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Essential self-adjointness
for combinatorial Schrodinger operators
I- Metrically complete graphs

Nabila Torki-Hamza *

Abstract

We introduce the weighted graph Laplacian A, . and the notion of
Schrodinger operator of the form A, + W on a locally finite graph G.
Concerning essential self-adjointness, we extend Wojciechowski’s and Dodz-
iuk’s results for graphs with vertex constant weight. The main result in this
work states that on any metrically complete weighted graph with bounded
degree, the Laplacian A, .. is essentially self-adjoint and the same holds for
Schrodinger operators provided the associated quadratic form is bounded
from below. We construct for the proof a strictly positive and harmonic
function which allows us to write any Schrodinger operator A; , + W as a
Laplacian A, . modulo a unitary transform.

1 Introduction

This work is the first of a series of three articles (the others are [5] et [6]) dealing
with spectral theory of Laplacians and Schrodinger operators on infinite graphs.
We extend for infinite graphs some classical results of Laplacians and Schrodinger
operators on non compact Riemannian manifolds.

One of the main results, Theorem 6.2, states that the Laplacian of a metrically
complete weighted graph with bounded degree is essentially self-adjoint. Theo-
rem 1.3.1 in [25] and Theorem 3.1 in [12] are Corollaries of this result. The notion
of completeness used here for the weighted graphs is related to a distance built
according to the vertex weight and the edge conductance. The second article
discusses the non complete case for which we will give conditions of potential
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increasing to insure essential self-adjointness of a Schrodinger operator. And the
third article deals with the case of combinatorial Schrédinger operators with mag-
netic fields.

One of the classical famous questions in mathematical physics is to find condi-
tions of essential self-adjointness for Schrodinger operators. Many works study
this problem in the case of R™. It is mentioned in [1], that the first article in this
topic is that of Weyl [23], and the classical results can be found in the famous
four-books [16] of Reed-Simon.

Later Gaffney proved, in [9] and [10] (see also [3] and [21]), that the Laplacian of
a complete Riemannian manifold is essentially self-adjoint. And it is proved (see
[16], [18] and [19]) that on a complete Riemannian manifold, a Schrédinger oper-
ator is essentially self-adjoint if the potential satisfies a bounded condition. The
Beltrami-Laplacian on a Riemannian manifold has many analogous on graphs:
Laplacians on quantum graphs (see [8], [14], [2]); combinatorial Laplacians (see
4], [25], [11],[12]), or physical Laplacians (see [24]).

In this article, we introduce a different Laplacian, denoted by A, . “the
weighted graph Laplacian”, for a locally finite weighted graph with a weight w on
the vertices and a conductance ¢ on the edges. It generalizes the “combinatorial
Laplacian” of [25] (it is nothing but A;;); as well as the “graph Laplacian” of
[12] (which is Ay ) . This notion had been introduced in the case of finite graphs,
see [4] and [22].

In Section 2, we give immediate properties of the weighted graph Laplacian
A, . and we prove that it is unitary equivalent to a Schrodinger operator: A, , +
W, modulo a diagonal transform.

In Section 3, we prove that if the weight w is constant, the operator A, . is
essentially self-adjoint. The idea is inspired from Wojciechowski’s method [25].
The same procedure can be used to prove that if we add a potential W which is
bounded from below, it stills essentially self-adjoint.

Section 4 consists on building a strictly positive function ® which is harmonic
for a positive Schrodinger operator. We need for this construction a discrete
version of local Harnack inequality, a solved Dirichlet problem and a discrete
minimum principle.

We use such function ®, in Section 5, to prove the important result that every
positive Schrodinger operator is unitary equivalent to a Laplacian.

In Section 6, we consider graphs with bounded degree. For a given Schrodinger
operator A; , + W , we introduce a distance d, on the graph, and we prove that
for a metrically complete weighted graph, the Schrodinger operator Ay, + W is
essentially self-adjoint if its quadratic form is bounded from below. Then we give
a counter-example to show that this Theorem is not a particular case of Theorem
3.2. In the same section, we deduce a similar Theorem for the Laplacian A, . . It
is the main result of this article which is a generalization for metrically complete
graphs of Gaffney’s theorem.



