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Abstract

We present an investigation of rotating convection in non-uniformly stratified spherical
shells in dependence on Prandtl, Ekman and Rayleigh numbers. Attention is focused on
the case in which the thickness of both sublayers (stable and unstable) is identical, which
was not investigated before. Influence of stratification is more evident at small values of
Rayleigh numbers (large values of Ekman numbers), at large Rayleigh numbers is almost
negligible. For small Rayleigh numbers in the case of uniform stratification a large-scale
columnar convection is developed in the whole volume, in the case of non-uniform
stratification it is suppressed to the unstably stratified region but slightly penetrates to the
stably stratified one, except the case of large Prandtl numbers when the convection
significantly penetrate to the stably stratified region. The spiralling nature of convection
is a dominant feature at moderate Prandtl numbers, the strong spiralling is typical at small
Prandtl numbers but it disappears at large Prandtl numbers. For large Rayleigh numbers
(small values of Ekm developed. The multilayer convection (" "teleconvection") is not
developed in our case of non-uniform stratification because of the significant amount of
stable stratification. Our case is a typical extreme case. It is dissimilar to both cases if the
stably stratified sublayer is thinner than the unstably stratified one and if the unstably
stratified sublayer is thinner than the stably stratified one.

Keywords
rotating convection; non-uniform stratification; penetrative convection; small-scale
structures
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1 Introduction

The Earth’s and planetary fluid interiors are characterized by convective mo-
tions. Convection (magnetoconvection) constitutes the driving mechanism of
hydromagnetic processes leading to magnetic field generation [15]. Buoyancy,
the fundamental source of convection or magnetoconvection [11], results from
the complicated processes going on in the Earth’s and planetary fluid interi-
ors, e.g., a chemical homogenisation, gravitational differentiation, solidification
processes acting on the inner core boundary (e.g., the convection in the mushy
layer due to the mentioned solidification processes, see [9]), etc. Consequently,
the outer liquid Earth’s core and the liquid interiors of Giant planets are non-
uniformly stratified (this means density stratification, see [8, 24]).

In general, it is assumed that the upper part of the outer liquid Earth’s core
(close to the core-mantle boundary!) is stably stratified (subadiabatic radial
temperature gradient) and the lower part (towards the inner core boundary?)
unstably stratified (superadiabatic radial temperature gradient). The idea of “a
stably stratified ocean” at the top of the outer Earth’s core was firstly intro-
duced by [1]. Models of a non-uniformly stratified fluid shell are an acceptable
simplification of the real Earth-like conditions. In the Earth’s core the stably
stratified sublayer is probably very thin (the outer Earth’s core is almost un-
stably stratified, see [1, 8, 24, 16, 17, 21]). Such a stratification is probably
typical for the terrestrial planets [24, 20, 21]. However, in the other planets the
ratio of the thickness of the appropriate sublayers (e.g., of the stably stratified
to unstably stratified sublayers) and their geometric configuration vary. This is
noticeable especially with the Giant planets [19, 20, 24, 21].

Non-uniform stratification can be simulated thermodynamically also in the
Boussinesq models by means of internal heat sources [24, 16, 17]. If the stably
stratified sublayer is very thin (for a geometric configuration stable/unstable),
then behaviour is close to the case of uniform stratification when the whole layer
is unstably stratified. Likewise, if the unstably stratified sublayer is very thin,
then behaviour is close to the case of uniform stratification when the whole layer
is stably stratified. Thus, the effects of non-uniform stratification are noticeable
if the thicknesses of the stably and unstably stratified sublayers are comparable
[24, 16, 17, 18].

The study of hydromagnetic dynamo action in Mercury provides another
good example of the influence of a stably stratified sublayer [6]. Mercury is
characterized by a weak magnetic field. A possible explanation could be given
by a hydromagnetic dynamo working in the similar geometric configuration as
in our study (stable/unstable) but in this case a larger fraction of spherical shell
is stably stratified [6]. In such a case the (magneto)convection and the dynamo
action are strongly suppressed in the upper stably stratified sublayer, i.e. mag-
neto(convection) and dynamo run in the small unstably stratified sublayer (close
to ICB). Such weak dynamo action and skin-effect (the magnetic field gener-
ated in the unstably stratified sublayer permeates through the stably stratified

Lhereinafter referred to as CMB
2hereinafter referred to as ICB
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sublayer where it is damped due to skin-effect) lead to the weak magnetic field
observed on the surface of Mercury [6].

