N
N

N

HAL

open science

On mean numbers of passage times in small balls of
discretized It6 processes

Frédéric Bernardin, Mireille Bossy, Miguel Martinez, Denis Talay

» To cite this version:

Frédéric Bernardin, Mireille Bossy, Miguel Martinez, Denis Talay. On mean numbers of passage
times in small balls of discretized 1t6 processes. Electronic Communications in Probability, 2009, 14,

pp.302-316. 10.1214/ecp.v14-1479 . hal-00602053

HAL Id: hal-00602053
https://hal.science/hal-00602053

Submitted on 28 Jun 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00602053
https://hal.archives-ouvertes.fr

DOI: 10.1214/ECP.v14-1479

Elect. Comm. in Probab. 14 (2009), 302-316

ELECTRONIC
COMMUNICATIONS
in PROBABILITY

ON MEAN NUMBERS OF PASSAGE TIMES IN SMALL BALLS OF
DISCRETIZED ITO PROCESSES

FREDERIC BERNARDIN
CETE de Lyon, Laboratoire Régional des Ponts et Chaussées, Clermont-Ferrand, France
email: frederic.bernardin@developpement-durable.gouv.fr

MIREILLE BOSSY
INRIA Sophia Antipolis Méditérannée, EPI TOSCA
email: Mireille.Bossy@sophia.inria.fr

MIGUEL MARTINEZ
Université Paris-Est Marne-la-Vallée, LAMA, UMR 8050 CNRS
email: Miguel.Martinez@univ-mlv.fr

DENIS TALAY
INRIA Sophia Antipolis Méditérannée, EPI TOSCA
email: Denis.Talay@sophia.inria.fr

Submitted December 18, 2008, accepted in final form June 8, 2009

AMS 2000 Subject classification: 60G99
Keywords: Diffusion processes, sojourn times, estimates, discrete times

Abstract

The aim of this note is to prove estimates on mean values of the number of times that Itd pro-
cesses observed at discrete times visit small balls in RY. Our technique, in the infinite horizon
case, is inspired by Krylov’s arguments in [2, Chap.2]. In the finite horizon case, motivated by an
application in stochastic numerics, we discount the number of visits by a locally exploding coef-
ficient, and our proof involves accurate properties of last passage times at O of one dimensional
semimartingales.

1 Introduction

The present work is motivated by two convergence rate analyses concerning discretization schemes
for diffusion processes whose generators have non smooth coefficients: Bernardin et al. [1] study
discretization schemes for stochastic differential equations with multivalued drift coefficients;
Martinez and Talay [4] study discretization schemes for diffusion processes whose infinitesimal
generators are of divergence form with discontinuous coefficients. In both cases, to have rea-
sonable accuracies, a scheme needs to mimic the local behaviour of the exact solution in small
neighborhoods of the discontinuities of the coefficients, in the sense that the expectations of the
total times spent by the scheme (considered as a piecewise constant process) and the exact solu-
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tion in these neighborhoods need to be close to each other. The objective of this paper is to provide
two estimates for the expectations of such total times spent by fairly general Itd processes observed
at discrete times; these estimates concern in particular the discretization schemes studied in the
above references (see section 7/for more detailed explanations). To this end, we carefully modify
the technique developed by Krylov [2] to prove inequalities of the type

EJ e Mf(X)dt < Clif Il
0

for positive Borel functions f and R? valued continuous controlled diffusion processes (X,) under
some strong ellipticity condition (see also Krylov and Lipster [3] for extensions in the degenerate
case). The difficulties here come from the facts that time is discrete and, in the finite horizon case,
we discount by a locally exploding function of time the number of times that the discrete time
process visits a given small ball in R%. Another difficulty comes from the fact that, because of the
convergence rate analyses which motivate this work, we aim to get accurate estimates in terms of
the time discretization step. Our estimates seem interesting in their own right: they contribute to
show the robustness of Krylov’s estimates.

