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This paper is concerned with persistence and propagation phenomena for reaction-diffusion
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Abstract

We study the persistence and propagation (or blocking) phenomena for a species
in periodically hostile environments. The problem is described by a reaction-diffusion
equation with zero Dirichlet boundary condition. We first derive the existence of a
minimal nonnegative nontrivial stationary solution and study the large-time behavior
of the solution of the initial boundary value problem. To the main goal, we then study
a sequence of approximated problems in the whole space with reaction terms which are
with very negative growth rates outside the domain under investigation. Finally, for
a given unit vector, by using the information of the minimal speeds of approximated
problems, we provide a simple geometric condition for the blocking of propagation
and we derive the asymptotic behavior of the approximated pulsating travelling fronts.
Moreover, for the case of constant diffusion matrix, we provide two conditions for which
the limit of approximated minimal speeds is positive.

Introduction and main results

equations of the type

ug — V- (A(x)Vu) = f(z,u)
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in RY or in some unbounded open subsets © of RY with zero Dirichlet boundary condition
on 09). Equations of the type (1.1) arise especially in population dynamics and ecological
models (see e.g. [25, 33, 37]), where the nonnegative quantity w typically stands for the
concentration of a species.

Let us start with the case of the whole space RY. The symmetric matrix field z
A(x) = (Aij())1<ij<n is assumed to be of class C*(RY) with a > 0 and uniformly positive
definite: that is, there exists a positive constant 8 > 0 such that

Ve eRY, VE=(&,...,&v) €RY, AC-&:= D> Au(n)&g > BIEP, (1.2)

1<i,j<N

where | - | denotes the Euclidean norm in RY. We set R, = [0, +00). The nonlinear reaction
term f: RY x R, — R, (z,u) — f(x,u) is assumed to be continuous, of class C%* with
respect to z locally uniformly in v € R, of class C! with respect to u, and %(-,0) is of
class C%*(RY). Furthermore, we assume that

(1.3)

f(x,0) =0 for all x € RV,
there exists M > 0 such that f(x, M) <0 for all x € RY.

The functions A;; (for all 1 < 4,5 < N) and f(-,u) (for all u € R}) are assumed to be
periodic in RY. Hereafter a function w is called periodic in R¥ if it satisfies

w(-+k)=w(-) forall k € [1Z X --- X LNZ,

where Lq,---, Ly are some positive real numbers, which are fixed throughout this paper.
If f fulfills the additional Fisher-KPP (for Kolmogorov, Petrovsky and Piskunov) [14, 20]
assumption

[z, u)

VeeRY, we g(z,u) =
u

is decreasing with respect to u > 0, (1.4)

then the large-time behavior of the solutions of the Cauchy problem

{ut—v-(A(:p)Vu) = f(z,u), t>0, € RY,

uw(0,2) = wup(x), z€RN (1.5)

is directly related to the sign of the principal periodic eigenvalue \; of the linearized operator
at 0 (see [5]). This eigenvalue \; is characterized by the existence of a (unique up to
multiplication) periodic function ¢ € C%%(RY), which satisfies

—V - (Ax)Ve) = ((z)p = Mg inRY, (16)

e > 0 in RY, '

where ((x) = %(ZL‘, 0) for all z € RY. The precise statement of what is known under the
additional assumption (1.4) will be recalled just after Proposition 1.1 below.

Our first result, which is a preliminary step before the main purpose of the paper devoted
to propagation phenomena in environments with hostile boundaries, is actually concerned
with the existence of a minimal positive stationary solution p for problem (1.5) and with the
large time behavior of the solutions u of (1.5), when f fulfills the assumption (1.3) alone.
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Proposition 1.1 Assume that Ay < 0 and (1.3). Then there is a minimal periodic solu-

tion p(x) of
—V - (A(x)Vp) = flz,p(z)) inRY, (1.7)
p

> 0 in RN,

in the sense that, for any solution q of (1.7), there holds ¢ > p in RY. Furthermore, p < M
in RN and, if ug : RY — [0, M] is uniformly continuous and not identically 0, then the
solution u(t,z) of the Cauchy problem (1.5) is such that

liminf u(t, ) > p(x) locally uniformly with respect to x € RY.

t—+00

If one further assumes that ug < p in RN, then u(t,x) — p(x) ast — +oo locally uniformly
with respect to x € RV,

It is obvious to see that the solution p of (1.7) is not unique in general. Choose for
instance A(x) = Iy (the identity matrix) and f(z,u) = sin(u) for all (z,u) € RY x R,: the
function f satisfies (1.3) with M = 7w, A\; = —1 < 0, but any constant function p(z) = mmx
with m € N\{0} solves (1.7). On the other hand, if, in addition to (1.3), the function f
satisfies the assumption (1.4), then the solution p of (1.7) is unique, see [5]. In particular, all
solutions of (1.7) are necessarily periodic. Notice that, in the general case of assumption (1.3)
alone, Proposition 1.1 still states the existence of a minimal periodic solution p of (1.7) in
the class of all positive solutions ¢, which are not a priori assumed to be periodic. It is also
known that, under hypotheses (1.3) and (1.4), the condition A; < 0 of the unstability of 0 is
a necessary condition for the existence of the solution p of (1.7) as well: if Ay > 0, then all
bounded solutions u of (1.5) converge to 0 as ¢t — +oo uniformly in RY, see [5]. On the other
hand, under the assumptions (1.3), (1.4) and A\; < 0, for any non-zero bounded uniformly
continuous ug : RY — R, there holds u(t,z) — p(x) as t — +oo locally uniformly in
z € RY (see [5, 15, 35]). We also refer to [5, 10, 11] for related results in the case of bounded
domains with Dirichlet or Neumann boundary conditions, and to [4, 7] for results with KPP
nonlinearities and periodic or non-periodic coefficients in RY. Lastly, it is worth noticing
that Proposition 1.1 and the aforementioned convergence results are different from what
happens with other types of nonlinearities f, like combustion, bistable or even monostable
nonlinearities which are degenerate at 0: in these cases, the large-time behavior of the
solutions u of (1.5) strongly depends on some threshold parameters related to the size and/or
the amplitude of ug (see e.g. [1, 12, 30, 31, 38]).

Remark 1.1 The assumption that ug ranges in the interval [0, M] is made to guarantee the
global existence and boundedness (from below by 0 and from above by M) of the solutions u
of the Cauchy problem (1.5). If f fulfills the KPP assumption (1.4) together with (1.3), or
if f(z,s) <0 for all (x,5) € RY x [M,+00), then it follows that the solution u exists for
all t > 0 and is globally bounded from below by 0 and from above by max (M, [[ug|| (&),
as long as wug is nonnegative and bounded. The same comment also holds for the Cauchy
problem (1.14) below with zero Dirichlet boundary condition on 0.



As a matter of fact, in Proposition 1.1, the negativity of A\; immediately implies that the
positive periodic functions ¢ ¢ are subsolutions of (1.5) for e > 0 small enough, where ¢ is a
solution of (1.6). It then follows from the above proposition and the results of Weinberger [35]
that, for each unit vector e of RV, there is a positive real number ¢*(e) > 0 (minimal speed)
such that the following holds: for each ¢ > ¢*(e), there is a pulsating travelling front

u(t,z) = ¢p(x-e —ct,x)

solving (1.5) and connecting 0 to p, that is, the function ¢ : RxRY — [0, M], (s,x) — ¢(s, )
is periodic in x, decreasing in s, and it satisfies ¢(—o0, z) = p(x) and ¢(+o00,z) = 0 for all
r € RY. Furthermore, such pulsating travelling fronts do not exist for any ¢ < c*(e). We
also refer to [26, 28, 29, 36, 37| for other results about pulsating travelling fronts in the whole
space RY including other types of nonlinearities and the case of time-periodic media.

Now, based on the previous results in RY, we turn our attention to the main concern
of this paper, namely the case when there are hostile periodic patches in the domain under
consideration. We deal with persistence and propagation phenomena for reaction-diffusion
equations of the type

1.8
u(t,z) = 0, x € 09, (18)

{ u, — V- (A(x)Vu) = F(x,u), v€Q,
in an unbounded open set 2 C RY which is assumed to be of class C** (with o > 0) and
periodic. The periodicity means that = Q +k for all k € [1Z X - -+ X LyZ. Furthermore,
the fields A(x) and F(x,u) are assumed to be periodic with respect to x in €2, to have the
same smoothness as before and to fulfill (1.2) and (1.3) above, where z € R" is now replaced
with z € Q. In particular, assumption (1.3) is now replaced with

F(z,0) =0 for all z € Q,
{ (@0 19

there exists M > 0 such that F(z, M) <0 for all x € Q.
Throughout the paper, we denote
C=0n([0,L1] x - x[0,Ly])

the cell of periodicity of Q. The zero Dirichlet boundary condition imposed on 92 means
that the boundary is lethal for the species. Note that the unbounded periodic open set €2
is not a priori assumed to be connected. The reason for that will become clear later, once
the approximation procedure (1.16) below has been introduced. However, due to the global
smoothness of 0€), the set {2 has only a finite number of connected components relatively
to the lattice [4Z x --- x LyZ. That is, there is a finite number of connected compo-
nents wi, ..., wy, of  such that w; N (w; + k) = 0 for all 1 < ¢ # j < m and for all
k€ 17 x --- X LyZ, and

Q= |J  where @ = U wi+k (1.10)

1<i<m k€L1ZX---XLNZ



The sets w; are not uniquely defined, but the sets €); are unique (up to permutation), periodic,
and Q;NQ; =0 foralll <i#j<m.