For a different geometric configuration the influence of a non-uniform strat-
ification is fundamental [19, 20]. They assumed reverse stratification, i.e. the
stably stratified sublayer is surrounded by the unstably stratified one. This
configuration leads to non-dipolar and non-axisymmetric magnetic fields, which
are typical e.g., for Uranus and Neptune.

The case, in which the thickness of both sublayers is the same, was not
investigated in previous studies (e.g., [24, 16, 17, 18]). Consequently, we located
the change of the sign to the middle of the convective shell. A convection in
rotating non-uniformly stratified spherical fluid shells was studied in dependence
on Prandtl, Ekman and Rayleigh numbers. The model and governing equations
are given in Section 2. The numerical results are presented in Section 3. Finally,
Section 4 provides the conclusions.

2 Governing equations and model

Convection (with the velocity V) of incompressible fluid in the Boussinesq ap-
proximation in a non-uniformly stratified spherical shell (r; < r < r,) rotating
with angular velocity €2 is described by the system of dimensionless equations:

E<%_Y+(V.V)V—V2V)+21z><V+VP—Ra£T’ (1)
To

T 1

L (V-WT=—VT+H 2

8t+( V) PTV +4, )

V-V=0 ®)

The radius of the outer sphere L, is the typical length scale, which makes the
dimensionless radius r, = 1; the inner core radius r; is, similar to that of the
Earth, equal to 0.35. (r, 0, ¢) is the spherical system of coordinates, 1, is
the unit vector. The typical time, ¢, is measured in the unit of L?/v, typical
velocity, V, in v/L, temperature, T, in AT, and pressure, P, pv?/L% The
dimensionless parameters appearing in Egs (1)-(3) are the Prandtl number,
P, = v/k, the Ekman number, F = v/QL? and the modified Rayleigh number
R, = agoATL/Qu, where k is thermal diffusivity, v is kinematic viscosity, p is
density, « is the coefficient of thermal expansion, AT is the drop of temperature
through the shell and g¢¢ is the gravity acceleration at r = r,.

Eqgs (1)-(3) are closed by the non-penetrating and no-slip boundary condi-
tions for the velocity field at the rigid surfaces and fixed temperature boundary
conditions.

The last term in Eq. (2), H, constitutes the internal heat sources (it is
the non-dimensional volumetric heat source strength), which enable simulat-
ing thermodynamically the various stratification of the spherical shells also in
the Boussinesq models. The outer sphere was assumed to be stratified non-
uniformly (it is divided into stably and unstably stratified sub-shells) with con-
stant temperature T; = 1 and T, = 0 at the inner and outer boundaries of the
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shell, respectively. The width of both sub-shells was considered the same, i.e.
0T /Or changes its sign in the middle of the convective shell, r,,, = (r; +1,)/2.
It is accomplished if H = —23P!. Let us describe why we used this value. The
non-uniform stratification is considered due to internal heat sources and in the
basic state Eq. (2) gets the form

1 2 _
VT + H=0. (4)

T

If we solve Eq. (4) considering T; = 1, T, = 0 and 9T /0r = 0 at r = 1, we
obtain H = —23PL.

3 Numerical results

Egs (1)-(3) were solved using the MAG dynamo code [12, 13, 14,4, 5, 7]. It is a

serial version of Gary Glatzmaier’s rotating spherical convection/magnetoconvection/dynamo

code, modified by Ulrich Christensen and Peter Olson. The code solves the
non-dimensional Boussinesq equations for time-dependent thermal convection
in a rotating spherical shell filled with an electrically conducting fluid. MAG
uses toroidal-poloidal decomposition for velocity and magnetic field with ex-
plicit time steps. Linear terms are evaluated spectrally (spherical harmonics
plus Chebyshev polynomials in radius) and nonlinear terms are evaluated on
a spherical grid (for more details, see [12, 13, 14, 4, 5, 7]). The computations
were performed on the Sun Grid Engine (LUNA) at the Institute of Physics,
Academy of Sciences of CR, Prague; the Nemo cluster (SGI) and PC clusters
at the Institute of Geophysics, Academy of Sciences of CR, Prague.

