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Stability of the embeddability under perturbations of the CR
structure for compact CR manifolds

Christine LAURENT-THIEBAUT

Abstract

We study the stability of the embeddability of compact 2-concave CR manifolds
in complex manifolds under small horizontal perturbations of the CR structure.

The study of local and global embeddability of CR manifolds in complex manifolds
has occupied a large number of mathematicians in the last forty years. Most of the results
concern the case of strictly pseudoconvex CR manifolds of hypersurface type, very few is
known in the other cases.

The stability of the embeddability property of a CR manifold M was first studied by
N. Tanaka, [14], for strictly pseudoconvex CR manifolds of hypersurface type and real
dimension greater or equal to 5 embedded in some CV. Few years later R. S. Hamilton,
[5] et [6], was interested in the stability of the embeddability property for hypersurfaces
provided the perturbation of the original CR structure is the restriction of a perturbation
of a complex structure on some complex manifold X of which M is the boundary. It was
proved in [8] and [7] that this last condition is satisfied for 2-concave hypersurfaces with
a perturbation preserving the contact structure.

Here we consider CR manifolds of higher codimension type with mixed Levi signature
and we are interested in the stability of the embeddability of such CR manifolds in complex
manifolds under small perturbations of the CR structure preserving the complex tangent
bundle.

Our main result is the following theorem:

Theorem 1. Let (M, Hy1M) be an abstract compact CR manifold of class C*°, which is
smoothly embeddable as a CR manifold in a complex manifold X. Assume that (M, Hy M)
is 2-concave. Let &y be a smooth embedding from M into X and denote by My the image of
M by the embedding E. Assume that either the Oy-group of cohomology H' (Mo, TLOX\MO) =

0 or X =CP", and let fIO,lM be an horizontal perturbation of Hy1M defined by a (0,1)-
form @ € CLT3 (M, HyoM), 1 > 1.

Then there ezists a positive real number § such that if | P43 < 9, then the CR manifold
(M, ﬁ071M) is embeddable in X as a CR submanifold of class C'.

UJF-Grenoble 1, Institut Fourier, Grenoble, F-38041, France

CNRS UMR 5582, Institut Fourier, Saint-Martin d’Heres, F-38402, France
A.M.S. Classification : 32V30, 32V05, 32V20.

Key words : CR structures, embeddings, homotopy formula.




2 C. Laurent-Thiébaut

Looking to the proof (see section 4), one can easily see that CP™ can be replaced by
CN x CP™ x --- x CP™ in Theorem 1

In the case of a general complex manifold X, Theorem 1 was proved by P. L. Polyakov in
[12] under the stronger hypothesis that M is 3-concave, and & is a generic embedding, but
with a larger loss of regularity. We have to notice that, compare to our situation, Polyakov
has no restriction on the kind of the perturbation of the CR structure. For example let us
consider the CR manifold M = {(z,() € CP" x CP™ | Z?ill 2;C; = 0} which is 2-concave
if n > 3, then by Theorem 1 any sufficiently small horizontal CR perturbation of M is
still embeddable in CP™ x CP", but, if n > 4, M satisfies the vanishing cohomological
condition (see [12]), and is 3-concave, so by Polyakov’s result any sufficiently small CR
perturbation (without any restriction) of M is still embeddable in CP™ x CP".

Note that our hypothesis of horizontality of the perturbation allows us to work with
anisotropic Holder spaces and to avoid a Nash-Moser process in the proof of the theorem.

Finally note that in the case of a Levi non degenerate hypersurface, by a theorem of
Gray [4] saying that all contact structures on a compact manifold near a fixed contact
structure are equivalent, any perturbation of the CR structure can be reduced to an
horizontal one (in that case the horizontal perturbations are the perturbations which
preserve the natural contact structure). So we can immediately derive from Theorem 1
the following sharp corollary

Corollary 2. Let M be a 2-concave non degenerate real quadric of CP™ defined by

P q
M={zeCP" | Y[z = [zpl? = 0},
7=0 7j=1
with p > 2, ¢ >3 and p+ q = n. If we equip M with a sufficiently small perturbation of
class C'3 of the CR structure induced by the complex structure of CP", then the new CR

manifold is still embeddable in CP™ as a CR submanifold of class C*.

The case of the l-concave non degenerate quadrics was studied by Biquard in [2].
He proved that the space of obstruction to the stability of the embeddability is infinite
dimensional.

The paper is organized as follows:

Sections 1 and 2 consist in the description of the general setting and in the definitions
of the the main objects used in this paper.

Section 3 is devoted to the proof of Theorem 1 in the general case of a complex
manifold. We first remark that the problem can be reduced to the solvability of some
tangential Cauchy-Riemann equation for the perturbed structure. Using global homotopy
formulas with good estimates we are lead to a fixed point theorem, which gives the solution.

In section 4, we consider the case when X = CP".

