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GEVREY REGULARITY OF SUBELLIPTIC MONGE-AMPERE
EQUATIONS IN THE PLANE

HUA CHEN, WEI-XI LI AND CHAO-JIANG XU

ABSTRACT. In this paper, we establish the Gevrey regularity of solutions for
a class of degenerate Monge-Ampere equations in the plane, under the as-
sumption that one principle entry of the Hessian is strictly positive and an
appropriately finite type degeneracy degeneracy, then we prove that the so-
lution of the degenerate Monge-Amp‘ere equation will be smooth in Gevrey
classes.

1. INTRODUCTION

In this paper, we study the regularity problem for the real Monge-Ampere equa-
tion

(1.1) det (D*u) = k(z), z€QCRY,

where € is an open domain of R? d > 2. We consider the convex solution u of
equation (1.1), then k is a nonnegative function. In the case when k > 0, the
equation (1.2) is elliptic and the theory is well developed. For instance, it’s shown
in [1] that there exists a unique solution u to the Dirichlet problem for (1.1), smooth
up to the boundary of €2, provided that k is smooth and the boundary 92 of € is
strictly convex. In the degenerate case, i.e.,

Yp ={z € Qk(x) =0,Vk(z) =0} #0.

The equation (1.1) is then a full nonlinear degenerate elliptic equation. The exis-
tence and uniqueness of the solution for the Dirichlet problem of the equation (1.1)
have already been studied in [10]. Also in [12], they proved that the Monge-Ampere
equation has a C'° convex local solution if the order of degenerate point for the
smooth coeflicient k is finite.

As far as the regularity problem is concerned, a result in [19] proved that, for
the degenerate Monge-Ampere equation, if the solution u € C? for p > 4 (so that
it is a classical solution), then « will be C* smooth.

However, in general, the convex solution u to (1.1) is at most in C*! if k is only
smooth and nonnegative (see [8] for example). To get a higher regularity, some
extra assumptions are needed to impose on k. This problem has been studied by P.
Guan [9] in two dimension case, in which the smoothness of C* for a C'™! solution
u of the equation (1.1) is obtained, if k vanishes in finite order, i.e. k ~ z¢ + Ay?"
with £ <n, A > 0, and one principal curvature of u is strictly positive. In a recent
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paper [11], the last assumption is relaxed to the bounding of trace of Hessian from
below, i.e., Au > ¢y > 0. For such C'*° regularity problem, see also earlier work of
C.-J. Xu [18] which is concerned with the C'*° regularity for general two-dimensional
degenerate elliptic equation. In a recent work [13], the authors extended Guan’s
two-dimensional result of [9] to higher dimensional case.

It is natural to ask that, in the degenerate case, would it be the best possible for
the regularity of solution here to be C*° smooth? One may expect that, in case of
coefficient k with higher regularity, the solution u would have better regularity than
C* smooth. we will introduce the Gevrey class, an intermediate space between the
spaces of the analytic functions and the C'*° functions. There is well-developed the-
ory on the Gevrey regularity (see the definition later) for nonlinear elliptic equations
of any order, see [7] for instance. For the linear degenerate elliptic problem, there
have been many works on the Gevrey hypoellipticity of linear subelliptic operators
of second order (e.g. [4, 5] and the reference therein). The difficulty concerned with
equation (1.1) lies on the mixture of degeneracy and nonlinearity.

In this paper, we attempt to explore the regularity of solutions of equation (1.1)
in the frame of Gevrey class. We study the problem in two dimension case

(12) uww“yy - u?vy = I{?(.’L',y), (‘Tay) € Qa

and assume that u,, > 0, then we can apply the classic partial Legendre trans-
formation (see [16] for instance), to translate the equation (1.2) to the following
divergence form quasi-linear equation

(1.3) Ossw(s,t) + Oy {k(s,w(s,t))dw(s,t)} = 0.

This quasi-linearity allows us to adopt the idea used in [2], to obtain the Gevrey
regularity for the above divergence form equation. In order to go back to the
original problem, i.e., the Gevrey regularity for the equation (1.2), a key point
would be to show that the Gevrey regularity is invariant under the partial Legendre
transformation, which will be proved in Section 3.

Now let us recall the definition of the space of Gevrey class functions, which is
denoted by G?(U), for ¢ > 1, with U an open subset of R? and o being called
Gevrey index. We say that f € G°(U) if f € C>(U) and for any compact subset
K of U, there exists a constant C'x, depending only on K, such that for all multi-
indices a € Zi,

1
0% fll sy < O (alt)”.
The constant C'i here is called the Gevrey constant of f. We remark that the above
inequality is equivalent to the following condition:

10%fll 2y < CIF (|t

In this paper, both estimates above will be used. Observe that G*(U) is the space
of real analytic functions in U.

We state now our main result as follows, where {2 is an open neighborhood of
origin in R2.

Theorem 1.1. Let u be a CY' weak convex solution to the Monge-Ampére equation
(1.2). Suppose that w,, > co > 0 in Q and that k(z,y) is a smooth function defined
in , satisfying

(1.4) cfl(x% + Ay*") < k(x,y) < c(x% + Ay, (x,y) € Q
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where ¢ > 0, A > 0 and £ < n are two nonnegative integers. Then u € GZ‘H(Q),
provided k € G*t1(Q).

Remark 1.2. If k is C* smooth and satisfies the condition (1.4), and wy, > 0, P.
Guan [9] has proved that a CHY solution of the equation (1.2) will be C*° smooth.
In [11], the assumption that w,, > 0 is relazed to the bounding of trace of Hessian
from below, i.e., Au > co > 0, but the assumption (1.4) is changed to A > 0 and
¢ =n. Our main contribution here is to obtain the Gevrey reqularity G+,

Remark 1.3. The regqularity result of main theorem seems the best possible, since
in the particular case of £ = 0, we have u € GY(Q) (i.e., the solution is analytic in
Q), and in this case the equation (1.2) is elliptic, thus our result coincides with the
well-known analytic regularity result for nonlinear elliptic equations. We can also
Justify that if k is independent of second variable y (then A =0), the equation (1.5)
is linear, it is known that, see [4], the optimal reqularity result is that the solution
lies in G*+1.