In the case of no-flux boundary conditions v(x) - (A(x)Vu(t,z)) = 0 on 02 when € is
connected, much work have been devoted in the recent years to the study of propagation of
pulsating fronts u(t,z) = ¢(x - e — ct,z), where ¢(s,-) is periodic for all s € R and e is any
unit vector, for various types of nonlinearities F', in straight infinite cylinders [8, 31] or in
periodic domains [3, 16, 17, 22, 35]. In the case of KPP nonlinearities F', further properties
of the minimal propagation speeds can be found in [6, 13, 18, 19, 21, 27, 32, 39].

In this paper, we consider a larger class of reaction terms F', together with zero Dirichlet
boundary condition. Let us first mention that, under the assumption that the equation (1.8)
is invariant in the direction z; and under appropriate conditions on F', classical travelling
fronts

u(t,x) = ¢p(axq — ct,xg, ..., xy)

in straight infinite cylinders (in the x;-direction) with zero Dirichlet boundary condition
are known to exist (see [24, 34], including the case of some systems of equations). In this
case, the profiles ¢ of these travelling fronts solve elliptic equations or systems. For pro-
blem (1.8) in periodic domains, the reduction to elliptic equations does not hold anymore
since the equation is not assumed to be invariant in any direction. Recently, existence
results for problems of the type (1.8) in connected two-dimensional periodically oscillating
infinite cylinders with homogeneous isotropic diffusion (A(x) = I5) and KPP nonlinearities
satisfying (1.4) have been established, see [23]. In the present paper, the set € is periodic
in all variables a1, ..., 2y and the direction of propagation may be any unit vector e of RY.
Actually, one of the novelties of this paper with respect to the previous literature is that the
nature of propagation vs. blocking strongly depends on the direction e and on geometrical
properties of the set  itself.

Let A; p denote the principal periodic eigenvalue of the linearized equation at 0 in Q with
zero Dirichlet boundary condition. That is, there exists a function ¢ € C%*%(Q), which is
periodic in © and satisfies

—V - (A@@)Vy) = ((z)¢ = Mpy inQ,

v =0 on 05},
o > 0 in 0, (1.11)
maxey > 0,

Q

where ((z) = 2E(2,0) for all z € Q. If Q is connected, then ¢ > 0 in € and ¢ is unique up to
multiplication. Otherwise, in the general case, the function ¢ is unique up to multiplication
in each set €); on which it is positive. More precisely, ¢ can be chosen to be positive on the
(largest possible) set Q = ¢, €, where I,;, denotes the set of indices i € {1,...,m}
for which the principal periodic eigenvalue A; o, p of the operator —V - (A(2)V) — ((z) in Q;
with zero Dirichlet boundary condition on 0§2; is equal to A; p. That is,

Al.p = min )\1QvD:)\1QinOI'aHZ'€[mm.
) IS]Sm IRLY ) ) )



The following theorem, which is analogue to Proposition 1.1, is concerned with the ex-
istence of a minimal nonnegative and non-trivial stationary solution of (1.8) in Q and the
large-time behavior of the solutions of the associated initial boundary value problem, under
the assumption that the steady state 0 of (1.8) is linearly strictly unstable. To do so, we
introduce the set

I = {z e{1,...,m}, Ma.p < 0}. (1.12)

Theorem 1.2 Assume that \; p < 0, thatis I_ # 0. Then there exists a minimal stationary
periodic solution p(x) of
~V - (A(2)Vp) = F(z,p(x)) inQ,
p = 0 in 002 U Ui¢1_Qi7 (1.13)
P > 0 mn UiGI_Qi7
in the sense that any bounded solution q of (1.13) satisfies ¢ > p in Q. Moreover, for any

uniformly continuous function ug : @ — [0, M] which is not identically 0, the solution u(t, )
of the initial boundary value problem

u — V- (A(x)Vu) = F(x,u), t>0, v€Q,

u(t,z) = 0, t>0, v e, (1.14)
u(0,2) = wp(z), x€Q
is such that
I%Lnj&?of u(t,z) > p(x) (1.15)

locally uniformly with respect to the points x € Q whose connected components intersect the
support of ug. If one further assumes that ug < p in ), then u(t,x) — p(z) ast — 400 in
the same sense as above.

As already emphasized, the periodic open set () is not assumed to be connected, this is
why the lower bound (1.15) or the convergence of u(t, z) to p(x) at large time can only hold in
the (open) connected components C of the intersection of 2 with the support of ug (outside
these components, the solution w(t,x) stays 0 for all times ¢ > 0). If such a connected
component C is included in a set €; with i € I_, then Theorem 1.2 implies that u(¢,x) is
separated away from 0 at large time, locally uniformly in C. However, (1.15) does not say
anything about the behavior of u(t,x) when z € J;;_ Q; (p(x) = 0 there). Actually, for
each €; with ¢ € I_, one has A\; o, p > 0 and if F satisfies the additional assumption (1.4)
in €, then u(t,x) — 0 as t — +o0 uniformly in z € Q;, as follows from the same ideas as
in [5].

The remaining part of this paper is concerned with the existence of pulsating fronts and
the possibility of blocking phenomena for problem (1.8) with zero Dirichlet boundary condi-
tion. The strategy, which is one of the main interests of the paper, consists in approximating
the Dirichlet condition on 92 (and even in RM\Q) by reaction terms with very negative
growth rates in RV\Q, using the previous results and then passing to the singular limit in
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the stationary solutions and in the pulsating travelling fronts as the growth rates converge
to —oo in RV\Q. This means that the quantity u lives in the whole space RY, but the space
contains very bad regions. We will see that the location of the good vs. bad regions plays a
crucial role in the dynamical behavior of the solutions.

For this, let (f,)nen be a sequence of real-valued functions defined in RY x R, such
that each function f, : (z,u) — f,(z,u) is continuous, periodic with respect to x € RY,
of class C%® with respect to x € RY locally uniformly in u € R, of class C'! with respect
to u with %2 (-,0) € C®*(RY), and it satisfies (1.3). Here we define N to be the set of all
nonnegative integers. Furthermore, we assume that

folz,u) = F(x,u) for all (z,u) € Q x R, and n € N,
(fn(z,u))nen is nonincreasing  for all (x,u) € Q x R, (1.16)
gn(,u) = —00 asn — +oo  locally uniformly in (x,u) € (RV\Q) x R,

where

fa(z, 1)

u

gn(z,u) =
%(w,O) =: (u(z) ifu=0.

The last condition means that the death rate in the region RV\Q is very high, namely this
region becomes more and more unfavorable for the species as n becomes larger and larger.
Typical examples of such functions f, satisfying (1.9) and (1.16) are

if u >0,

ol u) = po(a) u + f(u),

where the function f : R, — R is of class C' and satisfies f(0) = 0, f(M) < 0, and the
functions p, : RY — R are periodic, nonpositive, of class C%*(R"), nonincreasing with
respect to n, independent of n in Q, and p, — —00 as n — +oc locally uniformly in RV\Q.

For every n € N, let \, ,, denote the principal periodic eigenvalue of the linearized operator

at 0 in RY. That is, there exists a (unique up to multiplication) periodic function ¢, of
class C?*(RY), which satisfies

oo > 0 in RV. (1.17)

{ —V - (A@)Vpa) = Gu@)pn = Ainpn inRY,
We first establish the relationship between the principal eigenvalues Ay, of (1.17) and the
principal eigenvalue A; p of (1.11), as well as the convergence of the minimal solutions p,
of (1.7) with nonlinearities f,, to the minimal solution p of (1.13), when A\; p < 0.

Theorem 1.3 Under the above notation, the sequence (A1 ,)nen i nondecreasing and there
holds M1, — Ai,p as n — +o0o. Furthermore, if \y p < 0, then the sequence (pp)nen of
minimal solutions of (1.7) with nonlinearities f, is nonincreasing and

Pu(T) = Doo(x) as n — +oo for all v € RY,



where, up to a negligible set, ps is nonnegative, periodic in RY, pso = 0 in RN\Q, the
restriction of ps on Q is of class C**(Q) and solves

(1.18)

—V - (A(z)Vpso) = F(2,ps0) in
Doo 0 on 0S.

Lastly, pec > p in Q, where p is given in Theorem 1.2.

We point out that, in general, the function p., is not identically equal to the solution p
of (1.13) in Q. However, it is well equal to p in Q if F fulfills (1.4) in Q. We refer to
Remark 3.1 for more details.

The last result is concerned with the asymptotic behavior as n — +oo of the pulsating
travelling fronts of the type ¢,(z - e — ct, x) connecting 0 to p, (for problem (1.1) in RY with
nonlinearities f,) and of their minimal speeds ¢} (e) > 0 in any direction e (when A, < 0).
The limit shall depend strongly on the direction e and blocking phenomena may occur in
general.