This paper is in fact a translation of [21]. We correct the end of the proof
of Lemma 4.1 and we add Remark 6.4. Furthermore we update some recent
references.

2 Preliminaries

Let G an infinite locally finite connected graph. We denote by V' the set of
vertices and by F the set of edges. If x and y are two vertices of V', we denote by
x ~ y if they are connected by an edge which would be indicated by {z,y} € E .
Sometimes when G is assumed to be oriented, we denote by [z,y] the edge from
the origin « to the extremity y , and by E the set of all oriented edges. It is to
mention that no result depends on the orientation.
The simplest natural infinite locally finite connected graph is the graph N which
is the graph with V=N and E = {{n,n + 1};n € N}.

The space of real functions on the graph G is considered as the space of real
functions on V' and is denoted by

C(V)={f: V—R}

and Cy (V) is its subset of finite supported functions. We consider, for any weight
w: V — R} on vertices, the space

BV)={f: V—0R; Y wlf(x)* <oo}.

It is a Hilbert space when equipped by the scalar product given by

(frg)e =) wif(2).g ()

eV
This space is isomorphic to
l2(V):{f: V—R; Z|f(x)|2 <oo}
eV

with respect to the unitary transform
U,: B(V)— (V)

defined by
U, (f)=wf

which preserves the set Cy (V') of finite supported real functions on V.



Remark 2.1 [f the weight w is constant equal to wy > 0 (ie. for any vertex
x €V, we have w, = wy) , then

5, (V) =1(V) .

Definition 2.1 The weighted graph Laplacian on G with the vertex weight
w: V — R} and the edge conductance ¢ : E — RZ, is the operator on
I2(V) , which is denoted by A, and is given by:

(Boeh) (1) = = 3 ey ( (1)~ £ () (1)

T Y~z

for any function f in 2 (V) and any vertex x in 'V .

Remark 2.2 These Laplacians satisfy elementary properties, some of them are
taken from [{] and [7] :

1. The operator A, . is symmetric on [2 (V) with domain Co(V) and its as-
sociated quadratic form given by

Qc(f) - Z Cm,y(f(‘r) - f(y))2
{z,y}eFE
18 positive.
2. If the weight w is in > (V') , the constant functions are A, .—harmonic.

3. The sums in the expression of A, . are finite as the graph G is locally finite,
so this operator is well defined on Co(V') .

4. It is a local operator, in the sense that (A, f)(x) depends only on the
values of f on the neighbors of x. The Laplacian A, . can be considered as
a differential operator on the graph G .

5. It is an elliptic operator, as for any edge {x,y} of the graph G | the coeffi-
cient ¢y, does not vanish.

6. The weight c does not depend on the orientation, and we have: ¢z, = ¢y ,
for each neighbors x and y .

To work on the same function space [ (V), we use the unitary transform U,, .
More precisely, the Proposition 2.1, asserts that A, . is unitary equivalent to
a Schrodinger operator of the graph G. Let us first give the definition of a
combinatorial Schrodinger operator.

Definition 2.2 A Schrodinger operator of the graph G is an operator of the
form Ay, + W acting on functions of 1> (V') , where the potential W is a real
function on V' and the conductance a is a strictly positive function on E .
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Proposition 2.1 If R
A=U, A, U?

then A is a Schrodinger operator of G and we have
A=A, +W

where a is a strictly positive function on E given by:

Ca,y

Aoy —

and the potential W : V. — R is given by :
1
W=—— Alyaw .
w

Proof.

For any g in Cy (V') and z in V| we have:
(ﬁg) (2) = ws (Au U 'g) (2)

_ LZ o (g(:f) B g(y))

y~a v
e 1 11
D LR IOIETIEES S Gy

= (Arag) (#) + W) g (2) ,

where A;, denotes the Laplacian on G weighted by the vertex con-

stant weight w = 1 and by the strictly positive function a on F given
by:
c
a$7y — x7y
Waly

and where the potential W : V' — R is given by:

W)= ey (5 o) = () @)

Y~ T Wy Wy
0

Remark 2.3 In Proposition 2.1, the function W might be obtained strictly neg-

ative, while the Laplacian is positive : we can take for example, the graph G with

V=Nandn ~n-+1 for anyn € N*, and we suppose that G is weighted by the
1

vertex weights w, = — and the edge conductance ¢, pni1 = (n+ 1)2; then we find
n

Win)=-n2n+1) <0.