Dependence of solutions on various values of the Prandtl number, P,, the
Ekman number, F, and the Rayleigh number, R,, was investigated. Computa-
tions started from zero initial velocity and were performed for P, = 107!, 1, 10;
E =1073,10"°% and R, = 250,600 (for E = 10~3) and R, = 5000, 15000 (for
E =1075). The Prandtl number, the ratio of the thermal diffusion time to the
viscous one, is the most significant dynamic factor in our study. According to
the value of P,, it is possible to split the solutions to three qualitatively differ-
ent groups, i.e. convection at low Prandtl numbers, P. = 1 and large Prandtl
numbers.

3.1 Prandtl number P, =1

Let us start with the most used value of P,.. In the case of P, = 1 the char-
acteristic thermal diffusion time is equal to the characteristic viscous diffusion
time (7, = 7,), i.e. thermal and viscous diffusion processes equally affect the
dynamics of convection. Dependence of the mean kinetic energy, Fy, on R,, F
and the type of stratification (uniform and non-uniform) for P, = 1 is given in
Fig. 1. In the case of uniform stratification the whole shell is unstably stratified.

E); increases for given E with increasing of R, and also increases with a
decreasing of E (the last one is given by the increasing of the critical Rayleigh
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Figure 1: Dependence of the mean kinetic energy, Ej, on the Rayleigh number,
R,, the Ekman number, E, and the type of stratification (uniform - UNI and
non-uniform - NON-UNI) for P, = 1.

number, R., with decreasing of E). The dependence of Ej on the type of
stratification is weak, almost negligible (see Fig. 1).

The typical space distributions of the radial velocity field component, V.
are presented in Fig. 2, Z-vorticity in Fig. 3 (equatorial sections) and the
azimuthal velocity field component, V, in Fig. 4 (axi-symmetrical meridional
sections). All the figures are snapshots done at time ¢t = 3.5 (3.5 time units).
Fig. 2 (and the corresponding Figs. (6) and (10)) were done using the value
of r = 0.69 which lies in the stable region but close to the interface r = 7,
(rm = 0.675). Consequently, we used the value of r practically equal to 7.
Dependence on the type of stratification is now more evident than of Ej, (see
Figs. (2-4)). It is more visible for small values of R, (large values of E), for
large values of R, (small values of F) is almost negligible. For small values
of R, in the case of uniform stratification, a large-scale columnar convection is
developed in the whole volume, while in the case of non-uniform stratification
it is suppressed to the unstably stratified region but slightly penetrates to the
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Figure 2: Space distributions of radial velocity field components V. at r = 0.69
for the cases of uniform (top) and non-uniform (bottom) stratification, and for
R, = 250,600 (both for E = 10~3), R, = 5000, 15000 (both for E = 10~5)
and P, =1 (from left to right). Red (blue) colours indicate positive (negative)
values. Minimal and maximal values for the first line are (-48, 48), (-136, 136),
(-261, 261), (-791, 791), and for the second line (-78, 78), (-173, 173), (-296,
296), (-905, 905). Snapshots at t = 3.5.

stably stratified one (see Figs. (2-3)). This behaviour is known from previous
analyses [24, 16, 17, 3]. Increasing R, it is possible to observe a transition from
the large-scale convection to the small-scale convection (Figs. (2-4) from left to
right). The vorticity is the much larger in the cases of high Rayleigh numbers
(see Fig. 3). For E = 10~° and R, = 5000, 15000 only a small-scale convection
is developed.

The spiralling cross section of the columns as a dominant feature at mod-
erate Prandtl numbers, causes the Reynolds stress whose action generates a
differential rotation, i.e. the spiralling cross section of the columns causes a
differential rotation [3, 22]. This feature, observable for small values of R,, is
in our case for large values of R, unseen. Some irregularities in the spiralling
structure of columnar convection could be probably caused by the differential
rotation, so-called “active” and “quiet” zones [3]. Let us briefly comment our
lack of columnar structures at lower values of E, when for similar values of the
Rayleigh numbers, a convection at E = 10~° would be much more columnar
than convection at £ = 1072, Our values of R, are very large in the case of
E = 1075, so large that the effect of rotation is scarcely visible (buoyancy forces
are much stronger than Coriolis forces). This is apparent in Fig. 2. Plots of a
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Figure 3: Equatorial sections of Z-vorticity for the cases of uniform (top) and
non-uniform (bottom) stratification, and for R, = 250, 600 (both for E = 1073),
R, = 5000,15000 (both for E = 107°) and P. = 1 (from left to right). Red
(blue) colours indicate positive (negative) values. Minimal and maximal values
for the first line are (-108, 108), (-115, 115), (-349, 349), (-864, 864), and for
the second line (-113, 113), (-123, 123), (-401, 401), (-957, 957). Snapshots at
t=3.5.

meridional cross-section of the radial velocity (not axi-symmetric just any sec-
tion) would make it clearer whether the convection has a columnar structure or
not.