1 CR Structures

Let M be a Cl-smooth, [ > 1, paracompact differential manifold, we denote by TM the
tangent bundle of M and by TcM = C ® TM the complexified tangent bundle.
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Definition 1.1. An almost CR structure on M is a subbundle Hy ;M of TcM such that
HQJM N H071M = {O}

If the almost CR structure is integrable, i.e. for all Z, W € I'(M, Ho M) then [Z, W] €
I'(M, Ho1M) , then it is called a CR structure.

If Hp 1M is a CR structure, the pair (M, Ho M) is called an abstract CR manifold.

The CR dimension of M is defined by CR-dim M = rke Hg 1 M.

We set Hl,oM = H071M and HM = Hl,oM D H(],lM.

Definition 1.2. Let (M, Ho M) and (M/, Hy,1M’) be two CR manifolds and F' : M — M/
a Cl-map. The map F is called a CR map if and only if for each x € M, dF((Hyo1M),) C
(Ho, i M) p()-

In particular, if (M, Hyp1M) is a CR manifold and f a complex valued function, then
f is a CR function if and only if for any L € Hy 1M we have Lf = 0.

We denote by H*'M the dual bundle (Ho1M)* of Ho M. Let A%M = AY(H%M),
then Cj (M) = I'*(M, A%?M)) is called the space of (0, ¢)-forms of class C*, 0 < s <l on
M.

If the almost CR structure is a CR structure, i.e. if it is integrable, and if s > 1, then
we can define an operator

Oy : C5,(M )—>Coq+1(M) (1.1)

called the tangential Cauchy-Riemann operator by setting Opf = df| Ho {Mx.. x H 14" It

satisfies Oy 0 0 = 0 and a complex valued function f is a CR function if and only if
Opf = 0.

For X € HM, let X%! denote the projection of X on Hy M and X 10 its projection
on HL()M.

For (0,¢)-forms with values in the vector bundle H; oM, we define the tangential
Cauchy-Riemann operator by setting

gbu(f) = [Z, u]l,O
if uw e T'(M, HyoM) and L € T'(M, Hyp1M) and

q+1 _ _ _
WO(Ly, ..., Lyt1) = Z(— Y Ou(O(Ln, ... Ly, Lyr1)) (L)

—~

+Z D/ 0((L;, Tk), Ly Ljy ooy Ly -+ Lgt1),
i<k
if 0 € C§%,(M, Hy oM) and Li,...,Lyt1 € T(M, HopyM). In particular for ¢ = 1, we get

90(L1, Ly) = [L1,0(L2)]"° — [La, 6(L1)]"° — 6([L1, La)).

The annihilator H°M of HM = Hy oM @ Ho M in TgM is called the characteristic
bundle of M. Given p e M, w € HSM and X,Y € H,M, we choose & € I'(M, H'M) and
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X,Y e (M, HM) with &, = w, X, = X and Y, = Y. Then do(X,Y) = —w([X,Y]).
Therefore we can associate to each w € HSM an hermitian form

Ly (X) = —iw([X, X]) (12)

on H,M. This is called the Levi form of M at w € HSM.

In the study of the Jj-complex two important geometric conditions were introduced
for CR manifolds of real dimension 2n — k and CR-dimension n — k. The first one by
Kohn in the hypersurface case, kK = 1, the condition Y(q), the second one by Henkin in
codimension k, k > 1, the g-concavity.

A CR manifold M satisfies Kohn’s condition Y (q) at a point p € M for some 0 < g <
n — 1, if the Levi form of M at p has at least max(n — ¢,q + 1) eigenvalues of the same
sign or at least min(n — ¢, q + 1) eigenvalues of opposite signs.

A CR manifold M is said to be g-concave at p € M for some 0 < g < n — k, if the
Levi form L, at w € HSM has at least ¢ negative eigenvalues on H,M for every nonzero
w € HYML.

In [13] the condition Y(q) is extended to arbitrary codimension.

Definition 1.3. An abstract CR manifold is said to satisfy condition Y(q) for some
1<qg<n-—katpeMifthe Levi form L, at w € HSM has at least n — k — g+ 1 positive
eigenvalues or at least ¢ + 1 negative eigenvalues on H,M for every nonzero w € HSM.

Note that in the hypersurface type case, i.e. k = 1, this condition is equivalent to the
classical condition Y(q) of Kohn for hypersurfaces and in particular if the CR structure is
strictly peudoconvex, i.e. the Levi form is positive definite or negative definite, condition
Y(q) holds for all 1 < ¢ < n—1. Moreover, if Ml is g-concave at p € M, then ¢ < (n—k)/2
and condition Y(r) is satisfied at p € M forany 0 <r <g—landn—k—q+1<r <n-—k.

Definition 1.4. Let (M, Hp ;M) be an abstract CR manifold, X be a complex manifold
and F : M — X be an embedding of class C!, then F is called a CR embedding if
dF(Hp M) is a subbundle of the bundle Tj ;X of the holomorphic vertor fields of X and
dF(H071M) = T071X N T(cF(M)

Let F' be a CR embedding of an abstract CR manifold into a complex manifold X and
set M = F(M), then M is a CR manifold with the CR structure Ho M = Ty 1 X NTcM.
Let U be a coordinate domain in X, then Fj = (f1,..., fn), with N = dimcX,

“lwy M
and F'is a CR embedding if and only if, for all 1 < j < N, 0,f; = 0.
A CR embedding is called generic if dimcX — rkcHp 1M = codimgM.