3 Extension of Wojciechowski and Dodziuk’s re-
sults

Our first two theorems are extensions of results due to J. Dodziuk [7] and R.K.
Wojciechowski [25] concerning essential self-adjointness. Let us remind the fol-
lowing definitions.

Definition 3.1 An unbounded symmetric linear operator on a Hilbert space is
called essentially self-adjoint if it has a unique self-adjoint extension.

To prove essential self-adjointness, we use the following useful and practical
criterion, deduced from Theorem X.26 in [17] .

Criterion 3.1 The definite positive symmetric operator A : Co (V) — I2(V)
is essentially self-adjoint if and only if Ker (A* 4+ 1) = {0} .

From the definition the adjoint operator A* of A : Cy (V) — I*(V) , we
can deduce:
Dom (A*) ={f € l?(V) ; Af€l*(V)}.
Using an idea in the proof of Theorem 1.3.1 of [25] , we prove the following
result:

Theorem 3.1 If the weight w is constant on V' then for any conductance ¢ on
E, the Laplacian A, . , with domain Cy (V') , is essentially self-adjoint.

Proof.

Let wp a strictly positive real number, and w = wy on V' . We consider
a function g on V satisfying:

Awo,cg+gzo'

Let us assume that there is a vertex g in V' such that g (zg) >0 .
The equality
Auge 9(20) + g (x0) =0
implies |
2 > oy (9 (@0) =g (y) + g (20) =0 .
Yy~xo
Then there exists at least a vertex z; for which g (x¢) < g(z1) ,
since wg >0 and ¢;, >0 for any edge {z,y} in £ . We repeat the
procedure with x; ... Hence we build a strictly increasing sequence of
strictly positive real numbers (g (x,)),, . We deduce that the function
g ismnotin [*(V) .
A similar way is used to have the same conclusion when we take the
assumption g (zg) <0 .



O

Remark 3.1 Theorem 1.3.1 of Wojciechowski in [25] deals with the Laplacian
Ay, so it is a particular case of Theorem 3.1 .

We can prove similarly the following Theorem.

Theorem 3.2 I[fW : V — R s a bounded from below potential and if wy s a
constant weight on V' | then for any conductance ¢c: E — R, | the Schrodinger
operator Ay, . + W, with domain Cy (V') , is essentially self-adjoint.

Proof.

Let x a real number bounding from below the potential W . We
proceed as in the proof of Theorem 3.1 , considering a function g on
V satisfying:

Apoeg +Wg+r19g=0,

avec K + k1 > 1.
[

Remark 3.2 J. Dodziuk states in Theorem 1.2 (see [7]) that the operator A+ W
1s essentially self-adjoint when A is a bounded positive symmetric operator on
I>(V) and when the potential W is bounded from below.

The operator A is Ay in Theorem 3.2 , and we can conclude that this Theorem
is more general than Dodziuk’s, since the Schrodinger operator Ay .+ W is essen-
tially self-adjoint when W is bounded from below, even if the operator A = Ay . is
unbounded on I12(V') , taking for example the locally finite graph G with unbounded
degree and affected of a constant conductance c =1 .

4 Harmonic function on vertices

We are going to build a function ® strictly positive and harmonic on V' which is
useful on Section 5 .

Theorem 4.1 Let P a Schrodinger operator on the graph G such that

(Pf,fle>0,
for any f in Co (V) \ {0} .

Then there exists a P—harmonic strictly positive function ® on V .

The proof of Theorem 4.1 uses Lemma 4.1 which gives a local Harnack’s
inequality for graphs. At first we present the following definitions:



Definition 4.1 A subgraph G’ of G is a graph having the set of its vertices
included in V' and the set of its edges a subset of E .

Definition 4.2 For a subgraph G! of G with the set of vertices K , we miz up
G! with K, and we define:

e the interior of K denoted by }O(
lo(:{xeK; y~z=yeK}
e the boundary of K denoted by 0K
8K:K\[O(:{[B€K; dyeV\K, y~uz}

o K is connected if and only if for any vertices x,y in K, there exist vertices
T1,To, ..., T, , such that

;i € K, vy =1, 1, =y, {7,711} € E(GY)
forany1<i1<n-—1.