Theorem 1.4 Assume that \; p < 0 and let e be any given unit vector of RY.
a) The sequence (¢ (€))nen is nonincreasing with limit ¢*(e) > 0. If all connected com-
ponents C of € are bounded in the direction e in the sense that

sup |z - e| < 400, (1.19)
zeC

then ¢*(e) = 0.

b) For any ¢ > c*(e) with ¢ > 0 and for any sequence (¢, )nen such that ¢, — ¢ asn — +00
and ¢, > ci(e), the pulsating travelling fronts u,(t,z) = ¢n(x - e — cut,x) for (1.1) in RY
with nonlinearity f, satisfy

u(t,z) in C} and C? locally in R x §,
un(t, l‘) — . 1 N
0 mn LlOC(R X (R \Q))
up to extraction of a subsequence, where u(t,z) = ¢(x-e—ct,x) is a classical solution of (1.8)
with uy > 0 in RxQ and ¢(s, -) is periodic in S for all s € R. Moreover, for any giveni € I_,
one can shift in time the functions u, so that u(—oo,-) =0 and u(+o0,-) > 0 in ;.
c) Assume here that A is constant. If there exist a unit vector ¢ # +e and two real

numbers a < b such that
Q> {zeRY a<z- ¢ <b}, (1.20)

then c*(e) > 0. If there exist a unit vector €', a point xy € RN and a real number r > 0 such
that €' is an eigenvector of A with € -e # 0, and

Q> {z eRY, d(z, 20+ Re') <1}, (1.21)

where d denotes the Euclidean distance, then c*(e) > 0.



Theorem 1.4 provides a simple geometrical condition for the blocking of propagation,
in a given direction e, in the presence of hostile periodic patches (by blocking, we mean
that ¢f(e) — 0 as n — +00). Consequently, some quantitative estimates of the spreading
speeds of the solutions u of the Cauchy problems (1.5) with nonlinearities f, can be de-
rived. Indeed, for any compactly supported function uy #Z 0, the solution w of (1.5) with
nonlinearity f, spreads in the direction e with the spreading speed

*
wr(e) = min —C"<e),
geSN-1 ce>0 £ - €

in the sense that liminf, ., u(t,cte+ ) > p,(x) locally uniformly in z if 0 < ¢ < wj(e),
whereas limy;_, o u(t,cte + x) = 0 locally uniformly in z if ¢ > w(e) (see [4, 15, 35]). In
particular, 0 < w}(e) < ¢ (e). Hence, under condition (1.19), c¢*(e) = ¢*(—e) = 0 and
the solution u of (1.5) with nonlinearity f, spreads as slowly as wanted in the directions +e
when n is large enough. In this case, since all connected components of €2 are bounded in the
direction e, pulsating fronts in the directions +e for problem (1.8) in {2 make no sense even
if, under the notation of part b), the solutions w,, can be shifted to converge to a non-trivial
solution u of (1.8) in R x Q: what happens is that, in each connected component of Q;, u is
just a time connection between 0 and a non-trivial steady state.

On the other hand, Theorem 1.4 also gives some simple geometrical conditions, of the
types (1.20) or (1.21), for non-blocking in the directions +e. These conditions mean that €
contains a slab which is not orthogonal to e, or contains a cylinder in a direction which is
not orthogonal to e. We do not know however if these conditions are optimal, even when A
is constant. Lastly, Theorem 1.4 shows the existence of pulsating fronts for problem (1.8)
in 2. Assume for instance that 2 is connected, that is m = 1 under notation (1.10). Then,
there are pulsating traveling fronts, in the usual sense, in the direction e, connecting 0 to a
non-trivial periodic stationary solution of (1.8). Furthermore, if F' is of the KPP type (1.4)
in €2, the limiting state is unique and is then equal to the function p = p., given in Theo-
rems 1.2 and 1.3 (see Remark 3.1 below and the end of the proof of Theorem 1.4). However,
Theorem 1.4 holds for general monostable functions F' which may not be of the KPP type
and it gives the first result about the existence of pulsating fronts with zero Dirichlet bound-
ary condition in periodic domains (which may not be cylinders).

Outline of the paper. Section 2 is devoted to the proof of Proposition 1.1 and Theo-
rem 1.2 about the existence of minimal non-trivial stationary solutions p of problems (1.7)
and (1.13) respectively, and about the large-time behavior of the solutions u of the Cauchy
problems (1.5) and (1.14). Section 3 is concerned with the proof of Theorem 1.3 and the
relationship between the minimal solutions p,, of problems (1.7) with nonlinearities f,, and
the minimal solution p of problem (1.13). Lastly, in Section 4, we do the proof of Theo-
rem 1.4 and make clear the role of the geometrical condition (1.19) in the blocking process
as n — +o0.



2 Minimal stationary solutions and large-time beha-
vior for the Cauchy problems (1.5) and (1.14)

In the first part of this section, we first deal with the elliptic and parabolic problems (1.7)
and (1.5) set in the whole space RY with the assumption (1.3) on the nonlinearity f. Namely,
we do the proof of Proposition 1.1. It is based on the elliptic and parabolic maximum prin-
ciples and on the construction of suitable subsolutions. Since some parts of the proof are
quite similar to some arguments used in [5] and [7], they will only be sketched. In the second
part of this section, we will be concerned with the stationary and Cauchy problems (1.13)
and (1.14) posed in the set 2 with zero Dirichlet boundary condition. That is, we will do the
proof of Theorem 1.2, which will itself be inspired by that of Proposition 1.1, but additional
difficulties arise.

Proof of Proposition 1.1. Let ¢ be the unique periodic solution of (1.6) such
that maxgye = 1. Since the principal periodic eigenvalue A; of (1.6) is assumed to be nega-
tive, one can fix gy € (0, M] so that f(z,s) > ((x)s+ (A\1/2)s for all (x,s) € RY x [0,&].
Now, for any ¢ € (0, ¢}, there holds

A A1

—V - (A(x)V(ep)) — f(z,e0) < —eV - (A(x)Vp) — ((x)ep — Sep="5ep <0 (2.1)

for all z € RY. In other words, the functions € ¢ are strict subsolutions of (1.7) for all
e € (0,e0).

Let now U be the solution of the Cauchy problem (1.5) with initial datum Uy = epp.
Since 0 < Uy < M and f(-, M) < 0 in RY and since Uy is a subsolution of (1.7), it follows
that

cop(z) < U(t,z) < M for all (t,z) € Ry x RY
and that U is nondecreasing with respect to ¢. Furthermore, by uniqueness for the Cauchy
problem (1.5), U(t,-) is periodic in RY for each ¢ > 0. From standard parabolic estimates,
it follows then that

U(t,z) — p(z) as t — +oo uniformly with respect to z € RY,

where p is a C*%(RY) periodic solution of (1.7) such that 0 < ggp = Uy < p < M.

Let us then show that p is the minimal positive solution of (1.7) (in the class of all
positive solutions of (1.7), which are not a priori assumed to be periodic). Let ¢ be any
positive solution of (1.7). Let A1 p(y,r),p denote the principal eigenvalue of the operator

=V (A(2)V) = (()

in the open Euclidean ball B(y, R) of center y € RY and radius R > 0, with zero Dirichlet
boundary condition on dB(y, R). For each point y € RY and R > 0, the principal eigen-
value A1 p(y.r),p is characterized by the existence of a function ¢, g of class C**(B(y, R)),
solving

-V (A("E)V‘P%R) - C("E)SO%R = )‘LB(y,R),D Py 1N B(y, R),
©y.R 0 in B(y, R),
oyr = 0 on 0B(y, R).

V
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Up to normalization, one can assume that MaXpe Ty Py.R = 1, and the functions ¢, r are
then unique. As done in [7], there holds

)\I,B(y,R),D — )\1 as R — +00,

uniformly with respect to y € RY. Since A; < 0, one can then fix R > 0 large enough
so that Ai pr,p < A1/2 for all y € RY. Thus, for each y € RY and ¢ € (0,0, the
function ey, g satisfies

A
=V (A@)V(epyn)) = f(z.60,0) <~V - (A@@)Viyr) = ((@)epyn — 5 epun
Y 2.2
= <)\1,B(y,R),D - f)ﬁ%ﬁ (2:2)

<0

in B(y,R). In other words, the functions ey, r are strict subsolutions of (1.7) in the
balls B(y, R) for all ¢ € (0,&9]. Now, fix y € RY and observe that minge zq > 0 by
continuity of ¢. It follows then that

52 = sup {8 € (0,&0], epyr < gqin B(%R)}

is positive. We shall prove that €; = 9. Assume not. Then 0 < & < gy and g,y r < ¢

in B(y, R) with equality somewhere in B(y, R). Since ¢ > 0 and ¢,z = 0 on 0B(y, R),
the functions €}, r and ¢ are equal somewhere at an interior point, in B(y, R). But €50, r
is a subsolution of (1.7), from (2.2). Since f is (at least) Lipschitz-continuous locally with
respect to the second variable, uniformly in x, it follows from the strong elliptic maximum
principle that €/¢, r = ¢ in B(y, R), which is impossible since the inequality (2.2) is strict.
Therefore, &) = &¢ for all y € RY and, in particular,

q(y) > copy,r(y) for all y € RV,

But, by uniqueness of the principal eigenfunctions ¢, p and by periodicity of A and ¢,
the function y — ¢, r(y) is continuous and periodic in RY. Since it is positive, one gets
that min,egny ¢y r(y) > 0. Therefore, infgy ¢ > 0.
Define now
e* = sup {5 € (0,e0], ep < g in ]RN},

where we recall that ¢ is the unique periodic solution of (1.6) such that maxgyve = 1.
Since ¢ is bounded from below in the whole space RY by a positive constant and since ¢ is
bounded, one has €* > 0. Assume that ¢* < 5. Then £*¢ < ¢ in R¥ and there exists a
sequence (xy)ren in RY such that

e*p(xr) — q(xr) — 0 as k — +oo.

