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Abstract

We study the asymptotics of the spectral distribution for large empiri-
cal covariance matrices composed of independent Multifractal Random Walk
processes. The asymptotic is taken as the observation lag shrinks to 0. In
this setting, we show that there exists a limiting spectral distribution whose
Stieltjes transform is uniquely characterized by equations which we specify.
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1. Introduction

Since the seminal work of Marcenko and Pastur [8] in 1967, there has been growing
interest in studying the asymptotics of large empirical covariance matrices. These
studies have found applications in many fields of science: physics, telecommunica-
tions, information theory and finance, etc... The main motivation of this work stems
from finance: we refer to [9], [4] for a discussion on the applications of large empirical
covariance matrices in finance and in particular in portfolio theory. In the context of
finance, the study of the limiting spectral distribution of large empirical covariance
matrices is of particular interest as it is a crucial statistical tool in identifying the
different market modes (see again [9], [4] for a nice introduction to this topic). It is
indeed very natural to try to identify common causes (or factors) that explain the
dynamics of N quantities, which will be stock’s prices in finance. We will denote by
N the number of stocks and by T the number of time intervals where we observed
prices of the N stocks. In this setting, the Marcenko Pastur paper enables to deal
with the case where stock prices follow independent Brownian motions. More pre-
cisely, let us define a N x T" matrix Xy such that Xy(ij) is the realization of the
return on the j-th time interval (of shrinking size 1/7") of stock number ¢ by:

Xy(ij) = B; (%) _B (%) (1.1)

where the B; are i.i.d. standard Brownian motions. The empirical covariance matrix
is now defined as Ry = Xy X&. If A1, ..., Ay are the eigenvalues of Ry, the empirical
spectral distribution of the matrix Ry is the probability measure defined by:

1 N
KRy = N 25& (12)
i=1



The Marcenko and Pastur result states that, in the limit of large matrices N, T — oo
with N/T — g € (0,1], the empirical spectral distribution ug, weakly converges
(almost surely) to a probability measure whose density p(z) is defined by:

1 V(s —2)(z—7-)

2mq T

px) = Iy qpde (1.3)
where v+ =1+ ¢+ 2,/q.

Independently of the aforementionned work on random matrix theory, much work
has been devoted to studying the statistics of financial stocks. It turns out that most
financial assets (stocks, indices, etc...) possess universal features, called stylized facts.
We refer to the review [5] for a discussion on this topic. On the other hand, many
models have been proposed in the litterature that take into account these stylized
facts. Among them, there has been growing interest in the Multifractal Random

Walk (MRW) model introduced in [1]. The MRW is simply defined as:
X, = B(M0, 1) (1.4

where B is a standard Brownian motion and M is an independent multifractal
random measure (MRM for short), see section 2.1 for a reminder of the construc-
tion/definition as well as (standard) notations used throughout the paper.

We thus aim at studying the large sample covariance matrices where the un-
derlyings evolve independenly as Brownian motions with a time change, which can
be thought of as a volatility process with memory (i.e. the volatility process is cor-
related in time). The main example of such processes we are interested in is the
multifractal random walk but we will also consider other examples. More precisely,
the matrix Xy can be defined, for 1 <i < N, 1 <5< T, by:
where the B; are i.i.d. Brownian motions and the M; are i.i.d. multifractal random
measures independent of the B;.

The purpose of this work is to characterize, in the limit of large matrices (N,T —
oo with N/T' — ¢ € (0,1]), the limit of the empirical spectral measure pg, =
1/N Zi\il 0y, where (A1,..., Ay) are the eigenvalues of the empirical covariance ma-
trix RN = XNXfV

The next sections are organized as follows. In section 2, we remind the definition
of MRW and introduce the main notations of the paper. In section 3, we state our
main theorems which are characterizations of the limiting spectral measure of Ry
through its Stieltjes transform for different type of underlying process X. Since these
equations are tedious to invert, we leave the analysis of the underlying probability
measure to a forthcoming study (we are working on this subject). The proofs appear
in section 4 with some auxiliary lemmas proved in the appendix. The strategy of
our proofs is classical among the random matrix litterature (the so-called resolvent
method) as it relies on the Schur recursion formula for the Stieltjes tranform; in
particular, we follow the approach of [3]. The main difficulty lies in handling the
Stieltjes transforms in a multifractal setting.

7PY+



2. Background, notations and main results

2.1 Reminder of the construction of MRM

To fix precisely the notations that we will use throughout the paper, we quickly
remind the main steps of the construction of Multifractal Random Measures (MRM).
The description is necessarily concise and the reader is referred to [1] for further
details. In particular, we use the same notations as in [1] to facilitate the reading.
We consider the characteristic function of an infinitely divisible random variable Z,
which can be written as E[e??] = ¥(P) where (Lévy-Khintchine’s formula):

o(p) = imp = 7%+ [ (€~ )v(ao (2.)
R*

and v(dz) is a so-called Lévy measure (ie satisfying [,. min(1,2%) v(dz) < +00)

together with the following additional assumption:

/ |z| v(dr) < o0, (2.2)
[_171}

so that its characteristic function perfectly makes sense as written in (2.1). We also
introduce the Laplace exponent ¢ of Z by ¢ (p) = ¢(—ip) for each p such that both
terms of the equality make sense, and we assume that the following renormalization
condition holds: ¢(1) = 0.

We further consider the half-space S = {(¢,y);t € R,y € R}, with which we
associate the measure (on the Borel o-algebra B(S)):

0(dt, dy) = y~2dt dy. (2.3)

Then we consider an independently scattered infinitely divisible random measure p
associated to (¢, 0) and distributed on S.

Then we define a process w, for € > 0 by the following. Given a positive parameter
7, let us define the function f: R, — R by:

f(r):{r’ ifr<r

T ifr>r71

The cone-like subset A(t) of S is defined by:

A(t) ={(s,y) € Ssy 2 e, —f(y)/2< s —t < f(y)/2}. (2.4)
We then define the stationary process (we(t))ier by:
we(t) = p (Ac(t)). (2.5)

The Radon measure M is then defined as the almost sure limit (in the sense of
weak convergence of Radon measures) by:

M(A) = lim M (A) = lim [ e dr

e—0t e—=0t J»



for any Lebesgue measurable subset A C R. The convergence is ensured by the fact
that the family (M.(A))eso is a right-continuous positive martingale. The structure
exponent of M is defined by:

Vp =0, ((p)=p—1(p)

for all p such that the right-hand side makes sense. The measure M is different from
0 if and only if there exists € > 0 such that ((1+¢€) > 1, (or equivalently ¢'(1) < 1).
In that case, we have:

Theorem 2.1. The measure M is stationary and satisfies the exact stochastic
scale invariance property: for any A\ €]0, 1],

(M(AA)) acB(o,r) a (A M(A)) ac B0,

where 0y is an infinitely divisible random variable, independent of (M(A))acpo,r)
the law of which is characterized by:

Ele?™] = Ae®)

2.2 Notations

Let N and T := T(N) be two integers, the aim of this paper is to compute the
empirical spectral measure of the matrix Ry := Xy'Xy as N — oo, where Xy is a
N x T real matrix the entries of which are given by (1.5). Recall that the number N
of sampled processes is supposed to be comparable with the sample size T' := T'(N),
and more precisely, we will suppose in the following that there exists a parameter
q €]0, 1] such that:

N
lim — =gq. (2.6)
We further set EN = 'XnyXy, and if M is a symmetric real matrix, we will denote

by pas the empirical spectral measure of M.
Define the (T'+ N) x (T'+ N) matrix By by:

(0 Xy
BN_<XN O).

We also define for z € C\ R,

Ax(e) = Gt = B) = (2

> (Ry 0
BN_(O RN)

Z]T —tXN)

Notice that



and that the eigenvalues of Ry are those of Ry augmented with 7' — N zero eigen-
values. We thus have:

N T—-N
Hp2

=2 ) 2.
AN T TN T 27)

where 0, stands for the Dirac mass at x. Combining this equality with the relation

[ H@nsg () = [ )y i) 23)

true for all bounded continuous functions f on R, we see that it is sufficient to study
the weak convergence of the spectral measure of By for the study of the convergence
of the spectral measure g, .

We will thus work on the (weak) convergence of the spectral measures pp, and
E [upy] in the following. To that purpose, it is sufficient to prove the convergence of
the Stieltjes transform of these two measures. Recall that, for a probability measure
pon R, the Stieltjes transform G, of u is defined, for all z € C\ R, as:

Gu(2) = [ ———naa). (2.9

Z—XT

and one can note that:

Gup,, (2) = N TTrace(GN(z)), (2.10)

where we have set:
Gn(z) = (AN(z))_l. (2.11)

Hence, we have to investigate the convergence of the right-hand side of (2.10). Let
us introduce the two following complex measures L}V’Z and L?V’Z such that, for all
bounded and measurable function f : [0,1] — R:

Clearly, we have the relation

T
N+ T

Trace(Gy(z2)) Ly ([0,1]) + L37(]0,1]) (2.12)

N+T N+T

so that it suffices to establish the convergence of the two complex measures Ly~ and
L.



