
HAL Id: hal-00605661
https://hal.science/hal-00605661v1

Submitted on 5 Jul 2011

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Solving Q-SAT in bounded space and time by geometrical
computation

Denys Duchier, Jérôme Durand-Lose, Maxime Senot

To cite this version:
Denys Duchier, Jérôme Durand-Lose, Maxime Senot. Solving Q-SAT in bounded space and time by geometri-
cal computation. Models of computability in context, 7th Int. Conf. Computability in Europe, Jun 2011, Sofia,
Bulgaria. pp.76-86. ⟨hal-00605661⟩

https://hal.science/hal-00605661v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


❙♦❧✈✐♥❣ ◗✲❙❆❚ ✐♥ ❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡ ❜②

❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥

❉❡♥②s ❉✉❝❤✐❡r✱ ❏érô♠❡ ❉✉r❛♥❞✲▲♦s❡✱ ▼❛①✐♠❡ ❙❡♥♦t⋆

▲■❋❖✱ ❯♥✐✈❡rs✐t② ♦❢ ❖r❧❡❛♥s✱ ❇P ✻✼✺✾✱ ❋✲✹✺✵✻✼ ❖❘▲❊❆◆❙ ❈❡❞❡① ✷✱ ❋❘❆◆❈❊✳

❆❜str❛❝t✳ ❆❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ s♦❧✈❡ P❙P❆❈❊✲❝♦♠✲
♣❧❡t❡ ♣r♦❜❧❡♠s ❡✣❝✐❡♥t❧②✿ ❛♥② q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛✱ ✐♥st❛♥❝❡ ♦❢ ◗✲
❙❆❚ ✕ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❛t✐s✜❛❜✐❧✐t② ♦❢ q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ ✕ ❝❛♥
❜❡ ❞❡❝✐❞❡❞ ✐♥ ❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡ ✇✐t❤ s✐♠♣❧❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥str✉❝✲
t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♦♥❧② ❞r❛✇✐♥❣ ♣❛r❛❧❧❡❧ ❧✐♥❡s ♦♥ ❛♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✲t✐♠❡✳
❈♦♠♣❧❡①✐t② ❛s t❤❡ ♠❛①✐♠❛❧ ❧❡♥❣t❤ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥s❡❝✉t✐✈❡ s❡❣♠❡♥ts
✐s q✉❛❞r❛t✐❝✳ ❲❡ ✉s❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ r❡❛❧ ❧✐♥❡ t♦ ❝♦✈❡r ❛❧❧ t❤❡ ♣♦ss✐✲
❜❧❡ ❜♦♦❧❡❛♥ ✈❛❧✉❛t✐♦♥s ❜② ❛ r❡❝✉rs✐✈❡ tr❡❡ str✉❝t✉r❡ r❡❧②✐♥❣ ♦♥ ❛ ❢r❛❝t❛❧
♣❛tt❡r♥✿ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❝❛s❡s ❛r❡ ❡①♣❧♦r❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❜②
❛ ♠❛ss✐✈❡ ♣❛r❛❧❧❡❧✐s♠✳

❑❡②✇♦r❞s✳ ❆❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥❀ ❙✐❣♥❛❧ ♠❛❝❤✐♥❡❀ ◗✲❙❆❚❀
❋r❛❝t❛❧ ❝♦♠♣✉t❛t✐♦♥❀ ▼❛ss✐✈❡ ♣❛r❛❧❧❡❧✐s♠❀ ❯♥❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

❲❤❡♥ ❞❡✜♥✐♥❣ ❛♥❞ st✉❞②✐♥❣ ❛ ♥❡✇ ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ❛♥ ✉♥❝♦♥✲
✈❡♥t✐♦♥♥❛❧ ♦♥❡✱ t❤❡s❡ q✉❡st✐♦♥s ❛r✐s❡ ♥❛t✉r❛❧❧②✿ ✇❤❛t ❝❛♥ ✇❡ ❝♦♠♣✉t❡ ✭✐♥ t❡r♠s
♦❢ ❞❡❝✐❞❛❜✐❧✐t②✮✱ ❤♦✇ ❝❛♥ ✇❡ ❝♦♠♣✉t❡ ✐t✱ ❛♥❞ ✇❤❛t ❞♦❡s ✐t ❝♦st ✭✐♥ t❡r♠s ♦❢ ❝♦♠✲
♣❧❡①✐t②✮❄ ❆♥s✇❡rs ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❜② t❛❦✐♥❣ r❡♣r❡s❡♥t❛t✐✈❡ ♣r♦❜❧❡♠s ♦❢ ❝❧❛ss✐❝❛❧
❝♦♠♣❧❡①✐t② ❝❧❛ss❡s✱ ❡✳❣✳ ❙❆❚ ❢♦r ◆P ♦r ◗✲❙❆❚ ❢♦r P❙P❆❈❊✱ ❛♥❞ ❝♦❞✐♥❣ t❤❡♠ ✐♥
t❤❡ ♥❡✇ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✳ ❚❤✐s ✇❛s ❞♦♥❡ ❢♦r ◆P✲♣r♦❜❧❡♠s ✇✐t❤ ❛❝t✐✈❡ ♠❡♠✲
❜r❛♥❡s s②st❡♠ ❬P➔✉♥✱ ✷✵✵✶❪ ❛♥❞ ✇✐t❤ ❛♥ ❤②♣❡r❜♦❧✐❝ s♣❛❝❡ ♦❢ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛
❬▼❛r❣❡♥st❡r♥ ❛♥❞ ▼♦r✐t❛✱ ✷✵✵✶❪✳ ❙✐♠✐❧❛r❧②✱ s♦♠❡ s♦❧✉t✐♦♥s ❢♦r ◗✲❙❆❚ ✇❡r❡ ♣r♦✲
♣♦s❡❞ ✇✐t❤ P✲s②st❡♠s ❛♥❞ ♠❡♠❜r❛♥❡s ❬❆❧❤❛③♦✈ ❛♥❞ Pér❡③✲❏✐♠é♥❡③✱ ✷✵✵✼❪✱ ❛♥❞
✇✐t❤ ❝❧♦s❡❞ t✐♠❡❧✐❦❡ ❝✉r✈❡s ✐♥ r❡❧❛t✐✈✐st✐❝ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ s❤♦✇❡❞ ✐♥ ❬❉✉❝❤✐❡r
❡t ❛❧✳✱ ✷✵✶✵❪ t❤❛t s✐❣♥❛❧ ♠❛❝❤✐♥❡s✱ ❛ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ❛❜str❛❝t ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛✲
t✐♦♥✱ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ s♦❧✈✐♥❣ ❙❆❚ ✐♥ ❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱
✇❡ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ t❤❡ ❤✐❣❤❡r ❝♦♠♣❧❡①✐t② ❝❧❛ss P❙P❆❈❊ ❜② ❞❡s❝r✐❜✐♥❣ ❛
❣❡♦♠❡tr✐❝❛❧ ❝♦♥str✉❝t✐♦♥ s♦❧✈✐♥❣ ◗✲❙❆❚ t❤r♦✉❣❤ ❢r❛❝t❛❧ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✱ st✐❧❧ ✐♥
❝♦♥st❛♥t s♣❛❝❡ ❛♥❞ t✐♠❡✳

❲❡ ❛❧s♦ ♦✛❡r ❛ ♠♦r❡ ♣❡rt✐♥❡♥t✱ ♠♦❞❡❧✲s♣❡❝✐✜❝✱ ♥♦t✐♦♥ ♦❢ t✐♠❡✲❝♦♠♣❧❡①✐t②✱
♥❛♠❡❧② ❝♦❧❧✐s✐♦♥ ❞❡♣t❤✱ ✇❤✐❝❤ ✐s q✉❛❞r❛t✐❝ ❢♦r ♦✉r ♣r♦♣♦s❡❞ ❝♦♥str✉❝t✐♦♥✳

❚❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥t❡①t ♣r♦♣♦s❡❞ ❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛rt✐✲

❝❧❡s ♠♦✈❡ ✉♥✐❢♦r♠❧② ♦♥ t❤❡ r❡❛❧ ❛①✐s✳ ❲❤❡♥ ❛ s❡t ♦❢ ♣❛rt✐❝❧❡s ❝♦❧❧✐❞❡✱ t❤❡② ❛r❡

⋆ ❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❆◆❘ ♣r♦❥❡❝t ❆●❆P❊✱ ❆◆❘✲✵✾✲❇▲❆◆✲
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r❡♣❧❛❝❡❞ ❜② ❛ ♥❡✇ s❡t ♦❢ ♣❛rt✐❝❧❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝❤♦s❡♥ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦❧❧✐s✐♦♥
r✉❧❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡s❡ s②st❡♠s t❤r♦✉❣❤ t❤❡✐r s♣❛❝❡✲

t✐♠❡ ❞✐❛❣r❛♠✱ ✐♥ ✇❤✐❝❤ tr❛❝❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ♠❛t❡r✐❛❧✐③❡❞ ❜② ❧✐♥❡s s❡❣♠❡♥t
t❤❛t ✇❡ ❝❛❧❧ s✐❣♥❛❧s✳ ❚❤❡ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠ ♦❢ ❛ s✐❣♥❛❧ ♠❛❝❤✐♥❡ ❝♦♥st✐t✉❡❞ ❛
❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳

▼♦❞❡❧s ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ❝♦♥✈❡♥t✐♦♥❛❧ ♦r ♥♦t✱ ❛r❡ ❢r❡q✉❡♥t❧② ❜❛s❡❞ ♦♥ ♠❛t❤✲
❡♠❛t✐❝❛❧ ✐❞❡❛❧✐③❛t✐♦♥s ♦❢ ♣❤②s✐❝❛❧ ❝♦♥❝❡♣ts ❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s✱ ♦♥
❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r✱ ♦❢ s✉❝❤ ❛❜str❛❝t✐♦♥s ✭q✉❛♥t✉♠✱ ♠❡♠❜r❛♥❡✱ ❝❧♦s❡❞ t✐♠❡✲
❧✐❦❡ ❝✉r✈❡s✱ ❜❧❛❝❦ ❤♦❧❡s✳ ✳ ✳ ✮✳ ❍♦✇❡✈❡r✱ ♦❢t❡♥t✐♠❡s✱ t❤❡ ✐❞❡❛❧✐③❛t✐♦♥ ✐s s✉❝❤ t❤❛t
✐t ♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞ ❡✐t❤❡r ❛s ❛❧❧♦✇✐♥❣ ✐♥❢♦r♠❛t✐♦♥ t♦ ❤❛✈❡ ✐♥✜♥✐t❡ ❞❡♥s✐t②
✭❡✳❣✳ ❛♥ ♦r❛❝❧❡✮✱ ♦r t♦ ❜❡ tr❛♥s♠✐tt❡❞ ❛t ✐♥✜♥✐t❡ s♣❡❡❞ ✭❣❧♦❜❛❧ ❝❧♦❝❦✱ ♥♦ s♣❛t✐❛❧
❡①t❡♥s✐♦♥✳ ✳ ✳ ✮✳ ❖♥ t❤✐s ✐ss✉❡✱ t❤❡ ♠♦❞❡❧ ♦❢ s✐❣♥❛❧ ♠❛❝❤✐♥❡s st❛♥❞s ✐♥ ❝♦♥tr❛❞✐s✲
t✐♥❝t✐♦♥ ✇✐t❤ ♦t❤❡r ❛❜str❛❝t ♠♦❞❡❧s ♦❢ ❝♦♠♣✉t❛t✐♦♥✿ ✐t r❡s♣❡❝ts t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢
❝❛✉s❛❧✐t②✱ ❞❡♥s✐t② ❛♥❞ s♣❡❡❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ✜♥✐t❡✱ ❛s ❛r❡ t❤❡ s❡ts ♦❢ ♦❜❥❡❝ts
♠❛♥✐♣✉❧❛t❡❞✳ ◆♦♥❡t❤❡❧❡ss✱ ✐t r❡♠❛✐♥s ❛ r❡s♦❧✉t❡❧② ❛❜str❛❝t ♠♦❞❡❧ ✇✐t❤ ♥♦ ❛♣r✐✲
♦r✐ ❛♠❜✐t✐♦♥ t♦ ❜❡ ♣❤②s✐❝❛❧❧② r❡❛❧✐③❛❜❧❡❀ ✐t ❞❡❛❧s ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ✐ss✉❡s s✉❝❤ ❛s
❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❞♦ ❚✉r✐♥❣✲❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ s✉❝❤ ❛ s②st❡♠ ❬❉✉r❛♥❞✲▲♦s❡✱
✷✵✵✺❪ ❛♥❞ ❡✈❡♥ t♦ ❞♦ ❛♥❛❧♦❣ ❝♦♠♣✉t❛t✐♦♥ ❜② ❛ s②st❡♠❛t✐❝ ✉s❡ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢
s♣❛❝❡ ❛♥❞ t✐♠❡ ❬❉✉r❛♥❞✲▲♦s❡✱ ✷✵✵✾❛✱❜❪✳ ❖t❤❡r ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♣✉t❛✲
t✐♦♥ ❡①✐st ❛♥❞ ❛❧❧♦✇ t♦ ❝♦♠♣✉t❡✿ ❝♦❧♦r❡❞ ✉♥✐✈❡rs❡s ❬❏❛❝♦♣✐♥✐ ❛♥❞ ❙♦♥t❛❝❝❤✐✱ ✶✾✾✵❪✱
❣❡♦♠❡tr✐❝ ♠❛❝❤✐♥❡s ❬❍✉❝❦❡♥❜❡❝❦✱ ✶✾✽✾❪✱ ♣✐❡❝❡✲✇✐s❡ ❝♦♥st❛♥t ❞❡r✐✈❛t✐✈❡ s②st❡♠s
❬❇♦✉r♥❡③✱ ✶✾✾✼❪✱ ♦♣t✐❝❛❧ ♠❛❝❤✐♥❡s ❬◆❛✉❣❤t♦♥ ❛♥❞ ❲♦♦❞s✱ ✷✵✵✶❪✳ ✳ ✳

▼♦st ♦❢ t❤❡ ✇♦r❦ t♦ ❞❛t❡ ✐♥ t❤✐s ❞♦♠❛✐♥✱ ❝❛❧❧❡❞ ❛❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠✲

♣✉t❛t✐♦♥ ✭❆●❈✮✱ ❤❛s ❞❡❛❧t ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ s❡q✉❡♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥s ❡✈❡♥
t❤♦✉❣❤ t❤❡ ♠♦❞❡❧✱ s❡❡♥ ❛s ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♦❢ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✱ ✐s ✐♥❤❡r✲
❡♥t❧② ♣❛r❛❧❧❡❧ ✭s❡❡ ❋✐❣✳ ✶✮✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ ❞❡s❝r✐❜❡ ❛ ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧
❡✈❛❧✉❛t✐♦♥ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛ ❛♥❞ ✇❡
♣r♦✈✐❞❡ ❛ ✇❛② t♦ ❝♦❧❧❡❝t t❤❡ r❡s✉❧ts✳ ❚❤✐s ✐s t❤❡ ✜rst t✐♠❡ t❤❛t ♣❛r❛❧❧❡❧✐s♠ ✐s
r❡❛❧❧② ✉s❡❞ ✐♥ ❆●❈✳

❚
✐♠

❡
✭N

✮

❙♣❛❝❡ ✭Z✮

❚
✐♠

❡
✭R

+
✮

❙♣❛❝❡ ✭R✮

❋✐❣✳ ✶✳ ❋r♦♠ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ t♦ s✐❣♥❛❧ ♠❛❝❤✐♥❡s✳

❚♦ ❛❝❤✐❡✈❡ ♠❛ss✐✈❡ ♣❛r❛❧❧❡❧✐s♠✱ ✇❡ ❢♦❧❧♦✇ ❛ ❢r❛❝t❛❧ ♣❛tt❡r♥ t♦ ❛ ❞❡♣t❤ ♦❢
n ✭❢♦r n ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✮ ✐♥ ♦r❞❡r t♦ ♣❛rt✐t✐♦♥ t❤❡ s♣❛❝❡ ✐♥ 2n r❡❣✐♦♥s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 2n ♣♦ss✐❜❧❡ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ✉♥q✉❛♥t✐✜❡❞ ❢♦r♠✉❧❛✳ ❲❡ ❝❛❧❧
t❤❡ r❡s✉❧t✐♥❣ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥str✉❝t✐♦♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠❜ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧
❛ss✐❣♥♠❡♥ts✳ ❲✐t❤ ❛ s✐❣♥❛❧ ♠❛❝❤✐♥❡✱ s✉❝❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥str✉❝t✐♦♥ ✜ts ✐♥
❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳



❖♥❝❡ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠❜ ✐s ✐♥ ♣❧❛❝❡✱ ✐t ✐s ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t ❛ ❜✐♥❛r②
❞❡❝✐s✐♦♥ tr❡❡ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❢♦r♠✉❧❛✱ ✇❤❡r❡ ❛❧❧ ❜r❛♥❝❤❡s ❛r❡ ❡①♣❧♦r❡❞ ✐♥ ♣❛r❛❧✲
❧❡❧✳ ❋✐♥❛❧❧②✱ ❛❧❧ t❤❡ r❡s✉❧ts ❛r❡ ❝♦❧❧❡❝t❡❞ ❛♥❞ ❛❣❣r❡❣❛t❡❞ r❡s♣❡❝t✐♥❣ t❤❡ q✉❛♥t✐✜❡rs
♦❢ t❤❡ ◗✲❙❆❚ ❢♦r♠✉❧❛ t♦ ②✐❡❧❞ t❤❡ ✜♥❛❧ ❛♥s✇❡r✳ ❖✉r ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❡❞s ✐♥
st❛❣❡s✿ ✇❡ ❣❡♥❡r❛t❡ ❛♥❞ ❝❛❧✐❜r❛t❡ ❛ ❜❡❛♠ ♦❢ s✐❣♥❛❧s ❡♥❝♦❞✐♥❣ t❤❡ ❢♦r♠✉❧❛✱ ♠❛❦✐♥❣
s✉r❡ t❤❛t ✐t ✜ts ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠❜✱ ✇❡ ♣r♦♣❛❣❛t❡ ✐t t❤r♦✉❣❤ t❤❡ ❜✐♥❛r②
❞❡❝✐s✐♦♥ tr❡❡✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ tr✉t❤ ✈❛❧✉❡ ✇❤❡♥ r❡❛❝❤✐♥❣ ❡❛❝❤ ✈❛❧✉❛t✐♦♥✱ ❛♥❞
✜♥❛❧✐③❡ t❤❡ ❛♥s✇❡r ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❞✐❛❣r❛♠✳

❙✐❣♥❛❧ ♠❛❝❤✐♥❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❙❡❝t✐♦♥s ✸ t♦ ✼ ❞❡t❛✐❧ st❡♣ ❜②
st❡♣ ♦✉r ❣❡♦♠❡tr✐❝❛❧ s♦❧✉t✐♦♥ t♦ ◗✲❙❆❚✿ s♣❧✐tt✐♥❣ t❤❡ s♣❛❝❡✱ ❝♦❞✐♥❣ t❤❡ ❢♦r♠✉❧❛✱
❜r♦❛❞❝❛st✐♥❣ t❤❡ ❢♦r♠✉❧❛✱ ❡✈❛❧✉❛t✐♥❣ ✐t ❛♥❞ ✜♥❛❧✐③✐♥❣ t❤❡ ❛♥s✇❡r ❜② ❝♦❧❧❡❝t✐♥❣
t❤❡ r❡s✉❧ts✳ ❈♦♠♣❧❡①✐t✐❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✽ ❛♥❞ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ r❡♠❛r❦s
❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✳

✷ ❉❡✜♥✐t✐♦♥s

❙❛t✐s✜❛❜✐❧✐t② ♦❢ q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛❡✳ ◗✲❙❆❚ ✐s t❤❡ s❛t✐s✜❛❜✐❧✐t②
♣r♦❜❧❡♠ ❢♦r q✉❛♥t✐✜❡❞ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛❡ ✭◗❇❋✮✳ ❆ ◗❇❋ ✐s ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ♦❢
t❤❡ ❢♦r♠✿ φ = Qx1Qx2 . . . Qxn ψ(x1, x2, . . . , xn) ✇❤❡r❡ Q ∈ {∃, ∀} ❛♥❞ ψ ✐s
❛ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✳ ❙❆❚ ✐s t❤❡ ❢r❛❣♠❡♥t ♦❢ ◗✲❙❆❚
✉s✐♥❣ ♦♥❧② t❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡r✳

◗✲❙❆❚ ✐s P❙P❆❈❊✲❝♦♠♣❧❡t❡ ❬❙t♦❝❦♠❡②❡r ❛♥❞ ▼❡②❡r✱ ✶✾✼✸❪✿ ✐t ❝❛♥ ❜❡ s♦❧✈❡❞
❜② ❛ ♣♦❧②♥♦♠✐❛❧✲s♣❛❝❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛♥② P❙P❆❈❊✲♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡ t♦ ◗✲❙❆❚✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠ ✐s r❡❝✉rs✐✈❡✿ ❣✐✈❡♥ ❛ ❢♦r♠✉❧❛
Qx φ(x)✱ ✐t r❡❝✉rs✐✈❡❧② ❞❡t❡r♠✐♥❡s t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ φ(tr✉❡) ❛♥❞ φ(❢❛❧s❡)✱
t❤❡♥ ❛❣❣r❡❣❛t❡s t❤❡ r❡s✉❧ts ✇✐t❤ ∨ ✐❢ Q = ∃ ♦r ✇✐t❤ ∧ ✐❢ Q = ∀✳

❙✐❣♥❛❧ ♠❛❝❤✐♥❡s✳ ❙✐❣♥❛❧ ♠❛❝❤✐♥❡s ❛r❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❢r♦♠
❞✐s❝r❡t❡ t✐♠❡ ❛♥❞ s♣❛❝❡ t♦ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❛♥❞ s♣❛❝❡✳ ❉✐♠❡♥s✐♦♥❧❡ss s✐❣♥❛❧s✴♣❛r✲
t✐❝❧❡s ♠♦✈❡ ❛❧♦♥❣ t❤❡ r❡❛❧ ❧✐♥❡ ❛♥❞ r✉❧❡s ❞❡s❝r✐❜❡ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡② ❝♦❧❧✐❞❡✳

❙✐❣♥❛❧s✳ ❊❛❝❤ s✐❣♥❛❧ ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛ ♠❡t❛✲s✐❣♥❛❧✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ♠❡t❛✲s✐❣♥❛❧
❞❡✜♥❡s ✐ts ✈❡❧♦❝✐t② ❛♥❞ ✇❤❛t ❤❛♣♣❡♥ ✇❤❡♥ s✐❣♥❛❧s ♠❡❡t✳ ❋✐❣✉r❡ ✷ ♣r❡s❡♥ts ❛ ✈❡r②
s✐♠♣❧❡ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠✳ ❚✐♠❡ ✐s ✐♥❝r❡❛s✐♥❣ ✉♣✇❛r❞s ❛♥❞ t❤❡ ♠❡t❛✲s✐❣♥❛❧s ❛r❡
✐♥❞✐❝❛t❡❞ ❛s ❧❛❜❡❧s ♦♥ t❤❡ s✐❣♥❛❧s✳ ▼❡t❛✲s✐❣♥❛❧s ❛r❡ ❧✐st❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✳ ✷✳