Remark 1.4. The extension of above result to higher dimensional cases and more
general models of the Monge-Amére equations with k = k(x,u, Du) is our coming
work. By using the results of [13], the idea is the same.

The paper is organized as follows: the section 2 is devoted to proving the Gevrey
regularity for the quasi-linear equation (1.3). In Section 3 we prove our main result
by virtue of the classic partial Legendre transformation. We prove the technical
lemmas in Section 4.

2. GEVREY REGULARITY OF QUASI-LINEAR SUBELLIPTIC EQUATIONS

In this section we study the Gevrey regularity of solutions for the following
quasi-linear equation near the origin of R?

(2.1) Ossw + O (k(s,w)0pw) = 0.
We assume that k(s,w) satisfies the condition
(2.2) s 4 Aw™) < k(s,w) < e(s** + Aw®™),

where ¢ > 1, A > 0 are two constants and ¢ < n are two positive integers. Since
Gevrey regularity is a local property, we study the problem on the unit ball in R?,

B={(s,t)| s*+t* <1},

and denote W = [~1,1] x [~[|w|| L (g), [w] L (m)]- We prove the the following
result in this section.

Theorem 2.1. Suppose that w(s,t) € C>(B) is a solution to the quasi-linear
equation (2.1), and that k € G*Y(W). Then w € G*1(B).

We recall some notations and elementary results for the Sobolev space and
pseudo-differential operators. Let H"(R?),x € R, be the classical Sobolev space
equipped with the norm || [[. Observe [|-[|y = [|-|| 2(g2)- Recall that H*(R?) is an
algebra if kK > 1. We need also the interpolation inequality for Sobolev space: for
any € > 0 and any r; < ro <73,

(2.3) 1y < ellfellry +e=C2mmC =2 Y e HT(R?).
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Let U be an open subset of R? and S¢(U),a € R, be the symbol space of classical
pseudo-differential operators. We say P = P(s,t, Ds, D¢) € Op(S®(U)), a pseudo-
differential operator of order a, if its symbol o(P)(s,t;¢(,n) € S*(U) with (¢, n)
the dual variable of (s,t). If P € Op(S*(U)), then P is a continuous operator
from HF(U) to H_*(U). Here Hf(U) is the subspace of H"(R?) consisting of
the distributions having their compact support in U, and H},_“(U) consists of the

distributions h such that ¢h € H* *(R?) for any ¢ € C§°(U). For more detail
on the pseudo-differential operator, we refer to the book [17]. Remark that if
P € Op(8%), P, € Op(S5?2(U)), then [P, P2] € Op(S*+22=1(U)). In this paper,
we shall use the pseudo-differential operator A" = (1 + D> + |Dt|2) * of order

r,r € R, whose symbol is given by
o(A") = (1 +%+ 7}2)% )
In the following discussions, we denote, for P € Op(S%),
1Po™ v, = Y POl and [v], ;= > 1070l poo ey
lor|=m Iv=j

We consider the following linearized operator corresponding to (2.1) and the
solution w,

L= 0ss + at(if(sat)at ) )’

where k(s,t) = k(s,w(s,t)). To simplify the notation, we extended smoothly the
function k to R? by constant outside of B, similar for k. We have firstly the following
subelliptic estimate.

Lemma 2.2. Under the assumption (2.2), for any r € R, there exists C, > 0 such
that

2 r 2 1 r 2
(2.4) loll? s o, + 19aA"0lE + 15 0amol3 < C {lLol?_ o + 1103}
for any v € C§°(B), where C, depends only on [l;]j,B’ 0<j<2

Remark 2.3. By using Faa di Bruno’s formula, [k]
of ],y [0], 5 0 i <

i B 1s bounded by a polynomial

Proof. Firstly, we study the case of » = 0. Observe
25)  [00l2 + 1E2 0] = a.0]2 + / (s, 10y (s, ) Pdsdt = — (Lo,v).
Then the assumption (2.2) implies

1950lI5 + " 0eollf < e{ 19,0llg + k2 il } = —c (Lo,v).

Since the vector fields {0s,s°0;} satisfies the Hérmander’s condition of order ¢, we
get (see [6, 15])

(2.6) ol < Co{10svllg + k2 8e0]l5 + IIvlI3} = —Co (Lo, v) + Collvlls.

By Cauchy-Schwarz inequality, we have proved (2.4) with » = 0. Since we have
extended k to R?, (2.5) (2.6) also hold for any v € S(R?).
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Now for the general case, we have
10 A70|2 + |E28,AT0|2 = — (A" Lo, ATv) — ([/2;, A0y, GtATv)
<lieol2 s+ Il = ([B A7]0w, 8A").
Since for v € C§°(B), we have A"v € S(R?). Then (2.6) implies
(2.7) o175 o, + 10sA™v][3 + k22 A70]13

gco{l\ﬁvl\ ool = ([ Ao, aam) .

We consider now the commutator [N, ] the pseudo-differential calculus give
([b, A7) = D7 02k, 0L, (M) (Cm) + o (F2) (5,8, ),
lor|=1

with o(R2) € S"7%(R?) and
[(Rasv, 9:A™v)| < Col|v]|?,

where C5 depends only on [lﬂj B 0 <j <2 Thus

([12, A"] 9o, atAw) < COHUHT{H(&E) B A"

(atlé) O A"

}+Clli?

0

Moreover, note that k is nonnegative, and hence we have the following well-known
inequality

(2.8) |05k (s,))? + |0ck (s, )[> < 4[ ko p2k(s,1).

