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EXISTENCE OF RADIAL STATIONARY SOLUTIONS FOR A
SYSTEM IN COMBUSTION THEORY

JEROME COVILLE AND JUAN DAVILA

ABSTRACT. In this paper, we construct radially symmetric solutions of a non-
linear noncooperative elliptic system derived from a model for flame balls with
radiation losses. This model is based on a one step kinetic reaction and our
system is obtained by approximating the standard Arrehnius law by an ig-
nition nonlinearity, and by simplifying the term that models radiation. We
prove the existence of 2 solutions using degree theory.

1. INTRODUCTION
This paper deals with radial solutions of the system of equations
Au—eu=—vf(u) inR?
Av=wvf(u) inR3

(1.1) u>0, v>0 inR3
lim w(z)=0, lim o(z)=1,

where € > 0 and f is an ignition type nonlinearity, that is, there exists 0 < 6 < 1
such that

(1.2) f)=0 Vt<6, f(t)>0 Vi>0.

System (1.1) arises as a model problem for some reaction diffusion systems in
combustion theory. We will describe the connection with these models at the end
of the section.

We call (u,v) = (0,1) the trivial solution of (1.1). Note that for any solution
(u,v) of (1.1) one has

0<u<1l and 0<wv<1,
as can be deduced from the maximum principle.

We are mainly interested in existence and multiplicity of nontrivial radial solu-
tions of (1.1). The first observation in this direction is that for £ > 0 large (1.1)
has no nontrivial solutions. Indeed, by the maximum principle u + v < 1 and then

—Au< (1 —u)f(u) —eu in R3.

If € > 0 is large then (1 — u)f(u) —eu < 0 for all u € [0,1] and we conclude that
u = 0. Better estimates for the quantity

e* = sup{e > 0: (1.1) has a nontrivial radial solution}

are given in Section 6.
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2 JEROME COVILLE AND JUAN DAVILA

Suppose that u,v is a nontrivial radial solution. Then for some r» > 0 we must
have u(r) > 0. Otherwise f(u) =0 and then Av = 0, and by the Liouville theorem
v = 1. Since 0 < u + v < 1 this would imply v = 0 and then u, v is trivial. So for a
nontrivial solution w, v, since lim, o u(r) = 0, there is 8, > 0 such that

u(By) =6 and wu(r) <6 Vr>pf,.

The parameter (,, which we will write simply as 3, then serves to distinguish
different solutions.

Theorem 1.1. Assume f :[0,1] — [0,4+00) is continuous, satisfies (1.2) and for
some C' > 0

(1.3) F) <Cfu) Vt<u, tueld 1]

Then €* > 0 and there exist 0 < €1 < €* such that for 0 < € < &1 there are at least
2 solutions of (1.1). One of them has bounded 8 as € — 0 and the other has (3 in
the range 6/\/e < B < 1/(0+/€) as € — 0, where § > 0 is fized.

A very natural and interesting question is the stability of the solutions con-
structed in Theorem 1.1. Based on the works [10, 11] we conjecture that the
solution with bounded 3 is unstable and that in part of branch of solutions with
large (3 the solution is stable, at least with respect to radial perturbations.

In some cases one may want to consider a discontinuous nonlinearity, such as
the Heavisde function f(u) = X[u>¢). With this example in mind we introduce the
following hypothesis

(1.4) f is continuous in (0, 1] and lim, ¢+ f(u) exists.

Theorem 1.2. Assume f :[0,1] = [0,400) satisfies (1.2), (1.3), and (1.4). Then
e* > 0 and there exist 0 < g1 < €* such that for 0 < & < &1 there are at least 2
solutions of (1.1). One of them has bounded 5 as € — 0 and the other has [ in the
range 0/ < B <1/(0/€) as € — 0, where § > 0 is fized.

The solution constructed in Theorem 1.2 is such that the set {r € [0, 00) : u(r) =
0} is finite, and hence the equation (1.1) holds a.e. in R3.

The motivation to consider a discontinuous nonlinearity is only mathematical.
However the example f(u) = X[,>g] is interesting since it provides a situation where
explicit calculations are possible. Theorem 1.2 shows that in part the conclusions
obtained for f(u) = X[,>¢] remain valid for more general non-linearities.

For f(u) = X[u>e) explicit calculations lead to an equation for 3 and ¢ in order
for a radial solution to exist. In Figure 1 we show the numerical solution for this
relation when 6 = 0.5, with 3 in the vertical axis and /¢ in the horizontal axis.
It shows that for 0 < & < £* there are 2 solutions. Solutions in the lower branch
satisfy u > 6 in [0, §) that is, the reaction takes place in the ball of radius 5. The
same happens for points in the upper branch which are to the right of the special
point marked in the graph. To the left of that point the solution satisfies u > 6 in
an annulus of the form r € (8 — Lg, 8). Thanks to the explicit form of the relation
bewteen [ and € we can compute the asymptotic behavior of the curve as § — oo,
and we find that

lim ef=ap>0 and lim Lg= Lo >0,
B—00 B—00
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FIGURE 1. Bifurcation diagram for f = x[,~¢ with 6 = 0.5; § is
in the vertical axis and /¢ in the horizontal axis

where ag, Lg is the unique solution of the system of equations

1
L= L tanh(L) + Lsinh(L)

=0(1+ a).

Because of the information on the Heaviside nonlinearity one can conjecture that
for general f there should be a similar relation for 5 and € as § — +o0co0. We present
in Section 2 nonexistence results for general ignition nonlinearities satisfying (1.2)
and (1.3), that capture this relation, and roughly speaking say that no solution can
exist if /23 is either too large or too small, provided f is taken large enough. Using
these nonexistence results and degree theory we can give a proof of Theorem 1.1.
This is done in Section 3. In Section 4 we give the proof of Theorem 1.2 by
approximating the discontinuous nonlinearity by continuous ones. Section 5 is
devoted to the explicit computations for the Heaviside function. Finally Section 6
contains a finer estimate of £*.

As mentioned before, system (1.1) arises in connection with some models in
combustion theory, more precisely, in the flame ball problem for a weakly premixed
gas sensitive to radiative heat losses. In such a mixture, it is known that apparently
stationary spherical structures appear, which are called flame balls [27, 30, 10, 11].
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In [27, 30, 10, 11, 21, 22, 29] the following reaction diffusion system has been
used to model a combustion process where flame balls can appear:

orT B QBYp —E
Y B
(1.5) paa—t =V - (uVY)— BYpe ET

Y=Y, T—oTw as |z]— o0

where T is the temperature, Y the reactant concentration, Yo, > 0, Too > 0 are
the reactant concentration and tempereature at infinity, and Cp, R, ) and m are
respectively the specific heat capacity at constant pressure, the perfect gas constant,
the chemical heat release and the molecular mass of the reactant. The term ¢(T)
represents radiative losses. The reaction is characterized by the one-step Arrhenius
kinetics ~ Be 7 where B is a constant. Furthermore, the hydrodynamics effects are
neglected, i.e the density p, the thermal conductivity A and the diffusion coefficient
w are constant. See also numerical simulations in [7, 21, 22].