By writing z, = z, + z with 2}, € L1Z X ---LyZ and z} € [0,Ly] x --- x [0, Ly], it
follows that the functions ¢ (z) = ¢(x + z},) converge, up to extraction of a subsequence, to
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a solution g., of (1.7) such that *p < g, in RY with equality somewhere in RY. As above,
one concludes that e*¢ = ¢, in RY, which is impossible since £*¢ is a strict subsolution
of (1.7), from (2.1). Therefore, e* = &y, whence g9 < ¢ in RY. The parabolic maximum
principle implies that

U(t,r) < q(z) for all (t,z) € Ry x RY,

where we recall that U denotes the solution of (1.5) with initial datum eqp. By passing to
the limit as ¢ — +o00, one gets that

p(z) < q(x) for all z € RY.

Finally, let ug : RY — [0, M] be a uniformly continuous function which is not identically
equal to 0, and let u denote the solution of (1.5) with initial datum ug. The maximum
principle implies that 0 < u(t,z) < M for all (¢,x) € R, x RY and u(t,z) > 0 for all ¢t > 0
and z € RY. With the same notation as above, there exists then e € (0, gg] such that

€ Po,R < U(]_, ) in B(Ov R)a

where we recall that R > 0 was chosen so that Ay g, r),p < A1/2 for all y € RY. Let v be
the solution of (1.5) with initial datum

volx) = epor(z) ifx € B(0,R),
’ 0 if z € RM\B(0, R).

Since 0 < vy < u(l,-) < M in RY, there holds
0<wv(t,z) <u(t+1,z) <M for all (¢,z) € R, x RY.

Furthermore, since vy is a subsolution of (1.7) because of (2.2) and vy = 0 in RV\ B(0, R), it
follows from the maximum principle that v is nondecreasing with respect to ¢t. Hence, from
standard parabolic estimates, one gets that

v(t, z) = Voo () as t — 400 locally uniformly in 2 € RY,

where v, is a solution of (1.7) satisfying vy < v, < M in RY. Notice in particular that v, is
positive in RY from the strong maximum principle, since vy is nonnegative and not identically
equal to 0. But the previous paragraphs yield then v, > p. Therefore,

liminf u(t, z) > p(z)

t—+o00
locally uniformly in x € RY. Lastly, if ug < p, then u(t,z) < p(x) for all (t,z) € R, x RY,
whence u(t,r) — p(x) as t — +oo locally uniformly in 2 € RY. The proof of Proposition 1.1
is thereby complete. U

Let us now turn to the proof of Theorem 1.2. Some of the ideas of the proof of Proposi-

tion 1.1 can be adapted. However, the case of problems (1.13) and (1.14) in € is substantially
more involved than the case of the whole space RY, mainly due to the fact that zero Dirichlet
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boundary condition is imposed on 02 and the connected components of {2 may be bounded
or unbounded.

Proof of Theorem 1.2. Remember that the sets €2; given in (1.10) are all periodic and
pairwise disjoint. We first work in each set (2; for which A\ o, p < 0, that is ¢ € I_. We
claim that, for each such index i € I_, there exists a periodic solution p; € C%%(Q;) of the
stationary problem

—V-(A@)Vp) = F(z,pi(z)) in
pi = 0 on 082, (2.3)

Indeed, let @; be the principal periodic eigenfunction of the operator —V - (A(z)V) — ((x)
in €2; with zero Dirichlet boundary condition on 9€2;. That is, the function ©; is periodic, of
class C**(€);), and it solves

V- (A@)V@) = ((2)gi = Mig,p@i in Qi
i = 0 on 0%2;, (2.4)

Up to normalization, one can assume that maxg; ¢; = 1. Now, as in the proof of Propo-
sition 1.1, since A\j o, p < 0, there exists 9 € (0, M] such that, for any ¢ € (0,g], the
function @; is a strict subsolution of (2.3), namely

—V - (A(zx)V(ep;)) — F(z,e9;(x)) < 0 in €, (2.5)

together with ep; = 0 on 0€); and £p; > 0 in §2;. But since the constant M is a supersolution
of this problem, the solution u; of the Cauchy problem

(w)e = V- (A(@)Vw) = Flz,w), t>0, z€Q;,
wi(t,z) = 0, t >0, e, (2.6)
u;(0,2) = eopi(x), x€Q,

is such that e0@;(x) < u(t,z) < M for all (t,2) € (0, +00) x Q; and wu; is nondecreasing in
and periodic in z in Q;. Therefore, there exists a periodic C*%(;) solution p; of (2.3) such
that u;(t, z) — p;(z) as t — 400, uniformly in z € Q.

Let now ¢; be any classical bounded solution of (2.3) and let us prove that g > p; in Q;.
By definition of €2;, the set w; is one of its connected components, and any of its connected
components is of the type w; + k for some k € [41Z x --- X LyZ. Two cases may then occur:
either w; is bounded, or w; is unbounded.

Case 1. Consider first the case when w; is bounded. Since ¢; > 0 in w; (C ), ¢ =0

on Ow; (C 0;) and F(-,0) = 0, it follows from Hopf lemma and the compactness of dw; that

0q;
max
TEIw; ov

(z) <0,
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where v denotes the outward unit normal on 9€2. On the other hand, the principal eigen-
function @; of (2.4) is (at least) of class C*(w;) and @; = 0 on dw;. Hence, the quantity

e = sup {e € (0,20, €3 < G n ;)
is a positive real number, belonging to the interval (0,e0]. Furthermore, ¢*¢; < ¢; in ;.

Since £*¢; is a strict subsolution in w; C €, in the sense of (2.5), the strong maximum
principle and the Hopf lemma imply that £*¢; < ¢; in w; and

ov =€ v

on Jw.

Therefore, there exists 19 > 0 such that (¢*+n) ¢; < ¢; in @j; for all n € [0,10]. The definition
of e* then yields £* = ¢(, whence eyp; < ¢; in ;. The same argument can be repeated in w;+k
for all k € L1 Z x - - - x LyZ. Therefore, £03; < ¢; in Q;. By comparing ¢; with the solution wu;
of the Cauchy problem (2.6), it follows then as in the proof of Proposition 1.1 that

Pi <G in Q. (2.7)
Case 2. Consider now the case when w; is unbounded. For all y € w; and R > 0, define
Wiy, R = {Z € wi, dﬂ<y7z) < R}7

where dg denotes the geodesic distance inside €2, and set

/ AVG -V — ¢
min YiyR

_ (2.8)
PEHS (w;,y, r)\{0} ¢2

)\17wi,y,R7D

Wiy, R

Actually, A1, , »p is the smallest eigenvalue of the operator —V - (AV) — ¢ in w;,, g with
zero Dirichlet boundary condition (that is, in the Hg(w;, r) sense), but, since dw;, r may
not be smooth in general, the eigenvalue Ay, . p may not be associated with C@iyr)
eigenfunctions. We first claim that

lim sup <sup >‘17wi,y,R,D> <0.

R—+o00 YEwW;

To do so, let p : R — [0,1] be a C*°(R) function such that p =1 on (—o0,—1] and p = 0
on [0,4+00) and, for all y € w; and R > 0, denote

py.r(z) = pldo(z,y) — R) for all z € w;.