▼❡t❛✲❙✐❣♥❛❧s ❙♣❡❡❞

✇ ✵
−→
❞✐✈ ✸
−→
❤✐ ✶
−→
❧♦ ✸

←−−
❜❛❝❦ ✲✸

−→

div w

−→

lo

w

−→
h
i

←
−−backw

w
w

❈♦❧❧✐s✐♦♥ r✉❧❡s

④ ✇✱
−→
❞✐✈ ⑥ → ④ ✇✱

−→
❤✐ ✱
−→
❧♦ ⑥

④
−→
❧♦ ✱ ✇ ⑥ → ④

←−−
❜❛❝❦✱ ✇ ⑥

④
−→
❤✐ ✱
←−−
❜❛❝❦ ⑥ → ④ ✇ ⑥

❋✐❣✳ ✷✳ ❈♦♠♣✉t✐♥❣ t❤❡ ♠✐❞❞❧❡



●❡♥❡r❛❧❧②✱ ✇❡ ✉s❡ ♦✈❡r✲❧✐♥❡ ❛rr♦✇s t♦ ✐♥❞✐❝❛t❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢
❛ ♠❡t❛✲s✐❣♥❛❧✳ ❋♦r ❡①❛♠♣❧❡✱ ←−❛ ❛♥❞ −→❛ ❞❡♥♦t❡ t✇♦ ❞✐✛❡r❡♥t ♠❡t❛✲s✐❣♥❛❧s❀ ❜✉t ❛s
❝❛♥ ❜❡ ❡①♣❡❝t❡❞✱ t❤❡② ❤❛✈❡ s✐♠✐❧❛r ✉s❡s ❛♥❞ ❜❡❤❛✈✐♦rs✳ ❙✐♠✐❧❛r❧② ❜r ❛♥❞ ❜❧ ❛r❡
❞✐✛❡r❡♥t❀ ❜♦t❤ ❛r❡ st❛t✐♦♥❛r②✱ ❜✉t ♦♥❡ ✐s ♠❡❛♥t t♦ ❜❡ t❤❡ ✈❡rs✐♦♥ ❢♦r r✐❣❤t ❛♥❞
t❤❡ ♦t❤❡r ❢♦r ❧❡❢t✳

❈♦❧❧✐s✐♦♥ r✉❧❡s✳ ❲❤❡♥ ❛ s❡t ♦❢ s✐❣♥❛❧s ❝♦❧❧✐❞❡✱ t❤❡② ❛r❡ r❡♣❧❛❝❡❞ ❜② ❛ ♥❡✇ s❡t ♦❢
s✐❣♥❛❧s ❛❝❝♦r❞✐♥❣ t♦ ❛ ♠❛t❝❤✐♥❣ ❝♦❧❧✐s✐♦♥ r✉❧❡ {σ1, . . . , σn} → {σ

′

1, . . . , σ
′

p} ✇❤❡r❡
❛❧❧ σi ❛♥❞ σ′j ❛r❡ ♠❡t❛✲s✐❣♥❛❧s✳ ❆ r✉❧❡ ♠❛t❝❤❡s ❛ s❡t ♦❢ ❝♦❧❧✐❞✐♥❣ s✐❣♥❛❧s ✐❢ ✐ts
❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s ❡q✉❛❧ t♦ t❤❡ s❡t ♦❢ t❤❡✐r ♠❡t❛✲s✐❣♥❛❧s✳ ❇② ❞❡❢❛✉❧t✱ ✐❢ t❤❡r❡ ✐s ♥♦
❡①❛❝t❧② ♠❛t❝❤✐♥❣ r✉❧❡ ❢♦r ❛ ❝♦❧❧✐s✐♦♥✱ t❤❡ ❜❡❤❛✈✐♦r ✐s ❞❡✜♥❡❞ t♦ r❡❣❡♥❡r❛t❡ ❡①❛❝t❧②
t❤❡ s❛♠❡ ♠❡t❛✲s✐❣♥❛❧s✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ❝♦❧❧✐s✐♦♥ ✐s ❝❛❧❧❡❞ ❜❧❛♥❦✳ ❈♦❧❧✐s✐♦♥ r✉❧❡s
❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠ ❛s ♦♥ ❋✐❣✳ ✷✳ ❚❤❡② ❛r❡ ❛❧s♦ ❧✐st❡❞ ♦♥
t❤❡ r✐❣❤t ♦❢ t❤✐s ✜❣✉r❡✳

❙✐❣♥❛❧ ♠❛❝❤✐♥❡✳ ❆ s✐❣♥❛❧ ♠❛❝❤✐♥❡ ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ ♠❡t❛✲s✐❣♥❛❧s✱ ❛ s❡t ♦❢
❝♦❧❧✐s✐♦♥ r✉❧❡s✱ ❛♥❞ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳❡✳ ❛ s❡t ♦❢ ♣❛rt✐❝❧❡s ♣❧❛❝❡❞ ♦♥ t❤❡
r❡❛❧ ❧✐♥❡✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ s✐❣♥❛❧ ♠❛❝❤✐♥❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❣❡♦♠❡tr✐❝❛❧❧② ❛s ❛
s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠✿ s♣❛❝❡ ✐s ❛❧✇❛②s r❡♣r❡s❡♥t❡❞ ❤♦r✐③♦♥t❛❧❧②✱ ❛♥❞ t✐♠❡ ✈❡rt✐❝❛❧❧②✱
❣r♦✇✐♥❣ ✉♣✇❛r❞s✳ ❚❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✳ ✷ ❝♦♠♣✉t❡s t❤❡ ♠✐❞❞❧❡✿ t❤❡ ♥❡✇ ✇ ✐s
❧♦❝❛t❡❞ ❡①❛❝t❧② ❤❛❧❢✇❛② ❜❡t✇❡❡♥ t❤❡ ✐♥✐t✐❛❧ t✇♦ ✇✳

✸ ❈♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠❜

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ❜② ❜r✉t❡ ❢♦r❝❡ ✇❤❡t❤❡r ❛ ✉♥q✉❛♥t✐✜❡❞ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r✲
♠✉❧❛ ✇✐t❤ n ✈❛r✐❛❜❧❡s ✐s s❛t✐s✜❛❜❧❡✱ 2n ❝❛s❡s ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡s❡ ❝❛s❡s
❝❛♥ ❜❡ r❡❝✉rs✐✈❡❧② ❡♥✉♠❡r❛t❡❞ ✉s✐♥❣ ❛ ❜✐♥❛r② ❞❡❝✐s✐♦♥ tr❡❡✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ❢♦r ✈❛r✐❛❜❧❡ xi ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛
st❛t✐♦♥❛r② s✐❣♥❛❧✿ t❤❡ s♣❛❝❡ ♦♥ t❤❡ ❧❡❢t s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s xi = ❢❛❧s❡✱
❛♥❞ t❤❡ s♣❛❝❡ ♦♥ t❤❡ r✐❣❤t ❛s xi = tr✉❡✳ ❚❤❡♥ ✇❡ ✇✐❧❧ s✐♠✐❧❛r❧② s✉❜❞✐✈✐❞❡ t❤❡
s♣❛❝❡s t♦ t❤❡ ❧❡❢t ❛♥❞ t♦ t❤❡ r✐❣❤t✱ ✇✐t❤ st❛t✐♦♥❛r② s✐❣♥❛❧s ❢♦r xi+1✱ ❛♥❞ s♦ ♦♥
r❡❝✉rs✐✈❡❧② ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✸✭❛✮✳

❙t❛rt✐♥❣ ✇✐t❤ t✇♦ ❜♦✉♥❞✐♥❣ s✐❣♥❛❧s ✇ ❛♥❞ ❛♥ ✐♥✐t✐❛t♦r
−−→
st❛rt✱ s♣❛❝❡ ✐s r❡❝✉r✲

s✐✈❡❧② ❞✐✈✐❞❡❞ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✭❜✮✳ ❚❤❡ ✜rst st❡♣ ✇♦r❦s ❡①❛❝t❧② ❛s ✐♥ ❋✐❣✳ ✷✱ ❜✉t
t❤❡♥ ❝♦♥t✐♥✉❡s ♦♥ t♦ ❛ ❞❡♣t❤ ♦❢ n✿ t❤❡ ❝♦✉♥t✐♥❣ ✐s r❡❛❧✐③❡❞ ❜② ✉s✐♥❣ s✉❝❝❡ss✐✈❡❧②
−→
♠0✱
−→
♠1✱
−→
♠2 ✳ ✳ ✳ ❚❤❡ ♥❡❝❡ss❛r② r✉❧❡s ❛♥❞ ♠❡t❛✲s✐❣♥❛❧s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜✳✶✳