3. Main results

3.1 Lognormal multifractal random walk

We first present our results when the process X () is a lognormal multifractal random
walk, i.e. X (t) = B(M|[0;¢]) where M is the MRM whose characteristic and structure
exponent (see section 2.1) are respectively given by:

2 2
O -
©(q) = XA
2 2
v A
= (14 L) — g2
¢(q) (+2)q 54

We will make the assumption that the intermitency parameter 72 is small enough
so as to overcome in our proofs the strong correlations of the model.

Assumption 3.1. More precisely, let us suppose that:

1
2
<3 (3.1)
Though we conjecture that our results hold as soon as the measure M is non
degenerated, i.e. v* < 2 (see [1]), Assumption 3.1 is largely sufficient to cover most
practical applications. For instance, in financial applications or in the field of tur-
bulence, 72 is found empirically around 2.1072.
We can now state our main result about the convergence of the empirical spectral
measures and mean empirical spectral measures of the matrices By and Ry:

Theorem 3.2. i) There exists a probability measure v on R such that the two mean
spectral measures Elup,| and Elug,| converge weakly respectively towards the two
probability measures f—fqv - %Zég and v o (x?)~! as N goes to oo, where v o (x?)~!
is the pushforward of the measure v by the mapping x v+ 2.

ii) The two spectral measures pg, and jigr, converge weakly in probability re-
spectively to the two probability measures %"qv + %350 and v o (%)™ as N goes
to co. More precisely, for any bounded and continuous function f, [ f(x)ury(dz)
converges in probability to [ f(x)v o (x?)~!(dx).

i) Let Nj be an increasing sequence of integers such that y .-, Nk_1 < 400,
then the two sequences LBy, and LRy, COMVETgE weakly almost surely to the two

probability measures %’qv + 1%350 and v o (2?)~! as k goes to oo.
Theorem 3.2 is implied by (2.10), (2.12) and by Theorem 3.3:

Theorem 3.3. i) The measures E[Ly’] and E[L%’] converge weakly towards two
complex measures. More precisely, there exist a unique p> € C and a unique bounded



measurable function K,(x) over [0, 1] such that, for all bounded and continuous func-
tion f on [0, 1], we have respectively:

1
E [L}Vz(f)] — Nesoo / K. (z)f(z)dz,
0
1
B ()] o s [ 100
0
ii) In addition, we have the following relation between p? € C and K,(x):

1 1 o q
/ K.(w)do = qu2 + —1 (3.2)
0

i11) Furthermore, there exists a unique probability measure v on R whose Stieltjes
transform is p?, meaning that for all z € C\ R,

= olde) (3.3)

z—x

It is important to state a characterization of the probability measure v: it is done
by means of its Stieltjes transform p?:

Theorem 3.4. The constant p? and the bounded function K.(z) are uniquely de-
termined for all z € C\ R, by the following system of equations:

(z . /0 1 Kz(t)M(dt)) _1] , (3.4)

-1

(z - /01 (ﬁ)lsz(t)M(dt)) _1] ) (3.5)

where M is the MRM with structure exponent ((q) = (1 +~%/2)q — ¢*+*/2.

p:=E

z

K.(x) = <z —qE

Let us notice that one can give a precise meaning to (3.5) for all 4% € [0,2].
Indeed, we can define for all x € [0, 1] and all continuous function f, the following
almost sure limit as a definition:

2

/01 <|t i z| )ff(t)M(dt) - ’171—% t€[0,1];|t—z|>n <|t j x| >1 J(H)M(dt) (3.6)

One can also check with this definition that we have:

1 72 1

/ < T ) FE)M(dt) =1lim [ ecovwe®we(@) f(p)ewe®) gy
o \t—z[/+ <=0 Jo

Conjecture 3.5. With this extended definition, we conjecture that theorem 3.4 holds

in the lognormal multifractal case for all 4* € [0,2[ and thus that the limiting equa-

tions can be obtained by the ones of theorem 3.9 (see below) with 2W = w, as ¢ — 0.



3.2 General multifractal random walk

We now look at the more general case when the change of time is a measure M
for which the function ¢(q) is given by (2.1) and the structure exponent by ((q) =
q — ¥(q) with ¥(q) = ¢(—iqg).

We still have to make an assumption to avoid the issue of strong correlations. In
this more general setting, Assumption (3.1) becomes:

Assumption 3.6. Assume that the structure exponent of the MRM satisfies the
condition:

C(2) > 5 —4¢'(1). (3.7)
and that there exists 6 > 0 such that:

C(2+06) > 1. (3.8)

As in the previous section, we conjecture that our results hold as soon as the
measure M is non degenerated, i.e. (see [1]) (1 + ¢€) > 1 for some € > 0.

Theorems 3.2 and 3.3 remain unchanged for this more general context. Theorem
3.4 becomes:

Theorem 3.7. The constant > and the bounded function K.(z) are uniquely de-
termined for all z € C\ R, by the following system of equations:

<Z—foxwmuﬁ0_1, (3.9)
(z _ /01 <|t1x|)iKz(t)Q(dt)>_1])_1 (3.10)

with k = ¥(2) and where M is the MRM whose characteristic and structure expo-
nent are respectively ¢(q),((q) and where the random Radon measure Q) is defined,
conditionally on M, as the almost sure weak limit as € goes to 0 of the family of
random measures Q.(dt) := e M(dt) where, for each € > 0, the random process
W, is independent of M and defined as W (t) = u(Ac(t)) where i is the independently
scattered log infinitely divisible random measure associated to (@, 0(- N Ag(x))) with:

w;=E

K,(z) = <z —qE

B(p) = ip(v* — ) + / (€7 — 1)(¢" — D(dz). (3.11)

3.3 Lognormal random walk

Let us mention that one can easily adapt the methods used to prove the above
theorems in the simpler case (lognormal case) where X (t) is defined, for all t € [0; 1],

by-
X(t) = B ( /0 t e2W(S)ds> | (3.12)



where (W (s))sejo;1) is a stationary gaussian process with expectation m and station-

ary covariance kernel k. The normalisation will be chosen such that: m = —k(0).
In this context, the entries of Xy are given, for 1 <¢ < N,1 <5 < T by:
1 Ry
Xn(1j) = —eWi(%)BJZ- =1i(J) (3.13)

vT

where the (B?);; are ii.d standard centered Gaussian random variables and the W;
are i.i.d stationary Gaussian processes with expectation m and stationary covariance
kernel k. Indeed, if one makes the following extra assumption:

Assumption 3.8. Assume that for some constants C' > 0 and > 0, the covariance
kernel k satisfies:
Ve eR, |k(z)—k(0)] < Clz|’.
With the same notations as in the previous section, we can now state the following
theorem under assumption 3.8:

Theorem 3.9. The system of equations for p? and K,(x) becomes:

<z _ /0 K1)V O dt) _1] (3.14)
(z — /0 1 K, (t)ett=2)2W O dt) _1] ) B . (3.15)

where (W (t))iecpo.1) 45 a stationary gaussian process with expectation m and stationary
covariance kernel k.

w;=E

K.(z) = <z —qE

4. Proofs of the main results

In this section, we give the proofs of theorems 3.2, 3.3 and 3.4. The proof of Theorem
3.7 is very similar and we will not explain it in every detail, except for the final part
where we establish the second equation of the system in Theorem 3.7 verified by
K.. We will give the details for this part of the proof in the appendix. The proof
of theorem 3.9 is an easy adaptation of our proofs for theorems 3.2, 3.3 and 3.4; it
is left to the reader. Furthermore, the proofs are very similar when ¢ = 1 or when
q < 1. For the sake of clarity, we assume T'= N and hence ¢ = 1 in the proofs that
follow.
Hence, in the following, we will suppose (unless otherwise stated) that:

2 2
S s 1
v(q) = o +d 5
U(q) = p(—iq),
2 2
v ¥
()=010+5)g+¢ =,
2 9
1
2
<_
<3

10



and M will be the MRM whose structure exponent is ¢ (see section 2.1 for a re-
minder).

Our approach to show the convergence of E[Ly’] and E[L%] consists in proving
tightness and characterizing uniquely the possible limit points. The classical Schur
complement formula is our basic linear algebraic tool to study E[Ly’] and E[L%"]
recursively on the dimension N, as is usual when the resolvent method is used. The
original part of our proof is that we apply the Schur complement formula two times
in a row to find the second equation of the system in theorem 3.4 involving the limit
point K, (z) of the measure E[L}y’]. We will also show that the limit points of the
two complex measures E[LY’] and E[L%"] satisfy a fixed point system (written in
theorem 3.4).

We begin by showing tightness.

4.1 Tightness of the complex measures E[Ly],E[L5] and
limit points

Lemma 4.1. The two families of complex measures (E[L%Z])NeN,z' = 1,2 are tight

and bounded in total variation.

Proof. Let us present the proof for (E[LY’])nen; the other proof is similar,
One has, for each N € N:

1,2 1 al 1
|E[LY] 1[0,1] = Nkz ECN ()l | < r577 (4.)