2 Perturbation of CR structures

In this section we shall define the notion of perturbation of a given CR structure on a
manifold and introduce some new complex associated to the perturbed structure.

Definition 2.1. An almost CR structure j-\IOJM on M is said to be a perturbation of finite
distance to a given CR structure Hy M if Hy 1M can be represented as a graph in TcM
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over Hy M. It is called an horizontal perturbation of the CR structure Hy M if it can be
represented as a graph in the complex tangent bundle HM = Hy (M ® Ho 1M over Hy 1M,
which means that there exists ® € Cp 1(M, Hy oM) such that

Ho M = {W € TcM | W =Z — &(Z),Z € Hy M}. (2.1)
The horizontal perturbation Iflole of the CR structure Hy 1M will be integrable if

and only if given Ly, Ly € I'(M, Hy1M) and f;b = L; — ®(L;), i = 1,2, there exists W
such that [Z‘f,ff] =W -0o(W) = Wq), which is equivalent to

—® —& —® —&
[Ly 7L2]1’0 = —®([Ly, Ly ]0’1)= (2.2)

if X%! denotes the projection on Hy 1M and X 10 the projection on Hy oM of X € HM.
Since

[L7,Ty) = (L1, La) — [B(L1), La] — (L1, ®(Lo)] + [@(T1), B(Lo)]
= [L1, La] — ®([L1, La]) — ([L1, ®(L2)] — [L2, ®(L1)] — ®([L1, La]))
+ [®(L1), ®(L2)]

we get

L7, L51"° = (L1, L)) — 85 (L1, L) + [@(L1), &(Ls)]

and the equation (2.2) is equivalent to
9y®(L1, Ly) = [@(L1), ®(L2)] — @([L1, ®(L2)]™") + @([L2, D(L1)]™),
which we simply write in the form

=H, ()M

7! %[@,@]. (2.3)
Note that if Ho 1M is an integrable horizontal perturbation of Hy 1M, the space H M =
H, OM @ H,, 1M coincides with the space HM and consequently the two abstract CR
manifolds M and M have the same characteristic bundle and hence the same Levi form.
This implies in particular that if Ml satisfies condition Y(q) at each point, then M satisfies
also condition Y(q) at each point and that if M is g-concave then M is also g-concave.

Assume M is an abstract CR manifold and Itlole is an integrable horizontal pertur-
bation of the original CR structure Ho M on M. Let f be a complex valued function on
M, then f will be CR for the new structure Hy M if and only if

vI®er(M, Ho M), I =0 o 0, f = Fig o =0

But going back to the definition of Iffo,lM, this means

VLeD(M, Hy M), (L-®(L)f=0 < dif = —P0y)f =0
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where 0y is the tangential Cauchy-Riemann operator associated to the original CR struc-
ture Ho 1M and ®.0,f is the (0,1)-form for the initial structure defined by ®.9,f(L) =
®(L)f for any section L € T'(M, Hy1M).

Let us consider the two operators

ay ¢ CY(M) — TO(M, H*'M) and d% :C'(M) — TO(M, HO'M),

then a fonction f is CR for the new structure PAIOJM if and only if 523 f = 0 or equivalently
dgf=0.
We are lead to consider two pseudo-complex :

o m 7P )
(CO,*(M)7 ab ) and (CO,*(M)a d%),

where C§9 (M) = D(M, A?(H%'M)) and C35,(M) = T(M, \"(H*'M)). In degree ¢ > 1,
since the two structures H'M and H%'M are integrable, the operators can be defined in
the following way : if a € C5o (M) and f(lb, e ,fj)_i_l e I'(M, Hyp,1M), we set

q+1 —~
= ~® —+o 1150, - —b —b
By Ly, Lypr) = Y (=18 (a(@y, .., Ij s L))
j=1
+ 3 (LT LI L T L)
i<k

and if § € Cg%, (M) and Ly,..., Lyt € T(M, Ho1M), we set

—

q+1
%ﬁ(zl’ s ’qurl) = Z(_ )j+1d” (ﬁ(zl’ v ’Zj’ v ’Zqul))(fj)

+Z V) B([L;, L), Ly - Ljy oo Ly -y Lg1)-

i<k

Note that 5: =d|5 and the pseudo-complex (Cg5, (M),Ef) is a differen-

071M><~~~><ﬁ071M
tial complex, which is nothing else than the tangential Cauchy-Riemann complex on M

associated to the new CR structure H%'M.

Lemma 2.2. The pseudo-complex (C§5, (M), dy) is a differential compler, i.e. dgodg =0
if and only if ® satisfies [f?,f;b] = [L1, L2]®, for any Ly, Ly € T(M, Ho 1M).