After the seminal work [34], the traveling front problem for systems like (1.5)
has been investigated by several authors, for example, [16, 17, 31].

In absence of radiation, i.e. when ¢ = 0, there are many works dealing with
(1.5), see for instance [3, 6, 25, 28, 32] and the references therein. Also we remark
that the stationary version of (1.5) without radiation, leads to system (1.1) with
€ = 0 which reduces to a scalar equation, since v = 1 — u. There is a huge amount
of literature concerning existence of radial ground states for semilinear equations,
so we mention here only some classical references [5, 24] on the problem in entire
space. When the problem is treated in a bounded domain see the book [1] and
[15, 23] for multiplicity results in the case of Arrehnius non-linearity. The paper [9]
contains interesting numerical computations of the bifurcation diagram in the case
of the full coupled system in a interior of a sphere.

A common simplification of (1.5) under the assumption of large activation energy,
that is £ >> 1, is to assume that the source term for the reaction is concentrated
on a very thin layer, typically a sphere. This approach is taken for example in
[10, 11, 26, 29] and leads to the free boundary problem

T E
%_t = AT + Be"#5(r — R(t)) — ¢(T) in R®
Y 1 E_
0 _ AY — Be 21+ 6(7« _ R(t)) in R3
(1.6) ot Le

Y=0 in B(0,R(t))
¢g=0 in R\ B(0,R(t))
Y=Y, T—Ty as |z|]—

where R(t) is the radius of the front where the reaction takes place, § is the Dirac
measure and 7™ is the front temperature. In [10, 11, 12] the authors analyze
the stability of stationary solutions of (1.6). In a similar framework, existence
and stability of flame balls and travelling flame balls have also been studied in
[29, 18, 19, 33, 2].

We arrive at (1.1) by introducing the following simplifications:

a) assume the radiative loss to be linear, i.e., ¢(T) = a(T — T ) where a > 0,
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b) approximate e~ TT by n(T — TO)BYe_% where Tp is an activation tem-
perature and 7 is a cut-off function satisfying n > 0 in R* and n = 0 in
R™.
As in [22, 33] one can model radiative heat losses using Stefan’s law ¢(T) = (7% —
T1) for some constant ¢ > 0. When T is close to Tw, we can write ¢(T') =~
4eT3 (T —Tw). As a step towars understanding more general situations, we assume
that this linear relation holds for all 7', that is, we assume a). Other linear or
piecewise linear approximations have been used before, for instance in [8, 29, 33].
Assumption b) corresponds the a standard approximation in combustion theory to
avoid the cold boundary difficulty, see [4].
After introducing dimensionless variables u, v, corresponding to temperature
and reactant concentration, the stationary version of (1.5) becomes

Au+vg(u) —cu=0 in R?
1
(1.7) EA’U —wvg(u) =0 in R3
u—0, v—=vs asl|r|— +oo

where Le > 0 is the Lewis number, ¢ > 0, v, > 0 and ¢ is an ignition type function,
that is, there is § > 0 such that g(u) = 0 if u < 6.

We stress that our results are valid for any value of Le > 0. Indeed, since we are
considering stationary solutions, the following change of variables will allow us to
assume that Le = 1. Letting v(z) = veo 9(VLe x), u(z) = %ﬂ(\/ﬁx) transforms
system (1.7) into (1.1), where ¢ = += > 0 and f(u) = g(%2u). We observe that f

is still is an ignition type nonlinearity.

2. APRIORI ESTIMATES

The purpose in this section is to establish nonexistence results in some ranges of
the parameters.
Given a nontrivial solution u,v of (1.1) let 8 > 0 be such that

u(B)=60 and wu(r) <@ Vr>p.
Setting u(r) = u(Br), 0(r) = v(Br) these new functions satisfy

% (7‘2@) —er?fPu = —r?B2uf(u) in Rt

or
(2.1) 62 (7’2?> =7r*B%vf(u) in Rt
T T
i ) =0, i () =

In the sequel we will study (2.1) in the following set of functions
S = {(u,v) : u,v are C*([0,00)) and u(1) = 0 and u(r) < 6 for r > 1}.
Let hg : R — R be such that
(2.2) ho(t) =0 Vt<60 and ho(t)>0 Vt>0

(2.3) ho is nondecreasing.
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We consider now functions f : R — R such that

(2.4) f(t)y=0 Vi<,
(2.5) f>ho inR
(2.6) f#) <Cof(u) VO<t<u<l

Lemma 2.1. There is no solution in S to (2.1) if

1
ByeE > =.
0
Proof. Since

Au—ef’u=0 forr>1, wu(l)=6, lim wu(r)=0,

r—4o0

we have an explicit formula

u(r) =f0——— forall r > 1.
;From this we find

(2.7) u'(1) = —0(1 + BV/e).

Similarly, since Av =0 for r > 1 and lim, o, v(r) = 1 we have

v(r)zl—l Vr>1
T

where 0 < v < 1. This yields
v'(1) =~ € (0,1).

Integrating the equation for v in (0,1) implies

(2.8) 62/0 s*uf(u)ds =v'(1) = 7.

Let 79 € [0,1) be such that u/(rg) = 0. Then integrating the equation for u in

(ro, 1) yields
—sﬂ/suds ﬂ/svf

This formula together with (2.7) and (2.8) gives

1
v’(l)ZﬂQ/ SQ’Uf(’U,)dS:Eﬂ2/ s*uds + 0(1 + By/e)

0 To
and it follows that
0pVe < 1.
O
Lemma 2.2. There is By > 0, § > 0 depending only on hy, 0, Cy such that for all

B> Bo, B/E <6 and all f satisfying (2.4), (2.5), (2.6) there is no solution in S to
the system (2.1).
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Proof. We treat the case € > 0 since the situation € = 0 is similar.

As before
e~ (r=1)Bve

u(r) =f0——— forall r > 1.
r

;From this we find
(2.9) u'(1) = —0(1 + BV/e).
Similarly
v(r)zlf% Vr >1
where 0 < v < 1. This yields
v'(1) =~ € (0,1).
Integrating the equation for u we see that

(2.10) r2u(r) = ef? /T s*uds — 32 /T s*vf(u) ds
0

(From this and (2.9) it follows that

(2.11) 52 / s*uf(u 9(1+ﬂ\/5)+552/0152uds§9+5(9+5).
Integrating the equation for v in (0,1) implies

(2.12) 32 /01 sPof(u)ds =v'(1) = v

and combined with (2.11) yields

(2.13) v <O0+6(0+9).

Integrating the equation for v in (0,r) we obtain

(2.14) v'(r) = B2 /()T(S/T)Qv(s)f(u(s)) ds.

Integrating this on (0, R) with 0 < R <1 yields

ol) ~v(0) = 5 [ ’ [ s tuts) dsar
- / / 2 drso(s) f (u(s)) ds
_ / “1)2u(s) f(u(s)) ds.