Let (2, Z,(Z,):>0,P) be a filtered probability space satisfying the usual conditions. Let (W,),>q be
a m-dimensional standard Brownian motion on this space. Consider two progressively measurable
processes (b,);>o and (o,),so taking values respectively in R and in the space Mg m(R) of real
d x m dimensional matrices. For X, in R%, consider the Itd process

t t
Xt=X0+J bsds+f o, dW,. @))
0 0

We assume the following hypotheses:

Assumption 1.1. There exists a positive number K > 1 such that, P-a.s.,
and

1 t t t
VO<s<t, FJ YP(u)du < f Yoo, lldu < sz P(u)du 3

for all positive locally integrable map 1) : R — R™*.

Notice that (3) is satisfied when (o) is a bounded continuous process; our slightly more general
framework is motivated by the reduction of our study, without loss of generality, to one dimen-
sional Itd processes: see section (2]

The aim of this note is to prove the following two results.

Our first result concerns discounted expectations of the total number of times that an It6 process
observed at discrete times visits small neighborhoods of an arbitrary point in RY.

Theorem 1.1 (Infinite horizon). Let (X,) be as in (1). Suppose that the hypotheses|1.1lare satisfied.
Let h > 0. There exists a constant C, depending only on K, such that, forall £ e RY and 0 < ¢ < 1/2,
there exists hy > 0 (depending on ¢) satisfying

Vh<hg, b e P (|Ix,;, — &l < 8,) < C8, @

p=0

where &, := h'/?72.
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Our second result concerns expectations of the number of times that an It6 process, observed at
discrete times between O and a finite horizon T, visits small neighborhoods of an arbitrary point
£ in R%. In this setting, the expectations are discounted with a function f(t) which may tend
to infinity when t tends to T. Such a discount factor induces technical difficulties which might
seem artificial to the reader. However, this framework is necessary to analyze the convergence
rate of simulation methods for Markov processes whose generators are of divergence form with
discontinuous coefficients: see section7/and Martinez and Talay [4]. More precisely, we consider
functions f satisfying the following hypotheses:

Assumption 1.2.
1. f is positive and increasing,
2. f belongs to C1([0,T);R™),
3. f%isintegrable on [0,T) forall1 < a <2,

4. there exists 1 < 3 <1+ 1, where n := ﬁ, such that
T 1+
T —v) ™
f fzﬁ’l(v)f’(v)gdv < +o0. (5)
0

yn

Remember that we have supposed K > 1. An example of a suitable function f is the function

! : 4L
~7= (for which one can choose § =1+ 7).

Theorem 1.2 (Finite horizon). Let (X,) be as in (1). Suppose that the hypotheses[1.1 are satisfied.
Let f be a function on [0, T) satisfying the hypotheses|1.2. There exists a constant C, depending only
on B, K and T, such that, for all £ € R? and 0 < & < 1/2, there exists hy > O (depending on &)
satisfying

t—

Nh

Yh<ho, b f(pR)P (X, — &Il < 64) < C8y, )

p=0
where Ny, := | T /h| — 1 and where &, := h'/>7°.
Remark 1.1. SinceA all 'ghe norms in R? are equivalent, without loss of generality we may choose
Y]] = sup;<;<q |Yl , Y1 denoting the i™ component of Y.

Remark 1.2. Changing X, into X, — £ allows us to limit ourselves to the case & = 0 without loss of
generality, which we actually do in the sequel.

2 Reduction to one dimensional (X,)’s

In order to prove Theorem/[1.1] it suffices to prove that, for all 1 <i < d and h < hy,

RS erp (‘X;h) < 5h) <C5,,
p=0

or, similarly, for Theorem

Niy
hY (PRI (i, < 84) < C5.

p=0
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Set

m t
Mti = Z (J O'ideSj) .
=1 \Jo

The martingale representation theorem implies that there exist a process ( fti)tzo and a standard
Z-Brownian motion (B,),>o on an extension of the original probability space, such that

t
M;’:J fldB;,
0
and
t ] m t 9
v»o,f (f5)2d9=ZJ (o) de.
0 j=1J0

Therefore it suffices to prove Theorems/1.1 and[1.2 for all one dimensional It process

t t
X, = J b,ds +J o,dB; @
0 0
such that, 3K > 1, P-a.s.,
Vt>0, |b] <K, (8)
and
1 t t t
VO<s<t, FJ Y(uw)du < f Pwoidu < KZJ Y(u)du 9

for all positive locally integrable map 7 : Rt — R™*.