1,z

and so the family of complex measures (E[L,’])yen is bounded in total variation.
It is obviously tight since the support of all the complex measures in the family is
included in [0, 1], which is a compact set. O

Using Prokhorov’s theorem, we know that those two families of complex measures
are sequentially compact in the space of complex Borel measure on [0, 1] equipped
with the topology of weak convergence. In particular, there exists a subsequence
such that, for all bounded continuous function f, one has, when N goes to 400
along this subsequence:

ELE (]~ [ falida). (42)

Lemma 4.2. The complex measure pl(dx) has Lebesque density; more precisely,
there exists a bounded measurable function K,(x) such that:

pi(dz) = K. (z)dx. (4.3)

11



Proof. One has:

& (L () %Zv (/N)[E Gy (2} (1.4

=1

Mz

F(k/N)| (4.5)

\

(z pt

Letting N — 400 along a subsequence, one obtains:

/f 2l (da)

This proves the lemma. O
Thus, there exists a subsequence such that, as N tends to 400 along this subse-
quence:

AL (4.6)

E[Ly( / f(x (4.7)

Lemma 4.3. There exists a subsequence and a constant p? € C such that, as N
goes to +00 along this subsequence:

1
B3 (/)] > 4 [ flaldo. (438)
0
Proof. Tt is easy to see that the Gy (2)gk, k = N+1,..., N are identically distributed.

In particular, these variables have the same mean p?(N). One has, for all N:

1
S

[u2(N)| < (4.9)

So there exists a subsequence and a complex number 2 such that, as N goes to +o0
along this subsequence, p?(N) — p2. One thus obtains, as N goes to 400 along this
subsequence:

B (] =2 [ rla)de (4.10)

O

Following the classical method as in [3], [2], [7], we will show in the following

that the limit point y? and K,(x) are defined uniquely and do not depend on the
subsequence. We will first recall some preliminary results on resolvents.

4.2 Preliminary results on resolvents

We first recall the following standard and general result; the next lemmas of this
section are also standard but are applied to our particular case.

12



Lemma 4.4. Let A be a symmetric real valued matriz of size N. For z € C\R, let
us denote by G(z) the matriz

G(z)=(z— A" (4.11)
Forze C\R and k € {1,..., N}, we have
1
RIS

In particular, if F C {1,..., N} is a finite set and (a;);cr @ finite sequence of positive
number, then:

I(2)(G(2)kk) <0 and |G(2)kx| < (4.12)

s(z S aiG(z)ii)

3(2)

> 1. (4.13)

and we also have:
1 1

}Z - Ziep aiG(z)ii} S 1S(2)|

Proof. Write A = U'DU where D is a diagonal matrix with diagonal real entries
()\z)l <i<N- Then

(4.14)

Y 1
G = Uil .
(2)kk ;| kil Y
. R(z)—N; —(z .
Since §R<Z_1/\Z) = (E)‘E(z)—()\i))2+‘5(z)2 and %(Z_l)\l) = (éR(z)—Ai)(ZJ)r%(ZP the relation (4.12)
follows. It is then straightforward to derive (4.13) from (4.12). O

Fori=1,...,N, let Xj(é) = (Xn(Kkl));, 1 be the matrix obtained from Xy by
taking off the i-th column and row. Define, also for i = 1,...,2N the (2N — 1) x

(2N —1) matrix Agf,)(z) obtained from Ay(z) by taking off the i-th column and row.
In particular, fori=1,..., N,

Neti ZI _tX(i)
A§v+><z>=< it N),
—AN 2Ny

Fori=1,...,2N, set: ' '
GV (2) = (AR (=)~ (4.15)

Let now X'](\;) denote the matrix Xy with the ¢-th column and row set to 0 and
AE@) (z) denote the matrix Ay(z) with the i-th column and row set to 0 excepted the

diagonal term. Again we have, for i =1,..., N:
~(N+i zl —tX(i)
A§v+><z>=< o )

Fori:=1,...,2N, set: . »
G () = (AR () (4.16)

13



In the paper, we will also use the terms A%’i)(z), Gg\l,“)(z),/i%“)(z),/igél)(z) The
double superscript just means that you make the operations described above to the
rows and columns ¢ and k.

Lemma 4.5. For allk € {1,...,N} and allt # N + k, one has:
1

E||Gn(2)y — GO (2 < ——. 4.17
Gt = @] < o (4.17)
Proof. Multiply the identity:
AT (2) = An(2) = AT(0) — An(0) (4.18)
to the left by Gn(z) and to the right by G (V) (z) to obtain
Gr(2) = G (2) = OGN () (AT (0) = AN (0)GR ™ (). (4.19)
Then one has:
Gu(2)u = G802 = (Gu(HAR™0) = A )GV ™M) (4.20)
N
= GV )Nk Z G (2)urs(i) (4.21)
=1
N A
+ G (2)e N4k Z rk() G (2)0 (4.22)
j=1
N
= Gr(Dnin D (GNP (4.23)
j=1
where we have noticed that, for all t # N + k, G (V) ( )N+t = 0.
Therefore, we find that:
0 1/2

N
Z Tk (N—I—k) (Z)jt

Jj=1

E HGN(Z)tt - GE\JJVM)(Z)#

| <E[GNE0n ] E

(1.24)
by Cauchy-Schwartz’s inequality. Using then the independence of r(j) and G(N+k)( )
we get:

N 1/2
N 1/2
E[|Gn () — G @] <E[IGxonin) 7 E [1n(1)?] Z G ]
1
< ——.
VN|S(2) ]2
The proof is complete. 0
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Lemma 4.6. There exists a constant C > 0 such that, for all k € {1,...,N} and
all t # k-

_ A (k) C 1
E||Gn () - GP )] < SEP v (4.25)
Proof. Again, we start from the relation:
Gr(2) = GV (2) = Gu(2)(AV(0) — An(0)GY ().
Thus we have
On () = GV () = (GuAT 0 = ANV ) (4.26)
N
=GV (e Y Gul2)urik) (4.27)
i=N+1
N+1 R
+Gn (2 D ()G (2)e (4.28)
j=1
N+1 )
= Gn(2)r D (RGN (2)0 (4.29)
j=1

where we have noticed that, for all ¢ # k, Gf%)(z)kt =0.
Therefore, we find that:

E HGN(Z)tt - Gg\l;)(z)tt

> i ()GR (2)

J=1

] <E[Gy(2)uil?] " E [

97 1/2
] (4.30)

by Cauchy-Schwartz’s inequality. We want to expand the square in the above expres-
sion. To that purpose, we first observe that, conditionnally to the M ¢ the variables
(r;(k)); are independent from Gg\l;)(z) and centered. Hence we have for j # j’,

E |1 (k) ()G ()G (2)30] = 0.
] ) 1/2

4} 1/2) 1/2

Thus we get:

~

£ HGN(Z)tt - GV (@) G (2)s1

] <E[|Gxn(2)usl]"” <N§E {rj(k)Q

i=1

~

<E[|Gy(2)ul?]"” (Z E [r;(k)']°E [ GV (2);1

4} 1/2> 1/2

< w(]\]_l_ 1)1/4 <N+1E [

j=1

J=1

’G%) (2)jt

ik



Now we use the scaling properties of the MRM to obtain, for some positive constant

C,
Efr; (k)"] = SE[M(, %)2] < ON~®),

Furthermore, by using Lemma A.1 which assures that, almost surely:

N+1

~ 2 1
GW ()| < (4.31)
2 [0V G| <5
and the fact that:
N+ . 4 Nt . 5\ 2
> GV @) < (Z G (2);e ) : (4.32)
j=1 Jj=1
we finally obtain
A R) C 1. @
B |ox(ele - 66| < R ()
It just remains to check that ((2) = 2 — 4. O
Lemma 4.7. For each k € {1,...,2N}, if t # k, then
GO (2)u = C¥(2)u, (4.33)

and if t = k, then G\ (2)pp = 271,

Proof. 1t is straigthforward to see that the two matrices Gg\l;) (2) and @55)(2) have the
same eigenvalues except that @5\’;)(2) has one more zero eigenvalue. In addition, the
eigenvectors look also very similar since you can obtain 2NN eigenvectors of ég\l;)(z)
by adding a zero entry to the eigenvectors of Gg\l;)(z) (between the entries k£ — 1 and

k). The last eigenvector of @5\’;)(2) is the vector of RY for which all entries are zero

except the entry number k. R B
Now observe that with G\ (z) = Udiag(z — \)U* and GV (z) = Vdiag(z — A\)V*,

2N 1
k
GV () = ; |Uti|2z Y (4.34)
al 1
GV (e = v ——. (4.35)
i=1 zZ — )\z
The result follows since, for t # k,
2N-1 1 2N 1
2 2
Ui = V¢ = 4.36
;|t|z—Ai ;|t|2_>\i (4.36)
and, for t = k, G%)(z)kk =271 O
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Lemma 4.8. For all z € C and Lebesque almost every point x € [0, 1], we have
3(2)S(K.(2)) <0 (4.37)
and

& T L
R < 575

(4.38)

Proof. This is a straightforward consequence of Lemma 4.4. Indeed, we have for all
positive continuous function f on [0,1] and N € N:

s(z)s( /0 1 f(x)E[L}f](dx)) <0.