For the sake of completeness, we will present the proof of the above inequality later.
By Cauchy-Schwarz inequality and interpolation inequality (2.3), one has

(k. 2. arav) < e (|

Thus Lemma 2.2 follows. Now it remains to show (2.8). For any h € R, the
following formula holds

A7 o+ Dol 0, ) + Crloll

k(s + hyt) = k(s,t) + 0.k (s, t)h + lasslé(so, t)h?,  so € R.

Observe k > 0, then for all h € R we get 0 < k(s, t) + dsk(s,t)h + % [l;] r2h?. So
the the discriminant of this polynomial is nonpositive; that is,

0k (s, 1)[* < 2[ ko rak(s, t).
Similarly |9k(s, t)]> < 2[1%]27]1{2];(3,25). This gives (2.8). O

Remark 2.4. With same proof, we can also prove the following estimate

10l sy Do (10A70%0 [+ 1FF 0" 0%0]) < Crm {0124 o, + 0]

la|<m

for any v € C§°(B).
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A key technical step in the proof of Gverey regularity is to choose a adapted
family of cutoff functions. For 0 < p < 1, set

B,={(s,t) | s +t*<1—p}.
For each integer m > 2 and each number 0 < p < 1, we choose the cutoff function

©p,m satisfying the following properties:

supp @p,m C Bin-1,, and ¢, m(s,t) =1in B,

k
sup 0% ¢p,m| < Ci (%)
(s,t)eB

(2.9)

For such cut-off functions, we have the following

Lemma 2.5 (Corollary 0.2.2 of [5]). There exists a constant C, such that for any
0 <k <4, and any f € S(R?),

‘ j e
(2.10) H@wm@ﬂ@sc{(%)nﬂn+(%) |um},03jsz

We prove now Theorem 2.1 by the following Proposition.

Proposition 2.6. Let w € C°°(B) be a smooth solution of the quasi-linear equation
(2.1). Suppose k € G (R2). Then there exists a constant L, such that for any
integer m > 5, we have the following estimate

i1 ~1 i1
lpm0™ Wy i+ [0A> T 0 0™ w]lo + k20N> 5T ) 0™ wllo

(2.11) s ;
m 0+1 .
< P+ D) (m=3) (;) ((m=3)1)",0<j<l+1,0<p<Ll.
Remark 2.7. The constant L in Proposition 2.6 depends on £, [w}g 5 the Gevrey

constant of k, and is independent of m.

As an immediate consequence, for each compact subset K C B, if we choose
po = idist (K,0B). Then ¢,y m =1 on K for any m, and (2.11) for j = 0 yields,

L m+1
ol < () )" vmen
0

This gives u € G**1(B). The proof of Theorem 2.1 is thus completed.

The proof of Proposition 2.6 is by induction on m. We state now the following
two Lemmas, and postpone their proof to the last section.

Lemma 2.8. Let k € G1(R?) and w € C™(B) be a solution of equation (2.1).
Suppose that for some N > 5, (2.11) is satisfied for any 5 < m < N — 1, and that
for some 0 < jo < ¥, we have

H‘PpyNanHHZF—“l + HaSAH%%’NanHo * ‘

C()LN_3 N Jo 041
e B (5 oy
= =3 \ ((N 3)-) , VO0<p<l,

-1 jo—1
k20, A*t o ‘Pp,NanHO

(2.12)
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where Cy is a constant independent of L, N. Then there exists a constant Cy inde-
pendent of L, N, such that for any 0 < p < 1,

ClLN_3 N Jo+1 041
N

A

Lemma 2.9. Let k € G"*1(R?) and w € C™(B) be a solution of equation (2.1).
Suppose that for some N > 5, (2.11) is satisfied for any 5 < m < N — 1. Then
there exists a constants Cy independent of L, N, such that

_ CoLN=3 (N —1\'" t+1
@19 and ol < St () (009

forall0<p<1, 0<j<{+1.

Here and throughout the proof, C' and C; are used to denote suitable constants
which depend on /, [kz] 0B [w} s and the Gevrey constant of k, but it is indepen-
dent of m and L.

Proof of Proposition 2.6. The proof is by induction on m. Firstly by using
(2.10), the direct calculus implies, for m = 5, all 0 < p < 1 and all integers j
with 0 <j</+1,

lepmd™ 0l 1 + |2 o™ +|

. . M
BB oA gy 0| < -

with M a constant depending only on [lﬂo B [w]8 5 and the constant C' in (2.10).
Then (2.11) obviously holds for m <5 if we choose L > Mj.

Now we can finish the proof of Proposition 2.6 by induction, for any N > 5
Claim :(2.11) is true for m = N if it is true for all3 <m < N — 1.

We prove this claim again by induction on j, for 0 < j < ¢+ 1.
Case of j = 0: We apply Remark 2.4 with r = 2 — m =1 and v =
0o NN tw € C§°(B),

1
417

__1 ~1 _ 1
o NN w2 + |0A27 7 o, nONw|? + ||k 8 A2 F T, NN w2
< Nlp N L2,y + |0:A2 0 (0, 0N ) |12

+ ||k 0, A2 AT (g, N0V L) 2 + O || (0 00 ) O s 4

£+1

< Ca {[1Lepnd" " ully_a + lepnd™ Tl + |0 epn) 0¥ My}

+1
By the induction assumption, we use now Lemma 2.9, to get

aNfl

H&pp,N ng,,% = Hﬁ‘PﬂvNaNileﬂﬁl—}

O, LN=3 /N -1\ N _ 4y
p(é+1)(N—4) P [( - ”

2Z+1C2LN73
— p(€+1)(N73)

[(v—3)]"
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Hence the proof will be complete if we can show that (the term ||, N0 1w is
easier to treat)

C4LN_3

041
4 < p(é+1)(N—3) [(N_3)!] :

(2.15) 10" pp.n) O ool

_(N

Setting p; = Ve then for any k >

(ppl,kzl’ on BPl’
which implies that ¢,, x = 1 on the Supp ¢, n C B,, for any k > 2. From (2.10),
we have

(0" ¢p.n) aNilegfﬁ =[(9"¢p.n) ‘Pm,N—laNileuW‘*l

N _ N\ _
<0 { (XY oot g+ () om0,

On the other hand, the induction assumption with m = N — 1,57 =¢,0 < p; <1,
yields

N N1 N LN N1\ 41
—4)!
o180 Nl g < 5 ( > ) v -
L3 241
41 +
< (2e) p(l+1)(N73)[(N_3)!} .