3 An estimate for a localizing stopping time

In this section we prove a key proposition which is a variant of Theorem 4 in [2, Chap.2]: here
we need to consider time indices and stopping times which take values in a mesh with step-size h.
We carefully modify Krylov’s arguments. We start by introducing two non-decreasing sequences of
random times (Qg)p and (T;)p taking values in hN as

6y =1i=0
oh., =inf{t >k, tehN,|x,[|<8,}, p=0 (10)
o =inf{e> 0" cehN, |X, —Xeh‘ >1}, p>1.

p

Our goal is then to prove the following equality :

h

+00 +00 T
E (hZe" hl[—sh,shl(xph)) =2 B | lgpesns J e g,5)(Xp,)ds |, an
p=0 p=0 9;1
where
1, :=h|s/h] for all s > 0. (12)

It is easy to see that (11) holds if the sequence (9}’}) takes an infinite value in a finite time, or
p

converges to infinity when p tends to infinity, which is a consequence of Lemma [3.1] (see below).
For the proof of Lemma(3.1] we need the following
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Proposition 3.1. Let (X,) be as in (7). Suppose that conditions (8) and (9) hold true. Let 6 :  — hN
be a (Z,)-stopping time. Then T :=inf{t € hN, t > 0, |X, —XG} > 1} is a (&,)-stopping time, and

E(1icroe ™| Fo) < e 1y_,o as., (13)

ch(u)

where
u>0and1—Ku—(1/2)K?u?=0.

Proof. Set 1(z) := cosh(uz) for all z in R and
1
L,n(z) := b,m'(2) + Eoin”(z).

Let A€ Z,. Suppose that we have proven that, for all t > 0,
e >E (e n(Xine = Xero)| Fino) - (14)
Then we would have
E (14 1gctoo e?) = lim E (1, 15, ")

t—+00

> lim E (1A 1<, E (eiTﬂ?(Xt/w —Xme)|9r/\9))

t—+00

= lim (IA 1o E (eiTTC(Xr/\r _Xu\e)‘ge))

t—+00

= lim E (14 L= e "t(Xire — Xiro))

t—+00

= lim E (14 1gci0 e "7(1))

t—+00

>2E (IA COSh(U)1T<+0067T) >

and thus the desired result would have been obtained. We now prove the inequality (14).
Fix t > 0 arbitrarily and set

B, ={t<0}n{t<7}={t <0},

and
Cri={t>0}n{t<t}={t>6}n{Vse[6,t]NMN,

X, —Xg| <1}.

The sets B; and C; are Z,-measurable. Consequently the set {t < 7} is &,-measurable and thus ©
is a (Z,)-stopping time.
To show (14), we start with checking that, P-a.s, for all 0 <s <t and z € R,

t t
1
f Y(W) (n(z) — L,m(2)) du > cosh(uz) (1 —Ku— EKzuz) f Y(u)du=0 (15)
for all positive locally bounded map ) : R* — R™. Indeed, for allz € R and u > 0,
1
n(z) — L,m(z) = cosh(uz) — u b, sinh(uz) — 5“205 cosh(uz).

As sinh(u |z]) < cosh(uz), we get (15) by using (8) and (9).
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Now, we observe that supg<, e’ is integrable for all y > 0 since by (9), (b,) and ({X),) are
bounded. This justifies the following equality deduced from the It&’s formula : for all y € R,

g’mg) a.s..

e (X po +¥) 2 E (e X pe + )| Fing) onQ— A, (16)

e‘”‘GTE(Xme +y)=E (e_tMn(XtM- +.Y)| 9“\6)

tAT
+E (J e *(n(X;+y)— Lyn(X, +y))ds
tAO

Therefore, in view of (15), there exists a set 4}, with P(4}) = 0 such that

We now use the continuity of 7 in order to replace y by —X, .. For all positive integer g, let k,(¥)
be the unique integer ¢ such that £/29 < y < (£ +1)/2%. Then

kq(XtAQ))

T(Xenr — Xeng) = qEIPwﬂ (Xt/\’r - 2

Therefore, by Fatou’s lemma and (16),

kq(_Xt/\G))

9}/\9)

E (e (X pe = Xeno)| Feno ) < lim infE (e—fn (Xm +

k(=X
< liminfe~"7 (Xmg + M)

q—+00

— eft/\e‘

We end this section by the following

Lemma 3.1. Forall p >0,

_9; 1 p
E (loperowe ™) < (cosh(m) : (17)

where u is defined as in Proposition(3.1.