These functions p, g are then is W (w;). For every y € w; and R > 1, the restriction of
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the function @;p, r to w;, g belongs to Hy(w;, r)\{0}, whence

/ AV(@py,R) : v(@ipy,R) - C(@ipny)Q

iy, R

)\Lwi,y,RvD S _ 9
| @

i,y,R

Py RAVE: -V (@ipy.r) — C(Pipy.r)”
/Wi,y,R ! ! ! M ‘w%ny\wlv%R*ﬂ

/ (@ipyr)’ / (Gipun)?
w Wiy, R

i,y,R

<

9

where

M = (1+|V@illpe@y) x _ max  (A(z)¢-¢)
z€Q, |€]=1,|¢'|=1

is a positive constant which does not depend on y or R, and |w;, gr\wiy r—1| denotes the
Lebesgue measure of w; , p\w;, r—1. By integrating by parts, it follows then from (2.4) that

/w (@Py,R)z

iy, R

AMwiyrD < ALQ,D +

Since @; is periodic and positive in ; (and then uniformly away from 0 in each non-empty
set of the type
w) = {z € w;, d(z,0w;) > 5}

with 6 > 0) and since Q (and hence w;) has a smooth boundary, it follows that

R—+00 \ yEw;

lim inf < inf |wi7y,R_1|_1/ (@Py,R)Q) > 0,
Wiy, R

while limsupg_,, o (supyewi wi,yﬁ_l|*1|wi7y,R\wi,va_1|) = 0. Remember that A\ o, p < 0.
Therefore, there exists Ry > 1 such that

Ao,
YR > R, Yy €wi A, np < 0 (2.9)
Let now § > 0 be any positive constant such that w? # () and let us show that inf_;g; > 0.
Assume not and let g; > 0 be such that F(x,s) > ((x)s+ (A1, p/2)s for all (z,s) € 2x[0,&;].
There is then a sequence (z,,)nen in w? such that g(x,) — 0 as n — +oo. Since ¢; > 0 in &;
and ¢; = 0 on Jw;, it follows from Harnack inequality that

max ¢; <¢; for some ny € N large enough.
wi,an,RO

In particular,

~ AL ~
~V - (A@)VE) — ()T 2 0 G in Wi, h,. (2.10)
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On the other hand, from (2.8) and (2.9), and owing to the definition of Hj(wia,.r,), there
is ¢ € C}(Win,.ro)\{0} (with a compact support which is included in w;,,  r,) such that

/ AVo-Vo (ot
R[] := “rm < 2LD

Lo

'L,zno,RO

Now, let w’ be any bounded open set of class C*%, containing the support of ¢, and such
that w’ C Wi zng Ro- 1t follows that A; v p < R[¢] < A1,.p/2. There is then a nonnegative
and nontrivial function ¢’ € C%(w’) solving

AL,

V(AT (@) = Mapg < L (2.11)
with ¢’ = 0 on dw’. Notice that ¢’ may not be positive in w’ since w’ may not be connected.
But ¢’ is positive at least in one connected component w” of w’. Since min_7g; > 0 and
¢ =0 on dw”, it follows from (2.10), (2.11) and the strong maximum principle that e’ < g;

in w” for all € > 0, which is clearly impossible. One has then reached a contradiction. Hence
there holds

infg; >0 for all § > 0 such that w? # 0. (2.12)
It follows then from (2.12), together with the Hopf lemma and the global smoothness
of dw;, that supy,, g‘fj < 0. Therefore, the quantity

g* :=sup {E € (0,e0], e < g; in U,}

is a positive real number. From (2.5) and the strong maximum principle, there holds e*¢; < ¢;
in w;. Furthermore, we claim that

inéf(?ji —&*%;) > 0 for all § > 0 such that w? # 0. (2.13)

w;

Assume not. Then there exist § > 0 such that wf # ) and a sequence (y,)nen in w? such
that ¢;(yn) — €*@i(yn) — 0 as n — 4o00. Write y,, = y,, + v where y), € [417Z X -+ X LyZ
and y! € C. Notice in particular that d(y”,0Q) = d(y!,0;) > 6. Up to extraction of a
subsequence, one can assume that y” — y, € ; as n — 400 with

and that the functions x — (2 + v/,) defined in Q; converge in C2,_(€);) to a solution g; of

—V - (A(2)Vg,) = F(z,g(x)) in Q

such that g, > €*@; in B(ys,0) C €; with equality at y,. The strong maximum principle
and (2.5) lead to a contradiction. Thus, the claim (2.13) holds. As above, it follows then from

Hopf lemma and the global smoothness of dw; that supy,, W < 0 and that there exists
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no > 0 such that (¢*+n) @; < g; inw; for all n € [0,19]. Therefore, e* = gy, whence £0@; < ¢

in @; and then in §; by repeating the argument in w; +k for all k in L1Z x - - - x LyZ. Finally,

by comparing ¢; with the solution u; of the Cauchy problem (2.6), the conclusion (2.7) follows.
Conclusion of the proof. Define the function p in Q by

] pi in all the sets Q; with i € I_,
P=3Y 0 inall the sets 0 with i & I_.
The function p is periodic, of class C%%(2), and it solves (1.13). Furthermore, it follows from
the previous steps that any bounded solution ¢ of (1.13) is such that ¢ > p in €2 Lastly,
let ug : 2 — [0, M] be any uniformly continuous function such that uy # 0 in €2, let u be the
solution of the Cauchy problem (1.14) and let w be a connected component of 2 intersecting
the support of ug. We shall prove that

ligﬁ?of (gg}rg(u(t, x) — p(a:))) >0 (2.14)
for any compact set K C @. Since 0 < u(t,-) (< M) in Q for all t > 0 and p = 0 in
for all ¢« ¢ I;, it is sufficient to consider the case when w = w; + k for some ¢ € I_ and
some k € InZ x --- x LyZ.

If w is bounded, then u(1,:) > 0 in w and maxg, a“(,gi") < 0 from the strong parabolic
maximum principle. Therefore, u(1,:) > €p; in @ for some € € (0,¢(] and

u(t+ 1,z) > v(t,z) for all (¢,z) € (0,400) X w,

where v is the solution of the Cauchy problem (2.6) in & with initial datum e@; in @ and
zero Dirichlet boundary condition on dw. Owing to (2.5), v(¢, x) is increasing with respect
to ¢t (and bounded from above by the constant M), and it converges as ¢ — +oo uniformly
in @ to a solution w of (2.3) in @ such that w > €@; in @ (whence w > 0 in w) and w = 0
on Jw. It follows as in the study of case 1 above that w > p in @, which yields (2.14).

Consider now the case when w is unbounded. Without loss of generality, up to a trans-
lation of the origin, one can assume that £ = 0 and w = w;. Choose any point yy in w
and, from (2.9), let Ry > 0 be such that )‘17wi,y0,RO7D < 0. As above, there is then a function
¢ € CH(wiyo.ry)\{0} such that

/ AV -V — (&
R[] := “relo <0

Lo

4,90,R0

and, if w’ is any bounded open set of class C%“ containing the support of ¢ and such
that W’ C wjy,r, C w, there holds A\ p < R'[¢p] < 0. There is then a nonnegative and
nontrivial function ¢’ € C**(w’) such that

=V (A(@)V¢') = ((2)¢" = Mw.py’ in
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with ¢’ = 0 on dw’. Therefore, the function £'¢’ is a subsolution of (2.3) in w’ for ¢’ > 0
small enough and one can also assume without loss of generality that ’¢’ < w(1,-) in the
compact set w’ C w. Thus, there holds u(t + 1,2) > v(t, ) for all (t,x) € (0,+00) X W,
where v is the solution of the Cauchy problem (2.6) in @ with initial datum vy = €'¢’ in W’
and vy = 0 in W\w’, and zero Dirichlet boundary condition on dw. But v(¢,z) is increasing
with respect to t and bounded from above by M. It converges locally uniformly in @ to a
solution w of (2.3) in @, such that w > vy in @ (whence w > 0 in w from the strong maximum
principle). One concludes as in case 2 above that w > p in @, which leads to (2.14).

Lastly, observe that, if ug < p in Q, then u(t,-) < p in Q for all ¢ > 0. Hence, (2.14)
implies that u(t,z) — p(x) as t — +oo uniformly in any compact subset K C @, where w is
any connected component of ) intersecting the support of ug. The proof of Theorem 1.2 is
thereby complete. U

3 Relationship between the problems (1.7) with non-
linearities f,, and the problem (1.18)

This section is devoted to the proof of Theorem 1.3. By using variational arguments, H'!
a priori estimates and Rellich’s theorem, we prove the monotonicity and the convergence
of the principal periodic eigenvalues of the linearized operators in RY associated with the
functions f,,, to that of problem (1.11) with zero Dirichlet boundary condition on 02. Then,
we show the monotonicity and the convergence of the functions p, to a solution ps,, > p
of (1.18). The minimality of each solution p, and of p will also be used.

Proof of Theorem 1.3. Let, for each n € N, A;,, and ¢,, be the principal eigenvalue and
periodic eigenfunction solving (1.17). Let A; p and ¢ solve (1.11), where one can always
assume that ¢ > 0 in each §; with A\; o, p = A1 p, that is i € I,,;,,. Call

H., (RY) = {¢ € H. (RY), ¢is periodic}, L2, (RY)={¢ € L} (RY), ¢ is periodic}

per per loc

and Cy = [0, Ly] x - -+ x [0, Ly]. For each n € N, there holds

AMp = min R, 0| = R,|pn],
BT sem,, (BV)\{0) 9 [on)

where

/ AV -V — (o
R,[¢] = == .
¢2
Co

Since the sequence ((,())nen is nonincreasing for each z € RY, it follows that the se-
quence (A1 ,,)nen is nondecreasing.