Setting now p; = {LN=2e 2)p1 , then for any k > 2,
Lp1,k = 1, on B[,l,

which implies that ¢, » = 1 on the Supp ¢,,,v C Bj, for any £ > 2. The induction
assumption with m =N — 3,7 =0,0 < p; <1, yields

N\ N\
(3) " on el = (5) 7 hom e,

p p
N\ AT
<(5) 7 lenw-s0"2ul,
p
N\*"m1 NS 41
< (;) W[(N*G)!]
LN=3 41

=G p(FD(N=3) [((V =3,
where we have used the fact that

1
3+1)—4+—->0, VL>0.
(C+1) =4+ 20, Vez

Therefore, we get (2.15) with Cy = C5((2¢)T! + 20y, and finally for all 0 < p < 1,

HQDP,NanHQ s 2_H;190p,NaN’LUH + ‘ ];%atAQ_”;l(pp,NaN’wH
0 0

(2.16) per O
= p(e+1)(N—3) [( - ” )

if we choose
L >203%(21Cy + Cu).
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We prove now that (2.11) is true for m = N and j = jo + 1 if it is
true for m = N and 0 < j < jo. We apply (2.4) with r» = 2 + ;2% and
v =, nONw € C§°(B),

_Jo_ > 1 Jo_
o N0V 0I5, sosr + [0sA%F 71 0, NN w|2 + [|EZ AT g, nONwlf?

< s {l1£0nn 0" wlly g + llgp w0 wl}

Firstly,
LN—4

£+1
p1 (PN =5) ((N a 5)!)

I N-4 441
2(0+1)_ ~ o
S E ) (v=sy)

aN—Q

lopnONw||F < [l@p,,N—2 wllz <

Now for the term ||£<pp7N8Nw||2+ jo—1, we are exactly in the hypothesis of Lemma
1
2.8, (2.13) implies that

_Jo_ ~1 Jo_
||80p,NanH2+% + H(?SAQJrefl @p,NanHO + ||k28tA2+e+01 @p,NanHO

_ jo+1
1/2 (Cl + eé-i—l)LN 3 N Jo /41
SGT— Emen \ (=syr)

Finally, if we choose
L > max {Ml, 20§/2 (2“102 + C4), C’;/2(C’1 + e”l)} ,

we get the validity of (2.11) for j = jo + 1, and hence for all 0 < j < ¢+ 1. Thus
the proof of Proposition 2.6 is completed. O

3. GEVREY REGULARITY OF SOLUTIONS FOR MONGE-AMPERE EQUATIONS

In this section we prove Theorem 1.1. In the following discussions, we always
assume u(z, y) is a smooth solution of the Monge-Ampere equation (1.2) and w,, >
0 in €, a neighborhood of the origin.

We first introduce the classic partial Legendre transformation (e.g. [16]) to
translate the Gevrey regularity problem to the divergence form quasi-linear equa-
tion (2.1). Define the transformation T": (z,y) — (s,t) by setting

(3.1) {f _ v

Uy .

It is easy to verify that

and

1 Ts Tt 1 0
Ir <y yt><3— %)

Thus if v € C* and uy, > 0 in 2, then the transformations

T:Q-—T(Q), T':T(Q) —Q
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are C diffeomorphism. In [9], P. Guan proved that if u(x,y) € C11(Q) is a weak
solution of the Monge-Ampere equation (1.2) and wu,, > 0 in Q, then y(s,t) €
C%1(T(Q2)) is a weak solution of equation

(3.2) Dusy + 0 (s, (5, )0y } = 0.

He proved also the smoothness of y(s,t) € C*>(T(Q)) and u € C*(Q).
We prove now the following theorem which, together with Theorem 2.1, implies
immediately Theorem 1.1.

Theorem 3.1. Let y(s,t) € G (T(Q)) be a solution of equation (3.2). Assume
that k(x,y) € G*TH(Q). Then u(x,y) € G*T1(Q).

We begin with the following results, which can be found in Rodino’s book [14]
(page 21).

Lemma 3.2. If g(2),h(z) € G'TH(U), then (gh)(2) € G (U), and moreover
g(lz) € GYU) if g(z) # 0. If H € G**Y(Q) and the mapping v : U — §Q s
G'*TY(U), then H(v(-)) € GL(U).

We study now the stability of Gevrey regularity by non linear composition. The
following result is due to Friedman [7].

Lemma 3.3 (Lemma 1 of [7]). Let M; be a sequence of positive numbers satisfying
the following monotonicity condition:

jl
il(j — i)
with C* a constant. Let F(z,p) be a smooth function defined on Qx (—b,b) C RZxR
satisfying that, for some constant C,

010, F(2,p)| < CMIFIM o M;is,

(33) MM < C*Mj, (i=1,2,-- j; j=1,2,--)

(=, p)€§2><( b,b)

for all v € Z2,i € Zy with |y|,i > 2. Then there exist two constants C,C.,

depending only on the above constants C* and C, such that for every Ho, H1 > 1

with Hy > C'Hy, if the smooth function &(z) satisfies that max |€(2)| < b and that
z€

(3.4)  max|97¢(2)| < Ho, for B with |5] <1,
zE
(35)  max 08¢(2)| < HoH\"' > Mgy, for all B € Z2 with 2 < |B| < N,
FAS
where N > 2 is a given integer, then for all o € Z2 with |a| = N
meaé(|8za (F(2,£(2))| < C.HyHYN My _».