In particular, with R =1

e / (5 — $2)o(s) f(u(s)) ds = v(1) — v(0) < 1
This and (2.12) give

g /0 su(s)f(u(s))ds < 2.
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Now going back to (2.14) we obtain
(2.15)

V) =8 [ s/ ) ds <8 [ neesunas <2 o<r<,

Now consider the function z = u + v which satisfies Az = ¢4%u in R3. Integrating
the relation (s%2')" = ¢8%s%u in (0,7r)

2 (r) =ep? /Or(s/r)Qu(s) ds

so that

(2.16) 0<2(r)<8’r r>0.

It follows that

(2.17) f% <d(r)<é*r 0<r<l.

Observe that integrating (2.16) on (r,1) we find
0<z(1)—2(r) < 52
and since z(1) =60+ 1 — v
140 —y—62<z2(r)<1+0—-v 0<r<1.
In particular, using (2.13),
(2.18) v=z—u>1+0-y—-86"—u>1-060+20)—u 0<r<1.

Step 1. For any 79 > 0 there exists 81(ro) depending on rg, hg and 6 only such
that

146
(2.19) max u < % VB > p.

To prove this, suppose that maxp, ;ju > # and let r € [rg,1] be such that

u(r) = 2. Let M = 2/rq so that from (2.17)
W' (s)| <M rog<s<l.

Then

(2.20)

1+6 1-6 1+6 1-460 1-6
— < < —F — 1 h th —r < —.
5 1 <u(s) < 5 + 1 Vs € [ro,1] such that [s—r| < i

Using (2.12) and since f > hg
1

1> 52/ s2v(s) f(u(s)) ds > 52/ s2v(s)ho(u(s)) ds.

To To

Ifr < 50 et [ = [r— =2 ] and if r > 140 let T = [r,r + 152]. Using (2.18)
and (2.20):

1> BQ/ISQU(S)f(u(s))ds

e 219h0<1+9 149> <15(9+25)319>.

Sy, 2
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We take § > 0 small only depending on 6 such that

o 19
(2.21) 1504265~ 30 126
4 8
Then ( 2
1-6 146 1-0
> 323 _
L= 50— h°< 2 1 >

and the claim follows.

Step 2. For any ¢ > 0 there exists C' > 0 such that

maxi,, 1) u — 0 ) C
maxu — O)hg | ————— +0 ) < —.
(g = Oho ( 2 =B
The constant C' depends only on 7y and 6. The conclusion from this is that
(2.22) lim sup max(u — 6) < 0,

B—oo [ro,1]
and this is uniform with respect to u and f.

As before, setting M = 2/r¢ we have |[u/(s)] < M for ro < s <1 by (2.17). Let
Tm € [ro, 1] be a point such that u(r,) = max., 1) u and let us write u, = u(rm,) =
maxj,, 1) u. Then
Uy — O Uy — O

2 2M

u(r) > +60 Vrerg,1] suchthat |r—ry,|<

Since f > hg, using (2.12), (2.18), (2.19), (2.21) we obtain
1>p° /1 s2v(s) f(u(s))ds > B* /1 s*v(s)ho(u(s)) ds
0 0

zﬂ%ﬁu’”feho <u’”9+9> <15(9+25)—1;9>

2M 2
—0 Uy, — O 1-0
> 2 2Um m _
> Brg Wi h0< 5 +9> 3

Thus there exists C' depending only on rg, € such that for g > (5

(tm — 0)ho (“m29 +9) < %

This proves the claim.

Step 3. For 0<a <1

1
(2.23) / r?(u')? dr < 2a + 6% + max(u — 6).

[a,1]
Indeed multiplying the equation
(2.24) — () = —eBr?u + B*ruf(u)
by (u — 6) and integrating over (a,1) we get
1 1 1 1
/ r2(u)? dr = r*u/ (u — 0)| — 552/ r?u(u — 0)dr + 52/ r2vf(u)(u — 0) dr.

By (2.17)

L —a?u'(a)(u(a) — 0) < 2a.

a

r2u’ (u — 0)
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Since u < 1 we have
1
562/ r u(u—@)dr < 4
Finally using (2.12)

1
52/ r2uf(u)(u — )dr<maxuf )52 / r?uf(u d7’<max(u79).

Step 4. We finish the proof of the Lemma using a modification of Pohozaev’s
identity. Let 0 < a < 1 be a fixed number. Multiplying (2.24) by (r — a)u’ and
integrating over (a, 1)

2.25
(229) 1 1 1
—/ (r*u) (r — a)u' dr = 552/ r2(r — a)uu' dr + 52/ r2(r — a)vf(u)u dr.

A computation shows that the left hand side is given by

/al(r2u’)'(r —a)u' dr = %rQ(r —a)(u')? ' + % /al r2(u')? dr — a/al r(u')? dr

a

(2.26) - %(1 — (1) + %/1 P2 (Y2 dr — a/al r(u/)2 dr.
Thanks to (2.23) we find

a/a1 r(u')* dr < /a1 r2(u)? dr < 2a + 6% + I[I;af]((u —0).
Since u/(1) = —0(1+ /£3) we obtain from (2.26), (2.23) and the previous estimate

(2.27)
/ (r*u’) (r — a)u’ dr — %(1 —a)0?*(1 + ep)?

< da+26% + 21[na)]<(u —0).
a,l
Let us compute
1 1 o1 !
552/ r(r — a)uu’ dr = 55527"2(7’ —au®| — 5552/ (3r* — 2ar)u® dr.

Recalling that /¢ < ¢ this shows that

1
(2.28) 5ﬁ2/ r2(r — a)uu' dr| < 362
Define u
w) = / () dt
0
Then

ﬁQ/ r2(r —a)vf(u)u' dr = B*r?(r — a)vF (u) i - 62/ (3r% — 2ar)vF (u) dr
—62/(r — ar® ' F(u) dr

=532 /:(37’2 — 2ar)vF(u) dr — B* /al(r —ar?)v'F(u) dr.
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These terms can be estimated using (2.6):
F(u) < Cof(u)(u—0) Vo<u<l
and hence by (2.12)

1 1
52/ r?vF(u)dr < CO/ r?uf(u)(u—0)dr < Cy r[nal)]((u —0)

Similarly

1

1
aﬁQ/ roF (u)dr < ﬁ2/ r?vF(u) dr < Comax(u — ).

a la,1]

To estimate the remaining terms we use (2.15)

1

1 1
62/ 3 F(u) dr < 262/ r?F(u) dr < % r2vF (u) dr

where the last inequality is consequence of (2.18), (2.19) and (2.21) provided >
B1(a) (a € (0,1) is fixed). Hence

1
52 / 3 F(u) dr < 16& I[nal)]((u —0),

and this implies also

1 1
5> / ar®v'F(u) dr < B2 / 30 F(u) dr < 16—0; I[na)]((u —0).
a a - a,l

Therefore

(2.29) < Ky max(u — 6)

[a,1]

52 /1 r2(r — a)vf(u)u' dr

where K1 = 5Cy + 31%6:9“.
JFrom (2.25), (2.27), (2.28), (2.29) we arrive at

(2.30) %(1 —a)0*(1 +eB)? < 4a+56% + (K; +2) r[nal)]((u —0) VB> pBi(a).