Lemma 4.1 (Harnack) Let P a Schrédinger operator on the graph G . Let G a
sub-graph of G, and let us denote its set of vertices by K. We assume that the
interior of K is finite connected. Then there exists a constant k > 0 such that,
for any function p : V. — R strictly positive on K and satisfying

(Pp) I K=0,
we have: )

1 ¢ (z) <k

k= v(y)

for any x,y in K .

The resolution of the Dirichlet problem given by Lemma 4.2 is useful to prove
Theorem 4.1 .

Lemma 4.2 (Dirichlet) Let P a Schrédinger operator on the graph G such that
for any f € Cy (V) \ {0} we have

<Pf7f>l2 >0.

Then for any subgraph GI of G such that the interior of the set K of its vertices
s finite connected and for any function u : 0K — R , there exists a unique
function f on K satisfying the following two conditions:

8



G) (Pf)IK=0.
(ii) fIOK=u .

Furthermore, if u is positive and not identically null, then f is strictly positive
on K .

To prove the strict positivity in Lemma 4.2 , we will use a discrete version of
the ”minimum principle” | given by Lemma 4.3 in [7] .

Lemma 4.3 (Minimum principle) Let P = Ay, + W Schrédinger operator on
the graph G , where W > 0 | and let G! a subgraph of G such that the set K of
its vertices has a finite connected interior. We assume that there exist a function

f satisfying
(Pf, flr=0

in the interior of K and an interior vertex xo so that f(xo) is minimum and
negative. Then f is constant on K .

Proof of lemma 4.2

We proceed by steps.

e For the uniqueness, we suppose the existence of two functions
f and ¢ with finite support in K satisfying the two conditions

of the theorem. Then it follows that P(f —¢g) | K =0, and
(f —g) I 9K =0 . This implies

(P(f=9),f—9r=0.

By the hypothesis on P, we deduce the nullity of (f — g) .

e The uniqueness give the existence since the function space on K
is finite dimensional.

e We take a positive not identically null function v and we argue by
contradiction, to show that f is strictly positive in the interior of

K . Assume the existence of a vertex in K which has a negative
image by f. Let zy the vertex realizing the minimum of f on

K which is finite and connected. Thus we have f(xy) < 0 and

P f vanishes on IO( . And from Lemma 4.3 , the function f is
constant and negative on K . This contradicts f [ 0K = u since
the function w is supposed a non identically null function. Hence
f est strictly positive on K .



O
The proof of Harnack’s inequality is inspired from proofs of Lemma 1.6 and
Corollary 2.3 in [7] , noticing that the constant k& does not depend on the function

© .
Proof of lemma 4.1

Let us consider a finite subgraph K with a connected interior, and
a function ¢ : V. — R strictly positive on the set of vertices of K

and P—harmonic on the set of the vertices of K . Let x and y two

(e}
vertices of K .

(i) First we suppose that {z,y} is an edge.
As (Py)(xz) =0, ie

Y alp(@) =)+ W(2)p(2) =0,

zZT

then

(Z a@z) (@) + W (2)p () =) awap(2) -

By the positivity of the functions ¢ and a ,We obtain the follow-
ing inequality:

[W (z) + Z azz] () = azyp (y) -

Let us denote by o = min{a, 7, s € K,r ~ s} and

A= Z Qrs -

r,seK,res
The finiteness of K induce a« > 0 et A < oo . Hence denoting:

max (0, maxyx W) + A

]fo - y
Q@
we have: kg > 0, and we find
1 _p(x)
— < < ko .
ko~ oly) ~

(i) If the vertices z and y are not neighbors, by the connectedness

of K , there exists a path connecting = to y in K . Let us denote

10



the consecutive vertices of the path by: xy = x, x9, x3,....x4 = ¥.
So we have:

1 ; .
Lo 2@ o owi<i<d-1,
ko @(%’H)

hence we deduce:
<

k

d

0
Then, noticing that kg > 1 and taking k = kf , with D the
number of edges of the subgraph K, we obtain

~—

(x
(y

AN

< < k.