Remark 3.4. Under the same assumptions as the above lemma, if we replace (3.4)
and (8.5), respectively, by

maé(‘ﬁfé(z)’ < Hy, for m<1,

zEe i

max ‘8;"«5(2:)| < HOH{”*QMW_Q, for allm € Z with 2 < m < N,
A4S °

with 1 <1i < 2 some fized integer and N > 2 a given integer, then
glgg\aiv (F(2,€(2)))] < CeHoHy "My —».



GEVREY REGULARITY 11

We prepare firstly two propositions. In the follows, let K be any fixed compact
subset of 2.

Proposition 3.5. Assume that y(s,t) € GTHT(Q)) and k(z,y) € G1(Q), then
the functions Fy,(s,t) € GTH(T(Q)),m = 1,2, 3, where

Fi(5,8) = (tay © T~1)(5,8) = 1ty (25, ), 4(5, )
Fo(s,t) = (uge 0 T71)(8,1) = uga(2(s, 1), y(s, 1)),

and

F3(s,t) = (uyy o T_l)(s, t) = wyy(z(s,t),y(s, t)).

Proof. Indeed, since y(s,t) € G (T(Q)), then we conclude y(s,t),y:(s.t) €
GH(T(Q)); that is
Uyy(l'(s, t)a y(sa t)) , uyy(x(s, t)a y(sa t))

Lemma 3.2 yields that Fj(s,t), Fi(s,t) € G*T1(T(Q)). Moreover, the fact that
k(z,y) € G*Y(Q) and x(s,t) = s,y(s,t) € GFH(T()), implies k(s,y(s,t)) €
G (T(9)), we have, in view of the equation (1.2),

Fy(s,1) = uga(z(s, 1), y(s, 1) € GHH(T(Q)).

This gives the conclusion. (|

€ GH(T(Q)).

As a consequence of the above proposition, there exists a constant M, , depending
only on the Gevrey constants of k(x,y) and y(s,t), such that for all ¢,j € Z; with
i,j =2,

41

(36)  max |00 Fa(s )| < MIT[G -2 TG -0 m=123

Proposition 3.6. Assume that y(s,t) € G**1(T(Q)) and k(x,y) € GTH(Q). There
exists a constant M, depending only on the Gevrey constants of the functions y(s,t)
and k(x,y), such that for all i > 2,

@ i i . 141
(3.7) (Irg?gK |0 uy (2, y)| + (Irg?gK |0 ue(z,y)| < 2[U]S,KM 2[E—2)1.

Proof. We first use induction on integer ¢ to show that

(3.8) (;I;gié{K |0 uy (z,y)| < [U}&KMZ'_Q = 2)!]€+1’ i>o

Obviously, (3.8) is valid for ¢ = 2. Now assuming

(39)  max |0y (z,y)| < [u], M7 - 2D, forall2<i< N
x,y)E ’

with N > 2 an integer, we need to show that

(3.10)
_ 4
Jma (0N uy ()| = max [0 ey (9)] < [u], MYV =1

Observe that Fy = uz, o T~! which implies
Ugy(z,y) = (F1 0 T)(x,y) = Fi(x,uy(z,y)).
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Thus the desired estimate (3.10) will follow if we can prove

(3.11) Jnax oY [Fy (2, uy(z,y)) ]| < [“]3,KMN_1 (V= 1)1] +1
In the following we shall apply Remark 3.4 to deduce the above estimate.
Define
My = ()Y Ho=[u]y,, Hi=M
Clearly {M,} satisfies the monotonicity condition (3.3). Furthermore, (3.9) and
(3.6) yield

max lﬁiuy(z,y)‘ < Hgy, fori<1,

(z,y)eK
max |9y (z,y)| < HoH{ >M;_5, for all i with 2 <i < N,
(z,y)eK
and
max |99 Fy (s, t)‘ < MM, _yM,_s, foralli,j € N with i,j > 2.
(s,t)ET(K)

Then it follows from the above three inequalities that the conditions in Remark
3.4 are satisfied, with z; = x,£(2) = uy(z,y) and F(z,£(2)) = Fi(z,uy(z,y)). This
yields

Jax |07 [F1 (2, uy(2,9)) ]| < CeHoHY ~* My 2

= Cu[u], ( MV T2[(N = 2)1] et

with C a constant depending only on M, and hence on the Gevrey constants of
y(s,t) and k(z,y). Then estimate (3.11) follows if we choose M large enough such
that M > C.. This completes the proof of (3.8).

Now it remains to prove

max_|Ohuq(z,y)| < [u]gﬁKMFQ[(i —2)!

}84*1
(z,y)eK

, 1> 2.

This can be deduce similarly as above. In view of (3.8) and (3.6), we can use Remark
3'47 with z = (zay)vzi - ZL',&(Z) = uy(zay) and F(Z,&(Z)) = FQ(xvuy(xvy))a to
obtain the above estimate. (]

End of the proof of Theorem 3.1: Now we can show u € G‘*(Q), i.e.,
(312)  max [0%u(zy)| < 2u)s kM3 [(m — )T,V ol =m >3,
Y)E

where M is the constant given in (3.7).

We use induction on m. The validity of (3.12) for m = 3 is obvious. Assuming,
for some positive integer mgy > 4,
(3.13) max [07u(r, )| < 2fuls, cM™? [(m=3)]"", v3<|y=m<mo—1.

Y)E

we need to show the validity of (3.12) for m = my. In the following discussions, let
a be any fixed multi-index with |a| = mg. In view of (3.7), we only need to consider
the case when 9% = 9%97 with & a multi-index satisfying |&| = mo — 2. Observe

F3 = uy, o T~ which implies

uyy(ac,y) = (F3 OT) (‘Tay) = Fg(.T,Uy(.T,y)).



GEVREY REGULARITY 13

Hence
O%u = 0%uyy = 0% [F3(z,uy(z,y))], |a] =mo—2.
So the validity of (3.12) for m = mg will follow if we show that, for any |a| = mo—2,

(3.14) max |85‘ [F3(2,uy(z,y))]| < 2[u]s, g M™% [(mo — 3)!]