We pass to the limit as N goes to oo along some suitable subsequence and obtain:

S(Z)g(/ol F(2) K. (2) da:) <o0.

The result follows. O

4.3 Concentration inequalities

This lemma is adpated to our case from Lemma 5.4 in [3].

Lemma 4.9. Let f : [0,1] — R be a bounded measurable function. For each i €
{1,2}, we have the following concentration results:

B [ 2570~ B () ) < o (439
Proof. Define two functions Fj and F#% such that:
1o, [k
Fl. <<Xi(ﬂm)1<j<zv+1 1<i< N) -+ ];f (N) G (=) (4.40)

N+1
1 k
i ((x5) I<iSN) =+ @ .41
N( Yo i< Nyt ! N;f N+1 N(2)ksNpen  (441)

We will prove the Lemma for Ly’; the proof for L% is a straightforward adap-
tation.
Let, for k € {1,..., N + 1},

1<i< k) (4.42)
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If P denotes the law of the vector (X ﬁv))

)
1<j<N

E[| Fy - E[Fy] 7]

=Y E[|E[F} | Fir] - E[Fy | Fi] ]

i=0
N
:Z/ ‘ /(FN(xlvx%---axi+layi+27’--ayN—I—l)_FN(xlax%---vxiayi-i-la"~7yN+1))dP®N+1(y> ‘2

dP®i+l (I)

N
< Z/ | /(FN(xlaléa'"axiaxi+1>$i+27"'axN-i-l) _FN(xl>$2a"'axiayaxi-‘rQa"'7$N+1))dp(y) |2
=0

dP®N+1(x)
N
<3 sup ||vxi+1FN||2/||x—y||2 AP (z,y).

i=0 RV+D?
The quantity V
Lig1-

If we consider a couple of processes (B!, M') independent from (B, M') with
the same law, it is easy to see that:

i1 F'\ refers to the gradient of Fy in the direction of the vector

N
2 _ 1 1 1 nl 2
/||x—y|| dP@dP(a:,y>—§;E{<BM1(OJ) Brnoist) ~ B gy + Bhngin)’)
]:
N
=2-2) " E[(Bl 4 ~ Binizn) Bl Bino o))
j=1
=2.

In our case, we have, fori e {1,... N+1},j€{l,...,N}:

OGN (z
% = Gn(2)k;GN(2)N+ie + GN(2)kn+GN(2) )k (4.43)
ij
Thus,
1 & k
k=1

It is now plain to compute:

| Ve B I = 55 21 (@D OGN ) y g, + (GNP NG,y o, P



where D'(f) is the (2N)-dimensional diagonal matrix of entries:

DY(f)wr=f (%) g <k < Ny

One thus has:

4 N
|| VZ‘@'+1F]{7 ||2 = m Z | (GN(Z)Dl(f)GN(Z))N_H_,_Lj |2

j—l
<32 Z | (Gn (=)D (F)GN(2)) iy P
4 || f |12,

< — .
N2Z | Sz |*

where, in the last line, we used lemma A.1 and the fact that the matrix Gy (2) D' (f)Gn(2)
has a spectral radius smaller than || f ||o /| Sz |*

Finally,
E[| Fy — E[Fy] ] <§Hf||g°. (4.45)
VoM S My

OJ

We also prove the following lemma:

Lemma 4.10. For all a > 1 such that ((2a) > 1, we have
. C(ln N)?
Z?"k ( ]\]7V+k (Z)tt — E[G%\H_k)(Z)tt]) u < C(Za() 1 ) 4 (446)
N S(2)]

for some positive constant C' independent from N, z, k.

Proof. Notice that (r(t)); and CA}E\J,VJrk)(z) are independent. Hence, by conditioning
with respect to the process (rg(t));, we can argue along the same lines as in the
previous lemma with () instead of + f(£) and we get the formula:

2

N
A 8
E || m®? (G800 — BEY™ ()])| | < grmgBlup ()’
P (2]
We conclude with Proposition B.1 in the appendix . O

In the following, we fix @ > 1 such that {(2a) > 1 (because of the expression of
¢ and the inequality * < 1/3, it is clear that such a number exists).
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4.4 The system verified by the limit point y? and K, (z): first
equation

From the Schur complement formula (see e.g. Lemma 4.2 in [3] for a reminder), one
has for k € {1,...,N}:

G ( )N+k N+k = [Z’ - Z Tk N+k>(z)st] (447)

s,t=

[y

Using Lemma A.2; one can write:

N

GN(2) Ntk N+E = [ = r(t)? GV () + €zlv1g(2)] (4.48)

t=1

where €y, (2) is a complex valued random variable for which there exists C' > 0 such
that for all N e Nand 1 <k < N,

C
Ellen ()] < 5= (4.49)
By using Lemma 4.7, we can write:
~1
GN(Z)N—i-k,N—Hc = [Z — Z TL N+k )tt + E}V7k(z)] . (450)

Lemma 4.10 applied to a > 1 such that ((2a) > 1 yields:

2
. R C(In N)?
t)? <G§\J[V+k)(z)tt —E[G%\”rk)(z)tt])‘ < NC(QQ():(;' >( )‘4. (4.51)
\S

Thus, one can write:

GN(2)N4kN+E = [Z’ - Z (t [ zéwrk)( )tt] + E}Vk(z) + E?Vk(z)] (4.52)

where €%, (2) is a complex valued random variable such that for all N € N and

I<k<N+1,
C(ln N)?

EHE?\[,k(z)F] < ¢(2a)—1

. (4.53)
N g (2t
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In addition, using Lemma 4.5, we can show:

E }:m@f@ﬂﬁﬁ“%@ﬁ—cmaq)“ (4.54)
< Y Eln ()8 |65 (2 — Gl (455)
1
K 0 4.56
NEEEY 420
It follows:
GN(2) Ntk N+k = [z = k)’ [Gr(2)u] + enp(2) + exilz) + e?v,k(Z)]
- (4.57)

where €}, (2) is a complex valued random variable such that for all N € N and

1<k<N+1,
1

[S(z)PVN

Then we have:

2
< ¢
S NS())

Proof. We expand the square and, because r(t) and ri(¢') are independent for ¢ # ¢/
conditionally to M*, we have:
]

] Z(m — MMIY))E [Gx (2]

i B[ (1 = MH(I)) (relt)? — ME(I3) E (G (2)u] E [Grv (=)o)

tt'=1

SB[ (0 - 21413 B Gl

=1

2 iE [ ] E [GN(Z)tt]2

t=1
N
20 ————
NS

E [Jens(2)]] <

Let us denote by I% the interval [

(4.58)

& -
Lemma 4.11. The following inequality holds:

|

for some positive constant C'.

N

Z (Tk(t)2 - Mk(f}fv))E [Gn(2)w]

t=1

~+

N
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We can thus write

Gy (2)ninnek = |2 = Y MPINE[GN(2)d] (4.59)
e (2) + a(2) + ex(2) + e;*V,k<z>] (4.60)

where €y, (2) is a complex valued random variable such that for all N € N and
I1<k<N+1,

E [lchs()F] < FemrisaE (4.61)
Set en(2) = e (2) + €y i(2) + €d4(2) + €x i (2) and rewrite:
N 1
Gn(2)Naknik = |2 — Z MF(IE [Gn(2)u] + eva(z)] (4.62)

We now need to introduce the truncated Radon measure MF(dx) with Lebesgue
density (@ which converges almost surely as € goes to 0, in the sense of weak
convergence in the space of Radon measure, to the measure M* (see section 2.1).

Lemma 4.12. For e > 0, the following uniform bound holds:

Cel=?
1S(2) >

supE\ZMk I4HE ZMk IVE[GN(2)u] ] <

Proof. We expand the square. Note that the covariance function p. of the process
w, increases as € decreases to 0 and uniformly converges as ¢ — 0 towards In ﬁ
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over the complement of any ball centered at 0. Thus we have:

sEle E|l ZMk(IfV)E [Gn(2)u] — Z MF(IY)E [G(2)u] %]

= sup D E[(MH(I}) = M) (MH(IK) — MEIR)]E (Go(2)u] E [Ga(2)es]
= sup > E [(M (1) = ME(IR) (1) = MEUR))| B [Go(:)u] E (G (2)ev]

=3 (B [MH ) m* (10)] —E [MEI)MEUR)] ) EIGN (D) E[Ga(=)or!