We now claim that Ay, < A p for each n € N. The proof is based on some standard
comparison arguments, used in [7, 9]. We just sketch it here for the sake of completeness.
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Assume that \;,, > A\; p for some n € N. Pick any index ¢ € I,,,,,. Since ( = ¢, in Q, C Q,
there holds o
-V (A(SL’)V@n) - <<x>90n = )\l,ngpn > )\I,Dgpn in Qz

and ming ¢, > 0. In other words, the periodic function ¢, is a supersolution of the linear
equation satisfied by the periodic function ¢ in ;. Since ¢ = 0 on 9€2; and ¢ is (at least)
of class C%(€);), it follows from the strong elliptic maximum principle that the quantity

e* =sup {e € (0,400), ep < ¢, in O}

is actually equal to 4+o00. This is a contradiction since ¢ is positive in €2;. Therefore,
)\l,n < )\I,D for all n € N.

As a consequence, the sequence (A1 ,)nen converges monotonically to a real number A o
such that A\ oo < Ay p. Let us now show that \; .o = A\ p. Normalize here the eigenfunc-
tions ¢, so that ||@,|/z2(c,) = 1. It follows that

/ AV, Vo, = Ay + Cn i <Aoo + Cogoi < Ao + max (p.
Co Coh RN

Co
Thus, the sequence (¢,)nen is bounded in H'(Cpy). There exists then a function @,
in H,,,.(RY) szuch that, up to extraction of a subsequence, ¢, — @ weakly in H,,.(R") and

strongly in L2, (RY). In particular, ¢ > 0 a.e. in RN and [|psolr2(cy) = 1. Let K be any
compact set such that K C (RVM\Q) N Cy. For all n € N, one has

K K K Co Co\K

S )\l,oo +/ COQOi S )\l,oo + sup |C0‘7
Co\K Co\K

whence [[¢n|[r2(x) — 0 as n — 400 from (1.16). Thus, ¢, = 0 a.e. in K, and then a.e.
in RM\Q and ||¢x||z2(0nc,) = 1. Furthermore, since o € H, (RY), one gets that the

per >
restriction of o to Q belongs to Hj,,,(2), that is the space of periodic H,, () functions
whose trace is equal to 0 on 0€). Lastly, observe that

QNCy Co Co Co

while

Cowi%/ Cosoioz/ (2
Co CO QﬂCo

as n — +o00. Therefore,

/ AV - Vs < lim inf/ AV, -V, < M. +/ C@io,
QNCo QNCo QNCo

n—-+o0o
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that is Reo[peo] < Moo < A1p, where the functional R is defined by

/ AV -V — (5
QNCy

Ro [¢] -
¢2
QNCy
for all ¢ € Hg,.,(Q)\{0}. But since mingeps @0y Bool®] = Aip, one concludes
that A\ o = A1, p. In other words, A\;,, = A\ p as n — +oo.
In the sequel, assume now that A\;p < 0. Consequently, for each n € N, one has
A < A1p < 0 and, from Proposition 1.1, there exists a minimal periodic solution p,, of

~V - (A(2)Vp,) = fulz,p,) in RV,
0 < py <M inRY,

Fix any two integers n < m. Since

—V - (A@)VPn) = @ pn) = ful@,pn) = fr(,pp) > 0 in RY,

the function p, is a supersolution for the equation satisfied by p,,. From the proof of
Proposition 1.1, there exists &, > 0 such that all functions ey, with € € (0, &,,] are subso-
lutions of (1.7) with the nonlinearity f,,. Since ming~xp, > 0, there exists ¢ € (0,&,,] such
that e¢,, < p, in RY. Hence, the maximum principle implies that

v(t,r) < pu(x) for all (t,z) € Ry x RY,

where v is the solution of the Cauchy problem (1.5) with the nonlinearity f,, and initial
datum vy = €y,,. But v is nondecreasing in ¢ and converges as t — 400 to a solution ¢
of (1.7) with nonlinearity f,,, such that 0 < ¢ < p, in RY. By minimality of p,, (from
Proposition 1.1), one gets that p,, < ¢ in RY, whence

Pm < p, in RY.

In other words, the sequence of functions (p,)nen is nonincreasing and then converges point-
wise to a periodic function py(x) ranging in [0, M].

Let us now show that p,, = 0 in RV\Q. By multiplying by p, the equation (1.7) with
the nonlinearity f,, that is =V - (A(x)Vp,) = f.(z,p,), and by integrating by parts over
the cell Cy, it follows that

/ AVpn ' an = fn(xapn)pn < fO(xapn)pn < M x Nmax |f0|>
Co Co Co RN x[0,M]

whence the sequence (p,)nen is bounded in HI}GT(RN ). Since it converges monotonically

t0 Poo, One infers that po, € HL (RY) and p, — pe as n — +o0o weakly in H! (RY) and

per per
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strongly in L2, (RY). For any compact set K such that K C (R¥\Q) N Cy, one has

per

= _/ AVp, - Vp, + fo (@, n) Pu
Co

C()\K

< [ hepdp<Mx_max g
Co\K RN x[0,M]

The assumption (1.16) yields maxg o,m] gn — —00 as n — +00, whence po = 0 a.e. in any
such compact K. Finally, p,, = 0 a.e. in RV\Q. Therefore, the restriction of p,, on € is

1 .
in Hy (). Furthermore, since

~V - (A(z)Vp,) = F(x,p,) in Q, (3.1)

the function p., is a solution of the same equation in {2 in the weak H&,per(Q) sense. The
elliptic regularity theory then implies that, up a negligible set, p., is actually a C2(Q)
solution of (1.18) and the convergence p, — pu holds at least in the C? () sense.

Lastly, let us show that p,, > p in ). Since p,, is nonnegative and p = 0 in all €,
with ¢ € I_, one only needs to prove that p, > p in §; for all € I_ and for all n € N. For
any n € N and ¢ € I_, observe that the function p, is a supersolution of (2.3) in €;, because
it solves (3.1) in €; and p,, > 0 on 9. Since ming: p, > mingn p, > 0, there is € > 0 such
that ¢@; < p, in ;, where @; solves (2.4). Since A\ g, p < 0, one can even assume without
loss of generality that £, is a subsolution of (2.3), in the sense of (2.5). Therefore,

w(t,z) < py(x) for all (t,z) € Ry x Q,

where w denotes the solution of the Cauchy problem (2.6) in €; with initial datum e;.
Since w is nondecreasing in ¢, it converges as t — +o00 to a solution we, of (2.3) such that
0 < ep; < Ws < py,in ;. From the construction of p in Theorem 1.2 and its minimality,
one infers that p < wy, in §;, whence

As a conclusion, p < p, in Q for all n € N, whence p < po in Q. The proof of Theorem 1.3
is thereby complete. O

Remark 3.1 We first show in this remark that, if F fulfills the KPP condition (1.4) in €,

that is if
F(z,s)

S

S =

is decreasing in s > 0 for all x € (2, (3.2)

then po, = p in Q. Consider first 4 € I_ and let us prove that the function p solving (2.3)
in €; is unique. The proof is similar to the ones used for instance in [2, 5, 7] and it is just
sketched. Let ¢ be any periodic solution of (2.3) in €;. From the proof of Theorem 1.2, one
knows that ¢ > pin ;. But eq < p in ; for € > 0 small enough, from the Hopf lemma
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applied to p. Therefore, the quantity £* = sup {5 >0, eq < pin ﬁz} is a positive real
number. If ¢* < 1, then

—V - (A(x)V(e*q)) — F(z,e"q) < 0in €,

from (3.2). The strong maximum principle and Hopf lemma then imply that e*¢ < p in €,
and even (¢* +n)g < p in Q; for all n € [0,79] and for some 7y > 0. This contradicts the
maximality of *. Consequently, e* > 1, whence ¢ < p in ; and finally ¢ = p in ;. Actually,
with the same arguments as those used in the proof of Theorem 1.2, the same conclusion
holds even if ¢ is not assumed to be periodic. Now, if i & I_, then we prove that there does
not exist any solution ¢ of (2.3) that is positive in €; (or in any of its connected components).
Indeed, since F(x,s) < ((z)s for all z € Q; and s > 0 from (3.2), there holds

for all ¢ > 0, where @; solves (2.4) in Q;, with A\ o, p > 0. In other words, £p; is a strict
supersolution of (2.3) for all ¢ > 0. It follows with the same arguments as above or as in
the proof of Theorem 1.2 that ¢ < ep; for all € > 0, for any solution ¢ of (2.3). Therefore,
a positive periodic solution of (2.3) cannot exist, which implies that p,, = p = 0 in €; for
all i ¢ I_. As a conclusion, the condition (3.2) implies that

Poo = p in €. (3.3)

On the other hand, we can construct examples for which (3.3) does not hold. It is indeed
possible to construct a situation for which Ay p < 0 and there exist an index j € {1,...,m}
and sg € (0, M) such that F(x,s) = As + s? for all € Q; and s € [0, 0], where A > 0
denotes the principal periodic eigenvalue of the operator —V - (A(x)V) in Q; with zero
Dirichlet boundary condition on 0€);. Thus, A\j o, p =0 and j & I_. Let ¢; be the principal
periodic eigenfunction of (2.4) in Q_] with ¢ = A in Q_j, such that maxg - ¢; = 1. For any
e € (0, s, there holds

-V - (A(x)V(ep;)) — F(z,ep;) = —eV - (A(2)Vp;) — Xep; — 5262 = —526? < 0 in ;.