Proof. Apply Proposition[3.1]to the stopping times 9;‘ and 72. It comes

_ph
99}1) < e % 19;1<+Oo P—a.s.,

_gh
B (1T2<+°°e N7 ) = cosh(u)

from which

)

<! g (1 *"h) (L)Y
- 1 N <... )
~ cosh(w) 6 <too ~ 7 \cosh(w)

_gh _h _oh
E (19;’+1<+ooe p“) <E (172<+ooe TP) =E (E (172<+ooe i

In the next section we carefully estimate the right-hand side of (11).



308

Electronic Communications in Probability

4 Estimate for the localized problem in the infinite horizon set-
ting
In this section we aim to prove the following lemma.

Lemma 4.1. Consider a one dimensional It6 process (7) satisfying (8) and (9). Let 6 : Q — hN be
a Z,-stopping time such that Xy € [—6y,6;,] almost surely. Let T be the stopping time T := inf{t >
0, t € hN, }Xr —X9| > 1}. There exists a constant C, independent of 6 and t, such that, for all h

small enough,
T
E (19<+00J e_ml[_(;h,(gh](Xm)dS) < C6h \V E (19<+006_9). (18)
0

Proof. To start with, we construct a function I whose second derivative is 1;_,5, 55,7 in order to be
able to apply It6’s formula. Let I : R — R be defined as

0 if z < —25,,
1

1(z)= | 55* +26,2+25, if —26, <5 <25, (19
45hz if 25h <z

The map I is of class C*(R) and of class C2(R \ ({—25,} U {26,,})). In addition, for all z € R,
I"(2) = 1/_5, 25,)(2) (we set I"(=25,) = I"(26,) = 1). For h small enough, there exists a
constant C independent of h such that

sup lI(z)] <C&,,  sup |I’(z)| < C6y,. (20)
—1-6,<2<1+6, z€R

Set

T
qn = 19<+00J 67”51[,5h,5h](Xm)ds, 21)
0

and observe that, for all s > 0,

X, € [~6,6,1}
= (1X,, € [=81 5,1} N {X, € [~26,,25,1}) U (1X,,, € [~54, 5,1} N (X, ¢ [26,,26,1}).

so that
1_5,.6,1(X0.) < 125, 25,1(Xs) + 15, 5,1 (X, ) 1R\ (—25,,25,1 (X )- (22)
From (21) and (22),
qy < A"+ Bh, (23)
where
T
A= 19<+oof e 11y, 25,1 (Xs)ds (24)
)
and

T
B" = 19<+00J e " 1,6, (Xy ) 1m\(~26,,25,] (X )ds. @5
6
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An upper bound for Al In view of (9), one has

T

T
A< 19<+00K2e—hf e 1[_g5, 25,)(X)02ds = 15y K2 J e™1"(X,)o2ds.
0 0

Notice that ( f Ot e*I'(X,)o,dW,) is a uniformly square integrable martingale. Thus, the limit

© —s7/ . 7 . .
f e~ I'(X,)o,dW, exists a.s. As I” is continuous except at points —2§;, and 26, an extended
Ito’s formula (see, e.g., Protter [5, Thm.71,Chap.IV]) implies

T
Ah<1,_, K" {e_TI (x.) —e %1 (Xy) +J e I(X,)ds
6

—J e_SI’(XS)bsds—f e_sI'(Xs)adeS}. (26)
0

0

In view of (20) we have |I(X,)| < C5; even on the random set {T = +o0}. In addition,