The multilayer convection (“teleconvection”) is not developed in our case
of non-uniform stratification because of the significant amount of stable strat-
ification. An excitation of toroidal motions in the outermost part of the shell
(“teleconvection”) is a consequence of the radial stratification, without which
they cannot take place, and is possible if the unstable stratification dominates
over the stable one [24, 3].

3.2 Low Prandtl numbers

In the case of low Prandtl numbers (P, < 1) the characteristic thermal diffusion
time is smaller than the characteristic viscous diffusion time (7, < 7,), ie.
thermal diffusion processes dominate over viscous ones. Inertial modes become
important (see left side of Eq. (1), where the inertial term is not negligible in
comparison with the viscous one). The main difference between convection at
P = 107" (we put P = 10! in the case of low Prandtl numbers) and P = 1
occurs at the transition between regular and irregular patterns [2]. Dependence
of the mean kinetic energy, Fj, on R,, E and the type of stratification (uniform
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Figure 4: Axi-symmetrical meridional sections of azimuthal velocity field com-
ponents V,, for the cases of uniform (top) and non-uniform (bottom) stratifica-
tion, and for R, = 250,600 (both for E = 10~2), R, = 5000, 15000 (both for
E =107%) and P, = 1 (from left to right). Red (blue) colours indicate positive
(negative) values. Minimal and maximal values for the first line are (-18, 18),
(-47, 47), (-89, 89), (-264, 264), and for the second line (-27, 27), (-61, 61), (-96,
96), (-304, 304). Snapshots at ¢t = 3.5.

and non-uniform) for P, = 107! is given in Fig. 5.

E), again increases for given E with increasing of R, and also increases with
a decreasing of E. The dependence of Ej on the type of stratification is again
weak, almost negligible, but for E = 10=° and R, = 15000 is strong (see Fig.
5).

The typical space distributions of the radial velocity field component, V.
are presented in Fig. 6, Z-vorticity in Fig. 7 (equatorial sections) and the
azimuthal velocity field component, V,, in Fig. 8 (axi-symmetrical meridional
sections). All the figures are snapshots done at time ¢ = 3.5. Dependence on
the type of stratification is now again more evident than of Fj (see Figs. (6-
8)). For R, = 250 (left columns) and R, = 15000 (right columns) it is strong
(except for the radial component of velocity, V;, displayed in Fig. 6 where
it is weak). In the case of uniform stratification for R, = 250 a large-scale
columnar convection with the strong spiralling nature is developed in the whole
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Figure 5: Dependence of the mean kinetic energy, Ej, on the Rayleigh number,
R,, the Ekman number, E, and the type of stratification (uniform - UNI and
non-uniform - NON-UNI) for P, = 10~

volume, in the case of non-uniform stratification it is again suppressed to the
unstably stratified region (shifted out from CMB) but slightly penetrates to the
stably stratified one (see Figs. (6-7)). The spiralling character of a columnar
convection causes a differential rotation [2, 22]. For R, = 15000 it is possible to
observe a small-scale convection without a strong spiralling because this value
of R, is far more strongly supercritical, and buoyancy forces are much stronger
than Coriolis forces.

3.3 Large Prandtl numbers

In the case of large Prandtl numbers (P, > 1) the characteristic thermal diffusion
time is greater than the characteristic viscous diffusion time (7, > 7,), i.e.
viscous diffusion processes dominate over thermal ones. The typical difference
between convection at P, = 1 and P, = 10 (we put P = 10 in the case of
large Prandtl numbers) is that the convection columns retain their alignment
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Figure 6: Space distributions of radial velocity field components V,. at r = 0.69
for the cases of uniform (top) and non-uniform (bottom) stratification, and for
R, = 250 (for E = 1073), R, = 15000 (for £ = 10~7) and P, = 10~ (from
left to right). Red (blue) colours indicate positive (negative) values. Minimal
and maximal values for the first line are (-807, 807), (-2621, 2621), and for the
second line (-779, 779), (-1440, 1440). Snapshots at ¢ = 3.5.

with the axis of rotation with increasing P,, but the spiralling nature of their
radial orientation disappears [3]. As P, increases the influence of the differential
rotation, which dominates the evolution of the convection columns for P, of the
order unity and bellow diminishes rapidly [3].