— Sup Z E[Gn(2)u] E|Gn(2)vv / / 111(2 R e T ) drdu
18 JIY,

N tt'=

|2/ / 2)Ing ooy 6w(2)pe(7’—u)) drdu.

where, in the fourth line, we used the fact that, if F.is the sigma field generated by
the random variables u(A), A € B({(t,y) : y = €}), then E[M*(A)|F.] = M*(A) for
all borelian set A. A straightforward computation leads to the relation

1nT+1—'iE‘ if|t|

pe(t) =9 Ingg if € < |t| (4.63)
0 if 7 < |t
By using the expression of p,, it is then plain to obtain the desired bound. O

We can thus write

G (2) N4k Ntk = [2 =Y MEUIVE[GN(2)u] + eni(2) + 6(e, N, Z)] , (4.64)

where
supE[|d(e, N, 2)|*] = 0 ase— 0, (4.65)
N

and also:

-1
k
E[GN(2)N-4h544] 2= Z ME(IN)E [G(2)ul] + enp(z) +0(e, N, Z)]

(4.66)

The next step is to study the convergence of the above quantity. Hence we prove
(see the proof in the appendix):
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Lemma 4.13. The random variable S | M*(IL)E [Gn(2)y] converges in probabil-
ity as N — +o0o towards fo (x)MF(dz).

We fix € > 0. For that e, the famlly of random variables (d(e, N, z))y is bounded
in L? so that it is tight. Even if it means extracting again a subsequence we assume
that the couple (Zivl MF(IE[GN(2)u],0(e, N, 2)) y converges in law towards the
couple fo x)MPF(dz),Y.). We remind the reader of (4.47) which implies that

(z - Z MEI(IGE [Gn(2)u] + enk(z) + 6(e, N, z)) < |ng)| .

The quantity <z — SN MF(IL)E [Gn (2)u] + eni(2) + 6(e, N, z)) is therefore bounded
uniformly with respect to IV, e and converges in law towards

<z — /01 K, (x)MF*(dx) + Y) h :

We deduce that the expectation of the former quantity converges as ¢ — 0 towards
the expectation of the latter quantity. From (4.66), we deduce that

(z — /01 K, (x)MF*(dx) + Y) h

Clearly, standard arguments prove that fo x)MPF(dz) converges almost surely

12 =E (4.67)

towards fo L(z)M*(dx) as e — 0 (K, is determlnlstlc (see lemma 4.9), measurable
and bounded) and, because of (4.65), Y, converges almost surely towards 0 as e — 0.

-1
Again, because the quantity (z - fo r)M*(dx) + Y) is bounded uniformly
with respect to €, we deduce that:

(z - /0 1 Kz(x)Mk(d:c)) _1] : (4.68)

p:=E

4.5 Second equation

Now we turn our attention to the terms Gy (z)gx for k € {1,..., N}. Again, by using

the Schur complement formula, we can write, for k € {1,..., N}:
_ N -1
(= |2— Y ri(k)rj(k)ag’vf’(z)mz-wﬂl (4.69)
- »
= |2 = D rilkPCN () nivai + n}v,k<z>] (4.70)
I
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where, using Lemma A.3, n}w(z) is a complex valued random variable for which
there exists ¢ > 0 such that for all N € N and 1 <k < N, E[|ny,(2)[*] < ¢/N.

With a further use of the Schur complement formula for the term Gg\’;)(z) N+i.N+is
we obtain:

Gn(2)wn = |2 =Y _ri(k)? [z = rlsnOGRY (2)a| +analx)| (A7)
i=1 s,t#k

.....

Using the same arguments as in the derivation of the first equation (in partlcular
Lemmas A.2, 4.7, 4.10, B.1, 4.6 and 4.5), one can show that:

LY ri(k)? Col
Gn(2)kr = [ ; T Zi\il MTVE [y (2)ee] + Onra(2) + 77N,k( )] (4.72)

where (Ony:(2))1 <i<n are complex random variable such that

C

1—2 o= L

len( a

VAN

Eflonr:(2)]] < (4.73)

for some positive constant C' that does not depend on i, N and for o > 1 such that
((2a) > 1.

Lemma 4.14. One can write:

’l"i(k’)2

Gn(2)kk = [Z - ; L th\il MZ(IfV)E (Gr(2)u] + nN,k(Z) + UN,k(Z)] (4.74)

where 03, ,(2) is a random variable that tends to 0 in probability as N goes to oc.
Proof. By using Lemma 4.4, we deduce that:

Z ‘ 7"2(]{7)2 T’i(l{?)2
Z_Zt 1MZ (I Gy (2)u] + 0nkilz) 2= S0, MU(IY)E Gy ()]

2min(|0nxi(2)], 2). (4.75)

/

We stress that the lemma is proved as soon as we can prove that the left-hand side
in (4.75) converges in probability to 0. Hence it is enough to prove that

N

E > ri(k)*min(|0n ()], 2)

=1
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converges to 0 as NV tends to co. By noticing that:

N N
Onmi(z) = D rils)r(GS ) (2)e = Y MUIN)E [G(2)a] (4.76)
s,t#k t=1
it is straightforward to see that the variables (ri(k)2 min(|onx.i(2)], 2))1 oy OT€
<i< N+

identically distributed. Thus we have

E [ Z 7i(k)? min(|6n p.4(2)], 2)} = NE [rl(k:)2 min(|oxx1(2)], 2)} .

i=1

Then for all A > 1 and a > 0, we have

NE [rl(k)2 min(|onx1(2)], 2)} =NE [7’1(1{:)2 min(|onx1(2)], 2)]1{N,,1(k)2 < A}]
+ NE[ry(k)* min(|0n51(2)], 2)1 v (1)2> 43
< AE[|6n 1 (2)]] + 2E[Nr1 (k)L nr (12> 41

A 2
C n —E[N1+a7”1(/€)2(a+1)}

N T 4a
AC oNWe 1
:NC(24)171 4 e IE[M (O’N) +}

<

By using the scale invariance property of the measure M, we have:

o 1
B [M(0,1/N)] =

E [Ml (07 1)04-1—1} 7
in such a way that

A Nw(l-i-a)
NE [r1(k)? min(|0np,1(2)],2)] < _Ac +2E [M'(0,1)*"] ———

4.77
NC(24)171 Aa ( )

Since ((2) > 5 — 4¢’(1) (this inequality is clear with ((q) = (1 +~%/2)q + ¢*~*/2
and is due to our hypotheses of Assumption 3.7 in the more general case), we can
choose p > 0 such that

¢(2) -
4
The mapping a €]0,4+o00[— pa — (1 + «) reduces to 0 for a = 0 and, because

p > '(1), is strictly positive for > 0 small enough. So we choose a < 1 such that
pa— (14 «a) > 0 and we set A = NP. We obtain:

c 4 92teg []\41(07 T>a+1]
P

@)=t _
1

L s 1) = ). (4.78)

1

NE[ry(k)* min(|dnx1(2)], 2)] < Nop—9(ita) "

The result follows by letting N — oo since min(({(2) —1)/4 —p,ap — (1 + «)) >
0. O
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Lemma 4.15. There exists a constant ¢ > 0, which does not depend on N, such
that for each N € N:
2
<€
] Sy

N
Proof. The proof is straightforward using the fact that for ¢ € {1,..., N}, the

ri(b? ri(k)?
E —E
Z( — > M(IL)E [Gy(2)] — Y MI(IL)E[G(2), ]D
random variables

T ]{7 2
~ Z( t) (4.79)
z = MI(I)E [GN(2)s]
are 1.1.d. random variables and Lemma 4.4. O
Therefore we can write

: ri(k? R

GN(2)kr = |2 — + 0n ke (2) + 0%k (2) + 134 (2)

;Z S Mi(I)E [Gy(2)u]

(4.80)

with E[(}4(2))2 < 5

Now we can take the expectation in (4.80) to obtain

1 ; = ri(k)? o

- N ]; (k/N) [( E[; 2= MIG)E[Gn(2)u] ] " nNk(Z)> ]
N M k_;717% -1
_ %;f(k:/N) KZ_NE[Z—EL M[(I]t\,)E%GN(z)ttﬂ +77N,k(2)) }

with nn(2) = Ny, (2)+n0% (2) +10% . (2). Then, by introducing the truncated measure
M, and by using the Girsanov formula, we can approximate (uniformly in N) this
last expression by:

M, [E=L; £] 1

N ' N

1 & A
N;f(k/N)E[(z—NIE[Z_Zivz1 ME([%)E[GN(Z)&}D FO(N k.20 (481)

with sup E[|5(N, k, z, €)]?] going to 0 when € is going to 0. Along some appropriate
subsequence, this latter quantity converges as N — 400 to:

INC: (

eWe (z)

z— fol K.(r) M(dr)

-1
) +Y°| do (4.82)

27



where Y is such that E[(Y)?] converges to 0 when ¢ is going to 0. And, we thus
obtain gathering the above arguments that:
-1
) +Y°| dx.