▼❡t❛✲❙✐❣♥❛❧ ❙♣❡❡❞
−−→
st❛rt✱

−−−→
st❛rt❧♦✱

−→
❛ ✸

−→
♠0✱
−→
♠1✱
−→
♠2 ✳ ✳ ✳ ✶

①1✱ ①2✱ ①3 ✳ ✳ ✳ ✵
←−
♠0✱
←−
♠1✱
←−
♠2 ✳ ✳ ✳ ✲✶
←−
❛ ✲✸

❜❧✱ ❜r ✵

❈♦❧❧✐s✐♦♥ r✉❧❡s

④
−−→
st❛rt✱ ✇ ⑥ → ④ ✇✱

−−−→
st❛rt❧♦✱

−→
♠0 ⑥

④
−−−→
st❛rt❧♦✱ ✇ ⑥ → ④ ←−❛ ✱ ✇ ⑥

④ ✇✱ ←−❛ ⑥ → ④ ✇✱ −→❛ ⑥

④ −→❛ ✱ ✇ ⑥ → ④ ←−❛ ✱ ✇ ⑥

④ −→♠i✱
←−
❛ ⑥ → ④ ←−❛ ✱ ←−−−♠i+1✱ ①i✱

−−−→
♠i+1✱

−→
❛ ⑥

④ −→❛ ✱ ←−♠i ⑥ → ④ ←−❛ ✱ ←−−−♠i+1✱ ①i✱
−−−→
♠i+1✱

−→
❛ ⑥

④ −→♠n✱
←−
❛ ⑥ → ④ ❜r ⑥

④ −→❛ ✱ ←−♠n ⑥ → ④ ❜❧ ⑥

❚❛❜❧❡ ✶✳ ▼❡t❛✲❙✐❣♥❛❧s ❛♥❞ ❝♦❧❧✐s✐♦♥ r✉❧❡s t♦ ❜✉✐❧❞ t❤❡ ❝♦♠❜✳



✇ ✇

①1

①1

x1 x1

①2

①2

x2 x2

①2

①2

x2 x2

①3

①3

x3 x3

①3

①3

x3 x3

①3

①3

x3 x3

①3

①3

x3 x3

✭❛✮ ❈❛s❡s ✐❞❡♥t✐✜❝❛t✐♦♥

−−−→
startlo w

−→
m0

←−
a

w

←−
a

−→
a

w

−→
a

←−
m1

−→
m1

←−
a

w

←−
a

−→
a

x1

←−
a

−→
a

w

←−
m2

−→
m2

←−
m2

−→
m2

x2 x2

w bl
x3

br x2 bl
x3

br x1 bl
x3

br x2 bl
x3

br w

✭❜✮ ❉✐✈✐s✐♦♥ ♣r♦❝❡ss

❋✐❣✳ ✸✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠❜ ❢♦r 3 ✈❛r✐❛❜❧❡s✳

❙✐♥❝❡ ❡❛❝❤ ❧❡✈❡❧ ♦❢ t❤❡ tr❡❡ ✐s ❤❛❧❢ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ t❤❡ ❢✉❧❧ tr❡❡
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ❜♦✉♥❞❡❞ t✐♠❡ r❡❣❛r❞❧❡ss ♦❢ ✐ts s✐③❡✳ ❆❧s♦✱ ♥♦t❡ t❤❛t t❤❡
❜♦tt♦♠ ❧❡✈❡❧ ♦❢ t❤❡ tr❡❡ ✐s ♥♦t ①n ❜✉t ❜r ❛♥❞ ❜❧✳ ❚❤❡s❡ ❛r❡ ✉s❡❞ ❜♦t❤ t♦ ❡✈❛❧✉❛t❡
t❤❡ ❢♦r♠✉❧❛ ❛♥❞ t♦ ❛❣❣r❡❣❛t❡ t❤❡ r❡s✉❧ts ❛s ❡①♣❧❛✐♥❡❞ ❧❛t❡r✳

✹ ❋♦r♠✉❧❛ ❡♥❝♦❞✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❤♦✇ t♦ r❡♣r❡s❡♥t t❤❡ ❢♦r♠✉❧❛ ❛s ❛ s❡t ♦❢ s✐❣♥❛❧s✳
❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✇✐t❤ ❛ r✉♥♥✐♥❣ ❡①❛♠♣❧❡✿

φ = ∃x1∀x2∀x3 x1 ∧ (¬x2 ∨ x3) ✳

❲❡ ❝♦♥s✐❞❡r t❤❡ q✉❛♥t✐✜❡r✲❢r❡❡ s✉❜❢♦r♠✉❧❛ ♦❢ φ✿ x1∧(¬x2∨x3) ✇❤✐❝❤ ❝❛♥ ❜❡
✈✐❡✇❡❞ ❛s ❛ tr❡❡ ✇❤♦s❡ ♥♦❞❡s ❛r❡ ❧❛❜❡❧❡❞ ❜② s②♠❜♦❧s ✭❝♦♥♥❡❝t✐✈❡s ❛♥❞ ✈❛r✐❛❜❧❡s✮✳
❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❢♦r ❛ ❣✐✈❡♥ ❛ss✐❣♥♠❡♥t ✐s ❛ ❜♦tt♦♠✲✉♣ ♣r♦❝❡ss
t❤❛t ♣❡r❝♦❧❛t❡s ❢r♦♠ t❤❡ ❧❡❛✈❡s t♦✇❛r❞ t❤❡ r♦♦t✳ ■♥ ♦r❞❡r t♦ ♠♦❞❡❧ t❤❛t ♣r♦❝❡ss✱
✇❡ s❤❛❧❧ r❡♣r❡s❡♥t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ❜② ❛ s✐❣♥❛❧✳ ■♥ ❋✐❣✳ ✹✭❛✮✱ ❡❛❝❤ ♥♦❞❡ ✐s
❛❞❞✐t✐♦♥❛❧❧② ❞❡❝♦r❛t❡❞ ✇✐t❤ ❛ ♣❛t❤ ❢r♦♠ t❤❡ r♦♦t ✉♥✐q✉❡❧② ✐❞❡♥t✐❢②✐♥❣ ✐ts ♣♦s✐t✐♦♥
✐♥ t❤❡ tr❡❡✿ t❤✉s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♥✈❡♥✐❡♥t❧② ❞✐st✐♥❣✉✐s❤ ♠✉❧t✐♣❧❡ ♦❝❝✉rr❡♥❝❡s
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❚❤❡ ❢♦r♠✉❧❛✬s ❜❡❛♠ ✐s ♥♦✇ ♣r♦♣❛❣❛t❡❞ ❞♦✇♥ t❤❡ ❞❡❝✐s✐♦♥ tr❡❡✳ ❋♦r ❡❛❝❤ ❞❡❝✐s✐♦♥
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♣♦✐♥t ❢♦r ❡✈❡r② ✈❛r✐❛❜❧❡ ❛t ❧❡❛st ♦♥❝❡✳ ■❢ ✇❡ ♠❛❦❡ t❤❡ ❜❡❛♠ s✉✣❝✐❡♥t❧② ♥❛rr♦✇✱
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❝♦♥st❛♥t tr✉❡✳ ❚❤✐s ✐s t❤❡ ✇❛② t❤❡ r✉❧❡s ♦❢ ❋✐❣✳ ✺✭❜✮ s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞✳

◆♦t❡ ❤♦✇ t❤❡ ♣❛t❤ ❞❡❝♦r❛t✐♦♥s ❛r❡ ❡ss❡♥t✐❛❧ t♦ ❡♥s✉r❡ t❤❛t t❤❡ r✐❣❤t s✉❜✲
❢♦r♠✉❧❛❡ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ r✐❣❤t ♦❝❝✉rr❡♥❝❡s ♦❢ ❝♦♥♥❡❝t✐✈❡s✳ ❈♦♥❥✉♥❝t✐♦♥s ❛♥❞
♥❡❣❛t✐♦♥s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳ ❋✐♥❛❧❧②✱

−−→
st♦r❡ ♣r♦❥❡❝ts t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢

t❤❡ ❢♦r♠✉❧❛✬s r♦♦t ♦♥ ❜r ✇❤❡r❡ ✐t ✐s t❡♠♣♦r❛r✐❧❧② st♦r❡❞ ✉♥t✐❧
−−−−→
❝♦❧❧❡❝t st❛rts t❤❡