As in previous cases Ej increases for given E with increasing of R, but its
increasing with a decreasing of F is not so strong as for P. = 1 and P, < 1.
The dependence of Ej, on the type of stratification is strong for E = 103 but
for E = 107° it is weak, almost negligible (see Fig. 9).

The typical space distributions of the radial velocity field component, V.
are presented in Fig. 10, Z-vorticity in Fig. 11 (equatorial sections) and the
azimuthal velocity field component, V,, in Fig. 12 (axi-symmetrical meridional
sections). All the figures are snapshots done at time ¢t = 3.5. Dependence on the
type of stratification is now again more evident than of Ej (see Figs. (10-12)).
For R, = 250 (left columns) it is strong but for R, = 15000 (right columns) it
is weak (except for the azimuthal component of velocity, V,, displayed in Fig.
12 where it is strong). For R, = 250 a convection is developed in the whole
volume in the both cases of uniform and non-uniform stratifications. It is inter-
esting that in the case of non-uniform stratification the convection significantly
penetrates to the stably stratified region (it is not suppressed to the unstably
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Figure 7: Equatorial sections of Z-vorticity for the cases of uniform (top) and
non-uniform (bottom) stratification, and for R, = 250 (for E = 1073), R, =
15000 (for E = 1075) and P. = 107! (from left to right). Red (blue) colours
indicate positive (negative) values. Minimal and maximal values for the first line
are (-1203, 1203), (-4095, 4095), and for the second line (-1128, 1128), (-2114,
2114). Snapshots at t = 3.5.

stratified one as it is typical for P, = 1 and P, < 1, see Figs. (11), (3), (7)).
For R, = 15000 it is possible to observe a small-scale-convection (similarly as
in previous cases). The azimuthal flow is generally weaker at high values of P,
than low ones (see Figs. (4), (8), (12)).

4 Conclusions

A density stratification plays a significant role in the astrophysical and geophys-
ical processes. It is an important dynamical factor in the processes acting in
planetary atmospheres (e.g., [10]), planetary interiors (e.g., [1, 19, 20, 24, 21, 6,
16, 17]), etc.

A systematical parameter study of rotating convection in uniformly and
non-uniformly stratified spherical shells in dependence on Prandtl, Ekman and
Rayleigh numbers was done e.g., in [24, 2, 3]. Our attention is focused on the
case when the thickness of both sublayers (stable and unstable) is the same.
Such a case was not investigated in previous studies (e.g., [23, 24, 16, 17, 18]).
It is true that neither planet nor satellite with this geometric configuration has
been observed. Nevertheless, it is interesting to investigate such a case in order
to answer a question whether its behaviour is closer to the case of a stable
stratification or an unstable one. Thus, we investigate our model in dependence

10
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Figure 8: Axi-symmetrical meridional sections of azimuthal velocity field compo-
nents V,, for the cases of uniform (top) and non-uniform (bottom) stratification,
and for R, = 250 (for E = 1073), R, = 15000 (for E = 107°) and P, = 10~!
(from left to right). Red (blue) colours indicate positive (negative) values. Min-
imal and maximal values for the first line are (-271, 271), (-876, 876), and for
the second line (-262, 262), (-485, 485). Snapshots at ¢ = 3.5.

on Prandtl, Ekman and Rayleigh numbers, and the type of stratification (in
order to compare an influence of a non-uniform stratification, we investigated
also the case of an unstably stratified shell).