[ 1= [ 1 (
(4.83)

It remains to pass to the limit as € — 0 in that expression. This job is carried out
with the help of a Girsanov type transform in Appendix C. O

eWe (z)

2 — [ K.(r) M(dr)

4.6 Uniqueness of the solution to the system of equations

Let X be the space of bounded measurable functions [0, 1] — C endowed with the
uniform norm defined for f € X by:

[ flloo = sup |f(z)]. (4.84)
z€[0,1]

Define the operator T': X — X by setting, for g € X and for all z € [0, 1]:

Ty(x) = ! (4.85)

z—fo (‘t x‘) v t)M(dt))—1]

For g,h € X and for all = € [0, 1], we have:

z—qE

RS

o) - Thio)l < g | [ () ot h<t>|M<dt>]

q 1 T Y
< E /( ) M(dt)| ||lg — bl
S (), \g=ar), M@0 llg =Rl
1 Y
q T
< - dtl|g — hl|eo-
|%<z>|4/o<|t—x|>+ lg = Al

Recall that v2 < 1/3, and thus it is easy to see that:

2

1 - 2!
sup / ( ) dt < +o0 (4.86)
ze€f0,1] Jo |t — x| +
And we can deduce that there exists a positive constant C' such that:
sup [Tg(z) — Th(z)| < rillg (187
z€[0,1] h |\5( ) > .
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If 2 is such that C/|3(2)|* < 1, the operator T is contracting and thus has a unique
fixed point ¢ in the Banach space X. We conclude that, for each z with |3(z)| large
enough, there exists a unique bounded function K, : [0,1] — C such that for all
x € [0,1]:

K.(z) = L

(4.88)

(2= 0 () m-onttan)) ] |

Using the first equation, it is now plain to see that, for z such that C/|3(2)|* < 1,
the constant p? is uniquely defined by the system of equations (by the first equation,
it is a function of the function K, which is uniquely defined for such z).

Now it remains to show that the limit point p? is uniquely defined for all = € C\R.
It will be easy to see using analycity arguments. Indeed, from the Montel theorem,
every limit point ;2 is holomorphic on the set C\R since it is the pointwise limit of a
subsequence of the sequence of holomorphic functions L}\}Z([O, 1]) that are uniformly
bounded on each compact set of C\R (see Lemma 4.4). Thus, p? is uniquely defined
for each z € C\R by analytic extension (we have just seen that u? is uniquely defined
for a set of z with accumulation points).

The same argument holds for the unicity of the integral fol K, (x)dx. Indeed,

z—q

every limit point fol K,(z)dx is a holomorphic function on C \ R that has some
prescribed value on the set {z € C\ R : C/|S(2)|* < 1}, which has accumulation
points.

4.7 Proof of Theorem 3.2, 3.3 and 3.4

Let us gather the above arguments to prove the main theorems.

Proof of theorem 3./: it is a direct consequence of sections 4.4, 4.5 and 4.6.

Proof of theorem 3.3 1): The limit points K,(x)dz and p?dz of the two complex
measures E[Ly"] and E[L%?] are uniquely defined because p? and K,(z) satisfy a
fixed point system of equations (we have just seen this in theorem 3.4).

Proof of theorem 3.3 iii): We need to prove that p? is the Stieltjes transform
of a probability measure v. From [6], it suffices to prove that p? is holomorphic
over C\ R, maps {z € C\R;S(z) < 0} to {z € C\ R;S(z) > 0} and that
lim, o0 z'y,ufy =1 (y € R). Let us check those properties. We have already seen in
section 4.6 that p? is holomorphic. From Lemma 4.4, u? maps {z € C\R;(z) < 0}
to {z € C\ R;(2) > 0}. Finally, from Theorem 3.4, we have

1
1271 [ K (x) M(dz) |

2u; =E

As |K.(z)| < |S(2)]71, the term fol K,(x) M(dz)/z converges pointwise towards 0
when z = iy and y — oo. Furthermore, from Lemma 4.8, we have (z)3(K,(x) <0
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-1

2 — [ K.(x) M(dz)| < |S(2)|"". Therefore

in such a way that

| - | <
z—fo () M(dx)

when z takes on the form z = iy (y € R). The dominated convergence theorem
then implies that lim,_,, z'yu?y = 1 and we can conclude p? is indeed the Stieltjes

transform of a (unique) probability measure v.
Proof of theorem 3.2 i) and 3.3 i1) We observe that, for z € C \ R:

Z]T 0 . Z2IT - tXNXN —ZtXN
An(2) (XN z[N) _< 0 2 ) (4.89)

Let us rewrite the matrix Gy (z) = Ax(2)~! under the form:

Gn(z) = (gl 12(5 Z)) %2?5))) : (4.90)

where G1(z), Gh2(2), Ga(z) are respectively of size T'x T, N x T, N x N.
By taking the inverse in the relation (4.89), we obtain:

(Ll ) (8 G8) - (™ ) o

where B = (2’2[T — tXNXN)_ltXN/Z.
It can be rewritten, using the fact that —XnG1(2)+2G12(z) = 0 and —Xn'G12(2)+
2Gy(z) = Iy, as:

(GI(S)/Z tG}f](/zZ)z/z> _ ((z2IT —ingxN)‘1 szz) (4.92)

Therefore, taking the trace we get:
1 &
T_ Z kk = —tr( 2IT - XNXN) ) (4-93)
k=1

and, by using the fact that the eigenvalues of Xy Xy are those of XXy aug-
mented with T'— N zeros:

T
1 1 T—-N
Now, taking expectation and using theorem 3.3, we deduce:
1 5 l1—gq
K x)dr = qz hm NE [tr(2* Iy — Xn'Xn) 7' + (4.95)
z
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Using the fact that (by (2.7)) the spectrum of By contains 2N eigenvalues which
are the positive and negative square-roots of the spectrum of Ry = XyXy plus
T — N zero eigenvalues and the fact that 1/(z — \) +1/(z + \) = 22/(2% — \?), we
can see that:

N+T
1 2z LT-N1
tr(22y — Xn'X - 4
N+T;GN(z>kk N+ 7o Iy = XnXn) ™ TTIN (4.96)

Using the relation 2.12 and theorem 3.3, it is easy to see that:

N+T
1

. 1
Nl—1>I—Ii-100 NIT Z E[Gn(2)rk] = TTq (q,uz / K. ( d:c) (4.97)

Taking expectation in 4.96 and using (4.97), we get:

1 ) 1 2qz 1
Tra <q,uz +/0 Kz(:)s)d:):) =1 +q1&520 VE [tr(2* Iy — Xn'Xn)7']  (4.98)
1—ql
- 4.99
* 1+q=z ( )

From equations (4.95) and (4.98), we get the following relation:
1—
/ K.(x)de = g + —2. (4.100)
z

and theorem 3.3 ii). is proved.
With (4.100), (4.97) becomes:

N+T 1 1—g¢
E[G 21 + ——= 4.101
N—>+ooN+TZ )i 1—i-q<q'usz z ) ( )

and, we note that the right hand side of (4.101) is the Stieltjes transform of the

measure 2¢/(1 + q)v(dz) + (1 — q)/(1 + q)do(dz). Thus, the mean spectral measure

E[pp,] converges weakly to the measure 2¢/(1 + q)v(dz) + (1 — q)/(1 + q)do(dzx).
We have also:

1 2
lim —E [tr(z2Ty — Xy'Xy) "] = 2= (4.102)

N—o0 z
Again using the fact that, for allz € R, 1/(22—2?%) = (1/(z—2)+1/(2+2))/(22)
and the fact that v(dz) is a symmetric measure on R (v(dx) is the weak limit of
E [upy], which is symmetric since the spectrum of By is symmetric with respect to
0 almost surely), we see that:

Jlim. LR [n(2 Iy — Xy'Xy) "] = % / Z(iixsg (4.103)
_ / volr)” \4r) (:j):ij(dx). (4.104)
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This implies that, for each z € C\ R,

o1 tvr N—1] vo (2%)7(dx)
lim NE [tr(zIN — Xn'Xn) } —/R—. (4.105)

N—oo zZ—X

and thus, the probability measure E[ug,| converges weakly to the measure v o
(22)~}(da).

Proof of theorem 3.2 4i): using relation (2.12) and lemma 4.9, it is plain to check
that [;(z — 2) ' g, (dr) converges in probability to the Stieltjes transform of the
probability measure 2q/(1+ q)v(dx)+ (1 —q) /(14 q)do(dx). This convergence holds
for finite dimensional vectors ( [5(z — @) 'upy(dr)),i =1,...,d) as well. Using the
fact that the set of functions {(z — z)7!,2 € C\ R} is dense in the set Cy(R) of
continuous functions on R going to 0 at infinity, we can show, for each f € Cy(R),
that [ f(z)upy (dz) converges in probablhty to [ f(z)(2¢/(1+q)v(dx)+(1—q)/(1+

q)0o(dx)). But, since ugy(R) = 2¢/(1 + ¢)v(R) + (1 — q)/(1 + q)dp(R) = 1, this
vague convergence can be strengthened in a weak convergence. With the relations
[ipz = 2N/(N + T)pry + (T = N)/(T + N)do and the fact that [ f(2)up: (dz) =
J f Hu BN (dx), it is plain to conclude that pg, converges weakly in probability to
vo (x?)7!(dx).