(z,y)EK

41

To obtain the above estimate, we take M;, Hy, H; as in the proof of Proposition
3.6; that is

My = ()™ Ho=[u],,, Hi=M
Then from (3.6) and the induction assumption (3.13), one has

max |07uy(x,y)| < 2Hy, for |y|=m <1,

(z,y)eK
(Hh;iX 107wy (2, y)| < 2HoH " > Mp,—2, forall 2 < |y|=m < mg— 2,
z,y)eK
and
max 8§8gF3(s,t)’ < MM, oM;_y, foralli,j € N with 4,5 > 2.
(s,t)€T(K)

Consequently, Lemma 3.3, with z = (2,9),£(2) = uy(z,y),N = mg — 2 and
F(z,£(2)) = F3(x,uy(x,y)), yields for any |&| = mg — 2

s [0 [P oy o)) | < 20 HOH M

=20 [tt]3’1[</\/lrn“74 [(mo - 4)!]“1,

where C is a constant depending only the Gevrey constants of k(z,) and (s, t).
Thus (3.14) follows if we choose M large enough such that M > 2C. This gives
validity of (3.12) for m = mg and hence for all m > 3, completing the proof of

Theorem 3.1.

4. TECHNICAL LEMMAS

In this section, we prove the technical Lemmas( Lemma 2.8 and Lemma 2.9)
used in the section 2. Firstly as an analogue of Lemma 3.3, we have

Lemma 4.1. Let N >4 and 0 < p < 1 be given. Let {M;} be a positive sequence
satisfying the monotonicity condition (3.3) and that

M;>p™, j>0.
Suppose F(s,t,p),g(s,t) are two smooth functions satisfying the following two con-

ditions:
1) There exists a constant C' such that for any j,1 > 2,

103400 F (| o payy < CTF' Mj—2Miz, ¥ 7| =,

where b = [g], 5 and [lcs(Bx (b)) @ the standard Horder norm.
2) There exist two constants Hy, H1 > 1, satisfying Hy > CHy with C a constant
depending only on the above constant C, such that [9}6 5 < Ho and for any 0 <

px < 1 with p, = p and any j,2 < j < N,
0.0 gl < HoH{™*M;_s,



14 H. CHEN, W.-X. LI, AND C.-J. XU

where 1 < v < 4 1s a real number.
Then there exists a constant C, depending only on C, such that

|00, n0™ (F(-,9())) ||, < CeHoH{' ™My .

Proof. The proof is similar to Lemma 5.3 of [3], so we give only main idea of the
proof here. In the proof, we use C,, to denote constants which depend only on n and
may be different in different contexts. By Faa di Bruno’ formula, ¢, nD*[F (-, g(-))]
is the linear combination of terms of the form
l

(4.1) oo (00,04F) (g()) - [T 079,

j=1
where B[ +1 < |a| and 71 + 92 + -+ = a — B, and if ; = 0, D7"g doesn’t
appear in (4.1). Since H"(R?) for v > 1 is an algebra, then we have

l
leon (92,05F) (90D - T 07 gl
j=1

1
<l (92,0,F) gL, - TT o0l
j=1

where ¢ € C5°(R?) and ¢ = 1 on supp ©p,n. The above inequality allows us
to adopt the approach used by Friedman to prove Lemma 3.3, to get the desired
estimate. Instead of the L® norm in Lemma 3.3, we use H”-norm here. But there
is no additional difficulty since H”(R?) is an algebra. We refer to [7] for more
detail. O

Applying the above result to the functions k(s, t) def k(s,w(s,t)) and k,(s,t) def

ky(s,w(s,t)), we have

Corollary 4.2. Let No > 4 and jo € [0,£ 4+ 1] be any given integers. Suppose
k(z,y) € G (R2) and w(s,t) € C>(B) satisfying that for all 5 < m < Ny and
all p with 0 < p <1,

IN

C*Lm_2 m Jo el
42 0™l < o (2 (-3,
where L, c, are two constants with c. independent of L. Then there exists a constant
¢, depending only on the Gevrey constants of k,w, and the above constant c,, such
that for all 5 < m < Ny and all p with 0 < p < 1,

3 T
( ) (JDP, 2+J?;11 + (p/L 2_"_12;11
cLm—2 m\7° 0+1
— _ |
< S5 <p> [(m—=3)1] .

Proof. We set Hy = ¢, ([w]g gt 1) ,Hy =L and
£+1

L IO R ET AL
& M= ey (T, ) o It

My
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Then by (4.2), we have
||<pp,mamw||2+% < HoH" *M,,_5, 2<m< No.
On the other hand, the fact that k € G*T1(R?), k, € G*T1(R?) and M; > [(j —
AN
1)!} implies
Ha;a;‘k(:c,y)ucm) + ||5;8§ky(x,y)Hc4(Q) <CHIM;_oM;_o, Yi,j>2,

where C is the Gevrey constant of k. Then by Lemma 4.1, the desired inequality
(4.3) will follow if we show that {1;} satisfies the monotonicity condition (3.3).
For every 0 < ¢ < j, we compute

l+1
. 1, T o ‘
ATy P (G=1Y™" (it2)" ((J ! 1)!) j—i+2\"
i) TG =) pEDEED p P G—i—1) P

1 ME-n G-y (i+2)j° (j—i+2)j°

- plEDU=2) i(j — 1) P p

- gJo j!((j _ 2)!)8 1 Jo j—i\”
T pNGE i —d) \p p

9 i 1fs i . 1, ;
< J gt Do JA (G =it (G -1 J+2\"
- (G =D +2)0 J plHDE=D A p

22— ) 1, j
< Jgt+1 e+ 1)—jo o (-1 J+2\"°
GG e e

< CZMja

where Cy is a constant depending only on /. In the last inequality we used the fact
that £ 4+ 1 — jp > 0. This completes the proof of Corollary 4.2. O

We prove now the technical Lemmas of section 2. We present a complete proof
of Lemma 2.8, but omit the proof of Lemma 2.9 since it is similar.