Proof. Let f € C*°(M) be a C*°-smooth function on M, going back to the definition of the
operator dj, we get

dg o dg f(Ly,Lo) = f;I)Z;pf - f;bchf — [L1, L)% f
=3y 00y f(L1,T3) + (L1, T3] — (L1, Ta)®) f
— (L1, Iy - [T1, Ta)®) f,

which proves the lemma. ]
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3 Embedding of small horizontal perturbations in complex
manifolds

Let (M, Hp1M) be an abstract compact CR manifold of class C*° and & : M — My C X
be a C*°-smooth CR embedding in a complex manifold X, then M, is a compact CR
submanifold of X of class C*> with the CR structure Ho 1My = d&(Ho1M) = TcMo N
Tp,1X and the tangential Cauchy-Riemann operator Op.

Let fIO,lM be an horizontal perturbation of Hy M, we are looking for an embedding
& : M— M cC X of class C', | > 1, such that dE(ﬁIOJM) =TcMNTp X, ie Eisa CR
embedding.

Set flo,lMO = dEO(ﬁIOJM), as & is a CR embedding then flo,lMO is an horizontal per-
turbation of Hy 1My and consequently it is defined by a (0, 1)-form ¢ € C&l(MO, Hi o My),
k > 1. We denote by 55 the associated tangential Cauchy-Riemann operator.

We will consider only small (the sense will be precised later) perturbations of the origi-
nal structure, thus it is reasonable to assume that the diffeomorphism F' = £o& LM, c
X — M C X is close to identity.

We equip the manifold X with some Riemannian metric (for example, if X = CP", take
the Fubini-Study metric). The idea is to look for some F' in the subset of the restrictions to
M of Cl-diffeomorphisms of X parametrized by sections of the vector bundle TX by mean
of the exponential map. Let us consider the following diagram where U is a neighborhood
of the zero section and o a section of T'X over M

exp

UcTX X x X
(z,0(x)) +— (2, F(2)) = exp,o(z)

MO — X

In fact £ will be a CR embedding if and only if F'is CR as a map from ]\/4\0 = (Mo, }AIOJMO)
into X, which means that we have to find a section ¢ of T X over M, such that the image of
the new CR structure I?IOJMO by the tangent map to exp o ¢ is contained in Tp 1 (X x X).

More precisely, using that for all z € My we can write F'(z) = n(x, F(x)) = m(exp, o(x)),
with 7 the second projection from X x X onto X, the map F' will be CR if and only if for
all vector fieldss I° = T — ®(L) € (M, H*'M), L € I'(M, H*!M), we have

dF(L") = d(r(exp, o(2)) (L") = 0.

As the differential of the map exp at a point is given by the map (u,&) — (u,u + &), this
is equivalent to (d(Id) + d(a))(fcb) =0, ie.

dyo =0, Id.
Since d(Id) (fq)) = —®(L), all that means that we have to solve the equation
ga = .

The remaining of the section will be devoted to the proof of the following theorem:
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Theorem 3.1. Let (M, Hy1M) be an abstract compact CR manifold of class C*°, which is
smoothly embeddable as a CR manifold in a complex manifold X. Assume that (M, Hy M)
is 2-concave. Let & be a smooth embedding from M into X and denote by My the image
of M by the embedding &. Assume the Oy-group of cohomology Hovl(MO,TLOX‘MO) =

0 and let fIO,lM be an horizontal perturbation of Ho1M defined by a (0,1)-form ® €
CL3 (M, Hy oM), 1 > 1.

" Then there exists a positive real number § such that if | P43 < 9, then the CR manifold
(M, ﬁ071M) is embeddable in X as a CR submanifold of class C!.

3.1 Reduction to a fixed point theorem

Let £ be a CR bundle over M which satisfies HYY(M,E) = 0 and g be a gf—closed
(0,1)-form in CéleQ(M, E) and let us consider the following equation:

5?1} =g. (3.1)
By definition of the gg—operator, the equation 551} = g is equivalent to the equation
gbv =g+ Pudyv, (3.2)

where g is the (0, 1)-form on M relatively to the initial structure Ho 1M defined by g(L) =
g(L — ®(L)) for L € T'(M, Ho1M).

A natural tool to solve such an equation is a global homotopy formula for the 0p-
operator with good estimates.

Assume M is 2-concave, then by [11], since M is embeddable and 1-concave, M is locally
generically embeddable and we may apply the results in [1] and [10] on local estimates
and global homotopy formulas for the tangential Cauchy-Riemann operator.

In [1] the following result is proved

Proposition 3.2. Let M be a 2-concave CR generic submanifold of X of class C*°. For
each point in M, there exist a neighborhood U and linear operators

T, : Cp (M) —=Cp, (U), 1<r<2

n,r—1

with the following two properties :
(i) For alll e N and 1 <r <2,

T,(CL (M) C C 3 (T)

n,r—1

and T, is continuous as an operator between CL’T(M) and Cijrlf/f(U).