E|:1T<OOJ esI(Xs)ds:| < E{IKOOJ eSII(Xm)Ids}
0 0

+00
+E {1@4 e‘II(Xs)—I(Xm)Ids} .
0

The first expectation is bounded from above by C &}, since, for all integer k such that 8 < kh < 7—h,
one has |X;| < 1+ 6. The second one is obviously bounded from above by C+vh. Thus,

E(A") < CO,E (1gasooe™®). 27)

An upper bound for B". Setting M, := f; o,dW,, one has

T

B" < 10<+oof e " 15, too)
0

X, — X, [)ds

T

6_"31[5h,+oo)(|Xs+e —an+e{)d5

e 1[5, 4oo) (

e’ 1[5;,—Kh,+oo) (|Ms+9 - Mns+9 D ds

= 19<+oo

e_ef

0
-0

= 19<+ooe f

0

e_ef

0

)

s+6
J budu + Ms+9 - Mns+9
ns+6

-0
+00
+00

=< 19<-§-oo
+00
) —
S VRN f e " 115, /2,400) (}Ms+9 _Mm+9D ds,
0

where we have used (8) and h is assumed small enough. We now successively use the Cauchy-
Schwarz, Jensen and Bernstein inequalities (see, e.g., Revuz and Yor [6, Ex.3.16,Chap.IV] for the
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Bernstein inequality for martingales):

2
EBh < VE(10<+00 6)2 E € n‘l[éh/z +00) ({M5+«9 Mns+9|) ds)

S VE (Tg<ioe 9) ]E € " 15,2, +00) (|M5+9 _Mns+eD ds)

<VE (1geine 9)\/j e P sup |Mu_Mm+9| > %) ds

(28)
T)‘+9<u<s+6’
1 &2
S CVE (lpciooe 9)\/]() e~ s exp (—@#‘) ds
-6 1 —2¢
S CVE (1g<yne™) exp _16K2h .
One then deduces (18) from (21), (23), (27) and (28). O

5 End of the proof of Theorem 1.1

We apply Lemmas[4.1]and[3.1]and the equality and deduce

h

+00 Ix 4
hiE Ze_phl[—éh,ﬁh](Xph) :ZE 19£[<+oof e " 1i-5,,5,1(Xy, )ds
p=0 p=0 951
+oo N
-6
<6, > B (1geime™®)
p=0

+00 1 3
<Céoé _
- ’;;, (cosh(m) ’

which ends the proof of Theorem

6 Proof of Theorem

In the finite horizon setting, we do not need to localize by means of an appropriate sequence of
stopping times as in the preceding section. We may start from

N, Ny
E (hZf(ph)lf—5h,5h](Xph)) = ZE (J
p=0 p=0

ph

(p+1)h

f(ﬂs)l[—sh,sh](Xm)ds) . 29



On mean numbers of passage times in small balls of discretized Ito processes

311

In view of (22) we have

Ny
E (hZf(ph)l[_g,,,g,,](xph)) <E U
p=0 0

f(ns)l[—zah,zah](xs)ds) + ) E (Dﬁ)

. e (30)
= A1)+ E (DZ) )
p=0
where for all p € {0, ..., N}
(p+Dh
Dh:= J:vh F(1 5,5, (X )R\ [-25,,25,] (X )ds. (31)

An upper bound for A"(T).
In view of (9), as the function f is increasing, one has

T
ANT) <K’E (f f(S)l[—zah,zﬁh](Xs)deS) .
0

Since we may have liTr? f(s) = 400, the proof of Lemmal[4.1 does not apply.

Set 7, :=inf{s > 0 : X; —y = 0}. The generalized occupation time formula (see, e.g., Revuz and
Yor [6, Ex.1.15,Chap.VI]) implies that

T T
E (J f(S)l[—zah,mh](Xs)UszdS) ZJ dy 1 35,25, (Y)E (f f(S)dLsy(X))
0 R 0

T
ZJ dy 1 5,25, (Y )E (1Ty<Tf f(s)dLsy(X)) )
R Ty

where {L)(X) : s €[0,T],y € R} denotes a bi-continuous cadlag version of the local time of the
process (X;);>o-

Our aim now is to bound from above E (1¢y5T fTT f(s)dL} (X)) uniformly in y in [—26,26,]. It
y

clearly suffices to show that there exists a constant C; depending only 8, K and T, such that

T
E U f(s)de(Y)) <Cy, (33)
0

where the semimartingale Y is defined as Y :=X — y.