Proof of Lemma 2.8. We recall the hypothesis of Lemma 2.8; that is, one has
(1) k € G**1(R?) and Lw = 0;
(2) for some N > 5, (2.11) is satisfied for any 5 <m < N — 1;
(3) for some 0 < jg < ¢,

jo=1 ~1 jo=1
H(‘Dp’NanH2+/+—°1 + HasA2+ o1 gop,NanHO + H/{:?&:AQJr o1 (Pp,NaN’LUHO

CoLN_3 N Jo 041
s Jenwm-n (@r=3y1)

(4.4)

We want to prove

C1LN-3 (N t+1
N 1
49 o vlhung < ity () (09-9)

forall0 < p < 1.
It follows from Lw = 0 that

Lo, nO“w = [E, <pp7N} 0“w + gop,N[E, 60‘}10, |a] = N.
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Hence the desired estimate (4.5) will follow if we can prove that

CLLN=3 (NN
(4.6) Ie, eon]oullyyss < 3 iy (;)

and

N CLLN=3 [N\ 041
(47) Z Hsﬁp,N[ﬁa 8 }w||2+j071 S m <_> [(N—B)'] + .

yy
jal=N P

We shall proceed to show the above two estimates by the following steps. As a
convention, in the sequel we use C; to denote different constants independent of
L,N.

Step 1. We claim
. ClLN_3 N —2(£+1) 041
To confirm this, we set p = W. Then
lopm0™wlly = [|£0.m0%05m—20""2ully < [[@5.m—20""ul,,
we can use (2.11) with j = 0 to compute

i Lim=2)-2 41
[05.m—20""?ul|, < Sernma-g (=2 —3)Y '

COLN74
< (D) (m=5) [(m = 5)!]

_ <N>2(e+1) COLN73

0 P (N=3)

£+1

(N -3

which implies (4.8) at once.

Step 2. In this step, we shall prove the following two inequalities:

~ CQLN_3 N Jo+1 041
N _ —3)!
(4.9) H(at%,N)k;ata wng;; < w5 [(N = 3)1]
and
C.LN-3 N Jo+1 o1
N 3 +

To prove the first inequality (4.9), we use (2.10) to get

H(aﬂpp,N)ffatanH o1 = H(at(pp,N)I%at(pthanH o
2+ T 2+ 9

N\ |5 N\
<Cy (—) Hk:atcppl,NanH Jo—1 + (—)
P 2+ P

0],
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Furthermore, the interpolation inequality (2.3) gives

N 3+
(%)

’]}atcppl’NanHO

44901

N I N N [T N

S (;) katsatha w 2+j2+—11 + (;) ‘k8t¢p17N8 ’U_)Hil
Jjo—1

N I N N\ T N

< (;) kOrpp, nO" w 9y do=t +Cs (;) Htptha wHO
£4+1

NN ||+ N CeLN 3 N\ Jot! .
{7 —— | — —3)
B (P) BOugp N0 2rip=t T @B (v =3)1"",

where we have used (4.8) and A~'kd; is bounded in L2. On the other hand, note
that

Hl’%at@ﬁ,]\[a]v’w‘t 1 S lefat/\2+%(‘0ﬁ7]vaN’IUHO + H [l’%, A2+%}at(pﬁ’NanH0

Jo
+7r

<Cr {HI;:%&A”%@,;NE)NwHO +lep N0 wl,, s } ’

+1

which together with (4.4) yields:

>j° (v - 3)!]e+17

and hence we obtain the desired inequality (4.9), combining the above inequalities.
Similar arguments can be applied to prove (4.10). This completes the proof.

- CgLN—3 N
ool . < 7otk (

o4 do=l = pHD(N=3) ;

Step 3. We now claim that

||(assg0p,]v) an||2+% + H(att(pp,N) IganHQ.ij’l

7+
CQLN73 N Jo+1 041
= pr(V=3) \ p [(N=3)] .

(4.11)

To confirm this, we use (2.10) to get

H(assst,N)5N7J1H2+:‘Eo+7711 + H(atts@p,N)/;’ anH

¥1

N 2 N N 4+% N
<o f (5) ot sl + (5) ol

The interpolation inequality (2.3) yields
N\? N
(3) Nonn@ullpss < (5 lomnd™ully s,

N\ 20+ DFio+1
=+ <;> H@plyNanHo'

The above two inequalities, together with (4.4) and (4.8), give the desired estimate
(4.11) at once.

2+j0*1
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Step 4. Now we are ready to prove (4.6), the estimate on the commutator of £
with the cut-off function ¢, . Firstly, one has

[ﬁ, gapﬁN} =2 (8590;;7]\[) O0s + ((955(,0;;7]\[) + 2 (8,5(,0;,7]\[) 15&
+ (Ospp.N) K+ (Depp.N) (@:ff) .

Observe that

@0y () 0%,y <C{ (T Nom @ ol

N3
(5] lewwoall, ),
p
hence from (4.4) and (4.8), we have
- CroLN=3  /N\H ‘
N R gy ]EFL
|(@en) (a1F) 0 wHu% G <p> (N =3)]7

Together with (4.9), (4.10) and (4.11), this yields the desired estimate (4.6) at once.

Step 5. In this step we shall deal with the non linear terms, and prove

- CisLN=3 [N\ ¢
N it S (A ENikas
(4.12) H%,Nata kH2+"§;§ < T <p) (v —3)]*.