We fix § > 0 even smaller if necessary so that

162

2
< -—.
50 34

Then fix 0 < a < % such that

Then for (2.30) yields

1602
—— < (K + m — >

which is not possible for 8 large enough by (2.22). O
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3. EXISTENCE OF SOLUTIONS

In this section we prove Theorem 1.1, and throughout it we assume that f is
continuous and satisfies (1.2) and (1.3).
We work in the Banach space

X ={(u,B) :u € CH*([0,1]), u(1) =0, B € R}
endowed with its natural norm

[(w, B) || x = llullcrao,1)) + 18I,

where 0 < o < 1 is fixed.
Define for ¢ € [0, 1]

fe(u) =tf(u)+ (1 —t)(u—0)" te0,1],
where sT = max(s,0). Let us consider (2.1) with nonlinearity f; that is

Au —ef*u = —B*vf(u) in R3

(3.1) Av = fufi(u) in R3
lim wu(z) =0, lim v(x) =1
|z]| =00 |x|—o0

To apply the non-existence results of the previous section we need to exhibit a
function hg satisfying (2.2) and (2.3). For this purpose define

g(t)y=inf {re€[0,1] : f>t¢tin[r,1]} forallt>0,
and
h(r)=inf {t >0 : g(t) >r} forallr € [0,1].
The following properties then follow from these definitions:

a) ¢ is strictly increasing, continuous from the left and satisfies lim,_,q+ g(t) =
0.

b) h(r) = for r € |
continuous in [0, 1].

¢) f>hin[0,1].

The function

0], h(r) > 0 for r € (0,1], h is nondecreasing and

ho = min(h, (u — )T

satisfies (2.2) and (2.3) and the nonlinearity f; satisfies (2.4), (2.5), (2.6) for all
te0,1].

Since any solution to (3.1) is bounded above by 1 we may redefine fi(u) as a
constant for v > 1. Thus we may assume that for some constant M > 0 we have

Ife(w)| <M YueR, Vte[0,1].
We define a nonlinear map T ; : X — X as follows. Let (@, ) € X. Then solve
(3.2) Av=F%vf(i+6) in By, v(l)+v'(1)=1 ondB.

This problem has a unique solution which can be found for example by minimizing

1 2, A2~ 2 1/ 27/
2/}31 (|Vv| + B ft(u+9)v)+2 aBlv aBlv
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with v € HY(By). Since fi(@ + 6) € L°(B;) by standard elliptic regularity v €
C12([0,1]). Then find 8 > 0 and u such that

— Au+ef%u = B2ufi (i + 0) — eB%0+ 8% — 3% in By
u(l) =0,  W'(1)=—6(1+5Ve)

admits a solution. This problem has a unique solution (u, $) which furthermore is
C12([0,1]) (this assertion is verified in the proof of Lemma 3.1 below). We define

TE,t(ﬂﬁB) = (ua /3)
Observe that (u, 5) is a fixed point of T, if and only if (u + 6,v) is a solution of
(3.1).

Lemma 3.1. Write T(u, 8,e,t) = Tz 1(u, 3). Then
T:X x[0,00) x[0,1] = X

(3.3)

is compact. Moreover
(3.4) || T(u,B,e,t)||x < C(1+sinh(y/z8) + 5%) V(u,B) € X,Ve >0,Vt € [0,1].
Proof. First we remark that the solution v to (3.2) satisfies
0<v<1 in By

because 0 is a subsolution and 1 is a supersolution. Given a > 0 let Z, be the
solution to

—AZ,+aZ,=0 in By, Z,(1)=1.
Note that Z, is explicit:

sinh(ar)

Zo(r) = ————= <1
(r) rsinh(a) V<rs
and hence

a
3.5 < Z, <1.
(3:5) sinh(a) = " 7

Let (u,8) = T(@, 3,¢,t). Then choosing a = £32, multiplying (3.3) by Z, and
integrating in B; we find

—u’(1)=52/3 (uf(a+9)+1)—32/3 (e0 +1)Z,.

(From the boundary condition in (3.3) it follows that S is explicitly given by

s 00+ VER) + B [ (0 +1)Z,
N Jp, Wf@+0)+1)Z, '

(3.6)

where a = ¢3% . By (3.5)

~ VEp
(3.7) / 0S40+ 170z )

(From formulas (3.6), (3.7) we see that
B* < C(1+sinh(vzp) + 7).
Using this inequality, standard elliptic estimates and the facts that v < 1 and f;

is uniformly bounded we obtain (3.4). From here we deduce that T is continuous
and compact. Indeed, for the latter assertion, note that if 5 be a bounded set of
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X x [0,00) x [0,1] then T'(B) is a bounded set in C1#([0,1]) x R for any u € (0,1)

and taking p > « it follows that this set is precompact in C1%([0,1]) x R. O

Lemma 3.2. The operator Ty has a unique fized point (ug, Bo) in X.

Proof. In this situation v + v = 1 and hence the system reduces to
—Au=pF*1—-u)(u—0)" in By, ulss, =0

with the additional requirement that

ou
—— =0.
ov
Let w = u — 0. Then the equation for w becomes
(38) —Aw = ﬁ2(1 —0— ’LU)’UJ+ in Bl, ’wlaBl = 0.

This equation is of logistic type and many properties are well known (see [13, 20]):

a) Any solution w to (3.8) satisfies 0 < w < 1 — 0, and either w =0 or w > 0
in Bl.

b) (3.8) has a nontrivial solution if and only if 8 > * where 5* is such that
(8*)%(1 — 0) = A; and \; denotes the first Dirichlet eigenvalue of —A in
the unit ball.

¢) For B > * there is a unique non-trivial solution, which we write as wg.

d) wgp is monotone increasing with respect to 5 and

lim wg=1—-14

B—o0
uniformly on compact sets of By and

lim wg = 0.
B—p*
(From the above properties it follows that

0
lim _Rs _ oo and lim ——— =0.
B—oo OV B—0  Ov
Moreover
owg . . . .
B — ~ 3 is strictly increasing.
v

It follows that there is a unique g > 8* such that

Owg
—— =4.
v
We call this value By and the let ug = wg,. Then (ug, fo) € X is the fixed point of
To,0. O

Lemma 3.3. Let (ug, Bo) denote the unique fized point of Ty, found in Lemma 3.2.
Then (ug, Bo) is nondegenerate.

Proof. Let us write (ug, fo) € X the solution of I — Tp o = 0 of Lemma 3.2. We
have to verify that the linearization of I — Ty ¢ around this solution is an invertible
operator. Note that the operator Ty o involves only the nonlinearity fo(s) = (s—6)*
and that the fixed point (ug, 39) from Lemma 3.2 satisfies ug > 0 in [0,1) and
uf(1) < 0. Therefore for ¢ in a neighborhood of ug in the topology of C1:%([0, 1])
we have fo(uo+¢+6) = (uo+¢)t = ug+p. Hence Tp o is differentiable at (ug, 5o).
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We next compute the derivative of Ty o at (ug, So) in the direction of (p,0) € X,
which we write as

(¢,v) = DTo,0(uo, Bo)(w, o).
Then
(3.9) V=1 +0o1, Y=y +om

where (¢2,72) and (11,71) are computed as follows.