As above, it follows from the strong maximum principle that ep; < p, in Q; for all & € (0, so]
and for all n € N. In particular, 0 < 509; < ps in 2, whereas p = 0 in €2; by definition.

4 Pulsating travelling fronts and limiting minimal
speed

In this section, we give the proof of Theorem 1.4. We establish the relationship between the
pulsating travelling fronts for the problems (1.1) in R" and (1.8) in 2 when the nonlinearity F
is approximated with nonlinearities f, which are very negative in RV\ (2, in the sense of (1.16).
We also prove that the minimal speeds of the fronts in RY converge monotonically to a
quantity which is equal to 0 in a direction e when the connected components of ) are
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bounded with respect to e. We use especially some bounds for the minimal speeds, which
involve some linear eigenvalue problems.

Throughout this section, we assume that A\; p < 0 and e is any given unit vector of RY.
The functions F' and f, are assumed to fulfill (1.9) and (1.16). For each n € N, one
has A; , < 0 from Theorem 1.3. The functions p,, denote the minimal solutions of (1.7) with
the nonlinearities f,, given by Proposition 1.1, and the speeds ¢} (e) > 0 denote the minimal
speeds of pulsating fronts ¢,(z - e — ct, ) connecting 0 to p, for problems (1.1) in RY with
the nonlinearities f,,.

Proof of part a) of Theorem 1.4. Fix any two integers n < m and let us show
that ¢ (e) < ¢! (e). First, remember that 0 < p,, < p, < M (from Proposition 1.1 and
Theorem 1.3) and that both functions p,, and p, are periodic in RY. Let n > 0 be such
that 0 < 1 < mingw~ p,,, and ug : R — [0, M] be defined by

) 0 ifz-e>0,
to() = n ifz-e<0.

Let v,, and v,, denote the solutions of the Cauchy problems (1.5) with initial datum wuy and
nonlinearities f, and f,, respectively. Since f,, < f,, the maximum principle yields

0 < vm(t, ) <wv,(t,z) < M forallt >0 and z € RY.
On the other hand, it follows from the results of Weinberger [35] that

Ve<c(e), sup  |vn(t,z) — pm(x)] = 0 ast — +oo,
2ERN z-e<ct
while
Ve>cr(e), sup  wu,(t,z) — 0ast — +oo.
2CRN x-e>ct
One infers that ¢f,(e) < ¢! (e). Consequently, the sequence (¢ (e))nen is nonincreasing and
it converges to a real number c¢*(e) > 0.

From the assumptions (1.9) and (1.16) and the regularity of F' and f,, there exist a
function F : (z,u) — F(z,u) and a sequence of functions (f,)nen such that: 4) the func-
tion F is defined and continuous in € x R, of class C%® with respect to z € Q locally
uniformly in v € R, of class C' with respect to u with ¢ := g—i(-,()) € 0%(Q), periodic
with respect to x € Q and F satisfies (1.9); 4i) each function f,, is defined and continuous
in RNV xR, of class C% with respect to x € R" locally uniformly in u € R, of class C'! with

respect to u with ¢, = %(-, 0) € C%(RY), periodic with respect to 2 € R and f,, satis-

fies (1.3); 4ii) the functions f, satisfy (1.16) with F instead of F' and g, (z,u) = f,(z,u)/u
if u>0,9,(z,0) =(,(z); i) the function F satisfies

F(z,u) < F(z,u) for all (z,u) € Q x R,
and F(x,u)/u is decreasing with respect to u > 0 for all z € Q; v) the functions f,, satisfy

folx,u) < f, (x,u) for all (x,u) € RY x Ry
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and f, (z,u)/u is decreasing with respect to u > 0 for all z € RY.

Let Ay, and Ay p be the principal periodic eigenvalues of problems (1.17) and (1.11) with
coefficients ¢, and ( instead of ¢, and ¢, respectively. Since ¢, > ¢, in RY and ¢ > ( in ,
there holds

Mn <A1 and A p < A\ip,

while Xl,n < XLD and len — XLD as n — 400 monotonically, from Theorem 1.3. In
particular, A\;,, < A\;p < 0 for all n € N. Let P, be the minimal periodic solution of (1.7)
with the nonlinearity f,, given by Proposition 1.1. Actually, the function P, is unique from
property v) above and from [5], and it is such that p,, > p, in RY since f, > f, in RY x R,
from the proof of Theorem 1.3. Let ¢;(¢) > 0 be the minimal speed of pulsating travelling
fronts ¢, (x - e — ct,x) connecting 0 to p, for problem (1.1) with the nonlinearity f,,, that
is ¢, is periodic with respect to x € RN, 0 < ¢,(s,7) < P,(z) and ¢, (—0c0, ) = pn(a:),

¢, (+00,z) = 0. As in the beginning of the proof of this theorem, there holds
0 < cile) < (e) (4.1)
since f, < f,. Furthermore, it follows from [6, 35] that ¢ (e) is given by

—x o . _Ee)\,n
Cn(€) = min —===, (4.2)

where Ee, an denotes the principal periodic eigenvalue of the operator

Loan =V (AV)+2\Ae-V + AV - (Ade) — N> Ae-e—(, in RY.
Let us now show that, for every A € R, one has E&,\,n — EQA’D as n — +oo, where E&,\,D
is the principal periodic eigenvalue of the operator

Loyg:=—V - (AV)+2X\Ae-V+ AV (4e) =N Ae-e—( inQ

with zero Dirichlet boundary condition on 0€2. The proof starts as in the proof of the
convergence Aj, — A;p in Theorem 1.3. First, it follows as in the proof of Theorem 1.3
that the sequence (ke an)nen is nondecreasing and that ke an < ke ap foralln € N. Let i,
be a principal periodic eigenfunction of L., that is

ZeA,n@n = Ee,m@n and p,, > 0 in RV,

Up to normalization, one can assume that ||, ||z2(c,) = 1. By multiplying the above equation
by ©,,, by integrating by parts over Cj and by using Young’s inequality, it follows that the
sequence (@, )nen is bounded in H),,(RY). Up to extraction of a subsequence, it converges
weakly in Hl (RY™) and strongly in L RY) to a nonnegative function g, € H' (RY) such

per per ( per

that [P r2(cy) = 1. Furthermore, since the sequence (ke )nen is bounded and ¢, — —oo
as n — +o0 locally uniformly in R\, one infers as in the proof of Theorem 1.3 that @, =0
a.e. in RM\Q. The restriction of ,, to Q is then a C*(Q) periodic function such that

267)\7Q¢00 = Ee,xvoﬁm in Q with Do = 0 0on 09,
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where lim,, Ee An = Ee Aoo < ke A.p- Since the function © is periodic, nonnegative and
nontrivial, it follows that it is positive in €2; for some ¢ € {1,...,m}, that is Ee A0 18 equal
to the principal periodic eigenvalue ke 20,0 of the operator Ee A0 in €; with zero Dirichlet
boundary condition on 02;. But since k. AQD > ke ap (> ke Aoo), one concludes eventually
that ke,\oo = k:e,\D, that is

E&,\,n — EQA’D as n — +0o0o. (4.3)

Assume now that all connected components of {2 are bounded in the direction e, in the
sense of (1.19). Let us show that ¢*(e) = 0. First, it follows from (4.1), (4.2) and (4.3) that

_ke,)\,D

0<c"(e) <inf

inf (4.4)

On the other hand, for every A > 0, there is an index i € {1,...,m}, which may depend
on \, such that k. AD = =k, 20,0 and thus there is a periodic functlon ¢ defined in €; such
that £e>\9<p = ke,\D<p in Q; with ¢ > 0in Q; and ¢ = 0 on 9;. The function ¢ = e @y
satisfies

~V - (A@) V) = ((2)¢ = keppty in O (4.5)

with ¢ > 0 in ; and ¢ = 0 on 0f);. Let C be any connected component of €);, that
is C = w; + k for some k € [41Z X --- x LyZ. The function v is positive and bounded
in C because of (1.19) and since ¢ is bounded. It follows then from Hopf lemma and the
smoothness of C that there exist r > 0 and a sequence (z,)nen in C such that B(z,,r) C C
for all n € N and ¥(z,) — sup,¥ as n — +oo. By using the standard elliptic estimates
and passing to the limit in (4.5) in B(x,,7), up to extraction of a subsequence, one infers
that ke,\D > liminf,_, o —C(z,) > — maXQZC. Finally, ke,\D > —maxg ( for all A > 0,
whence ¢*(e) = 0 from (4.4).

Proof of part b) of Theorem 1.4. Let ¢ be any positive real number such that ¢ > c¢*(e)
and let (¢,)nen be any sequence such that ¢, — ¢ as n — +oo and ¢, > ¢(e) for all n € N.
Let

un(t, ) = op(x - € — cpt, )
be pulsating travelling fronts for (1.1) in RY with nonlinearity f,, such that

0 = ¢n(+00,2) < ¢n(s,7) < p(—00,7) = pu(x) < M for all (s,7) € R x RY.