Proof of theorem 3.2 iii): again using relation (2.12) and lemma 4.9 together with
Borel-Cantelli’s lemma, one can show that the two spectral measures p By, Cconverges
weakly almost surely to 2¢/(1 + q)v(dx) + (1 — ¢)/(1 + q)do(dz). It is then easy to
deduce as before that yiz, converges weakly almost surely to v o (2?)~1(dx).

A. Auxiliary lemmas

Lemma A.1. Let A be a n x n complex matriz such that the Hermitian matriz
M = AAT has spectral radius \pay. Then, for all i, we have:

Z | Aij ‘2 < >\mam- (Al)
j=1

Proof. 1t is straightforward to see that all the entries of M are, in modulus, smaller
than \,,4:. On the other hand, we have:

j=1

and, thus:

Z | Aij ‘2 < >\mam- (A2)
j=1
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Lemma A.2. There exists C > 0 such that for each N € N and k € {1,...,N}:

2

C

k
Zrk Tk N+ )(Z)st < W

s#t

Similarly, for each N € N andk € {1,...,N},i € {1,..., N}, we have the following
inequality concerning the conditional expectation with respect to M::

2
M

N

Yo )G (@)

s,t#k,s#t

C

E <W.

Proof. We first expand the square and use the independence of (r(s))s from GE\J,VM) (2):

2

N 2
E (Y ru(s)r)GE ™ (2)a| | =2 Z E [ry(s)?ry ()] E UGE\],V ) (2) gt }
s#t s#t

Now we compute

B [ Pru] = B M M )

PR N
= / / max | 1, —— drdu
s—1 t— |7’ — u|
2 ¥(2)
/ / max ( ) drdu
_ u|

We consider N large enough so as to make 2/N < 7. The above integral is then
plain to compute and we get

,_.

Tw(2)(22—w(2) —2) 1
(1—1(2))(2 —(2)) N24@

Thus we have for some positive constant C

E [Tk(S)z’/’k(t)2] <

(A.3)

2

N N
C 2
E Zrk(s)rk(t)GS\ijM)(z)st < N—o@) ZE UG%VM)(Z)“ ]
s#t sF#t
C 1

<
S N R
where we have used the fact that almost surely:

1 2N

2
N+k
ON — 1 ‘G&+N@“
s,tAN+k
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It just remains to see that 1(2) = 42. To prove the second relation, we follow the

same argument by noticing that (r;(¢)); and Gg'\;’NJri)(z) are independent condition-
ally to M. O

Lemma A.3. There exists some constant ¢ > 0 such that for each N € N and
ke{l,...,N}:

2

N
C
E Zri(k)rj(l{;)Ggl\;)(z)NH,NH < N
i#]

Proof. Again we expand the square and we use the fact that, conditionally to the
(M?");, the quantities r;(k), r;(k), G?(z)NHWH are independent and r;(k), r;(k) are
centered. Indeed, conditionally to the (M");, the variables r;(k), r;(k), Gg'\;)(z)NH,NH
involve different increments of the Brownian motion. Thus we have

E g:m(k)r](k)GN (2) NN+ =§:E[n<k>2ﬁ<k>2m UG%)(Z)N”’N” 2}
< ;E[m(@z]E[ UG NN+ 2]
—N ;E[‘G(k N+i,N+j ]
-

Proof of Lemma 4.13. We define the function ffv’6 on the interval [0, 1] by
(x) = NMM(IL) if z € T4,

Notice the relation:

ZM’f (I4)E [Gn(2)4] / r) dE[LY](dr).
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Then, by stationarity, we have:

[ / r) dE[LY)(dr) — /0 1ewi“<f> dE[LY)(dr)
< ZE ]
I

|

N (r) — ¢ ) dE[Ly) (dr)

< E weu) _ qwé ()Y g
<BEe /I;fe 0)
N . 911/2
< sup / E | [ew(0) — gwe) du
1S(2))| relk JIk,
‘%(z)| rell, JI

Because of the continuity of the function p. over [0, 1], we have

‘ / r) dE[LY] (dr) — / ) dIE[L}V’Z](dr)H 50 asN oo (Ad)

0
In a quite similar way, we can prove that

E| /0 % 2 (r) dE[LY)(dr) - /0 ) a1 (dr)

} — 0 as p — oo uniformly w.r.t. N
(A.5)
and
EH/ e kg (1) K, (1) dr—/ e“c MK, (r) drH — 0 as p — oo uniformly w.r.t. N
0 0
(A.6)

where (¢,)pen is a regularizing sequence and * stands for the convolution. Fur-
thermore, for each fixed p and because of the weak convergence of E[Ly"] towards
K, (z)dz, we have almost surely

1 1
/ e % ¢ (r) dE[LY)(dr) — / e (P KL (r)dr  as N = oo. (A7)

0 0
We prove the result by gathering (A.4) (A.5) (A.6) and (A.7). O

B. Sup of MRW

Here we prove
Proposition B.1. We have for allk=1,...,N +1

In V)2
E [ sup m(ﬂﬂ <0 : <<za>)—1'
t N

for some positive constant C.
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Proof. To prove the result, we first prove
Lemma B.2. There ezists a constant C' such that, if (X;)1 <; < n are iid centered
Gaussian random variables then:

E[ max \X|] C max E[XZ(In N)2.

1<i<N 1<i<N
Proof. By homogeneity, it suffices to assume that E[X?] = 1. Then we have for all
0=20
E[ max | X;] } <5+N/ P(|X1[* > t)dt
5

1<i<N
< (5+2N/ IP(X1 > t1/4)dt

<6 2N ‘*/Zdt

\/ﬁ

) +— / e ttdt
V2 Js

4N
<0+ — (\/Se‘“g + e_\/g) ,
V2T
and this last expression can be made smaller than C'(In NV)? by choosing § = (In N)?.
O
We want apply the above lemma after conditioning with respect to the law of
the MRM M*:

Notice then that, conditionally to M*(0, &) = z1,..., M*(¥=L 1) = ay, the vector
(re(1),...,7(IN) has the same law as the increments of B: (B, — By, ..., Bsy —
B.,_,). By applying Lemma B.2, we deduce that

t—1 t .2
4 k < k —
E|:tzsll,l..13Nrk(t) |M} < C(InN)? _n?aXNM( N ,N).
Thus we deduce
t—1 t.\’
1| < 2 k
E {t:SIIfRNTk(t)} < C(InN)’E (t_lrll’ngM ( ¥ ,N)) ] (B.1)

Finally we have for all § > 0 and for a > 1 such that ((2a) > 1:

t—=1 1\ t—1 t
(ti?,%%fNM & w))

6+N/ () > a) da

5+N/ —EMk 1 i) ] da

N 'N
5+051 aNl ¢(2a)
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for some constant C' only depending on a, 7 and 2. Choose now § = N =2 50 as

to get
In N)?
E [ sup rk(t)4} < (1+ C)% (B.2)
t=1,...N N

O

C. Girsanov transform

Lemma C.1. Let i1 be an independently scattered infinitely divisible random measure
associated to (1, 0), where

1
YR wlg)=my+ 0%+ [ (e - Dolda)
R

¥(2) < 400 and (1) = 0. Let B be a bounded Borelian set. We define a new
probability measure Pg (with expectation Ep) by:

VAmeasurable set, Pp(A) = E[1 e P)).

Then, under Pp, 1 has the same law as p+pp where pp is an independently scattered
infinitely divisible random measures independent of 1 and is associated to (V¥g,0p)
given by

$5(g) = qo® + / (e — 1)(e” — )(de)
() =0(-N B).

Proof. It suffices to compute the joint distribution of p disjoint sets A;,..., A,. We
have for any Aq,...,\, € R:

B, |1 #(AD - 2pu(4p) :E—ekw(Al)+~'+>\pu(Ap)+u(B)]

) _€>\1u(Al\B)+~'+/\pu(Ap\B)+>\1M(AlﬂB)+"'+>\pu(ApﬂB)+u(B)]

—E 'ew(Al\B>+---+Apu<Ap\B>} E [e(/\l+1)M(A1ﬂB)+~~+(/\p+1)u(ApﬂB)}

_ PODIATB) - (0)0(Ap\ B) 9 1 +1D0(ALNB) -+ (0 + 1DO(ApB)

— R [ M AN A m AP\ B)+ O+ DA DB+ Ot D(ApB) +a(BAU A»}

— ¥ (A1)0(A1)++Y(Ap)0(Ap) o (P (A1 +1) =1 (A1))0(ALNB) 4+ (Y (Ap+1)=(Ap))0 (ApNB)

Then it suffices to notice that:

W+ 1) = vl) = mt o+ ot + [ (€O - euaz)
R

and (1) = 0. O
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Lemma C.2. If the process w. is defined as we(x) = p(Ac(z)) where p is an indepen-
dently scattered random measure associated to (p,0) with ©(q) = —iqy*/2 — ¢*7*/2
and 0 given by 2.3, then:

2 -1
ewe(x) 1 T o'
lim E _E|[2- / < ) K. (r)M(dr)
e—0 - fO ewe(T dr 0 |T - $| +

where M s the lognormal MRM.