(i) If f € C}LW(M), 0 <r <1, has compact support in U, then, on U,

= {T15bf ifr=20, (3.3)

nglf + ngbf ifr=1.

and in [10] we have derived from the previous proposition a global homotopy formula by
mean of a functional analytic construction.
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Theorem 3.3. Let E be an holomorphic vector bundle over X and M be a compact
2-concave locally generically embeddable CR submanifold of X of class C* such that
HYY (M, E) = 0. Then there exist continuous linear operators

A CQL.(MLE) = C), (M,E), 1<r<2

such that
(i) For allle N and 1 <r <2,

A(Ch, (M, E))  Cyt (M, E)

and A, is continuous as an operator between C&T(M,E) and Cétl_/f (M, E).
(ii) For all f € C&l(M, E)
f=0bALf + As0pf (3.4)

In fact we need better estimates than the previous ones to reduce the solvability of our
equation 3.2 to a fixed point theorem.

Assume there exist Banach spaces B (M), I € N, with the following properties :

(i) (M) c B (M) ¢ B*(M) c CH(M) ;

(i) NienB'(M) = C(M) ;

(iii) BY(M) is invariant under horizontal perturbations of the CR structure

(iv) If f € B{(M), I > 1, Xcf € B=1(M) when X¢ is a complex vector field tangent
to M

and that the previous operators A,, r = 1,2 are linear continuous operators from
B} (M, E) into Bf;" (M, E)

Since M is 2-concave and E satisfies H%!(M, E) = 0, under this additional hypothesis,
if v is a solution of (3.1), then 9(g + ®_0v) = 0 and by (3.4)

51)(141 (g+ PLOyv)) =g + PLOpv.
Assume @ is of class C'*2, then the map
0 : BAYM, E) - B*(M, E)
v A1g+ A (Do) .

is continuous, and the fixed points of © are good candidates to be solutions of (3.1).

3.2 A fixed point theorem

In this section we assume that all the assumptions of the previous section are satisfied.

Let d¢ such that, if || ®||;+2 < do, then the norm of the bounded endomorphism A;o® .0,
of BX+1(M, E) is equal to ¢g < 1. We shall prove that, if |®|/;42 < &y, the map © admits
a unique fixed point, which is a solution of the equation 5b v=g.

Consider first the uniqueness of the fixed point. Assume v and v9 are two fixed points
of ©, then

v = @(Ul) = A1§+ A1(<I>J6bv1)
Vo = @(Ug) = A1§+ A1(<I>J3bv2).
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This implies
V1 — Vg = A1 (‘Ihab(vl — 1)2))

and, by the hypothesis on ®,
Hvl — 1)2H52H1 < H?}l — ’U2HB2I+1

or v1 = v2 and hence v; = vs.
For the existence we proceed by iteration. We set vop = ©(0) = A;(g) and, for n > 0,
Unt1 = ©(vy,). Then for n > 0, we get

Unt1 — U = A1(PLOp (v, — Vn—1)).

Therefore, if || ®||;12 < Jdp, the sequence (v, )nen is a Cauchy sequence in the Banach
space BZ*+1(M, E) and hence converges to a form v, moreover by continuity of the map
©, v satisfies ©(v) =

It remains to prove that v is a solution of (3.1). Since H%(M, E) = 0, it follows from
(3.4) and from the definition of the sequence (v, )nen that

g — dpvpp1 = Pu0p(vny1 — vn) + Ang(g—k D L0pvy,).
For any L1, Ly € T'(M, Ho 1 M),
0p(G + @0y, (L1, La) = (0pg — Op(0p — ®0y)vn) (L1, La)
= 9y(9 — dgvn)(L1, La)

. =
Let us consider the (0,1)-form w for the new structure defined by u = g — 0} vy, the
associated (0, 1) form u for the 1n1t1a1 structure satisfies w = g — djfv,,. Note that, since

(Bb )2 =0 and 8b g = 0, we have Bb u = 0 and this implies

Oyu(Ly, La) = Lru(Ly) — Lot(Ly) — u([Ly, La])

= Lyu(Ly) — Lyu(Ly) + ®(Ly)u(Ly) — ®(Lo)u(Ly) — (L1, La))
= 9, u(LY, L) +u([LY, I5]) — u([Ly, o] — ®((L1, L))

+®(L)u(Ly) - ®(Lo)u(L)
‘f,“l’]) L1, Io] + ©([L1, L))
)

+(fl)( 2) — @(La)u(l

Since both structures Hp M and j-\IOJM are integrable, the vector field [ZT,Z;I’]) -
[L1, Lo] + ®([Ly, Lo] is a section of Hy 1M, hence there exists We(Ly, Ly) such that

(L7, 73]) = (L1, To] + @([T1, L] = Wa (L1, To) ~ @(Wa (L1, Io)).
Moreover

[L7.I3)) — [L1. Lo) + ©([L1, L] = [@(L1), ®(La)] — 9p®(L1, Ln) — ®(L1) Lo + © (L)L)
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and Wg (L1, L) depends on ® at the order 1.
Finally