❛❣❣r❡❣❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳

✼ ❈♦❧❧❡❝t✐♥❣ t❤❡ r❡s✉❧ts

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♣❤❛s❡✱ t❤❡ r❡s✉❧ts ♦❢ ❡✈❛❧✉❛t✐♥❣ t❤❡ ✉♥q✉❛♥t✐✲
✜❡❞ ❢♦r♠✉❧❛ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ❛ss✐❣♥♠❡♥ts ❤❛✈❡ ❜❡❡♥ st♦r❡❞ ❛s st❛t✐♦♥❛r② s✐❣♥❛❧s
r❡♣❧❛❝✐♥❣ t❤❡ ❜❧ ❛♥❞ ❜r s✐❣♥❛❧s✳ ❲❡ ♠✉st ♥♦✇ ❡✈❛❧✉❛t❡ t❤❡ q✉❛♥t✐✜❡❞ ❢♦r♠✉❧❛✳



❘❡♠❡♠❜❡r t❤❛t ❡❛❝❤ ❧❡✈❡❧ ♦❢ t❤❡ ❝♦♠❜ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❛r✐❛❜❧❡✿ ❧❡✈❡❧ 1 st❛♥❞s
❢♦r x1✱ ✳ ✳ ✳ ❋♦r ❛❣❣r❡❣❛t✐♥❣ ❛❧❧ t❤❡ r❡s✉❧ts✱ ✇❡ ✇✐❧❧ ✧✉♥❞♦✧ t❤❡ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss
♦❢ t❤❡ ❜✐♥❛r② tr❡❡ ❜② ♠✐①✐♥❣ t✇♦ ❜② t✇♦ t❤❡ r❡s✉❧ts ♦❢ ❡✈❛❧✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ✐♥✐t✐❛❧ q✉❛♥t✐✜❡rs✳

❆t ❡❛❝❤ s♣❧✐t ♦❢ t❤❡ ❜❡❛♠ ✕ ✐✳❡✳ ✇❤❡♥ ✐t ♠❡❡ts t❤❡ st❛t✐♦♥❛r② s✐❣♥❛❧s ❝♦❞✐♥❣

xi ❛t t❤❡ i
th ❧❡✈❡❧ ♦❢ t❤❡ tr❡❡ ✕ t❤❡ s✐❣♥❛❧

−−−−→
❝♦❧❧❡❝t ✭r❡s♣✳

←−−−−
❝♦❧❧❡❝t✮ ✭❛t t❤❡ ✈❡r② t♦♣

♦❢ t❤❡ ❜❡❛♠✮ ❝❤❛♥❣❡s t❤❡ st❛t✐♦♥❛r② ①i ✐♥t♦ ❛ st❛t✐♦♥❛r② ▲i
◗

i
✭r❡s♣✳ ❘i

◗
i
✮✱ ✇❤❡r❡

◗i ❞❡♥♦t❡s t❤❡ q✉❛♥t✐✜❡r ❢♦r xi ✐♥ φ✱ ❛♥❞ ▲ ✭r❡s♣✳ ❘✮ ✐♥❞✐❝❛t❡s t❤❡ ❞✐r❡❝t✐♦♥ ✐♥
✇❤✐❝❤ t♦ ❡♠✐t t❤❡ ❝♦♠❜✐♥❡❞ r❡s✉❧t ♦❢ tr②✐♥❣ xi = ❢❛❧s❡ ✭❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t✮
❛♥❞ xi = tr✉❡ ✭❝♦♠✐♥❣ ❢r♦♠ t❤❡ r✐❣❤t✮✳ ❚❤❡ ❜♦♦❧❡❛♥ ❝♦♥♥❡❝t✐✈❡ t♦ ❡✛❡❝t t❤❡
❝♦♠❜✐♥❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡ q✉❛♥t✐✜❡r✿ ∨ ❢♦r ∃ ❛♥❞ ∧ ❢♦r ∀✳ ❚❤✐s
❝♦❧❧❡❝t✐♦♥ ♣r♦❝❡ss ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✻✳

❚❤❡ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❡♥t✐r❡ ❝♦♥str✉❝t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳

−→
a

←−
a

w

←−
a

−→
a

L∃

←−
a −→

a
w

−→
a

←−
a

−→
a

←−
a

w

←−
a

−→
a

R∀

←−
a −→

a

L∃

←−
a

−→
a

L∀

←−
a −→

a

w

−→
a

←−
a

−→
a

←−
a

−→
a

←−
a

−→
a

←−
a

−→

Fail

R∀

←−

Fail
−→

Fail

L∀

←−

Fail
−−−−→
success

R∀

←−−−−
success

−→

Fail

L∀

←−−−−
success

−→

Fail

R∀

←−

Fail
−−−−→
success

L∀

←−

Fail

−→

Fail

L∃

←−

Fail

w

←−

Fail

w

❋✐❣✳ ✻✳ ❈♦❧❧❡❝t✐♥❣ t❤❡ r❡s✉❧ts✳

✽ ❈♦♠♣❧❡①✐t✐❡s

❲❡ ♥♦✇ t✉r♥ t♦ ❛ ❝r✉❝✐❛❧ q✉❡st✐♦♥✿ ✇❤❛t ✐s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛❄ ❲❤❛t ✐s ❛ ♠❡❛♥✐♥❣❢✉❧ ✇❛② t♦ ♠❡❛s✉r❡
t❤✐s ❝♦♠♣❧❡①✐t②❄

❚❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♠❡❛s✉r❡s t❤❡ s♣❛❝❡ r❡q✉✐r❡♠❡♥t✿ ✐t ✐s ✐♥❞❡♣❡♥✲
❞❡♥t ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ ❝❛♥ ❜❡ ✜①❡❞ t♦ ❛♥② ✈❛❧✉❡ ✇❡ ❧✐❦❡✳ ❚❤❡ ❤❡✐❣❤t ♠❡❛s✉r❡s
t❤❡ t✐♠❡ r❡q✉✐r❡♠❡♥t✿ ✐t ✐s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❢♦r♠✉❧❛ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢r❛❝t❛❧
❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ s♣❛❝❡✲t✐♠❡✳ ■❢ ♠♦r❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✈♦❧✈❡❞✱ t❤❡
❝♦♠❜ ❣❛✐♥s ❡①tr❛ ❧❡✈❡❧s✱ ❜✉t ✐ts ❤❡✐❣❤t r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❜② ❛ ❢r❛❝t❛❧✱ t❤❡ ✐♥✜♥✐t❡
❜✐♥❛r② tr❡❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❤✐❧❡ ✇✐❞t❤ ✭s♣❛❝❡✮ ❛♥❞ ❤❡✐❣❤t ✭t✐♠❡✮ ❛r❡ t❤❡ ♥❛t✉r❛❧
❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥s ♦❢ tr❛❞✐t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡s ✉s❡❞ ✐♥ t❤❡ ❞✐s❝r❡t❡
✉♥✐✈❡rs❡ ♦❢ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛✲
t✐♦♥s✱ t❤❡② ❧♦♦s❡ ❛❧❧ ♣❡rt✐♥❡♥❝❡✳



■♥st❡❛❞ ✇❡ s❤♦✉❧❞ r❡❣❛r❞ ♦✉r ❝♦♥str✉❝t✐♦♥ ❛s ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡✈✐❝❡ tr❛♥s✲
❢♦r♠✐♥❣ ✐♥♣✉ts ✐♥t♦ ♦✉t♣✉ts✳ ❚❤❡ ✐♥♣✉ts ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡
s✐❣♥❛❧ ♠❛❝❤✐♥❡ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❚❤❡ ♦✉t♣✉t ✐s t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t
t❤❛t ❝♦♠❡s ♦✉t ❛t t❤❡ t♦♣✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❜② ♠❛♥②
t❤r❡❛❞s✿ ❛ t❤r❡❛❞ ❤❡r❡ ✐s ❛♥ ❛s❝❡♥❞✐♥❣ ♣❛t❤ t❤r♦✉❣❤ t❤❡ ❞✐❛❣r❛♠ ❢r♦♠ ❛♥ ✐♥♣✉t
t♦ t❤❡ ♦✉t♣✉t✳ ❚❤❡ ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ ✏♣❡r❢♦r♠❡❞✑ ❜② t❤❡ t❤r❡❛❞ ❛r❡ ❛❧❧ t❤❡
❝♦❧❧✐s✐♦♥s ❢♦✉♥❞ ❛❧♦♥❣ t❤❡ ♣❛t❤✳