To compute 15 we have linearize (3.3) with respect to @ and then set @ = u = wo,
B =8 = Bo. Since for t = 0, we have fo(ug + 6) = up and f}(ug + 0) = 1, the
function v satisfies

ov .
— Aty = 2Bpy2v0u0 + ﬁg%uo + B3vop + 28072 in By

where v, is adjusted so that 5 satisfies both boundary conditions, % is found
solving

(3.10)

Aa—{) = ﬂga—?uo + Bvoe in By
ov 0 Ov

%( )+ E%(l) =0,

and vy is the solution of (3.2) with B =By, i =upand t = 0. As explained in the
proof of Lemma 3.2 then

Vo = 1-60-— uQ-
To compute ¥ we linearize (3.3) with respect to B and then set @ = u = wuo,
B = 3 = By. Therefore 11 satisfies

0 .
— Ay = 2Bp71v0u0 + ﬁga—guo + 26071 — 282 in By
¥1(1) =0, ¢i(1)=0,
£

where 77 is chosen so that both boundary conditions are satisfied and Y is com-

(3.12)

puted from the equation

v v
A— = 250’001},0 + ﬂg—~U0 in Bl
op op
(3.13)
v 0 Ov
op ar 9B

We need to find the kernel of I — D 5T0,0(uo, Bo), that is solutions (¢,0) € X
of:

(314) Dﬁ”éTO,O (UOa 60)(9& U) = ((P; U)

Using the notation above we may write ¢ = 1o +01b1, 0 = y2 +07y;. We claim that
v v

(3.15) @ i 795

To prove this, let 2 = ¢ + % + Ug—g. Then a calculation shows that

Az=0 in31
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and z(1) + 2/(1) = 0. This implies z = 0 and (3.15) follows. ;From the formulas
(3.9)—(3.13) we get
~Ap = B2 (1 —0—2ug) ¢+ 2080(1 — 0 — ug)ug
But also ¢ satisfies
p(1) =0, ¢'(1)=0.

The linear elliptic operator —A—f3 (1 — 6 — 2ug) with Dirichlet boundary condition
arises as the linearization of (3.8) around the solution wug, and it is well known that
it has a positive first eigenvalue. Since So(1 — 6 — ug)ug > 0, for positive o we
would have ¢ > 0 and ¢/'(1) < 0 and for negative o we would have ¢ < 0 and
¢'(1) > 0, which are both impossible since ¢’(1) = 0. Hence o = 0 and also ¢ = 0.
This shows that the linear equation D 5T0,0(uo, 80)(¢, o) = (¢, o) admits only the
trivial solution. Since D BTO,O(UO; Bo) is compact we see that I — D BTO,O(Um Bo)
is an isomorphism.

O

Proof of Theorem 1.1. By Lemma 2.2 there exists 6 > 0 and $; > 0 such that
for all 8 > /31, B/ < ¢ and all t € [0,1] there is no solution in S to the system
(2.1). This means that 7 ; has no fixed point (u, ) if # > 1 and S/ < 4. Let
Ry = C(1 + sinh(8) + 57)
and define
M ={(v,B) € X : [lullcrago,) < R1, 0< B < Bi}.

Let €1 = (6/B81)%. Then €, is a bounded open set of X and for 0 < ¢ < &1 and
0 <t <1 the operator T; ; has no fixed point in 9Q;. Indeed, suppose (u, 5) € 904
is a fixed point of T, ;. It is not possible that 5 = §; by Lemma 2.2. The case
B = 0 is also impossible. This means that 0 < # < 1 and [|ul|¢1,a(jo,1)) = R1. But
by inequality (3.4) we would have

Ry = ||U||Cl,a([071]) < C(l + sinh(\/gﬁ) + ﬁ2) < C(l + sinh(é) + 6%) =Ry
which is impossible. Thus the Leray-Schauder degree deg(I — T; ,1,0) is well
defined for 0 < e < ey, t € [0,1]. By Lemmas 3.2 and 3.3 we have

deg([ - Toﬁo, Ql, 0) =+1
and by homotopy invariance
deg(I —T.4,821,0) ==%1 Y0<e<e, Vie]|0,1].
This shows T ; has at least one fixed point in ©; for 0 <e <e; and t € [0,1]. In
particular the system (2.1) has a solution with bounded § for any 0 < e < ¢;.

We know there exists €* > 0 such that for ¢ > ¢* the system (2.1) has no solution,
and hence 7; ; has no fixed points in X for such €. Let 0 < g9 < ¢; and define

Qo ={(u,8) € X : |lullcraoy < R2y 0< B < fa}
where

Ry = C(1 +sinh(v/2e*f2) + 2) and B2 = 0//2,.
Then T ; has no fixed points on 9y for g < ¢ < 2¢* and ¢ € [0,1]. Then using a
homotopy along ¢ € [gg, 2¢*] we find

deg(I —T.1,92,0) =0 Veg <e<2™.
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This implies that for g < e < €7 the system has at least another solution and that
this solution has 3 in the range §/y/c < 8 < 0/4/c. Since g is arbitrary we obtain
the same conclusion for 0 < ¢ < &;. [l

4. EXISTENCE WHEN f IS DISCONTINUOUS

In this section we prove Theorem 1.2. We assume that f satisfies (1.2), (1.4),
(1.3) and that
n= lim f(u)>0.

u—0+
For n > 1 define
fu(t) = min(f(t), n(t — 0)").
Then f, is continuous and satisfies (1.2) and (1.3) with a fixed constant. Moreover
there is hg satisfying (2.2) and (2.3) and such that f,, > ho for all n. Such hg can
be taken for instance as
ho(t) = min((t — )", o)

for some o > 0 small enough.

By Theorem 1.1 there is €1 > 0 such that the system (2.1) admits 2 solutions

(uh,v}h), (u2,v2) for all € € (0,e1). Moreover there is a fixed number 81 such that

BL < By and B2 € (6/+/2,1/(0V/9)) for all n > 1 and € € (0,&;). From now on we
fix € € (0,e1) and study the limit as n — oo of any of the 2 solutions which we
call just (un,vy,) with parameter 3,. Since /3, is bounded and by standard elliptic
estimates we may assume that 3, — 3, u, — v and v, — v in CH*([0,1]).

Since fp(uy) is uniformly bounded we may extract a further subsequence such
that f,(u,) — ¢ weakly-* in L°>°(0,1). The function ¢ then satisfies 0 < ¢ <
maxyg, 1) f in [0,1]. Since u, satisfies a linear equation for » > 1 and vanishes at
infinity it has an explicit formula

= (r=1)BavE
un(r) = Gf for all r > 1.