| =
AS)
S~—

Proof of Theorem 4.1

Assume that (Pf, f) > 0 for any function f € Cy (V) \ {0} . Let
xo a fixed vertex in V', which we take as an “origin”. Consider for
n > 1, the subgraph G,, of G, such that the set of its vertices is the
ball centered in zy with a radius n denoted by B, ,

n ={z € V;d(xg,z) <n}

where d(z,y) is the combinatorial distance between the vertices z
and y in V' | which is the number of the edges of the shortest path
connecting x to y . The ball B, is connected and we apply Lemma
4.2 | taking it as K , and choosing as function u the constant function
1 on 0B, .

We proceed on three steps:

e First step: There exists a function v, € Cy (V) satisfying P, =
0, and such that ¢, > 0 in the interior of B,, and constant 1 on
0B,, . Then we consider the function ®,, € Cyy (V') given by:

5 (r) - P (@)

wn (:CO) .
It satisfies the four following conditions:

1. P®,, = 0 in the interior of B5,, .
1
ii. ®, [ 0B, = ——— strictly positive constant.

Yn (o)

w. &, >0on B, .

11



Second step: Let x a vertex in V' | and ng a fixed integer such
that x is in the interior of B, .

Then for any n > ng , we have: B,, C B, . Furthermore &,
is strictly positive B, and P—harmonic in the interior of B,, .
Then from Lemma 4.1 , there exists a constant k,, > 0 such
that

1 b, ()
— <
kno o CI)n (‘r())

As @, (zg) = 1, we obtain:

1
g
It follows that the set {®,, (x)},>n, is included in the segment

1
— kg | -
o

Third step: Let us consider the subset C' of RV defined by:

1
O - H |:E, kn0:| .
zeV 0

The sequence (P,,) is in the compact C' , so it has a con-

n>ng
vergent subsequence ((I)h(”))n>n0 for the topology of RV to a
function ® satisfying in particular the two following conditions:

1
i. ® is strictly positive on V | since ® (x) € [k—,k’no} , for
any vertex xz in V' . ’
i P® = 0onV , since lim Py, () = PP (x) , for any
n—oo
vertex z in V' .

12
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The function ® given by Theorem 4.1 is used to build a unitary transform in
Theorem 5.1 .

5 Any positive Schrodinger operator is unitary
equivalent to a Laplacian

We prove that under a positivity condition, a Schrodinger operator is unitary
equivalent to a Laplacian A, . .



Theorem 5.1 Let P a Schréodinger operator on a graph G . We assume that

(Pf,fle>0
for any function f € Cy (V) \ {0} .

Then there exist a weight function w : V. — RY on V and a conductance c :
E — R% on E such that the operator P is unitary equivalent to the weighted
graph Laplacian A, . on G .

Proof.

We will use a function ® which is P—harmonique and strictly posi-

tive, given by Theorem 4.1. Let P = Ay ,+W a Schrédinger operator
satisfying the hypothesis of the Theorem. By Theorem 4.1 , there
exists a strictly positive P—harmonique function ® on V. Then we
obtain:

W=——.
o

Let us set w = ® and for any g € I? (V) ,f:%.
We will prove that (Pg,g)p. = (Awef, [z -

Let us compute

(Pg,g)p = (A(fP) + WSO, fO).
= (A(f®) = fAD, fD);

— [(2) (Z gy [P (7) — ®(y)]> f(x) @ (z)
=Y F@)®(2)) ey ® () [f (z) — f (v)]
=38 @) [ @) gy e @) (@)~ F )
zeV Yy~
Setting
Coy = Uzy® () @ (y)
we deduce:
<Pg>g>l2 = <Aw,cf; f)lg .
So

P=U"'A,.U,

13



where U : (V) — [2(V) is given by

U(g)Z%-

Thus P is unitary equivalent to the Laplacian A, ., with the weight

w = ® and the conductance ¢ given by

Cay = Ay ®(2)P(y) -

6 Metrically complete graphs

We adapt to graphs the G. and I. Nenciu’s method (see [15]) in the proof of
Theorem 6.1 , using Agmon’s estimates which are given by the following technical

lemma.