Because f is not square integrable over [0, T), we arbitrarily choose ¥ > 0. Now f is square
integrable on [0, T — v] and the function t — f Ot f (s)dL?(Y) is the local time of the local semi-
martingale

(32)

{f(g)Y,, t€[0,T 7]},

where g, ;= sup{s <t : Y, = 0} (see, e.g., Revuz and Yor [6, Sec.4,Chap.VI]). The Stieltjes
measure induced by the function s — f(g,) has support & :={s >0 : Y, = 0}, and therefore

T—y
f [Ygldf(ge) =0,
0
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so that It6-Tanaka formula implies
T—y T—y
E ( f(s)dL?(Y)) =E (If (gr_)Yr_y|) — f(g0)l¥o| ~E U f(gs)sgn((Ys))dYs) e
0 0
Apply Theorem 4.2 of Chap.VI in [6]. It comes:

T—y
E (If (gr_)¥r,|) =E (| £(O)Y, + f f(g)dY, |) ,
0

from which

T-y T—y
E (If (gr_)¥r_4l) <I F(O)Y, | +E (| f f(g)o,dW, |) +E (| f f(s)byds |)
0 0

1 (35)
T 2
<Cp+K? U E(f2(g,)) ds)
0
Coming back to (34) we deduce
T—y T 2
E (J f(s)dLSO(Y)) <Cr+K? U E(£(s)) ds)
0 0
Thus, as § > 1 by assumption, (33) will be proven if we can show that
T
J E [£?(g,)] ds < +oo, (36)
0

where P is the probability measure defined by a Girsanov transformation removing the drift of
(Y, 0<t<T).
Set A(t) := (Y),. Observe that

sup{f <s; Y, =0} =A""! (sup{@ S A(s); Ya) = 0}) .

In addition, the Dubins-Schwarz theorem implies that there exists a P-Brownian Motion (B)eso
such that Y; = B,,). Therefore,
d

[

=P [sup{t <A(s) : B, =0} > A(W)]
[
[

sup{t<A(s) : XA_1(I)=O}

%

Plg,>u] =P

=P |inf{t > A(w) : Bt=0}§A(s):|
inf{t >0 : Yu+Bu+t—]§u=O}§Kz(5—u)],

from which

. [ e y?
Plg,>u] <E J Y, |exp (——“)d@
0 2103 20

B, v?
==l

IA
(@)
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For 0 <v <s set

mo=— | T,
T, 2K (s—-0)

2

It6’s formula applied to h(v,y) = yields

S—V

Y2 vg "2y, Yg v
=4 dv, + do+ | ——d(Y),
o S—6 0 0o S—0

(s —0)

S—V S

and then

v2< 1VY92d91V1d<Y>
Ak (s—v) T aK? ), -0 4K2 | s—0 '

Therefore, using (9),

& Y? _E 1 1
[EXP (—m)} = [GXP { (mv - 5(m)v) + E(m>v}

! Yg Tod(Y),
ool -] sorrere |, W
<]E{exp{(m —l(m) )+1JVY—92d Y
- vo2n 2 ), 4K*(s—0)?
Y Y? o de
EXP{_JO 4K2(s—9)2d9_J; 4K*(s — 0)
<I~E{exp{(m —l(m) )-i—JVY—GZ
= ooy o 8K2(s—0)?
|, e oo (-] wiea
o 4K%(s—6)? o 4K (s—6)
SINE[exp (m —l(m) )]exp (—JWL
vV o 4K —6)

from which

& Y? - 1 (" do\ [(s—v\#
xp C4K2(s —v) =GP\ T 0 s—6 _( s ) ’
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As f is increasing, we deduce

F2(s)

E[f*(g)] = f ﬁ P£2(g,) > u] du+ £2(0)
f2£(0)

f2(s)
- f P2 > (7)) du+ £2%(0)
f

2k (0)