Setting (1) = 0 for r > 1 we see that u,v satisfy
Au—ef?u=—p%vp inR?
Av = vy in R3

lim wu(z) =0, lim v(z) =1
|z| =00 |x|—o0

The set D = {r € [0,00) : u(r) # 0} is open (relative to [0,00)) and for any r € D
we have f,,(un(r)) = f(u(r)) as n — oo. It follows that ¢ = f(u) in D. Outside D
we have ¢ < n a.e. Indeed, let ¢ € C§°((0,1)), ¢» > 0. Then

1
/ Fu(tn)p = Fulun) + / Fo ).
0 DN[0,1] Den[0,1]

Since fy,(u,) — f(u) in D by dominated convergence we have

/ Fultn)to — o
DN0,1] DnNl0,1]

On the other hand, if r € D limsup,,_, ;o fn(un(r)) < 1 so that (f,(u,)—n)*" — 0
on D¢ Then

/ (fo ) — )6 = (Fo () =) 46— (fultm) =)™t < o(1)
Den(o,1] Den[0,1]

Den(0,1]
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where o(1) denotes a sequence converging to 0 as n — 4o00. It follows that

/ Fulun)th < / o+ o1)
Den[0,1] Den[0,1]

and hence

/01 pv = lim /01 Falun) < /Dm[oyl]f(u)w+/m[07” .

This shows that ¢ < n a.e. in D°.

Our main objective is to show that the complement of D is finite. If u/(r) # 0
whenever u(r) = 0 then D¢ is discrete and since it is contained in [0, 1] it is finite.

Let us analyze the case where for some r € [0, 1] we have u(r) = 6 and v’ (r) = 0.
Let

ro=sup {r >0 : u(r)=40, '(r) =0}.

Then 19 < 1 and u(rg) = 6, u'(rg) = 0. We assert that there is a small interval
(ro,m0 + o), ¢ > 0 such that u > 6 in (rg,79 + o). To prove this we start ruling
out the possibility that u(r,) = 0 for some infinite sequence r, \, 9. We actually
may assume that if n is even then u > 6 on (r,41,7,) and if n is odd v < 6 on
(rn41,7n). Let us see that the following holds

(4.1) W (rng1) = —u'(rn) + O(£7)
where
En =Tn+1 — Tn
and O(£2) denotes a sequence bounded by C¢? with C independent of n as n — oo.
Suppose first that v < 6 on (r,41,7,) and define 4, by
u(r) =0+ i, ((r —rng1)/ln) 7€ [Pny1,7n)

Then
~ /! 26’!1

" Tgn + Tn41
@n(O) = an(l) =0.

This equation implies that @, and u,, are uniformly bounded on [0, 1]. Therefore

! =eB*04+0(t,) forre0,1]

al, = eB*(P2a, +60) forrel0,1].

IS

hence integrating
1
Un(r) = 5552(1 +OWn))r(r—1) forrel0,1]
and

(4.2) i (r) = 5552(1 +OW))(2r —1) forr € [0,1].

n

This proves (4.1) in this case.
Now suppose that u > 0 on (r,41, 7). Defining @, as before we now obtain the
following equation
20, . - - .
!+ ——" il = e (P, + 0) — o, f(0 4 20,) for r € [0,1].
rly + Tt

U (0) = Un(1) =0
where
Op(r) = v(rpyr +Lar) r€10,1].
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This equation implies that @, @, are uniformly bounded on [0, 1]. Thus
! = eB%0 — B*0,(0) f(0 4 £21,) + O(L,) for r € [0,1].

Multiplying this equation by @, and integrating in [0, 1] yields

1 1
5 (@n(1))? = 5 (@ (0))? = O(L)

2 2
which shows that

Un (1) = =, (0) + O(£y,)

and proves (4.1) in this case.

Using (4.1) inductively we find

n+k—1
ul(rn) = (_1)kul(rn+k) + Z O(f?) Vn>1, k>1.
Jj=n

Letting k — 400, and using that u'(ro) = 0 yields
u(ry) = ZO(E?) Vn > 1.
Jj=n
Choose a subsequence n; — oo as ¢ — oo such that £,, > ¢; for all j > n;. Then

J=mni

But (4.2) implies that |u/(r,)| = £,eB%(1 + O(4y,))/2. Tt follows that

ln,€B°(1+ O(ln,))/2 < Cly, > 4

Jj=n;

which is impossible as i — oco.

This establishes the assertion that u cannot oscillate infinitely many times around
0 to the right of r¢. It follows that for some o > 0 either uw > 6 in (rg,r¢ + o) or
u < 6 in (rg,r0 + o). The latter can in fact not occur by the Hopf lemma.

Since u satisfies the ODE u” + 2u/ = £8%u — S%vf(u) in (rg,70 + o) and in this
interval u > 6 we see that u is C? in [rg,79 + o). Since 7 is a minimum of u
restricted to [rg, 7o + o) it follows that lim__. + u” > 0. Which yields the following

inequality
(4.3) eB%0 — B*v(ro)n > 0.

Now, if v is constant in [0, ro] this means that ¢ = 0 a.e. in [0,79] and u < 6 in
[0,70]. Actually u < 6 in [0,79) by the strong maximum principle and this finishes
the proof in this case. If v is not constant, then v(r) < v(rq) for all r € [0,7). Let
us verify that D¢ is discrete. Suppose that for some r1 € [0,79) we have u(ry) = 6.
If w'(r1) # 0 then 7 is isolated. If u/(r1) = 0 then integrating the equation for u
we have

r?u'(r) = /T t2(ef%u — BPvyp) dt.

1
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For r near r; we have
if u(r) < 6 then e4%u(r) — 521)(7’) (r)
if u(r) = 0 then e%u(r) — B2v(r)p(r) > 629 B2 (ro)
if u(r) > 0 then efu(r) — B2v(r)p(r) = ef®u(r) — f*u(r)f ( (r))-
In the second line above we have used that v(r ) < U(ro) » < nand (4.3). In the
third line above we may say that e8%u(r) — S2v(r)f(u(r)) > 0 if r is sufficiently
close to ry by continuity, v(r) < v(rg) and (4.3) (we may regard f as continuous
here since we are working with values above ). This shows that w is strictly convex

in a neighborhood of 71 and hence there are no other points in D€ close to r1. This
shows that D¢ is discrete, hence finite, and finishes the proof of the theorem.

\/

5. THE HEAVISIDE IGNITION

In this section we perform explicit calculations for the ignition nonlinearity
f(u) = Xjusg), where 0 < 6 < 1. We first reduce the differential equations to
a finite number of equations in some parameters. In a second part we obtain rigor-
ously the bifurcation diagram of Figure 1 for small €.

We rewrite (2.1) in the form

Au—B?eu=0 in (1,+0o0)
Av =0 1in (1,+00)

u(l) =0, U(l) =7
u(+o0) =0 wv(+o0) =1

(5.1)

and

Au — B%eu = —p*vf(u) in (0,1)
Av = f%vf(u) in (0,1)
(5.2) u(l)=0 o(l) =7
w'(0)=0 2'(0)=0
W/ (17) =u/(17) W(17) =v'(17)
where v is a parameter to be adjusted.
Observe that problem (5.1) can explicitly be solved. Indeed, the following func-
tions solve (5.1)
fe—BVE(r—1)

Uy= —— v=1-—
r r

Hence the last condition in (5.2) becomes
W) =~ + BVE) (1) =11,

5.1. Solving (5.2) with the assumption u > 6 in B(0,1). Assuming that u > 0,
in B(0,1) the subsystem (5.2) is reduced to the following linear problem
5.3) Au — B?eu = - in B(0,1)