Ebﬂ(fl,fg) = ﬂ(W¢(f1,fg)) + ‘P(Zl)ﬁ(fg) — @(Lg)a(Ll)
and going back to u =g — Efvn we get
g — dgvni1 = Pa0p(vnt1 — vn) + Az(10(9 — dgvn)), (3.5)

where 7 is defined so that 7¢(u)(L1, L2) = u(We(L1, L2)) + ®(L1)u(L2) — ®(L2)u(Ly).
Note that since g € Céle(M, E) and ® is of class C!*2, then vy € B¥*+1(M) and dyvg —
P _10pvg = djuvp is in Bgfl(M, E), moreover, by definition of an horizontal perturbation, for
any section L of Hy 1M the vector field ®(L) is complex tangent.
Thus it follows by induction that djv, € Bgfl(M, E) for all n € N and, if ® is of class

C'*3, by (3.5) we have the estimate

19 = dpvniallgz < 1206l[[(vns1 = vn)llgzer + [[A2[lg — dgonllga @ ]i4s. (3.6)

Let ¢ such that if ||®|;+3 < J, then the maximum || A; o ®.0|| and || P||;3||A2|| is equal
to € < 1. Assume ||®|;+3 < 0, then by induction we get

16— dgvasallsn < (n+ D @yl lvollgan + G — djeollgn.  (37)

But § — dbvo = ®19,A19 + As(7a(3)) and hence ||§ — davollga < || @20p]|||A17] g2er +
€||lgllg2:. This implies

19 = dgvnsillz < (n+2)e" @0yl Arlll|gl g2 + €2 gl st (3-8)

Since € < 1, the righthand side of (3.8) tends to zero, when n tends to infinity and by
continuity of the operator dg from B2 (M, E) into Bg'; (M, E), we get that v is a solution
of (3.1).

3.3 Solution of the embedding problem

In the setting of the beginning of section 2, let us consider the following anisotropic Holder
spaces of functions:
- A%(Mp), 0 < a < 1, is the set of continuous functions on My which are in C*/?(My).
- A (M), 0 < a < 1, is the set of functions f such that f € CU+®/2(My) and
Xcf € CY%(My), for all complex tangent vector fields Xc¢ to M. Set

Ifllaa = Iflla+ay2 + sup [ Xcfllas (3.9)
[Xcl<1

- AF(M), 1 > 2,0 < a < 1, is the set of functions f of class C/2 such that
Xf e A=2+(My), for all tangent vector fields X to M and Xcf € A'=1F(My), for all
complex tangent vector fields X¢ to M.

Fix some 0 < o < 1 and set B!(My) = A**(My). This sequence (B'(Mp),l € N) is a
sequence of Banach spaces which satisfies properties (i) to (iv) listed in section 3.1
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Moreover it is proved in [9] that the operators A,, r = 1,2, from Theorem 3.3
are linear continuous operators between the anisotropic Holder spaces BlOJ(MO,E) and
Byt (Mo, E).

One can also consider the anisotropic Holder spaces introduced by Folland and Stein
when they studied the tangential Cauchy-Riemann complex on the Heisenberg group and
more generally on strictly pseudoconvex CR manifolds.

Let M be a generic C'R manifold of class C*° of real dimension 2n and CR dimension
2n — k and D be a relatively compact domain in M. Let Xi,..., X9, o1 be a real basis
of HM. A C! curve v : [0,7] — M is called admissible if for every ¢ € [0,7],

2n—2k

Z_Z(t) — Z cj (1) X;(v(1))

j=1

where Y |¢;(t)]? < 1.
The Folland-Stein anisotropic Hélder spaces I'"**(D N M) are defined in the following
way:
-T*(DN M), 0 < a < 1, is the set of continuous fonctions in D N M such that if for
every o € DN M
[f (v () = f(=0)]
+0) |t]e

for any admissible complex tangent curve = through xg.

-IPr (DN M), p>1,0< a<1,is the set of continuous fonctions in M such that
Xcf € TP~ (DN M), for all complex tangent vector fields X¢ to M.

Fix some 0 < a < 1, the sequence (I?** p € N) is also a sequence of Banach spaces
which satisfies properties (i) to (iv) listed in section 3.1

< o0

Continuity properties for the operators A, and B,, r = 1,2, defined in Theorem 3.3
are proved in [9]. More precisely, for all p € N and 0 < a < 1, the operators A,, r = 1,2,
from Theorem 3.3 are continuous from 2" (M) into T T1H ().

We can apply now the method developed in section 3.2 with £ = Tj X ay O solve
the equation

=P =P

3b g = —ab Id
and a unique solution is given by a fixed point o of the map O if ||®||;43 is sufficiently
small, moreover this fixed point is contained in the neighborhood U of the zero section in
TX on which the exponential map is defined, once again if ||®||;43 is small enough, since

lloll; < [|®]li+2. We deduce that & = F o &, with F' defined by F(z) = exp, o(z), is the
embedding we are looking for, which ends the proof of Theorem 3.1.

