)efmﬁ/ uf,nds‘

1l

Then we have either limsup f Rf’" u? ds is positive, then RO > R{ and Rz €

Pn
n—00

R . .
{lg| > O} or hm Rf’” u? ds = 0. In the latter case, we have either R = R}

u2
or lim ds = 0.
o f Ri UYpn

Let us assume now that Rj > Ri and Rj € {|g| > 0}. We write r_ € (R}, R})
the latest radius at which g = 0. Then, (ug,vo) is a nonzero free Dirac solution

on (r_, R3). Up to a subsequence, H,, (u? us pn)(Rz ) converges to (3 + 92’%3 +
Stm 2)(RZ) = 7 > 1/2. Lemma 5.2 ensures that there exists C' > 0 such that
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u? > Cand v2 > Con [R] R} ]. We then have that |, R;:'Jrr u? ds for every

r > 0 small enough and r~ = R}. This shows that:
0 # (Ro, ) < {lgl > 0}.
The proof on the right hand side of f% follows the same ideas. O

Let us now consider the following mapping:

I: (=p/2,p/2) x (VQ—m/2,00) — R3

(pa ‘T) — (pa up,m(TO)a Up,a:(TO))7

where (up z, Up o) is the solution of the problem (1.6), with « as initial condition. I"
is an injective immersion because of the flow regularity and the uniqueness in the
fixed point theorem. We claim that the image Z of ' is a embedded sub-manifold
of R3. For, let us assume by contradiction that Z is not. There exist a sequence
(Pn, zn), (p,z) and € > 0 such that :

||(pn7xn) - (pal‘)” >e€
100, 2) = T(p.2)| — 0.

We get p, — p. Moreover, I" can be extended into an injective mapping on
n—oo

[—D/2,D/2] %X [/ — m/2, 00) therefore (z,,) must tend to infinity since the existence
of an accumulation point contradicts injectivity. As it may be shown that lemma
2.5 is still true for p € [-p/2,5/2], we have:

Uf’naajn (TO) 2 v1277z7w7z (TO) - uznywn (TO) 2 al‘i.

Thus (I'(py, z,)) cannot be bounded which is the wanted contradiction. So I is a
diffeomorphism from (—p/2,5/2) x (v/2 —m/2,00) to Z. Therefore, there exists a
unique x > 0 such that (4o, v0,4)(r0) = (uo,v0)(ro) with the notations of lemma
5.1 and the convergence of (up, ,vp, ) t0 (o, v0,) is uniform on [0,r¢]. Thus we
get the theorem. O

We have been unable to describe completely the behavior of the limit function.
In particular, the evolution of the energy while the (u",v°) = 0 remains an open
problem.

APPENDIX

We give here the proof of lemma 2.3.

Proof. The proof of the first four points is given in [1]. It remains to show the last

one. We set C,, = sup{u? | Jv, H(u? v?) =~}/y. We have for all (u,v) € R*:
H(u?v?) =~ = C,H(u?v?) >’

Since H*({~}) is compact, there exists (u,v) such that H(u? v?) = v and vC,, =

u?. By the implicit function theorem, we can show that

Q—m | P!
v =H(u? 1)2)<p2)(p1)+ﬂu2
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so that,

v +— C, is nonincreasing, this gives us the result for C,. The proof for D, follows
the same ideas. (I

The following is the proof of lemma 2.5.

Proof. Let us assume that (ug,,vsp) is a solution of (1.5),. We begin as in [1].
Let ro > &, Ry = sup{r > 0[vZ —u2 > 0} and S, = min(R,,7o). For r € (0,5,),
we have because of (1.5),:

%(vg —u2) =2(vhv, — uluy)
2
=4(%= — Qugv,)
> 4Q(u2 —v2) —4(Q — %)Ui
> 40 (u? — v2) — 4(2 — L)z
We get:
d 1
— (M (02 —u2)) + 4(Q2 — —)z%e* > 00n (0,5,).
dr To
and

@-1) ©-2)
2 2 2 —4Qrg o _ 0
vE — UL > X (e (1+ ) ) ) on [0,5,).

Now let us set for (2, p) € (m,00) x (0,1) :

g: (2,p) —
exp (_%> (]_ + PQ+(;2—p)m) _ pQ-‘r(;z—p)m,

and .,
fipe(0,1)—=e T7(1+p) —p.
On the one hand, Q — ¢(, p) is increasing and
Jim_g(Q,p) = f(p), Jim g(Qp)=—1.
—00 Q—m
On the other hand, f is decreasing and
. -4 . _
liy f(p) =e™* >0, lim f(p) = —1.
Thus, there exists a unique p € (0,1) such that
vp € (0,p), f(p) > f(P) =0,
and for such a p, a unique €2, > m such that
vQ > Qp, g(p) > g(Qp,p) = 0.
Finaly, for 0 < p < ¢ <P, we have for all Q > Q, > m,
1 < 1
=7
@-m)(1-p) " (@-m)1-gq) "
o= g(Qa Q) > g(QQ7 Q) = 0 Then7

’Ui,p - uivp > aa? for all r € [0, S,),
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this shows that S, = ry and thus we get the first two points of the lemma. The
latter one is an easy consequence of lemma 2.4 and no constant depends on p
provided that p € (0,5 — ] for some ¢ > 0. O

REFERENCES

[1] M. Balabane, T. Cazenave, and L. Vazquez. Existence of standing waves for dirac fields
with singular nonlinearities. Communications in Mathematical Physics, 133:53—-74, 1990.
10.1007/BF02096554.

[2] M. Balabane, J. Dolbeault, and H. Ounaies. Nodal solutions for a sublinear elliptic equation.
Nonlinear Analysis, 52(1):219 — 237, 2003.

[3] E. A. Coddington and N. Levinson. Theory of ordinary differential equations. McGraw-Hill
Book Company, Inc., New York-Toronto-London, 1955.

[4] K. Johnson. The M.I.T bag model. Acta Phys. Pol., B6:865-892, 1975.

[5] P. Mathieu. Compact solitons, bags, and radial excitations. Phys. Rev. D, 32(12):3288-3293,
Dec 1985.

[6] P. Mathieu and R. Saly. Baglike solutions of a dirac equation with fractional nonlinearity.
Phys. Rev. D, 29(12):2879-2883, Jun 1984.

Acknowledgment. This problem has been proposed by Patricio Felmer. The
author would like to thank Patricio Felmer and Eric Séré for useful discussions and
helpful comments. This work was partially supported by the Grant ANR-10-BLAN
0101 of the French Ministry of research.

CEREMADE (UMR CNRS No. 7534), UNIVERSITE PARIS-DAUPHINE, PLACE DE LATTRE DE
TASSIGNY, F75775 PARis CEDEX 16 FRANCE
E-mail address: letreust@ceremade.dauphine.fr