) Av = % in B(0,1)
5.5) u(l)=0 o) =7
5.6) V(17)=1—7.
5.7) ' (17) = —0(1 + BV/e)
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For € # 1, observe that the two following functions

1 sh(pr)

(5.8) vi= o TE0D)
v 9+% S T
(5.9) wim - <sh(g(\/§))) h(ﬂr\/g) re(0,1)

solve equations (5.3)-(5.6). jFrom the formula for v we can see that

th(B)

B

Now to obtain a solution of subsystem (5.2), it then remains to adjust 8 and ¢ to
get (5.7). This equation is

vy (0-aS
“ 1ot ahaye

which after simplification yields

—0(1 + Bve) =u'(17) ) (BVech(Bve) — sh(BVE))

L thiB) _ th(BVe)
B Bve

(5.10) 0(1 —e)(1 +th(BVe))
Let us define

(5.11) 9(g,8) := 0(1L — &) (1 + th(BVE))

L thiB) _ th(BVE)
8 T BV

It can be shown that there is ¢* > 0 such that for £ € (0,£*), g(e,-) has 2 zeros,
B < BF. The function g(0,-) has a unique zero By = lim._o 3. A calculation
(see Lemma 5.1) shows that for ¢ > 0 small and § = 5. the solution v obtained by
the formula (5.9) satisfies w > 6 in [0,1). Along the lower branch g2, 0 < e < &*
we observe numerically that u > 0 in [0,1). After reaching e* we continue the curve
along the upper branch S now decreasing ¢ from e* to 0 until we reach a critical
value € = g9 where the corresponding solution given by (5.9) satisfies u > 6 in (0,1)
but u(0) = 6.

5.2. Solving the subsystem (5.2) with the assumption v > ¢ in B(0,1) \
B(0,n) and v < 0 in B(0,n) for some 1 > 0.
Under this assumption the problem (5.2) decouples again into two subsystems

Ay — ﬂ25u = fﬂQU n B(O, 1) \ B(O,T})

Av = B in B(0,1)\ B(0,n)
(5.12) u(1) =0 = u(n) v(l) =7 v(n) =90
W (17) =u'(17) v'(17) =v'(17)
w'(n7) =u'(n") v'(n7) =v'(n")
and
Au—Peu=0 in B(0,n)
(5.13) Av =10 in B(0,7n)

u(n) =0 wv(n) =24
where 9, y,7n are parameters to be found. Using the conditions at r =n and r = 1
we will be able to reduce the parameters to only 5 and n which will be implicitly
defined as functions of € by 2 equations.
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Observe that since v is harmonic in B(0, ) with the Dirichlet condition v(n) = 4,
we deduce that v = ¢ and therefore v'(n—) = 0.
Let us now solve (5.12) explicitly. First, observe that the function v = A w +
B w satisfies
Av—pF* =0 in B(0,1)\ B(0,n).
Therefore, choosing A and B such that
¥ = Ash(B) + B ch(B)

1 — v = A[Bch(B) — sh(B)] + B[Bsh(B) — ch(pB)],
it follows that v satisfies the right boundary conditions on 9B(0,1). Solving for A
and B we find
4 ch(B) = Bsh(B) . sh(B) —Beh(B)
B B
To obtain a full solution it remains to adjust v in such way that v’(n) = 0. But

Beh(Br) sh(ﬂr)] JrB[ﬂsh(ﬂr) B ch(ﬂr)]

r r r r2

v = Al

and setting v'(n) = 0 in the above equation yields

4 [ﬂchéﬂn) B Shv(ﬁn)} LB {ﬂshéﬂn) B ch;fn)]

A(nBeh(Bm) = sh(Bn) ) + B (nBsh(Bn) — ch(Bn)) =0

Substituting now the values of A and B in the above equation, it follows

(ch(8) = 1Bsh(8)) C = (sh(8) = yBeh(8)) D = 0,

=0

where
C = (nﬁch(ﬁn) — sh(ﬁn))
D = (nﬁsh(ﬁn) — ch(ﬁn))

Therefore, we have
(5.14) y= G- Dth(B)
s(cth(s) - D)

which after simplification reads
0B — th(nB) — th(8) [nBth(sn) — 1]
8 [ (18 — th(nd) ) th(8) + 1 = nth(nd)|

Thus we may compute now § = v(n):

5— <Ch(ﬁ) VﬂSh(ﬂ)> sh(Bn) (5’1(5) 750’1(5)> ch(Bn)
B U B no
(From (5.13) we know that in B(0,7), we have the following

_ On  sh(rBye)
sh(nBve) — r

y=7(8,n) =

u
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Therefore,

Bvech(npyve) 17 _ Och(nfve)
—9 -=| = nBvVe — th(nBve)].
ShBVE) ) nsh(BvE)| Ve
Let us now find the solution w in B(0,1) \ B(0,n). As for the construction of v,
let us observe that for ¢ # 1,

(5.15) u'(n)

(5.16) v iv +E3h(rf\/5) +Fch(rf\/5)

solves the following equation

Au — Beu = — %0

By taking
617) BB = TRV g cn(3vE) + sh(3v)
(18)  F(.n) = - ORIV g cn(3vE) + sh(3v)

we easily verify that u(1) = 6 and v/(17) = —0(1++/28). It remains now to impose
the boundary condition on dB(0,n). From the formula for u (5.16) we have
uln) = =2+ pSPBVE) | eh(nBVe)
e—1 n Ul
h h h h

since v’(n) = 0. Thus the equation u(n) = 0 becomes

(5.20) s;il + E(ﬁﬂ?m(ﬁ,n))M n F(ﬁanm(ﬁ,n))dl(nﬂ\/g) _y

n n
and (5.15) combined with (5.19) becomes

E(B,1,7(8,n))nBVech(Bven) + F(B,1,7(8,n))nBvesh(Bv/en)

1
(5.21) =0 |Bvecoth(nBy/e) — —| .
n
We solve numerically equations (5.20) and (5.21) with 8 and 7 as unknowns
that depend on g, for 0 < € < g¢, where g is the critical value of ¢ described in
Subsection 5.1. The result from this numerical computation is shown in Figure 1.

5.3. Results for small ¢.

Lemma 5.1. Fore > 0 suitably small 52 is a smooth function of € and the solution
given by (5.9) corresponding to 5 = B satisfies u > 0 in [0,1).

Proof. Let 31 the unique solution of the equation

th3) _ (1-0)

B 2
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Then
1—0  th(BiVE)
2 BiE
14+6—20e  th(B11/2)
2 BivE

— 001 - e)h(s1E) - 15 0+ 1=

For B11/z < 1, using that 81/ — M < th(B1ve) < B1v/E, we end up with

g(e, B1,0) = 0(1 — £)(1 + th(B1v/z)) +

= 0(1 — e)th(B1ve)) +

(B1vE)?

1-4
g(EaBI;H)SH(l—E ﬁl\/g——_9€+ 3

(61\3/_) +0B1ve — 9 — be.

Computing now the positive roots of - ) 2 , yields g(e, £1,60) < 0 for

Vepr < —36(\/1#2(719) 1>.

2

9(,/1+2<1 o) 1) .