Lemma 6.1 Let H = Ay, + W a Schrodinger operator on G, X a real number

and v e C' (V) . We assume that v is a solution of the equation:
(H—X)(v)=0.

Then for any f € Cy (V) , we have:

(fo,(H =2 (fo))e = D aagv(@)v(y)[f () = f ()

{z,y}€E

- %Zv (€)Y awyo @) [f () = f W) -

zeV Yy~
Proof.

Let us assume that: (H — \) (v) =0, ie. for any vertex z € V|

D tay (v(2) =0 (y) + W (x)v(z) = Mo ()

y~zx

Let us compute S = (fv, (H — X) (fv))

S=Y f@)v(x)[(H =N (fo)](z)

= f@v@W (@) f(@)v) =\ (@)v(z)
3D [f @@~ Fu) o)

14
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And by the assumption on v , we have:

M ()v(z) =W (z) f(z)v(x) :Zax,yf(x) v(z)—v(y)] .

Y~

Then, replacing in the precedent expression, we find:

S=) f@v(@) ) o) [f (@) —f©)

=3 > aw@v@) [ @)~ f @) f )]

As ag, = ay, , the expression becomes:

S= > a@) v [f @) - f@) f@)+ @) - f@)f@)

{z,y}€FE
Finally:
(fo, (H=X) (fo))p = Y aayv(@)o)[f (@) = f @)
{z,y}eFE
= 0@ ) [ @)~ F )]

O

Definition 6.1 A graph G is called with bounded degree if there exists an integer
N such that for any x € V we have: ${y € V; y~x} < N .

Definition 6.2 Let a a strictly positive function on the edges of the graph G .
We define the a—weighted distance on G , which we denote by d, :
0o (x,y) = min L
(,y) = min L(v)
where I'; , s the set of all edge paths v : 1 = x,x9,...x, =y , linking the vertex

x to the verter y ; and
1

L(v) =
1<’LZ<71 V al‘izi-&-l

the length of the edge path v .

Theorem 6.1 Let H = Ay ,+ W a Schrodinger operator on an infinite graph G
with bounded degree and such that metric associated to the distance d, is complete.
We assume that there exists a real number k so that

(Hg,g)p > kllgll7

for any g € Cy (V). Then the operator H , with domain Cy(V'), is essentially
self-adjoint.

15



Proof.

Let A < k— 1, we would prove that if v € [ (V') and satisfies the
equation
Hv=Mv,

then v vanishes.
We set R > 0 and a vertex xg as the origin. Let as denote:

Br = {r € V304 (79, 2) < R}

the ball centered in zy and with radius R for the distance 4,,.
Let us consider the function f defined on V' by

F(2) = min (1,6, (,V\ Bpy1)) -
Hence we have:

fIBr=1, fIV\Brs1=0, f(Bry1\Bgr) C[0,1]

The support of f is in the bounded ball Bg,; which is finite dy the
completeness of the metric associated to the distance 9,.

By the assumption on H and the finiteness of the support of fv in
Bpr.1 , we find the following inequalities:

(fo,(H=X) (fo))p = (k=2 Y (fo)’ (@)= Y v*(2)
:EEBR+1 rEBR
On the other hand, using Lemma 6.1 , we find:

(o (B = X) (o)) = 5 32 g ()0 ) [f () = £ ()

zeV y~x
1 2
<3S (@)1 ()~ (v)]

zeV y~zx

using the fact that a,, = a,, and that:
1
v(@)v(y) <5 (0 (@) +0* () -

As every restriction of f to Bg and to V'\ Bgy; are constant functions,
then the preceding inequality becomes:

SN Yt @) @)~ W)

2€BRy1\BR Y~

Y a0 (2) (0 (,y))?

2€BRy1\BR Y~

(fo,(H =) (fv)p <

IN
N | — N | —

16



The last inequality is obtained by the fact that f is a 1—Lipschitz
continuous function since it is the minimum of two 1—Lipschitz con-
tinuous functions.