_ f B (g, 2 v] 262 (0)f (dv + £2(0)
0
1

<Cy f (s;v)4K4fzﬁ‘l(v)f’(v)dwfzﬁ(oy
0

Therefore, using the Fubini-Tonelli theorem for positive functions and the hypothesis (5), we get

S—V

a1
- ) Y ds + ¢, TF(0)

T T T
f E(fzﬁ(gs))dssch dv 2P w)f'(v) f (
0 v

0

T
dv 1 37
<Cr J ——fTN W T =)+ Cp TF2P(0)
0 Kt
< +00.
In view of (32), (33), (36), and (37), we deduce that
AY(T) < Cy 6y, (38)

An upper bound for Dg. We proceed as in the proof of Lemma[4.1. We recall that M, := f; o, dw,.
The main modification is the following one: As

h
DZ < L f(Ph)l[Eh/2,+oo) (|Ms+ph - MPhD ds,

we deduce

h
]EDZ S E (J;) f(ph)lsupoﬁu£s|Mu+pllMph|26h/2d8)

h
S f(ph)]E (L lsup0<u<s|Mu+ph_Mph|25h/2ds) (39)
<CFoh) 1 62
= CIphexP | ~ 16,

< Chf (ph)5,.
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From (30), (38), and (39), we deduce that

Ny Ny
hE (Zf(ph)l[_ah,ah](xph)) < Cr 8y +C8y Y hf (ph)
p=0 =

p=0

T
SCT6h+CShJ f(s)ds
0
< Cr6p.

This ends the proof of Theorem|T.2.

7 Appendix

In this section, we shortly explain why our sharp estimates are useful in the convergence rate
analysis of discretization schemes for stochastic differential equations with irregular coefficients.
Consider a standard stochastic differential equation with smooth coefficients b and o. Denote
by P, the transition operator of the solution (X,). Let (X ?) be the Euler discretization scheme
with step-size h. A now classical result (see Talay [7]) is that, for all smooth function f, or all
measurable function f under an hypoellipticity condition,

3C >0, Vn>1, Ef(X%)—Ef(X;) = Ch+ o(h?).

A preliminary step in the proof consists in getting the following expansion:
A N,
Ef (X)) - Ef () =2 Y Ew (ph, X1, ) + 3 R (40)
p=0 p=0

here we have set Nj, := [T /h] — 1 and
Ry, :=Ef(X}) — E(Pf)(X]_,);

for all p < n— 1, the function ¥(ph, -) can be expressed in terms of the functions b, o, u(ph,-) :=
Pr_,,f(+) and their derivatives up to order 5; R’; is a sum of terms, each one of the form

(p+Dh ps; sy
E [wi(x};h) f f (kX )0uulss, XI) + 1 (X, )B,u(ss, X, dsydsdsy |
ph ph Jph

with |a| < 6; the functions ¢]’s, wg’s, @i’s are products of functions which are partial derivatives
up to order 3 of b and o.
A next step in the proof consists in proving that

3C>0, Vh<1, max |R"|<CH,

0<p<N,-1 P

either by using the smoothness up to T of the function u(s,x) when f is smooth, or by using
Malliavin calculus techniques when f is measurable only. In both cases, the smoothness of b and
O is necessary.
When b or o are locally discontinuous, the derivatives of u(s, x) may explode around their singu-
larities. In order to prove that, however, the convergence rate of Euler type schemes is not worse
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than h'/27¢, one needs to modify (40) by considering the event A}; = [X z};h € 6", where ¢" is
a neighborhood of the singularities whose size depends on h: to summarize long and technical

calculations, one expands u((p + 1)h,X?p+1)h) - u(ph,X;‘h) only when A}(Ip-!-l) or A’; do not occur; if

A’E‘p +1) and AZ occur, one needs to take into account sharp estimates on ]P’(AZ). In the case where
the generator of (X,) is a divergence form operator with a discontinuous coefficient, one even has

to get sharp estimates on
Ny

1
;\/T—ph

1
where the extra factor ——— comes from the explosion rate in time of the spatial derivatives
T —ph
of u(T — t, x) near the singularities of o (see Martinez and Talay [4] for details).

IP(A’; )
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