Therefore, we achieve g(g, 81,0) < 0, for £ in (0, min{ 57, , F})
1

Let us denote

2
30 ( 14209 1)

261

g1 =

Hence, for any (e,6) in (0, min{eq, %}) x (0,1) fixed there exists two possible so-
1
lution to g(g, 8,0) = 0. Moreover, 3~ < 31 < B7T.

To obtain a solution, to problem (5.2), we still need to show that the constructed
solutions effectively satisfies the conditions u > 6 in B(0,1). Let us observe that
u — 0 satisfies:

Alu—0) —eB?*(u—0) = —B%(v — £6).
If v(0) — €6 > 0 then using the maximum principle, it follows that (u — 6) > 0.

Since v(r) = (Ch(lﬁ)ﬂ) Sh(fT), it follows that v(0) = Ch?ﬁ). Hence, we end up with

the condition

2 > ef.

ch(B) ~

We can conclude with a final estimate on €, namely since =~ < (1, and h( 7 is a
decreasing function, we have the following uniform estimates on &

e< 1=0)5
Osh(p1)
We therefore have construct a solution to the problem (1), when (g, 0) belongs to
(0,e0(0)) x (0,1) where

L (1-0)b (1-6)°

eo(0) == min{—%, 0sh () LT }
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O

Lemma 5.2. Fore > 0 small the system (5.20), (5.21) has a unique solution T, n
with n > 0, BT is a smooth function of € and u defined by (5.16) satisfies u > 0 in

(m,1).
Proof. The 2 equations (5.20) and (5.21) can be written in the form

7o
1—¢

Esinh(an) + F cosh(an) = nf +

E (an cosh(an) — sinh(an)) + F (an sinh(an) — cosh(an)) = ¢ (% - 1)

where
a = By/e.
Instead of e, 8, 1 consider the variables ¢, a, x defined by the following relations
t:\/ga a:ﬁ\/ga 77:1_%
Consider also the function G(t, a,x) = (G1(t,a,x), G2(t,a,z)) where
nd
1—¢
Gsa(t,a,z) = E (ancosh(an) — sinh(an)) + F (ansinh(an) — cosh(an))

an
0 ———— -1
<tanh(a77) >
where §,7, E, F' are as before. We see that we have a solution to the system if and

only if G(t,z,a) = 0.
Using the fact that

Gi(t,a,z) = p {E sinh(an) + F cosh(an) — no —

1 1
= and limfBs=
tanh(z) N p sinh(z)

I
lim By
it is not difficult to verify that G maybe extended in a C' manner for t = 0,
a,z € (0,00) with the values

1 1
— 240 i ——
¢1(0,a,2) v fers tanh(z) R sinh(x)

Gg(o,a,x):1—9(1+a)—9(m_1)

Note that the equation G2(0,a,x) = 0 is equivalent to

tantlll(a) -1 1

1-0(1+a) 0
which is seen to have a unique solution ag € (0,1/6 — 1) since the left hand side
defines a strictly increasing function of a which goes to zero as a — 0 and goes to
+ooasa S1/0—1.
Now the equation G1(0, ag, ) = 0 can be written as

1 1
(5:22) 1= 2 tanh(x) + 2 sinh(z) = 0(1+a0) € (0,1).
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The above left hand side is strictly increasing with limits 1/2 as # — 0 and 1 as
x — 00. Using the inequality

a
— 1< Ya >0
tanh(a) =@ vae=
we see that 1 — 0 — fag < Oag which yields ag > %. Hence
6 1
0(1 >4 = > .
( + ao) + 5 > 5
Thus (5.22) has a unique solution zy € (0, c0). O

6. ESTIMATE ON &*
As mentioned before the largest value of & such that (1.1) has a nontrivial solution
satisfies
c* S 50
where

e =inf{e >0:9.(s) <0 Vsel0,1]},

and
ge(s) == (1 = 5)f(s) —es.
In the particular case of f(u) = x[u>g), 0 < 6 < 1 we obtain the value €* = . This

estimate can be sharpened.
For this, given ¢ > 0 let us introduce

b
Gg(b)/o g=(s)ds.

For 0 < € < g¢ define also a(e) as the smallest zero of g. in the interval (0,1). We
b(e) be the largest b in [0, 1] such that g. is positive on (a(e), b(e)).

Proposition 6.1. Assume that [ satisfies (1.2) and is continuous. Then (1.1) has
no nontrivial solution if € > &' where

(6.1) el =sup{e >0 | G.(b(e)) > 0}.

Before proving the above proposition, let us recall a result on the scalar problem
on a bounded domain  C R¥:

{ —Aw = h(w) inQ

(6.2) w=0 on 0.

There is a vast literature concerning the existence of positive solutions of the above
equation. We will just mention a necessary and sufficient condition for the existence
of positive solutions.

Theorem 6.2. (Clément and Sweers [14]) Let @ C RY be a bounded smooth domain
and h € CH(R). Assume there exists by < bg with by > 0 such that h(b1) = h(bz) = 0
and h > 0 on (by,b2). Then there exists positive solution w to (6.2) with maxw €

(b1,b2) if and only if fbe h(s)ds >0 for all b € [0,bs).
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Proof of Proposition 6.1. Fixe > ¢!. From our assumption, we have G(b(¢), ¢) <

0. Let g a smooth function such that g. > g. and fob(a) Je(s)ds < 0. This is always
possible since G(b(g),e) < 0. Observe now that from the necessary and sufficient
condition given in theorem 6.2, the following scalar problem

{ Aw = —g.(w) in

(6.3) w=0 on 0N

does not have any positive solution for any bounded domain €.

Now, we argue by contradiction, assume there exists a non trivial couple (u,v)
solution of the system (1.1). An easy computation shows that u is a sub-solution
of the problem (6.3) with 2 = R™. Take ¢ > 0 small, and define

ges = Ge(s +9).

So for § small enough,(i.e 6 < dp),we have:

~ b(e)—6 b(e) ~ 5
Gs(b(e) —9) = /0 ge.5(8)ds = /5 g:=(s)ds = G(b(e),¢e) — /0 J=(s)ds <0

Therefore g. 5 does not satisfy the necessary existence condition of Theorem 6.2.
Now, take 2 = B(0, R). Since u goes uniformly to 0 when |x| goes to infinity, we
have supyou — 0 as R — +oo. Thus, with 6 = supyqu < dp, us = u —9J is a
sub-solution of the following scalar problem:

Aw = —gs(w) in B(0,R
(6.4) (w) (0, R)

w=0 on 0B(0, R)
Observe that the constant b(e) — d is a super-solution of (6.4) and us < b(e) — 0,
then we can apply the monotone iterative scheme to obtain at least one positive
solution which contradicts theorem 6.2. O

In the case f(u) = X[u>g Where 0 < 6 < 1 with a similar argument we can show

2
that for ¢ > % the system (1.1) has no nontrivial solution. Indeed, given any

o > 0 choose a smooth function f > f such that f(u) = 1 for u > 6 and f(u) =0

for u < 6 — 0. With the same argument as before, (1.1) has no nontrivial solution

for e > &' where &' is given by (6.1) with f replaced by f. A computation then
(1-9)*

shows that as ¢ — 0, &8 — 5=
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