❚❤✉s✱ ✐❢ ✇❡ ✈✐❡✇ t❤❡ ❞✐❛❣r❛♠ ❛s ❛♥

❋✐❣✳ ✼✳ ❚❤❡ ✇❤♦❧❡ ❞✐❛❣r❛♠✳

❛❝②❝❧✐❝ ❣r❛♣❤ ♦❢ ❝♦❧❧✐s✐♦♥s ✭✈❡rt✐❝❡s✮ ❛♥❞
s✐❣♥❛❧s ✭❛r❝s✮✱ t✐♠❡ ❝♦♠♣❧❡①✐t② ❝❛♥ t❤❡♥
❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✐♠❛❧ s✐③❡ ♦❢ ❛ ❝❤❛✐♥
♦❢ ❝♦❧❧✐s✐♦♥s ❛♥❞ s♣❛❝❡ ❝♦♠♣❧❡①✐t② ❛s t❤❡
♠❛①✐♠❛❧ s✐③❡ ♦❢ ❛♥ ❛♥t✐✲❝❤❛✐♥ ✐✳❡✳ ❛ s❡t ♦❢
s✐❣♥❛❧s ♣❛✐r✇✐s❡ ✉♥✲r❡❧❛t❡❞✳

▲❡t t ❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ n
t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✳ ❆t t❤❡ ❜♦tt♦♠
❧❡✈❡❧ ♦❢ t❤❡ ❝♦♠❜✱ t❤❡r❡ ✐s ❛♥ ❛♥t✐✲❝❤❛✐♥
♦❢ ❧❡♥❣t❤ ❛♣♣r♦①✐♠❛t❡❧② t2n✱ ♠❛❦✐♥❣ t❤❡
s♣❛❝❡ ❝♦♠♣❧❡①✐t② ❡①♣♦♥❡♥t✐❛❧✳ ●❡♥❡r❛t✐♦♥
♦❢ t❤❡ ❝♦♠❜✱ ✐♥✐t✐❛t✐♦♥✱ ♣r♦♣❛❣❛t✐♦♥✱ ❡✈❛❧✲
✉❛t✐♦♥ ❛♥❞ ❛❣❣r❡❣❛t✐♦♥ ❝♦♥tr✐❜✉t❡ ❛❧♦♥❣
❛♥② ♣❛t❤ ❛ ♥✉♠❜❡r ♦❢ ❝♦❧❧✐s✐♦♥s ❛t ♠♦st
❧✐♥❡❛r ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦r♠✉❧❛✳ ❍♦✇❡✈❡r✱
✐♥t❡rs❡❝t✐♦♥s ♦❢ ✐♥❝✐❞❡♥t ❛♥❞ r❡✢❡❝t❡❞ ❜r❛♥✲
❝❤❡s ❛t ❡✈❡r② ❧❡✈❡❧ ❛❞❞O(nt) ❜❡❝❛✉s❡ t❤❡r❡
❛r❡ O(n) ❧❡✈❡❧s ❛♥❞ t❤❡ ❜❡❛♠ ❝♦♥s✐sts ♦❢
O(t) ♣❛r❛❧❧❡❧ s✐❣♥❛❧s✳ ❚❤✉s t❤❡ t✐♠❡ ❝♦♠✲
♣❧❡①✐t② ✐s O(nt)✳

■t s❤♦✉❧❞ ❛❧s♦ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡
❝♦♠♣✐❧❛t✐♦♥ ✐♥t♦ ❛ r❛t✐♦♥❛❧ s✐❣♥❛❧ ♠❛❝❤✐♥❡

✐s ❞♦♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♥❞ ♦♥❧② ✜✈❡ ❞✐st✐♥❝t s♣❡❡❞s ❛r❡ ✐♥✈♦❧✈❡❞✳ ❆❧❣♦r✐t❤♠s
t♦ ❣❡♥❡r❛t❡ t❤❡ ♠❛❝❤✐♥❡ ❢r♦♠ t❤❡ ❢♦r♠✉❧❛ ❛♥❞ ❛❧❧ t❤❡ ❝♦❧❧✐s✐♦♥ r✉❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❬❉✉❝❤✐❡r ❡t ❛❧✳✱ ✷✵✶✶✱ ❆♣♣✳ ❇❪✳

✾ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ ❛❝❤✐❡✈❡ ♠❛ss✐✈❡ ♣❛r❛❧❧❡❧✐s♠ ✇✐t❤ s✐❣♥❛❧
♠❛❝❤✐♥❡s✱ ❜② ♠❡❛♥s ♦❢ ❛ ❢r❛❝t❛❧ ♣❛tt❡r♥✳ ❲❡ ❝❛❧❧ t❤✐s ❢r❛❝t❛❧ ♣❛r❛❧❧❡❧✐s♠ ❛♥❞ ✐t ✐s
❛ ♥♦✈❡❧ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❛❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✳ ❲❡ ❤❛✈❡
❞❡s❝r✐❜❡❞ ❤♦✇ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❜❧❡ t♦ s♦❧✈❡ ◗✲❙❆❚ ✐♥ ❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡✳

❚❤❡ ❝♦♠♣❧❡①✐t② ✐s ♥♦t ❤✐❞❞❡♥ ✐♥s✐❞❡ t❤❡ ❝♦♠♣✐❧❛t✐♦♥ ♦❢ t❤❡ ♠❛❝❤✐♥❡ ✭❞♦♥❡
✐♥ q✉❛❞r❛t✐❝ t✐♠❡✮ ♥♦r ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✭✇❤✐❝❤ ✐s ✈❡r② s✐♠♣❧❡✮ ❛♥❞ ❛❧❧
t❤❡ s♣❡❡❞s ❛r❡ ❝♦♥st❛♥t✳ ❙✐♥❝❡✱ ❝❧❡❛r❧②✱ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛r❡ ♥♦ ❧♦♥❣❡r ❛♣♣r♦♣r✐✲
❛t❡ ♠❡❛s✉r❡s ♦❢ ❝♦♠♣❧❡①✐t②✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦♣♦s❡❞ t♦ r❡♣❧❛❝❡ t❤❡♠ r❡s♣❡❝t✐✈❡❧②
❜② t❤❡ ♠❛①✐♠✉♠ s✐③❡ ♦❢ ❛ ❝❤❛✐♥ ❛♥❞ ❛♥ ❛♥t✐✲❝❤❛✐♥ ✐♥ t❤❡ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠
r❡❣❛r❞❡❞ ❛s ❛ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ ♥❡✇ ❞❡✜♥✐t✐♦♥s✱ ♦✉r
❝♦♥str✉❝t✐♦♥ ❤❛s ❡①♣♦♥❡♥t✐❛❧ s♣❛❝❡ ❝♦♠♣❧❡①✐t② ❛♥❞ q✉❛❞r❛t✐❝ t✐♠❡ ❝♦♠♣❧❡①✐t②✳



■t s❡❡♠s ♥❛t✉r❛❧ t♦ ❞r❛✇ ❛ ❝♦♥♥❡①✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ✇❡ ♣r♦♣♦s❡
❛♥❞ ❇♦♦❧❡❛♥ ❝✐r❝✉✐ts✱ ❛♥❞ ✇❡ ♣❧❛♥ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐❣♥❛❧
♠❛❝❤✐♥❡s ❛❞❞r❡ss ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❝❡r♥✱ ✇❤✐❝❤ ❇♦♦❧❡❛♥ ❝✐r❝✉✐ts ❞♦ ♥♦t❀ ♥❛♠❡❧②✱
t❤❛t ❝♦♠♣✉t❛t✐♦♥s t❛❦❡ ♣❧❛❝❡ ♥♦t ♦♥❧② ♦✈❡r t✐♠❡✱ ❜✉t ❛❧s♦ ♦✈❡r ♣❤②s✐❝❛❧ s♣❛❝❡✱
❛♥❞ t❤❛t✱ ✐♥ t❤✐s r❡s♣❡❝t✱ t❤❡② ❛r❡ ♣♦t❡♥t✐❛❧❧② ❧✐♠✐t❡❞ ❜② ❛♥② ❜♦✉♥❞ ♣❧❛❝❡❞ ♦♥
t❤❡ s♣❡❡❞ ❛t ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ♠❛② tr❛✈❡❧✳