Recall HcppyNﬁtﬁNl%H

_ . i)

pinot = Z\a|:N "¢p7N8t8 ng#‘O*l . Leibniz’s formula
7+1 i1

gives, for any « with || = N,

5 (5) e @) (00 2u) + gy w000

1<[BI<]al

Z (g) Pp,N (aﬂkw) (ataa_ﬁw) + (Pp7NI;’wataa’w + Ra
5<|B[<]a| -4

(Pp,Nataa];

with ky(s,t) = kuw (s, w(s, t))) and
Bom Y (g) o (0°R) (@)t Y (g) oo (07F) (0107w

1<|8|<4 loo| =3<B|< x|
Since H"(R?), x > 1 is an algebra, we have

DID DI 4 PMCESICEEn]

la|=N 5<|f|<|al-4

SOIEEDD ( )H%l 1610k H w1 o [lonn 010 Pl a0

|a\*N 5<|8|<]a|—4

S S I Y N
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We can use (4.3) in Corollary 4.2, to get for each ¢ with 5 <i <m

i Cial'™? i 41
[©p,,:0 kaQJrfeo%ll < oG8 \ oy [(i —3)!]

C15Li72 i Jo ' 041
S JEDE \ [G=3)]
Observing N —i+1 < N for each i > 1, we use (4.8) and the induction assumptions
(2.11) and (4.4), to compute

"@P7N8N7i+1w"2+%;f = C{ H‘pplaN—i+1aN7i+1wH2+"0*1

N 2+%—7; +1
+ (;) H(Pp1,N—i+laN_i+1wH0}

,i CiLN="1 (N — i+ 1\% ) 41
< }’¢p11N7i+1aN +1wH2+jg+—11 + p(é+1)(N—i—2) < , ) [(N — 17— 2)!}

IN

_l. CreLN="1 /N —i+1\% ) 041
H‘PmaN—iHaN +1“’H2+/T"1 + P(fl-fl)(N—i—2) ( P ) [(N e 2)!} "

CirLN=171 /N — i+ 1\ ) 041
= HEFD(N=i-2) P [(N—i=2)1]

Then

> @) 0.5 (07Fw) (0:0° ) [l a0

la|=N 5<|8]<|a|—4

N! CisLi=2 (i _ 41
= Z iT(N — i)l plFD=3) - [(173)!]

5<i<N—4 P

ClGLN7i71 N —1 + 1 go . /41
X D (N=i-2) (N —i—2)!]

P
CigLN—3 (N)Qjo N! ) ¢ . ’
< (= G- [(V—i—2)
P8 \ 59’321:\/—3 BN i) [ =3)1] [( ]
Cig L8 (ﬁ >j°“ (¥ SN
< p(”l)(N*‘l) p s 3 (N — i)2
C19LN73 N Jo+l 041 N4+jo+1
< e o) =0T > . —
P p N2(E+1)33 (N — )

5<i<N—4

C19LN73 N Jo+1 o1 N2
= S+ (N=3) \ , [(V=3)!] Z BN — )2
p p s<icn_al (N —19)

Here the last inequality holds since 4 + jo — 2(¢ + 1) < 2. Moreover, observing that
the series >

5<i<N—4

% is dominated from above by a constant independent of
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N, then we get

XX () leen (0% (007 w) s

la|=N 5<|8|<|al—4

CQOLN73 N Jo+1 'é—i-l
< m ; [(N — 3)} .

It’s a straightforward verification to prove that
Co1 LN 3 N\t 0+1
. _ —3)!
Z HR@H2+% = pDIN=3) \ p [(N 3” :
la]=N
So we have proved that

(4.13) >y (g) pr,zv(a%w) (3t3a7ﬂw)HQ+mfl

la|=N 1<[B]<|ef

C22LN73 N Jot1
= HED(N=3) <;>

[(V—3)]"

Observe H%,NataNl%H o1 18 bounded from above by
2+

£+1

S5 (@ 0]+ ol

la|=N 1<|B|<|al o

So to get the desired estimates (4.12) it remains to estimate the last term above.
Direct calculations yield that

||¢p,Nkwatan||2+% = pr,Nkwatsapl,Nan||2+%

. do=1 - jo=1
< ng,{”k:w/\2Jr 1 8tsap1,N3Nwllo + [kw, A2+ }8tgap17N(9NwHo

N\ 2T
H(5) T MRt 0 ulo)

= Jo—1
< Car{ 1k A 47 010y x OVl + s 5OV Wl sy

Jo—1
N 2*’1’“71
(5 lenwouln):

= jo—1
< Cos { kN> 55 Dy, O wllo + l@ps NV s

(2¢+jo+1)2

N\ EFDGeTD
+(5) I w0Vl }.

In the last inequality we used the interpolation inequality (2.3). Combining the
fact that

=
N

|kw(5,w>| < C( sup |kww(57w)|)
weR

(k(s,w))?,
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which can be deduced from the nonnegativity of k(s, w), we obtain
7 N
lpp, k(s w)0r 07 wlly | sa—1

~ jo—1
< Ca{ IR 42757 010y, 5O wllo + [0, 8O w0l s

(20+jo+1D)?2

N\ TFDGo+0
(4.14) +(5) [0 w0

CopLle1=3 7/ N\ 7ot (£+1)
Sm o [(Jaf = 3)!] )

the last inequality following from (4.4) and (4.8). The proof is thus completed.

Step 6. Now we prepare to prove the inequality (4.7), the estimate on the
commutator of £ with the differential operator 9%. Direct verification yields

i, 0% w=— 3" (g) (0.0%k) (9.0°Pw) = 3 (g) (07k) (90 ~Pw).

0<fB<L 0<f<L

So

(4.15) > llesn L 80‘]w||2+% <S8+ S,
|la]=N

with S1,8s given by

5= 5 () feun (00%) @],

la]=N 0<B<La [

and

5= 3 5 (§)lenn (08 @]

la|=N 0<B<«

For &1, we have treated the term of 8 = a by (4.12), and the terms of 0 < 8 < «
can be deduced similarly to (4.13); this gives

C28LN_3 N Jot+1 (641)

For S;, we have treated the term of |5] = 1 by (4.14), and the terms of 2 < |5| < |«
can be deduced similarly to (4.13); this gives also

C29LN73 N Jot+l (6+1)

This complete the proof of Lemma 2.8. (]
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