The Prandtl number is the most significant dynamic factor in our study.
Consequently, we split the solutions to three qualitatively different groups, i.e.
convection at low, moderate and large Prandtl numbers. The mean kinetic
energy, Ey, increases for given F with increasing of R, and also increases with
a decreasing of E (the last one is given by the increasing of the critical Rayleigh
number, R., with decreasing of E). The dependence of Ej on the type of
stratification is weak, almost negligible except the cases of E = 107°, R, =
15000 for P, = 107! and E = 1073 for P, = 10 when it is strong (see Figs.
(1), (5), (9)). Dependence on the type of stratification is more evident on the
typical space distributions of the velocity field and vorticity, mainly for small
values of R, (large values of F). For large values of R, (small values of F) is
almost negligible. For small values of R, in the case of uniform stratification a

11
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Figure 9: Dependence of the mean kinetic energy, Ej, on the Rayleigh number,
R,, the Ekman number, E, and the type of stratification (uniform - UNI and
non-uniform - NON-UNI) for P, = 10.

large-scale columnar convection is developed in the whole volume, in the case
of non-uniform stratification it is suppressed to the unstably stratified region
but slightly penetrates to the stably stratified one, except the case of P. = 10
when the convection significantly penetrates to the stably stratified region (it
is not suppressed to the unstably stratified one). The vorticity is the much
larger in the cases of high Rayleigh numbers for all P, (see Figs. (3), (7), (11)).
The azimuthal flow is generally weaker at high values of P, than low ones (see
Figs. (4), (8), (12)). The spiralling cross section of the columns which causes a
differential rotation, is a dominant feature at P, = 1 and becomes stronger at
P, = 1071, but it disappears at P, = 10. For large values of R, (small values
of E) only a small-scale convection is developed (it is possible to observe small-
scale structures). However, it is necessary to remark again that our values of R,
for E = 1075 are far more strongly supercritical, and buoyancy forces are much
stronger than Coriolis forces (the effect of rotation is scarcely visible). This is
apparent in Figs. (2) and (6), where the results for E = 10~5 have no columnar

12
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v

Figure 10: Space distributions of radial velocity field components V,. at r = 0.69
for the cases of uniform (top) and non-uniform (bottom) stratification, and for
Ry = 250 (for E = 103), R, = 15000 (for E = 10~5) and P, = 10 (from left
to right). Red (blue) colours indicate positive (negative) values. Minimal and
maximal values for the first line are (-5.5, 5.5), (-38, 38), and for the second line
(-14, 14), (-42, 42). Snapshots at ¢ = 3.5.

structure, but instead resemble non-rotating convection, e.g., no spiralling even
at low P, (which is characterized by strong spiralling) in the rightmost figures
of Figs. (3) and (7). Consequently, the plots of a meridional cross-section of
the radial velocity would make it clearer whether the convection has a columnar
structure or not.

The multilayer convection (“teleconvection”) is not developed in our case of
non-uniform stratification because of the significant amount of stable stratifica-
tion.

Our results are in agreement with previous analyses done in the uniformly
(e.g., [2]) or non-uniformly stratified spherical shells (e.g., [23, 24, 16, 17, 18, 3]).
The convective motions were qualitatively described in [23, 24, 3], etc. We
showed that the case characterized by the identical thicknesses of both sublayers
is a typical extreme case. It is dissimilar to the case if the stably stratified
sublayer is thinner than the unstably stratified one (although the convection
penetrates to the stably stratified sublayer, it is more suppressed to the unstably
stratified sublayer than in the case if r,, is closer CMB) and also dissimilar to the
case when the unstably stratified sublayer is thinner than the stably stratified
one (although the convection is significantly suppressed to the unstably stratified
sublayer, still penetrates to the stably stratified sublayer more than in the case
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Figure 11: Equatorial sections of Z-vorticity for the cases of uniform (top)
and non-uniform (bottom) stratification, and for R, = 250 (for E = 1073),
R, = 15000 (for E = 107°) and P, = 10 (from left to right). Red (blue) colours
indicate positive (negative) values. Minimal and maximal values for the first line
are (-8.3, 8.3), (-54, 54), and for the second line (-21, 21), (-65, 65). Snapshots
at t = 3.5.
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Figure 12: Axi-symmetrical meridional sections of azimuthal velocity field com-
ponents V,, for the cases of uniform (top) and non-uniform (bottom) stratifica-
tion, and for R, = 250 (for E = 1073), R, = 15000 (for E = 107%) and P, = 10
(from left to right). Red (blue) colours indicate positive (negative) values. Min-
imal and maximal values for the first line are (-2.05, 2.05), (-12.71, 12.71), and
for the second line (-4.61, 4.61), (-14.23, 14.23). Snapshots at ¢ = 3.5.
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if r,, is closer ICB).
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