❆♥② ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❝♦♠♣✐❧❡❞ ✐♥t♦ ❛ s✐❣♥❛❧ ♠❛❝❤✐♥❡✳ ❚❤❡ ♥❡①t st❡♣ ✐s t♦
♣r♦✈✐❞❡ ❛ s✐♥❣❧❡ s✐❣♥❛❧ ♠❛❝❤✐♥❡ t❤❛t ✐s ❣❡♥❡r✐❝ ❢♦r ◗✲❙❆❚✖✐✳❡✳ ✐t ❝❛♥ s♦❧✈❡ ❛♥②
✐♥st❛♥❝❡ ♦❢ ◗✲❙❆❚✖s♦ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✇♦✉❧❞ ♦♥❧② ❤❛✈❡ t♦ ❜❡ ❝♦♠♣✐❧❡❞ ✐♥t♦
❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❝♦♥t✐♥✉❡ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s ✇✐t❤
❝♦♠♣❧❡①✐t② ❝❧❛ss❡s ❤✐❣❤❡r ✐♥ t❤❡ ❤✐❡r❛r❝❤②✱ s✉❝❤ ❛s ❊❳P❚■▼❊ ♦r ❊❳P❙P❆❈❊✳

❇✐❜❧✐♦❣r❛♣❤②

❆✳ ❆❧❤❛③♦✈ ❛♥❞ ▼✳ ❏✳ Pér❡③✲❏✐♠é♥❡③✳ ❯♥✐❢♦r♠ s♦❧✉t✐♦♥ ♦❢ ◗✲❙❆❚ ✉s✐♥❣ ♣♦❧❛r✐③❛t✐♦♥✲
❧❡ss ❛❝t✐✈❡ ♠❡♠❜r❛♥❡s✳ ■♥ ❏✳ ❉✉r❛♥❞✲▲♦s❡ ❛♥❞ ▼✳ ▼❛r❣❡♥st❡r♥✱ ❡❞✐t♦rs✱ ▼❛❝❤✐♥❡s✱
❈♦♠♣✉t❛t✐♦♥s✱ ❛♥❞ ❯♥✐✈❡rs❛❧✐t②✱ ✺t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ✭▼❈❯ ✬✵✼✮✱ ♥✉♠❜❡r
✹✻✻✹ ✐♥ ▲◆❈❙✱ ♣❛❣❡s ✶✷✷✕✶✸✸✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❖✳ ❇♦✉r♥❡③✳ ❙♦♠❡ ❜♦✉♥❞s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❞❡r✐✈❛t✐✈❡
s②st❡♠s✳ ■♥ ■❈❆▲P ✬✾✼✱ ♥✉♠❜❡r ✶✷✺✻ ✐♥ ▲◆❈❙✱ ♣❛❣❡s ✶✹✸✕✶✺✸✱ ✶✾✾✼✳

❉✳ ❉✉❝❤✐❡r✱ ❏✳ ❉✉r❛♥❞✲▲♦s❡✱ ❛♥❞ ▼✳ ❙❡♥♦t✳ ❋r❛❝t❛❧ ♣❛r❛❧❧❡❧✐s♠✿ ❙♦❧✈✐♥❣ ❙❆❚ ✐♥ ❜♦✉♥❞❡❞
s♣❛❝❡ ❛♥❞ t✐♠❡✳ ■♥ ❖✳ ❈❤❡♦♥❣✱ ❑✳✲❨✳ ❈❤✇❛✱ ❛♥❞ ❑✳ P❛r❦✱ ❡❞✐t♦rs✱ ✷✶st ■♥t❡r♥❛t✐♦♥❛❧
❙②♠♣♦s✐✉♠ ♦♥ ❆❧❣♦r✐t❤♠s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥ ✭■❙❆❆❈ ✬✶✵✮✱ ♥✉♠❜❡r ✻✺✵✻ ✭P❛rt ✶✮ ✐♥
▲◆❈❙✱ ♣❛❣❡s ✷✼✾✕✷✾✵✳ ❙♣r✐♥❣❡r✱ ✷✵✶✵✳

❉✳ ❉✉❝❤✐❡r✱ ❏✳ ❉✉r❛♥❞✲▲♦s❡✱ ❛♥❞ ▼✳ ❙❡♥♦t✳ ❙♦❧✈✐♥❣ ◗✲❙❆❚ ✐♥ ❜♦✉♥❞❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡
❜② ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ✭❡①t❡♥❞❡❞ ✈❡rs✐♦♥✮✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt ❘❘✲✷✵✶✶✲✵✸✱ ▲■❋❖✱
❯♥✐✈❡rs✐té ❞✬❖r❧é❛♥s✱ ✷✵✶✶✳ ❯❘▲ ❤tt♣✿✴✴✇✇✇✳✉♥✐✈✲♦r❧❡❛♥s✳❢r✴❧✐❢♦✴r❛♣♣♦rts✳♣❤♣✳

❏✳ ❉✉r❛♥❞✲▲♦s❡✳ ❆❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥✿ ❚✉r✐♥❣ ❝♦♠♣✉t✐♥❣ ❛❜✐❧✐t② ❛♥❞ ✉♥✲
❞❡❝✐❞❛❜✐❧✐t②✳ ■♥ ❇✳ ❈♦♦♣❡r✱ ❇✳ ▲ö✇❡✱ ❛♥❞ ▲✳ ❚♦r❡♥✈❧✐❡t✱ ❡❞✐t♦rs✱ ◆❡✇ ❈♦♠♣✉t❛t✐♦♥❛❧
P❛r❛❞✐❣♠s✱ ✶st ❈♦♥❢✳ ❈♦♠♣✉t❛❜✐❧✐t② ✐♥ ❊✉r♦♣❡ ✭❈✐❊ ✬✵✺✮✱ ♥✉♠❜❡r ✸✺✷✻ ✐♥ ▲◆❈❙✱
♣❛❣❡s ✶✵✻✕✶✶✻✳ ❙♣r✐♥❣❡r✱ ✷✵✵✺✳

❏✳ ❉✉r❛♥❞✲▲♦s❡✳ ❆❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ✸✿ ❇❧❛❝❦ ❤♦❧❡s ❢♦r ❝❧❛ss✐❝❛❧ ❛♥❞
❛♥❛❧♦❣ ❝♦♠♣✉t✐♥❣✳ ◆❛t✳ ❈♦♠♣✉t✳✱ ✽✭✸✮✿✹✺✺✕✺✼✷✱ ✷✵✵✾❛✳

❏✳ ❉✉r❛♥❞✲▲♦s❡✳ ❆❜str❛❝t ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛❜❧❡ ❛♥❛❧②s✐s✳ ■♥
❏✳ ❈♦st❛ ❛♥❞ ◆✳ ❉❡rs❤♦✇✐t③✱ ❡❞✐t♦rs✱ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❯♥❝♦♥✈❡♥t✐♦♥❛❧
❈♦♠♣✉t❛t✐♦♥ ✷✵✵✾ ✭❯❈ ✬✵✾✮✱ ♥✉♠❜❡r ✺✼✶✺ ✐♥ ▲◆❈❙✱ ♣❛❣❡s ✶✺✽✕✶✻✼✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾❜✳

❯✳ ❍✉❝❦❡♥❜❡❝❦✳ ❊✉❝❧✐❞✐❛♥ ❣❡♦♠❡tr② ✐♥ t❡r♠s ♦❢ ❛✉t♦♠❛t❛ t❤❡♦r②✳ ❚❤❡♦r❡t✳ ❈♦♠♣✳ ❙❝✐✳✱
✻✽✭✶✮✿✼✶✕✽✼✱ ✶✾✽✾✳

●✳ ❏❛❝♦♣✐♥✐ ❛♥❞ ●✳ ❙♦♥t❛❝❝❤✐✳ ❘❡✈❡rs✐❜❧❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥✿ ❛♥ ❡✈♦❧✈✐♥❣ s♣❛❝❡✲
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