Since the distance ¢, satisfies the condition:

0o (w,y) <
(z,y) < T

if {x,y} is an edge, and the degree of G is bounded by N , we have:
1
(Jo,(H=X)(f)e <3N > v*(x)
JIGBR+1\BR
Hence, for any R > 0 , we find:

S @) < (o (H-N (<N Y o)

iEEBR IEBR+1\BR

And since v € I? (V) , making R tend to oo , it results that:

. 2 .
P}l—I}go Z v* (z) = 0.
ZEBR+1\BR

It follows [[v||% =0 .

O

Theorem 6.2 Let G an infinite graph with bounded degree and which is weighted
by w on V' and a conductance ¢ on E. We assume that the metric associated to
the distance 0, is complete, where a is the function given by

Cay
Wy

Ay =

Then the Laplacian A, . , with domain Co(V'), is essentially self-adjoint.
Proof.

By Lemma 2.1, the operator A,, . is unitary equivalent to the Schrodinger
operator H = A, + W , where

and



And we apply Theorem 6.1 for the operator H which satisfies the
assumptions, since A, . is positive and

_ 99
(Hg,9)e = <Aw’cw’ w>li
in the proof of Theorem 5.1 .
O

Remark 6.1 Theorem 6.1 is not particular case of Theorem 3.2. In fact in
Theorem 6.1, the potential W is not necessarily bounded from below. For example
let G the graph such that V. =N\ {0,1} andn ~n+ 1 for any n . We assume

that G is weighted by the verter weight w, = and by the constant edge

n logn
conductance ¢,, =1 . The distance 6, is given by:

1
Sulro ) = 3 N,

no<k<n

but
1 B 1 1
Vi1 +/k(k+ 1)logklog(k + 1) = klogk ’
then
dq (ng,n ) — o0,
n—oo
and the associated metric is complete.
Furthermore, setting
H - Al,a + W 5

we have:
(Hg, ) = (ducL,2) >0,
w w

12

for any g € Co(V) .

While the potential W is not bounded from below, since we obtain, after cal-
culation:

W (n) = 2n%log?n —nlogn[(n + 1)log(n + 1) + (n — 1) log(n — 1)] ~ —logn
which goes to —oo .

Remark 6.2 In the Example of Remark 6.1 , the choice of the weight according
to log is crucial. In fact, setting power functions, we can not have at the same
time the metric 0, complete and the potential W not bounded from below.

For example let G the graph such that V =N\ {0,1} and n ~n+1 for anyn ,

18



1
and assume G weighted by the vertex weight w, = — and the edge conductance
n

Cn = —5. The distance 6, 1s given by:

da(no,n) = ) (Wjilﬁ))

no<k<n

N[

And an easy calculation show that
. . _ 1
0, is complete if and only if o — > 6<1.

We obtain easily for the potential:

W, ~ —a(a— f —1)n** 72
1
Hence for a — 3 b <1, the potential W is bounded from below.

Remark 6.3 The completeness of the metric o, is not a mecessary condition
to essential self-adjointeness of the Laplacian A, . (or the Schrédinger operator
A, +W )

In fact, let G the graph N. For any edge conductance a, the Laplacian A, is
essentially self-adjoint by Theorem 3.1 . While the metric given by the distance
da 18 not necessarily complete: for example when a,, = (n+1)727° | for ane >0 .

We give in the paper [5] some increasing conditions of the potential insuring
the essential self-adjointness of a Schrodinger operator on metrically non com-
plete graphs.

Remark 6.4 Theorem 6.2 and Keller-Lenz’s Theorem are not deduced one from
another. For example, let G the graph N . We consider the two following cases:

1. Let us choose the vertex weight w, = n+r1

¢, = 1. For a fized vertex ng, we have

and the constant edge conductance

77'07
= 3 Ve

So the associated metric is complete. Hence by Theorem 6.2, we conclude
that the Laplacian A, is essentially self-adjoint.

But the sum Y w2 s finite, so the assumption (A) is not satisfied. Hence
we can not conclude by Keller-Lenz’s Theorem.
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2.

Let us choose now the vertex weight w,, = Tnr and the edge conductance
¢, =n>. Then

1
6(1(”07 n) = Z 19
no<h<n k((k+1)(k+2))1

which is convergent. Then the associated metric is non complete, and we
can not apply Theorem 6.2 here. While Keller-Lenz’s Theorem can be ap-

plied as Y, w2 is not finite.
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