4 Stability of embeddability in CPY

In this section we will consider the case when the compact CR manifold (M, Hy M) is
embeddable in some CPY. Let & : M — My C CPY be a C®-smooth CR embedding,
it is defined by some homogeneous coordinates (fi,..., fn), each f;, j =1,..., N, being
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a CR function such that on the set U; = {& € M | f; # 0}, (}c—;,,hf—;l,bf—jl,,%)
defines a diffeomorphism.

Let us consider an horizontal perturbation PAIOJM of Hyp 1M, we are looking for a CR
embedding £ of (M,f-\lOJM) in CPN. As we will consider only small perturbations of
the original structure, we are lead to look for some £ given by some small perturbation
(fi—=91,---,fnv — gn) of the original homogeneous coordinates (f1,..., fn), which have
to satisfy éf(fj —gj) =0forall j =1,...,N. Using the definition of the operator 5?,
this is equivalent to

a?gj =®.0,f; forallj=1,...,N. (4.1)

Note that the second member of these equations is controlled by the form ® which de-
fines the perturbation, so that if we can solve the equation 559 = f with Cl-estimates
uniformly with respect to ®, then for ® sufficiently small the homogeneous coordinates
(fi—91,-..,fn — gn) will define the CR embedding we are looking for.

4.1 Solving the 5: with estimates

We are interested in solving the equation
Jya=p (4.2)

with estimates, uniformly with respect to ®, in bidegree (0,1) for an horizontal pertur-
bation, given by a form @, of the CR structure of an abstract compact CR manifold
(M, Hyp,1M) of class C*°, when & is sufficiently small. We will follow the method used by
[13] leading to a strong Hodge decomposition theorem and homotopy formulas.

We equip M with a hermitian metric such that Ho 1M and H; oM are orthogonal and
we consider the Kohn-Laplacian

L = gbgz + gng

For M equipped with the perturbed structure I;TOJM, we can also consider the Kohn-
Laplacian

Of =570, +oy ay

. a =0 . .. .
replacing the Op-operator by the new operator 9, . We first establish some a priori esti-
mates for Dg’.

Theorem 4.1. Let (M, Hy M) be an abstract compact CR manifold of class C*> and
fIO,lM be an horizontal perturbation of Hyo 1M defined by a (0,1)-form & € C(ZM(M, H, oM),
[ > 1, such that ||®|lco < 1. Assume that the Levi form of M satisfies condition Y (1) at
xg € M. Then there exists 6 > 0 and a sufficiently small neighborhood U of xg such that,
if [|@ller <9,

lefi < CO+ K[ @le)(19, al* + 110y ol + [lal*)

for all « € Dy1(U), where ||.|| and ||.||s are respectively the L? and the Sobolev norms.
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Proof. Let L1, ..., L,_j be an orthonormal basis for Hy M andwy,...,w,_j its dual basis.

Since || ®||co < 1, then chp, e ,ffﬁk,L?, ..., L2, where L;P =L;j—®(L;),j=1,...,n—
k, defines a basis of HM. We denote by w‘f, . ,wffk the dual basis of chp, . ,ffﬁk,

then, for all j =1,...,n — k, we have w;l’ =w;+ ({1 - @)™ = I)(w;) =, —i—H;»I’.

If f is a smooth function on M, we set
n—k n—k -
IFIZ = D WL 1P+ 112 A% = D It 1P + 1 £11%
i=1 i=1

Let a be a (0, r)-form for the new structure PAIOJM with smooth coefficients, then

where @} =Wy A--- Awy if I is the multi-indice I = (iy, ... ,%,) and we have

n—k
= & — —
abazg g L; CY[W;I)/\W}{)—F...,

Jj=1\|I|=r
where ... denote terms which do not involve the derivatives of «.
If r =0, then
o n—k
Jya=>Y (L —O(L;)am}
j=1

n—=k
= o+ Y [L; a8 — (L)) aw?]
j=1

and since the perturbation is horizontal, i.e. ® € C&l(M, H, oM), we get

= =
1Gbce]? < 13, e + O(l|@llo (ledlZ + llxl|F))-

If r =1, then
n—k
5?0& = Z (Z] — @(fj))ai w}’ /\w? + ...
ij=1
n—~k
=0+ Y (L o 5;1) A&y — B(L)) a3 W) AW]) + R(®, ),
ij=1

where R(®,«) is controlled by (1 + ||®|c1)||e]|, and if (ff)* denotes the Hilbert adjoint
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of fj)
o n—k . &
By, a=Y (6] +X;(®)(L;) i+ R (P, )
ij=1

n—k
= (6 + 2 (@) (—L; — (2(L;))" ) + R*(®, )

ij=1
n—k

= Oy — > (B(L)))* oy + Aij(®)(—L; — (2(L;)) ) + R* (D, ),
ij—=1

where \;;(®) is controlled by ||®||co, [[(®(L;))* fIl = O(||®||c:||f|lz) and R*(®,«) is con-
trolled by ||®||c1 |-
All this implies

= =&
196all* < 118, all* + O(|@ o (lladllZz + [lalZ)) + O((1 + [|@le)* ex]|*)

and
—x _(b*
10l <119y all” + O(|®[lex (lallZ + [lel%)) + O @131 [le?).