Actually, from [16], each solution u, satisfies (u,); > 0 in R x RV,

On the one hand, since 0 < u,(t,7) < p,(z) in R x RY, Theorem 1.3 implies that u,, — 0
in L (R x (RM\Q)). On the other hand, since f,(r,s) = F(x,s) for all (z,s) € Q x Ry, it
follows from standard parabolic estimates that there exists a function u : R x Q — [0, M]
such that, up to extraction of a subsequence, u,, — u as n — +o00 in C} and C? in R x (,
where u obeys

u— V- (A(x)Vu) = Fz,u) in R x

and 0 < u(t,z) < poo(z) < M for all (t,z) € R x Q, under the notation of Theorem 1.3. In
particular, the function u can be extended continuously by 0 on R x 92 and, from parabolic
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regularity, the function u is a classical solution of (1.8) in R x © (of course, one could also
extend u by 0 in R x (RV\Q) and u would then be continuous in R x RY). Moreover, the

equalities
k-e

un<t+ ,x)zun(t,x—k) in R x RY

for all k € [4Z x - -+ x LyZ carry over at the limit, whence u(t + (k- €)/c,x) = u(t,z — k)
in RxQ for all k € I4Z x --- x LyZ. In other words, the function u can be written
as u(t,r) = ¢(z-e —ct,z) in R x Q where ¢ : R x Q — [0, M] is such that ¢(s,-) is
periodic in Q for all s € R. Lastly, since all functions u, are increasing in time in R x RY,
the function w is such that u; > 0 in R x ©. From the previous observations and parabolic
regularity, there are then two periodic functions u* defined in  such that 0 < v~ < u* < pyo
in Q, u(t,z) = u*(r) as t — £oo in C2 () and u* obey

~V - (A(z)Vut) = F(z,u*) in Q,
ut = 0 on 0f).

Let now any index ¢ € I_, that is Ao, p < 0 in the sense of (1.12). From the proof
of Theorem 1.2, there is a minimal periodic solution p; of (2.3). Furthermore, in Q;, there
holds p; = p < ps < pp, for all n € N, under the notation of Theorem 1.3. Therefore, one
can always shift in time the functions u,, so that, say,

1
/ un(0,2) do = = / Pi(a) da,
CoN§; 2 CoN&Y;

where we recall that Cy = [0, L1] x - -+ x [0, Ly]. From Lebesgue’s dominated convergence
theorem, the function u satisfies the same equality at the limit, whence

1
0< / u (z)de < —/ pi(z) dx < / ut () dx
Cong; 2 CoNQ; CoNng;

by monotonicity of u with respect to t. The minimality of p; and the strong maximum prin-
ciple imply that u~ = 0 in €;, while u* > 0 in €2;, again from the strong maximum principle.
If we further assume that F satisfies the KPP assumption (3.2) in € (or just in €;), then it
follows from Remark 3.1 that the solution of (2.3) is actually unique, whence u* = p; in ;
in this case.

Proof of part c) of Theorem 1.4. Firstly, it follows from [3, 35] that, for each n € N,

. _ke An _ke An,n
* > 9Ny — 3\M 5
le) 2 mip = A
for some A, > 0, where k. , ,, denotes the principal periodic eigenvalue of the operator
Lonn =V (AV) +2)\Ae-V + AV - (Ae) — N Ae-e—(, in RY. (4.6)

Since, as above, ke, — ke p as n — +oo nondecreasingly for every A € R, where k. ) p is
the principal periodic eigenvalue of the operator

Loy =-V: - (AV)+2 Ae-V+ AV (Ae) — N Ae-e—( inQ
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with zero Dirichlet boundary condition on 052, it follows that

_ke)\ n _k:eA D _ke)\D
c e 3\ > /ATy > inf 27\
() PN W ce R\

v

for all n € N, whence .
* . —Ne,\,D
c*(e) > }\EET (4.7)

Furthermore, the maps A — —k.  ,, are all convex and their derivatives at A = 0 are all equal
to 0, see [3, 6]. In particular, for every n € N, —k, ) ,, is nondecreasing with respect to A > 0
and —kexpn > —keon = —A1, for all A € R. By passing to the limit as n — +o0 pointwise
in A, one gets that the map A — —k. ) p is convex in R, nondecreasing in Ry, and there
holds —kexp > —keop = —A1,p > 0 for all A € R. Notice here that, if assumption (1.19)
is made, then —k. ) p < maxg( for all A, under the notation used in the proof of part a).
Therefore, the infimum in (4.7) is not reached in general.

Because of (4.7), the inequality —k.  p > —A1p > 0 and the limit lim,,_, o ke xn = ke r
for all A, it follows that, in order to show the positivity of ¢*(e), it is sufficient to prove that
there exist A > 0 and a > 0 such that

—Ken > a)? for all A\ > A and for all n € N. (4.8)

Of course, from the proof of part a), this cannot be always true. However, assuming from
now on that A is constant, we shall now show that (4.8) holds under conditions (1.20)

or (1.21). Assume first that there exist a unit vector €’ # +e and two real numbers a < b
such that (1.20) is fulfilled, that is

QDSer@,b::{xGRN, a<:p-e/<b}.

For any A > 0, let ¢\ be the function defined in Se 45 by

_ N (z-e') ( m % s a+ b )
Uy(z) =e cos ( -—— (z-e 5 ) ),
where X' = X (Ae - ¢')/(Ae’ - €'). The function ), is bounded and of class C™ (S 45), it is
positive in Se 45 and vanishes on 0Se 4. Furthermore, since ¢, = ¢ in Qo Se ap, 1t 18
straightforward to check that

2 (Ae - €)

‘Ce,)\,nw)\ = ( (b — (l)2

—((x) — 20z)\2>@/),\ in m

for all n € N, where a = (Ae-e)/2—(Ae-€')?/(2 Ae’-€') > 0 from Cauchy-Schwarz inequality,
since the unit vectors e and €’ are not parallel. Since ¢ is bounded in , it follows that there
exists A > 0 such that L.,y < —aA?¢), in m for all A > A and n € N. This
inequality yields (4.8), as in the course of the proof of Proposition 1.1. We just sketch the
proof here. Fix any A > A and n € N and let ¢,, be a principal periodic eigenfunction of the
operator L, ). Namely, L. ¢, = ke n®n and ¢, is periodic and positive in RY. Define

et =sup {€>0, er < P, in Serap}-
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Owing to the definition of i, and the uniform positivity of ¢,, the quantity * is a posi-
tive real number. Furthermore, €*, < ¢, in m and there is a sequence (Z,,)men Of
points in S 45 such that iminf,, o d(2p, 0S¢ ap) > 0, limy, oo (€5 (Tm) — Pn(2m)) =0
and liminf,, 4 Lexn(E*Yr — @n)(xm) > 0. Since there holds L.\ n@n(Tm) = ke rn®n(Tm)
and L.\, Ux (7)) < —aX?Py(z,,) for every m € N, one concludes that ke, < —a\?, that
is (4.8). This yields the desired inequality c¢*(e) > 0, as already emphasized.

Assume now that there exist a unit vector €/, a point 2, € RY and a positive real
number 7 such that €’ is an eigenvector of A with ¢’ - e # 0 and (1.21) holds. Let 8 > 0 be
such that Ae’ = [e’. Since the matrix A is symmetric, there is an orthonormal family of
eigenvectors €, ..., ey, of Ain RY such that ¢;-¢ =0 forall 1 <i < N — 1. Even if it
means decreasing 7 > 0 in (1.21), one can assume without loss of generality that

QD Cu, = {xGRN, |(IL‘—IL‘0)-€;|<Tf01"a111§’i§N—1}.

For any A > 0, let ¢\ be the function defined in C./, by

a(x) = H i) cos (M»

, 2r
1<i<N—1

where A} = X (Ae - €])/(A€} - €}). The function ¢, is bounded and of class C*(C,,), it
is positive in Cg, and vanishes on 9C. ,. Furthermore, since ¢, = ( in (V) Ce p, it is

straightforward to check that
m2(Ae’ - e [
Lonmtin=[( 3 TECD) ((a) 202 us n T,

1<i<N-—1

for all n € N, where a = B(e-¢’)?/2 > 0 since 3 > 0 and e ¢’ # 0 by assumption. Thus, one
concludes as above that there is A > 0 such that L. ¥y < —« A2)y in m forall A > A
and n € N. This yields (4.8) and finally ¢*(e) > 0. The proof of Theorem 1.4 is thereby
complete. O

Remark 4.1 In the case when the functions f,, fulfill the KPP assumption (1.4), then c¢*(e)
is given by an explicit variational formula. Namely, under assumption (1.4) for the func-
tions f,, it follows from the proof of part a) of Theorem 1.4 with the choices f, = f,
and F = F that ¢*(e) < infysg —kexp/), because of (4.4). On the other hand, the reverse
inequality (4.7) always holds, from the proof of part ¢) of Theorem 1.4. As a conclusion, the
assumption (1.4) for the functions f, yields
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