Proof. One can check that (w()),ep, is a stationary gaussian process with covari-
ance given by 7?p.(z — y). So, using Girsanov transform, we can write:
ewe(x)

1 -1
(z—/ KZ(T)EA’ZPG(T_:”)e“’é(T)dr)
P fo e‘”s(r dr 0

We are interested in the limit when e goes to 0 of this latter term, we thus
approximate it with a simpler term:

1 -1
<Z_ / K ()l =) o) dr) ]
0
1 72 -1
_E Z_/ Kz(r)< T ) o) g
0 |’I“—ZL'| +
N
/|K |€we(r eV ope(r—z) _ T
r—a| ),

1 T 7
< / eV 2pe(r—z) _ < )
1S(2)[* Jo r—x| ),

where we have used Lemmas 4.4 and 4.8 and the normalization (1) = 0.

Because 72 < 1, the dominated convergence theorem implies that C.1 converges
to 0 when € goes to 0.

We thus look at the limit when € goes to 0 of the term:

dr]

dr (C.1)

Q?

1 - e -1
E ||z —/ K.(r) ( ) <) dr
0 |7’ - I| +

The random variable

/ K. (W) M(dr)
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is well defined and is finite almost surely since:

[0 (), o

And thus, we can compute:

2

E

_E (z—/ole(r) (ﬁ)fW@)A ‘
< e uéﬂav>Qrﬁfo<w*wr—wuw»_,

and, for all n € N, this latter term is smaller than

[ () )
+E /K m1n<<|r_x|> )(e%(”dr —2M(dr))]
*E,/K’ KV—ﬂ) ‘m“«}iﬂ)imﬂﬂﬂw)

The two quantities C.2 and C.4 are smaller than

[ e [(v—ﬂ)ﬁ‘mm<<viﬂ)f”01”

and thus converge to 0, uniformly in € as n goes to infinity.

E

2

l

] e () <o

(C.4)

(C.5)

For a fixed n, the function min((7/|r — m\)f, n) is measurable and bounded and
thus it is plain to see that, for a fixed n, the term C.3 goes to 0 when € goes to 0.

The lemma follows gathering the above estimates.

O

Lemma C.3. If the process w, is defined as w.(x) = u(Ac(x)) where p is an indepen-
dently scattered random measure associated to (@, 8) where ¢ is given by (2.1),i.e.

2

©(q) = imq — %q2 + /(em — 1)v(dx)
R
and where 6 given by (2.3), then:

eWe (z)

z— fol K. (r)ew<dr

limE

e—0




with k = ~* + [p(e” —1)*v(dx) and where the random Radon measure Q is defined,
conditionally on a MRM denoted by M whose structure exponent is ((q) := q —
w(—1q), as the almost sure weak limit as € goes to 0 of the family of random measures
Qc(dt) == PO M (dt) where, for each € > 0, the random process @, is independent
of M and defined as W (t) = Tu(Ac(t)) where i is the independently scattered log
infinitely divisible random measure associated to (@, 0(- N Ag(z))) where

B(p) = ip(v* — ) + / (€7 — 1)(¢" — D(dz). (C.6)

Proof. We want to apply Lemma C.1 to the process w,. If we set B = A.(x), Lemma
C.1 tells us that, under P, the process w, possesses the same law as the process

W (r) +wP(r) with w(r) = u®(A(r)) and 0@ (r) = p® (Ac(r)),

where ugl), MEQ’ are independent independently scattered log infinitely divisible ran-

dom measures respectively associated to (i, #) and (), 0?)) with:
0@ (q) = iv*q + /R(eiqm —1)(e" — 1v(dz) and 8P (-) = (- N A(z)). (C.7)
Define:
r=7" /R(em — 1*v(dz), %(q) = ¥ (q) — gk, ¥(q) = P(~iq). (C.8)

Notice that 1 is then normalized so as to make (1) = 1(0) = 0. Let us define the
process w, by:

We(r) = w(2) (r) — kO(A(r) N Ac(x)) = w® (r) — kpe(r — x), (C.9)

and notice that E[e'®@«(")] = ¢?(@pe(r—2),
wg(x)

We can now apply Lemma C.1:
1 ~1
K (Z - / Kz(r)ewe(r)+“”€(T‘x”“’é(”dr)
S fo r)ewe ) dr 0

We are interested in the limit when e goes to 0 of this latter term, we thus
approximate it with a simpler term:

1 —1
<Z_ / e e o) (1) dr) ]

0

1 . K -1
(Z_/ ePe(r)twe(r) <7) Kz(r)dr)

0 |7’—:L’| +
em(r—m)_( T )

r—z| /.

dr (C.10)

=E

E

)]




where we have used Lemmas 4.4 and 4.8, the normalizations ¢/(1) = 0,(1) = 0 and
the independence between @, and w,.
Let us show that x < 1. Indeed, we have:

b=+ /R (e" — 1)°u(dx)
_ /R (€2 — 1)u(da) — 2 /R (¢" — D)v(dz)

ZVWﬁé@%—1WW@+QO”+%¢)

=2m+2v° + /(ezw — 1)v(dx)
= ¥(2)

where, in the third line, we used the fact that ¢(1) = 0 (which implies the relation

Je(e® = v(dzx) = —(m +~+?/2)). We will now show that ¢(2) is strictly less than

1. It suffices to show that ((2) > 1. Using the concavity of the function ¢, we have

the inequality: : ) O

C(2+¢€) —((1

1o e <((2) —¢(1) (C.11)

and with assumption 3.7, we see that ((2) — ((1) = ((2) — 1 > 0. We can thus
conclude that k < 1.

Because xk < 1, the dominated convergence theorem implies that C.10 converges
to 0 when € goes to 0.

For each Borelian set A of [0;1], the family M.(A) := [, e*"dr,e > 0 is a
positive martingale with respect to € and that it converges almost surely to M(A).
With the assumption 3.7 and in particular the condition (2 + €) > 1, we can show
(see [1] for a proof) that the family (M.(A))eso is in fact uniformly integrable. In
particular, if we let F, be the sigma field generated by the family of random variables
(wy(7))p>ercr, we have the following almost sure equality:

E [M(A)|F.] = M.(A). (C.12)

Conditionally to the random measure M, the family P.(A) := [, e*("M(dr),e >
0 is also a positive martingale with respect to €. Thus, P,(A) converges almost surely
to a random variable that we will denote by P(A). We know that this defines a
random Radon measure P on [0; 1] and that the family of random Radon measures
P, converges, when € goes to 0, weakly almost surely to P in the space of Radon
measures. Denote, conditionally to the random measure M, by Py, the law P[-|M]
and let us show that the family (P.([0;1]))eso is Pp-uniformly integrable. Let § be
such that ¥(1 + &) < +oo (we can show, using the condition (2 4+ §) < 400, that
that there exists such § ). We will show that the family (P.([0;1]))cs0 is uniformly
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bounded in L'*9(P,,). Indeed, conditionally to the random measure M:

< /0 1 ewf(”M(dr))

146

1 _ _
Eas < Euy { / e(”‘s)wé(”M(dr)} M][0;1)°
0

1 _
< / PP M (dr) M(0; 17
0

1 K
< M[O;l]‘gew(“"s)/ ( ’ ) M(dr) < +oc.
0 ‘T - | +
The family (P.([0; 1]))eso is therefore Py -uniformly integrable, in particular, P,([0; 1])
converges to P([0;1]) also in L', which implies that P is a non degenerated random
measure. Moreover, denoting by F, the sigma field generated by the family of ran-
dom variables (@,(7))y>erer, We have, almost surely, conditionally to M, for all
Borelian set A of [0;1]:

Now, as before, it is easy to see that the family Q.(4) :== [, ev< (MNP dr e > 0
is also a positive martingale with respect to e. Therefore, Q).(A) converges almost
surely to a random variable that we will denote by @Q(A). This defines a random
Radon measure () and the family of random Radon measure (). converges, as ¢ — 0,
weakly almost surely to () in the space of Radon measure. We want to show that
the two random measures P and @) have the same law.

Gathering the above arguments, we can write, almost surely:

E [P(A)|o(F., F.)] = E [E[P(A)|F]]

_ [/Aewe(r)M(dr”}—ﬁ}

_ / ()43 gy
A

and the latter quantity has the same law as Q.(A). Since the martingale (E[P(A)|o(Fe, F)])eso
is uniformly integrable, we deduce that the family (Q¢(A))cso is also uniformly in-
tegrable. Hence, both random variables P(A) and Q(A) have the same law. We can
show easily that in fact the two random measures P and @) have the same law. In
particular, () is non degenerated.

It is now easy to see that, for all bounded and continuous function f, the two
random variables [, f(r)P(dr) and [, f(r)Q(dr) have the same law. By regularizing

the function (ﬁ) and with the dominated convergence theorem, we conclude as
+

in the proof of lemma C.2 using the fact that x < 1 that:

/O 1 K.(r) (ﬁk Q(dr) "2 /0 1 K.(r) (ﬁk P(dr). (C.13)

Gathering the above argument and letting € go to 0 concludes the proof. O
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