The a priori estimates proved in Theorem 3.1 of [13] gives the existence of a constant
Co such that for any a € C§5.(M), r = 0,1, the following estimate is satisfied

12 + llel% < Collldvarl? + el + [le®).-
Using the previous calculations we get the existence of two constants C' and C’ such that
—d —<I>*
|z + lleli% < CUI8, all* + 118, ol + |al?) + C'l|@ller (allZ + [lalF + [lel®)-

Choose ¢ < 1 sufficiently small such that C'6 < 1, then if ||®||c1 < 0 there exists a constant
C” such that

—P —_Pp*
lellz + lallz < €"(1+ C'@llen) (19 ol + 1195 ol + [lo*).

This implies the theorem since under the condition Y(1) the real and the imaginary part
of the vector fields L; satisfy Hormander’s finite type condition of type 2. O

In the spirit of the pionnier works by Kohn-Nirenberg and Folland-Kohn, following the
methods used in section 3 of [13], the a priori estimates obtained in Theorem 4.1 gives the

. . . = .
existence and the regularity of solutions for the OF and the §, equations on compact CR
manifolds. Denote by

H(C)D,I(M) = ker |:|g> = {a c Lal(M) | gzba _ 521)*& _ 0}

and by H gb the projection operator from Lg,l onto ’Hgi 1(M). We have the following strong
Hodge decomposition



16 C. Laurent-Thiébaut

Theorem 4.2. Let (M, Hy M) be an abstract compact CR manifold of class C* and
Ho 1M be an horizontal perturbation of Hy 1M defined by a (0, 1)-form ® € C(IM(M, H, o M),
[ > 1. Suppose that the Levi form of M satisfies condition Y (1) and ||®||c1 is sufficiently
small, then there exists a compact operator Gg’ : Lar(M) — Dom(Dg’), r = 0,1 such
that
(i) For all s € N and r = 0,1, G is continuous from Wg (M) into W&jl(M), more
precisely there exists § > 0 such that, if | ®||c2+s < d, there ezists a constant Cs independent
of ® such that
IGF (@)1 < Cillalls,
for o€ Wg . (M).
(ii) For any f € L?(M)
f:ab angz‘f_{_Hl?f,

and for any o € L ; (M)
a=00 GPa+8; 9rGPa+ Hla.

(iii) GRHY = HPGY = 0, GROP = OPGY = I — H? on Dom(O) and if G is
also defined on Lg,Q(M) (respectively LaO(M)), G,?Ef = 5?(1? on Dom@g)) (respectiely
Gg)a?* = gf*Gg) on Dom(a?*)).

From this theorem we can deduce some results on the solvability of (4.2).

Corollary 4.3. Under the hypotheses of Theorem 4.2, for any f € L*(M)
=® SO=B* e
9, f =08,0, Gy, .

Moreover there exists § > 0 such that, if ||®||c2+s < 0, there exists a constant Cs indepen-
dent of ® such that

=% =P
10y Gy fllss1 < Csly flls,
Proof. We apply Theorem 4.2 in degree 0. If f € L?(M) we get
[=0, Gy S+ HT,

which implies
B

By f=0,0, 0, GEf+0,HYF.

Using that ker Dg’ C ker 5? and that Gg’ exists in bidegree (0,1) and commute with 5;})
since M satisfies condition Y (1) we obtain

3y f=0,0, GPO, .

The estimate can be deduced in a classical way from the estimate (i) in Theorem 4.2, see
e.g. Theorem 8.4.14 in [3]. O
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4.2 Stability theorem

Let us go back to the setting of the beginning of Section 4. Note that if the CR manifold
(M, Hp,1M) is 2-concave its Levi form satisfies condition Y (1) and so we can apply the

previous results on the solvability of the Ef—equation to the equations
=® =® .
0p,9; =0, [j =P.0pf; forallj=1,...,N. (4.3)

Assume that || ®||ci+2 is sufficiently small to apply Corollary 4.3, then there exists a con-
stant C' independent of ® such that if g; satisfies (4.3) then

Ig5llet < Cll@lleell fillerer,

and taking @ even smaller (fi—g1,-.., fnv —gn) will define homogeneous CR coordinates
on (M, Hyp1M). So we have proved

Theorem 4.4. Let (M, Hy1M) be an abstract compact CR manifold of class C*°, which is
smoothly embeddable as a CR manifold in CP™. Assume that (M, Ho1M) is 2-concave and
let Hy 1M be an horizontal perturbation of Ho 1M defined by a (0,1)-form ® € Céle(M, H, o M),
[>1.

Then there_exists a positive real number § such that if ||®|lcir2 < 6, then the CR
manifold (M, Hy1M) is embeddable in CP"™ as a CR submanifold of class C'.
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